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1. Introduction. Let X(t) = X(¢t, w), te R, =[0, =) be a dyadic
stationary (DS) process with EX(t) =0, te R, (cf. [2]). Suppose that
X(t) is W-harmonizable, namely it is expressible as

(1.1) X0 = |"wondco tery,

where +r,(\) is the (generalized) Walsh function [4] and {(\), Ne R, is a
second order process with orthogonal increments. The covariance func-
tion of X(t) is expressed by

(1.2 r(t, 8) = BXEXE) = | #000.00dF0) ,
where F(\) is the spectral distribution function with
1.3) dF(\) = E|dZO\))? .

A necessary and sufficient condition for the W-harmonizability of a DS
process was given by the present author [2].
We shall now define the Walsh series of X(¢). Since the integral

aX(t)dt exists for any a€ R, in quadratic mean, we define the Walsh
[1]
coefficients of X(t) over (0, 2?) as

(1.4) C, = Cp) =272 | X200t ,

0
where p is a positive integer. The Walsh series of X(t) is written as
(1.5) X)) ~ 5, Capa(2778) .

Here we introduce the known properties of the Walsh functions,
which are frequently used afterwards (ef. [1], [8], [4], [9]).

LEmMmA 1.1.

(1.6) (i) @) = YraOPal@).
(1.7) (i) An(@) = ¥(27%x) for t, x in R,.
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(1.8) (i) YWy () = Yey(®) W p(x) + £(y) € C.

27, (x—[x] <27,

0, (otherwsise) .

(1.10) (v) D,(t) = Dm(t) + Ym(t)D,(t), where n=2"+n", n' <2™.
As for the notations g and € see [4]. We remark that (i) implies the
symmetry; (%) = ¥,(0).

L9 (V) Dole) = 3 @) =

LEmMMA 1.2.

(i) EC,=0.

(i) EC,C, = 6, F2?(n + 1)) — F(2*n)),
where 0, ts the Kronecker delta.

Proor. By (1.2),
BC,C, =2 [ aF@) | v it | w@mersis,
which is equal by Lemma 1.1, (1.6)-(1.8) to
gt S“’ dF(x) S bl @ 2-*m)dt SO i@ @ 2-m)ds .

Since it is easily verified by Lemma 1.1, (i) that
P Dy(x) , 1
Sz qﬁx(t)dt _ {0 2 (x) r <
0

, otherwise

we obtain

EC,C, = 2 r D@ @ 2-*m) Dy @ 2-"n)d F(z) = S dF(zx) .

{[2Pz]=m} N ([2P2]=n}

This completes the proof.
The following theorem is an immediate consequence of Lemma 1.2.

THEOREM 1.1. Let C, = C,(p) be the Walsh coefficient of a DS process
over [0, 27). Then

(1.11) (i) 3 EIC = F(e=) — F@N).
(i) If
(1.12) S:xadnx) <o (0=a),

then
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(1.13) Z;,VE[Cnl2 = o(N7) .
PrOOF. It is clear by (i) above that

S E|C,]F < (2-7N)~ r v dF(z) .
n2N 27PN
Hence the proof is completed by (1.12).

2. The mean convergence and the absolute convergence of the
Walsh series. Let S,(t) be the partial sum of the Walsh series of X(t);

S.() = 5, Copn(@™1)

THEOREM 2.1. The Walsh series of X(t) converges im the mean to
the original process at every t inm the interval [0, 27);

2.1) lim S,(t) = X(t) for te]0,27).
Before proving the theorem we show the following:
LEMMA 2.1.

2.2) lim S (9(@) — DD(B)dt = 0 .

PROOF. First consider the case n = 2™ By (1.9) and (%) = ¥pa(t)
(0 £t < 2™™), which is verified by (1.6),

2.3) [ @) — DDt = 2|7 (pratt) — 1t

For fixed # there is an N > 0 such that [x#] < 2". Then for m = N,
Y1) =1 (¢t < 2™). Hence for sufficiently large m the right hand side
of (2.3) is equal to zero.

For any positive integer » there is an integer m such that 2™ <
n < 2™, Putting » = 2™ + n’ (n’ < 2™), and using (1.10), we obtain

[, @) — DDt = | @) = DDt + [ @) = Dy DtrdE
=1+ 1,

say. Then I, as was shown above, will vanish for » sufficiently large.
We recall that (2 ") =1 for k < 2", so that D,.(t @ 2" = D,.(t)
and Jm(t @ 2-") = —4m(t). Hence, using the invariance of integration,
we may write

(2.4) I, = S: (Pra(t D 27 ™) — D)rym(t € 2 ™+)D,.(t D 2~ ™)t
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=~ e ®27") - Dym®D, (1t .
Adding the left and the right hand sides of (2.4), we obtain by (1.9)
21, = | ) — 9t @ 27D, (018

= 1= %@ ") | biom®D, it .

Therefore I, will vanish for sufficiently large m (which may depend on
x), since r,(2~™*) =1 for such a large m.

PROOF OF THEOREM 2.1. Since
8.6 — X =2 | (Xw) — XD, D t)du,,
we write by (1.2)
EIS,®) - X = | aF@| 27 | 0@ — @)D, w ® t)du |

by virtue of (1.8) and [y(x)] = 1. Since the inner Dirichlet integral on
the right hand side is bounded for all ¢ and z, and converges to zero, as
n goes to infinity by Lemma 2.1, the desired result follows.

Next we show the absolute convergence of the Walsh series of X(¢).
THEOREM 2.2. If

(2.5) [[oaF@) < = fora>1,

then the Walsh series

(2.6) i:‘,o Copn(277t) for tel0, 27)

converges absolutely with probability one.

Proor. Applying Holder’s inequality, we have
=) =) om ) 2m 1/2
SEC=3 S EeisE[( S Blor)e -]
n=2 m=1 p—om—14, m=1 n=oMm—141

Because of Theorem 1.1, (ii) the last expression above is of the order
S 0(27m00(2™%) = O(1). Hence X7, |C,| converges with probability
one.
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COROLLARY 2.1. If (2.5) s satisfied for X(t), then it has a version
which s sample W-continuous.

This follows from Theorem 2.2 and the fact that the Walsh functions
are W-continuous.

3. The almost everywhere convergence of the Walsh series.
THEOREM 3.1. If

3.1) S:olog 2dF(x) < oo

then the Walsh series of X(t) defined by (1.4) converges almost everywhere
on 0 £t <27 with probability one.

Before proving the theorem we need a lemma due to Paley [8] (see
also [10]).

LEMMA 3.1. Let fe L0, 1) and its Walsh series be f(t) ~ > c.r.(t).
If

S: dv S: [fle D t) — fl)F/tdt < o,

then the Walsh series of f(t) converges almost everywhere on [0, 1).

ProorF oF THEOREM 3.1. Because of Lemma 3.1 we shall only show
that

3.2) S dt S E|X(t@®h) — XO)P/hdh < o ,
which implies that
So dt S XD h) — XB)hdh < o
with probability one. Now
[ ae (" mxeon — xerman =" at (" yhan " G — 1770,
by virtue of (1.8) and |y(@) = 1. Put
S: 1/hdh S” (@) — 1) dF ()

7 ar@ ([ + {7t — 1/man
=1L+ 1.

By |yu(@) — 1 =2,



506 Y. ENDOW

<4 r dF (@) S dh < oo .

Since it is easy to see that
(8.3) gx) =1 if tx<1/2,
we have
I = r dF(z) S (@) — DYhdh < 4 S“’ log 204 F(a) .
1/2 1/2% 1/2

4. The limit joint distribution of Walsh coefficients. It is known
[2] that if X(¢) has a spectral density, then X(¢) is expressed as

4.1) X(t) = S” Ot @ s)dn(s)

where @ € L,(R,) and is real-valued, and 7(t), t € R, is a stochastic process
with orthogonal increments with

(4.2) E|dyp@t)|* = dt .

It is also shown that the covariance function is written as

(4.3) rt, 9) = | lp@Pp@mn@ds
where @ is the Walsh transform in L, of &(x);
o) = | ottt .

We study the joint limit distribution of the random variables
CyC, +++,C,) a8 p— oo, where C, = C,(p) is the k-th Walsh coefficient
of X(t).

THEOREM 4.1. Let X(t) be the DS process expressed by (4.1) with
®eL(R,) and with n(t) having independent increments and satisfying
(4.2) and

(4.4) Eldn@®)P = O(dt) .

Moreover, if ® € L,NL,(R,), then the joint distribution of the set of the
Walsh coefficients of X(t) over 0 < t < 22,

(4.5) 2**(Cy, C,, -+, C,)
converges to the (n + 1)-ple direct product (I[*)"*N(0, ¢*) of the mormal
o 2
distribution N(O, 0*) with mean 0 and variance o® = ‘ @(t)dtl .
0

PrROOF. The characteristic function of (4.5) is written as
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(4.6) (T Ty v 20y T) = E{exp(l/—_l 20/ g)erj)}
= Blexp(V/ =127 S X(¢) 2 quy,-(2“"t)dt>}
= Ef{exp( =1 X,)},

»

where X, = 2777 SZ X(t)g.(t, p)dt and g,(t, p) = Dj-o T;v;(277t). Now using
0

(4.1) and changing the variables, we have

X, =27 ants) | 0.t )0 @ s)at
= 2" dn@ew) | g.20u, DO@W S v)du,
where
0,270 D) = 3 Tehri(u) = guw) for 0= <1
is independent of p. Hence
X, = 27 | "hev, pan, ),
where
hw, p) = || 0.2 0@ @@ v)du,

and 7,(v) = 9(2?v). It follows from the assumptions (4.2) and (4.4) that
Eldn,()|* = 2°dv and E|dn,(v)} = O(2?dv). Define

h(’U) — gn(v) SO @(’M))dw , 0 é v < 1 ,

0, otherwise .

Then we see that h(v) € Ly(R,), since it belongs to L,(R,) and is bounded.
Finally we show that

@) lim | (v, ) — h@)l'dw = 0,

hence it follows from Lemma 4.1 below that the characteristic function

of X, converges to the characteristic function of N(O, S hz(v)dv>; actually
0

(4.6) converges to

exp<—1/2 r hz('v)dv) - eXp(—1/z | S” D(t)dt ’ S gi(v)dv)
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= exp<~1/2 o’ i{} r§-> = f[oexp(—l/z 0’7y .
J= J=

Now we write

2P (14

8 ko =| ' 0,270 @ v)0w)dw = [ 9270 @ owdw ,

defining ¢.(v) = 0 outside 0 < » < 1. Since g,(») is a linear combination
of the Walsh functions, and hence is W-continuous and bounded,
Lebesgue’s convergence theorem applies to show that

4.9) 11_’12 h(v, ) = (V) .

2Py

Moreover, the convergence in (4.9) is bounded because of (4.8), which
reveals that h(v, p) is uniformly bounded. Therefore in order to show
(4.7) it is sufficient to show that

lim S“’ kv, D) — h(v)'dv = 0

oo J4
for some A > 0. For an arbitrarily fixed A > 1

[ 1hw, 2 = hwrdo = | 1w, p)iav < k| Iho, plav
for some constant K > 0, since h(v, p) is uniformly bounded. Hence
|10, plav < 22 [ lgu )l 0@ @ )] du
1 oo
= |, lo.ldu | 27 0@ @ o))l do

=S |9.(u)|du Sw |o(w)| dw ,
0 AG2Pu
which converges to zero as p — oo.
LEMMA 4.1 (Kawata [5]). Suppose that a real-valued function
v.(v) € Ly(R.) satisfies
lim r a(v) — Y(0)Pdo = 0
a—oo JO

for some Y(v)€ L,NLy,(R,). Let £,(v) be a stochastic process with in-
dependent increments satisfying Edg,(v) =0, E|d&®)|* = adv, and
Elde,(w)P = Oladv). Then the characteristic function of

Y. = a | v s )

converges uniformly in every finite interval as a — o to the characteristic
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Junction of N(O, r ’/2(v)dv>.
0

5. An approximate Walsh series. We shall study the following
Walsh series,

(5.1) @) = Z,() = S C@n2m) for teR.,
where
(5.2) Colw) = C, () = S::::‘l+1) oy

It is obvious that
(5.3) E¢C.=0 if m#=n.

The series (5.1) converges at every ¢ in the L, sense, since

N 2 N 2= P(N+1)
E| 3 toem)| = 3B =| T dF@ -0,

n=M n=M 2Py
as M, N— . The mean and the covariance functions are given by
(5.4) EX®) =0,
and

R oo 2= P(n+1)

(5.5 At 5) = S | dF@),

respectively. Hence X(t) is a W-harmonizable DS process with the spectral
distribution function,

(5.6) Fa) = S: TAF@) i 2 —1) <z < 2n.

Now

P(n+

e @ 2m)dF ()

EXOX®) = Soem | v@ire = 5|7

n=

by virtue of (1.8), and so
E|Xt) — X@)F = 2{8: dF(x) — EX(t)(X(t»—}

=250 - reezmare .
By (3.9)
7 - ve@zmare) = | a — w@)iFe ® 2w
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=0 for p>logift+1.
Therefore we obtain the following:

THEOREM b5.1. Let X',,(t) be the Walsh series defined by (5.1) based
on X(t). Then

(5.7 X,(t) = X(t) for p>logit+1.

This implies, as expected easily, that X’,,(t) converges almost surely
to X(t) as p — .

THEOREM b5.2. Let F(\) be a spectral function of a DS process. If
(5.8) 2 (F(n + 1) — Fn)"2 < oo
holds, then the Walsh series X',,(t) defined by (5.1) absolutely converges

almost surely.

This is an analog of Lemma 2 in [7] of the weakly stationary case,
so the proof is omitted.

LEMMA 5.1 (Kubo [7]). If there exists a function g(x) defined on R,
which is non-negative, non-decreasing, and satisfies that

(5.9) 2 1/g(n) < o
and
(5.10) r IOVAFO) < oo

then (5.8) holds.

ProOF. This is clear, since

[ZFm+ 1) - Foy 5 5900+ DF@ + 1) — Fo) 5 1/g0n + 1)

=0
= | g0dFe) 3 1igm) .
By Theorem 5.2 and Lemma 5.1 we have the following:

COROLLARY 5.1. If there exists a function g(x) which satisfies the
conditions in Lemma 5.1, then the Walsh series X,(t) absolutely converges
almost surely.

This is an analogous result obtained by Kawata in the weakly
stationary case [6].



DYADIC STATIONARY PROCESS 511

6. The sample W-continuity. It is known that a W-harmonizable
DS process is mean W-continuous [2]. We shall give a sufficient condition
for the sample W-continuity of the process.

LEMMA 6.1. Let X,(t) be the Walsh series defined by (5.1). If (5.8)
holds, them X,(t) converges wniformly over every finite interval almost

surely as p — oo.
ProOF. Since by definition £, , = Comprs + Comirprr a0 (2721 =
+I.(277t), we see that
Ry = Z,0) = 3 a7 = 420 s
which is majorized by
3@ = @) i -
Hence, in view of (3.3), for A > 1
max | X,,(t) — X,) < C(A4, ) 3 [Gamsrol

where C(4, p) = 0 if p > log, A; = 2, otherwise. Take a sequence {¢,} of
positive numbers decreasing to zero. By Tchebychev’s inequality we have

that
Q, = Prmax |,,.(t) — Z,0)| 2 &} = (C(A, p)fe, B{( 3 1Comsrn ) | -
In the same way as (2.5) in [7], we can prove that

E{<mi;o ICZ"‘+1,1’+1I>2} < oo,

Hence
loggd

gQ,, =2 3 e S:dF(x) < oo

Therefore Borel-Cantelli’s lemma implies that with probability one the
series >y (X,1.(t) — X,(t)) converges uniformly in 0 < ¢ < A.

THEOREM 6.1. If the assumption (5.8) in Theorem 5.2 1is satisfied,
then X(t) is equivalent to a W-harmonizable DS process which is sample
W-continuous.

The proof is clear by Theorem 5.1 and Lemma 6.1, since the limit
of a uniformly convergent sequence of W-continuous functions is W-

continuous.
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COROLLARY 6.1. If there exists a function g(x) defined on R, which
18 mon-negative, non-decreasing, and satisfies (5.9) and (5.10), then X(t) is
equivalent to a W-harmonizable DS process which is sample W-continuous.

Finally we remark that Corollary 6.1 is a generalization of Corollary
2.1 since g(x) = x* (a > 1) satisfies the conditions (5.9) and (5.10).
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