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1. Introduction. Hale gave a representation theorem for the solution operator
generated by a neutral functional differential equation (NFDE) with finite delay, which
represents the solution operator as the sum of a bounded linear operator with zero
spectrum and a conditionally completely continuous operator (cf. [1]). This result proved
to be very useful in studying the existence of periodic solutions of NFDE, and has been
generalized to functional differential equations (FDE) with infinite delay (cf. [2]). In
this paper, we generalize the latter result to NFDE with infinite delay, and give some
applications to the existence of periodic solutions.

In the present paper, we denote the segment of a function x(s) for — oo <s<¢ by
x,, and let X be a Banach space of some real functions ¢ : (— o0, 0]— R" with the norm
ll¢]l having the following properties:

(H,) Ifx:(—o0,0+A4)>R",A>0,0>=0,iscontinuous forte[o, 0+ A)and x, € X,
then x,€ X and Xx, is continuous for t€[o, 0+ A).

(H,) There is a positive constant k, such that |$(0)| <k, |, for ¢ € X, where
| | stands for a norm in R".

(H;) There are positive constants K and M such that if x satisfies (H,) then

x| <Ksup |x(u)|+Mlx,|, t=0.
uelo,t]
A continuous functional D: [0, c0) x X— R" is said to be atomic (cf. [3]), if it can
be represented as

D(¢=A0p0)-LH)p, 120, ¢eX,

with a continuous nonsingular »xn matrix A(f) and a bounded linear operator
L(#): X— R" which satisfy sup,s o L(t)| < L, sup,so(| A®)|+| A7 () )< 4 and | L(t)¢ | <
(B ¢]l for t=0, f=0 and ¢ e X with compact support contained in (— oo, 0], where
L and A are positive constants and y is a nonnegative continuous function on [0, o)
with y(0)=0. Here and hereafter, | L(¢)| and | A(t)| stand for the operator norms of L(t)
and A(z), respectively.

For any atomic D and any He C([o, c0), R"), the equation

(1.1) D(t)z,=H(t), t=z020, z,=¢eX, H(o)=D(o)¢p,
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has a unique solution. Henceforth, we will denote the solution by z(o, ¢, H). If the
zero solution of (1.1) with H=0 is uniformly asymptotically stable in the usual sense,
then D is said to be stable. The following estimate for ||z,(o, ¢, H)| plays an important
role in this paper:

LemMa 1.1.(cf.[4]). If Distable, then there exist positive constants a and b such that
Izo+do, ¢, H)I| <be™ || +b [SUPMI H(w)|.
2. The representation theorem. In this paper, we consider the NFDE with infinite
delay:
d
2.1 E(D(t)xt)=f(t,xt), 12620, x,=¢eX,

where f: [0, c0) x X—»R" is completely continuous and D is stable. Throughout this
paper, we assume that the solution x(o, ¢) of the initial value problem for (2.1) is
unique. Now, define the operators T, T) and T, as

T(O', t)¢:=xa+t(o-a ¢)3 0.20; t>0a
(2'2) TD(aﬂ t)¢ : =Za+t(69 ¢a D(U)¢) E] 0.20 s t>0 s
TO(67 t)¢:=za+t(0-a 0’ h¢)’ 0-205 t>05

where hyu):=[%f(s, T(o, s—o)¢)ds, u>o. From the uniqueness of the solution of the
initial value problem for (1.1), we have that, for all 60, >0 and ¢ X,

(2.3) (o, Hp=Tp(o, t)p+ Ty(o, )¢

and that T'(a, )¢ is linear in ¢ € X. Moreover, by Lemma 1.1, we get
[Tp(o, NPl <be | pll, 20, 020, ¢deX, D(o)p=0,
1 To(o, DPlI<b sup |hyw)|, t=0, ¢>0, ¢eX.

uela,0+t]

(2.4)

LEMMA 2.1.  If Bc X is bounded with the property that | ), <,<,T(0, )B is bounded,
then Ty(o, t)B is a precompact subset of X.

Proor. From the complete continuity of f, we can find ¢>0 such that
|f(s, T(o, s—a)¢)|<c for (s, p)€[o, a+1] x B. Then, we see easily that {h,: pcB} is a
precompact subset in C([g, o +1], R"). Now, (H,) and Lemma 1.1 imply that
(2.5 |2(0, 0, k)W) |<koliz 0, 0, hy)ll <kob j |f(s, T(o, s— o)) |ds <kobct

for ¢ € B and ue(o, o +1], and that
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(2.6) |z(a, 0, hy)(u;)—z(0, 0, hy)u,) |
< ' Z(O’, 09 hl _hZ)(ul) | + ' Z(O', Oa hZ)(ul)_Z(as 0’ hZ)(uZ) l

Skob sup ql hy (W) —hy(u) [+ 2(0, 0, ho)(u) —z(0, 0, hy)u,) |

uelo,0+
for h;e C([o, 0+1], R") with h(o)=0 and y;e€[o,0+1], i=1,2. The inequality (2.6)
implies that z(a, 0, 4)(u) is continuous in (4, h)€ [0, 6 + #] x {he C([o, 6 + 1], R"): h(¢)=0};
hence z(c, 0, h)(u) is continuous uniformly in (u, h) € [0, 0+ 1] x {hy: ¢ € B}. Therefore,
the inequality (2.5) implies that {z(c, 0, h;)(‘): ¢ €B} is uniformly bounded and
equicontinuous in [o,c+¢]. Then, the compactness of the closure of the set
To(o, )B={z,. (0, 0, h,): ¢ € B} follows from the same argument asin [2, Lemma 2.1].

According to [4], for each ¢>0, there is an nxn matrix of functions
¢6={¢1’ T, ¢n}’ ¢jeXa and
2.7 lo;ll<M,,

for j=1,---,n, such that 4~ '(¢)D(c)®° =1, where M, is a positive constant
independent of ¢ and I is the n x n unit matrix.

THEOREM 2.2. The solution operator T(o,t) of (2.1) can be written as
T(o, t)=T,(0, 1)+ Ty(o, 1), 6 =0, t =0, where

T.(o, t):=Tp(o, I —9°4A~*(c)D(0)) .
Ty(o, t):=Tp(a, NP4~ (0)D(0))+ To(0, 1),
and Ty, T, are the same as in (2.2). Furthermore, T, is a linear, bounded operator and

is a contraction for large t; T, has the property that T,(o, t)B is precompact for a
bounded B X if | ,<,<,T(0, 5)B is bounded.

PrOOF. Since

o+t

D(o+ 0%, 4.0, $)=D(0)p+ |  f(s,T(0, s—0)p)ds,

we have
T(J’ t)d) = xa+t(0’ d)) = Za+t(a9 ¢’ D(G')¢ + hd)) = Za+t(as ¢s D(G)¢) + Za+t(o9 09 h¢)
= za+t(as (1_ ¢CA B 1(0)0(0))¢5 O) + za+t(o-s @UA N 1(0’)D(0’)¢, D(G)¢) + Zo-+t(a’ Os h¢)
=Tp(0, NI~ 9747 (6)D(0))¢ + Tp(0, )(P°A™ ' (0)D(0))p + To(o, )¢ -
Then, from (2.4), we get
1Tp(a, I —P°A™ H(0)D(0)$ ]| <be™ (I~ 274~ ' (0)D(0))$ |
<be ™ (1+ M, I+ M,ILA)| D] ,
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where a, b are as given in Lemma 1.1, M, is given in (2.7) and />0 is a constant such
that )%_ |u;|<!|u| for all u=(uy, - -+, u,)€ R". This means that T(o, ?) is a linear,
bounded operator and is a contraction for large . Since

Tp(o, 1)(#°A™ 1 (0)D(0))$ =(Tp(0, ')A~ (0)D(0)9) ,

the operator Tp(a, 1)(#°A4~*(6)D(0)) is an operator from X to a subset of X, which is
spanned by {T(o, )¢ j=1, - - -, n} and is bounded on bounded subsets of X. Hence,
Tp(a, )(9°4A~Y(6)D(0)) takes bounded subsets of X into precompact sets. The last
assertion then follows from Lemma 2.1.

3. Application. In this section, we suppose that D and fin (2.1) are w-periodic in
t and w>0 is a constant. In this case, the set {f(t, ¢): >0, ¢ € B} is bounded for any
bounded set B< X; hence |J,5 ,7(0, #)B is bounded if B is bounded and the solutions of
(2.1) are uniformly bounded. In the same way as in [4], one can show the following:

Lemma 3.1. If D(-) is w-periodic, then A(-) is w-periodic and there is an nxn
matrix @°={¢y, -, ¢}, ;€ X, ;| <M, &*"*=°, for 620, j=1, - - -, n, such that
A~ Y(0)D(0)®° =1, for 6=0.

For the statement below, some definitions and notation are needed. The
d-neighborhood of a set K< X will be denoted by O(K, ) or O(K). Let a(K) be the
Kuratowski measure of noncompactness of a bounded set K< X. For fixed 60, a
family {7(o, 1), t>0} of mappings from X to X is an w-periodic flow, if T(o, f)x is
continuous in (¢, x), T(o, 0)x=x and T(o, t+w)=T1(0,))T(0, w). If the system (2.1) is
w-periodic, then so is the solution operator (o, -). {T(o, 1), >0} is point (resp.
compact, resp. locally) dissipative if there is a bounded set B X of attracting each
point x (resp. each compact set H, resp. a neighborhood O(x) of each point x) in X, by
which we mean that for each x (resp. each H, resp. a neighborhood O(x) of each x),
there is an N>0 such that T(o, t)xe B (resp. T(o, t)H < B, resp. 1(a, {)O(x)< B) for
t=N.{T(o, 1), t >0} is said to be conditionally completely continuous, if for any bounded
set Bc X with the property that |J,<,<,7(0,5)B is bounded, the set T(o, 7)B is
precompact. {7(a,?), t >0} is a conditional a-contraction if there is a constant k€[0, 1)
such that «(7(o, 1)B)<ka(B) for any bounded set Bc X with the property that
Uo<s<.T(o, $)B is bounded. If T(o, ')(*) takes bounded subsets of [0, c0) x X into
bounded sets, then a conditional a-contraction is an a-contraction. The same definitions
can be given for a continuous function 7: X— X.

LemMA 3.2 (cf. [7]). Let {1{(o, 1), t =0} be an w-periodic flow. If T(a, £)=S(o, 1)+
U(o, 1), where S(o, ) is a bounded linear operator such that S*(c, w)=S(o, nw) for any
integer n>0, S(o, w) has the spectral radius less than one, and {U(o, 1), 1>0} is
conditionally completely continuous, then T(o, w) has a fixed point if {T(o,t), 1=>0}
is compact dissipative.
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THEOREM 3.3.  If the solution operator {1(o, 1), t 20} of (2.1) is compact dissipative,
the operator T(o, ) has a fixed point.

Proor. For each 620, let S(o, t)=T(0, f). Then
S%(o, w)p=T7(0, ®)p=Tp(0, W)I— P4~ (6)D(o)Tp(0, w)(I—P°A~(0)D(0)))¢
=T(0, 0)I— 9’47 (0)D(0))$
—Tp(a, 0)(®74 ™ (0)D(0))(Tp(0, w)I—P° A~ (0)D(0))$)
= Tp(0, 20)(I— 9’47} (0)D(0))$
—(Tp(o, @)@} (A (0)D(0) (0, w)(I— P4~ () D(0))¢)
=8(0, 2w0)p — (Tp(a, ®)P°)(A ™ (6)D(o)I— P4~ ' (0)D(0))¢) = S(0, 2w)$ ,
and in general, we have S"(o, w)=S(0, nw) for any integer n>0. The assertion now
follows from Theorem 2.2 and Lemma 3.2.

COROLLARY 3.4. If the equation (2.1) has a bounded solution x(¢)(-), which is
uniformly stable and asymptotically stable in the large, then (2.1) has an w-periodic solution.

Proor. Under the conditions in the corollary, the closure of the set {x,(¢): >0}
is a compact set and it attracts each compact subset of X, since it is uniformly stable
and asymptotically stable in the large (for the details, we refer to [6, pp. 95-98]).

LEMMA 3.5 (cf. [5]). Suppose T: X—X is point dissipative, is a conditional
a-contraction, and satisfies the condition that for any x € X, there is a neighborhood O(x)
such that UJ.:leO(x) is bounded. Then T is locally dissipative.

THEOREM 3.6.  If the solutions of (2.1) are uniformly bounded and ultimately bounded
for a bound b, i.e., for any A>0 there is a f(A)>0 such that |T(o, )¢| < B(A), for t=0
and ¢ € X with | ¢|| < A, and for each (o, p)€[0, c0) X X there is an n(o, ¢) >0 such that
| (o, )P\ <b for t=n(o, P), then (2.1) has an w-periodic solution.

Proor. For the w-periodic flow {T(o, f), >0} generated by (2.1), there is an
equivalent norm ||-||; in X,

lol<liol,<Kl¢ll, for ¢eX

such that ||T;(o, w)|; <1 (cf. [6, p. 92]). The assumptions on the solutions of (2.1)
imply that {7(a, f), >0} is point dissipative with B: = {¢ € X: ||, <b} attracting points
of X, and for any ¢ € X there is a neighborhood O(¢) such that (J 2, 7(s, 1)O(¢) is
bounded. Furthermore, T(s, w) is an a-contraction, since |J,<,<,7(0, HH is always
bounded for bounded subsets H< X and {T(o, t), t >0} is a conditional a-contraction
with respect to the new norm | - ||;. Then by Lemma 3.5, T(o, w) is locally dissipative.
Thus the existence of an w-periodic solution follows from Theorem 4.4 in [6, p. 92].

The following theorem is a generalization of Theorem 6.4 in [6, p. 98].
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THEOREM 3.7.  For an w-periodic linear nonhomogeneous NFDE with infinite delay,
the existence of a solution bounded for t > o implies the existence of an w-periodic solution.

Proor. For a linear NFDE

™) 2 (D) =R+ 0,

we have T(o, t)¢p = L(o, t)p + x, (0, 0, h), where L is the solution operator generated
by the equation

(H) %(D(t)x,)=F(t)x,

and x(o, 0, h) is the solution of (N) with x,=0. Since each solution x(a, ¢) of (N) is the
solution of (1.1) with

H(t)=D(o)¢$ + jtﬂs)xsds + jth(s)ds ,

it follows from Lemma 1.1 that

)

<(be™ 7+ b(A+ L) ¢l +J ILE)I - IIxslldS+f | h(s) lds ,

uefo,t]

lx(0, $) <be™ =l + b( sup | D(a)¢ + j uF(S)xst + J uh(s)ds

hence

t
fEIFE)lds

Ix(a, Pl <<b(A +L+e” " )|¢| +J | h(s) ldS>e ,  1zo.

which implies that T(o, t) takes bounded subsets of [0, c0) x X into bounded sets in X.
In particular, L(o,t) has this property. Therefore, Theorem 2.2 implies that
L(o, t)=U,(o, t)+ U,(o, t), where U,(a, t) takes bounded subsets of X into precompact
sets, U, (o, nw)=U" (0, w) and U, (o, t) is linear, bounded and ||U,(o, t)|| <c e~ *. Then,
as in the proof of Theorem 3.6, we can find an equivalent norm | .|/; such that
|U (o, w)||; < 1. Since T(o, ®) is only a translation of L(o, w), it follows that T(o, w)
is an a-contraction. Repeating the same reasoning as in [6, p. 98], one can complete the
proof.

ExaMpLE. Consider the neutral integrodifferential equation
0

0
3.1 gt— <x(t) - J cy(t, t+ s)x,(s)ds) = Ax(t)+ j ¢y, t+8)x(s)ds +£(¢) ,

- o0
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where xeR", A is an nxn matrix, and f: R* >R, ¢;: R* x R—>R" (i=1,2) are
continuous. (3.1) has at least one T-periodic solution, if the following conditions are

satisfied:
(i) There is a positive constant 7>0 such that f(t+T)=f(t) and

c(t+T,t+T+s)=cft, t+53), for all 120, s<0;
(i) There are an n x n positive definite symmetric matrix B and positive constant
w; (i=1, 2) such that
ATB+BA=—1,
w? x |2 <xTBx<wix|?,

for all xe R";
(iii) There are constants y>0 and me (0, 1) such that

0
j eyt t+s)|e” *ds<m,
— 0

_2/A"Blmw, _ 2|Blw, [°

(1—mw (1—myw |ey(t, t+5)|ds=u>0,
— . —

1J -

and that j‘ﬂwl ct, t+s)|le”"ds (i=1, 2) are convergent uniformly for ¢>0.

PrOOF. Denote

D(t, §)=p(0)— f cy(t, t+s)g(s)ds

0
F(t, 9)=A¢p(0)+ J cy(t, t+5)P(s)ds +f£(t) .

For the space C, qf the continuous functions ¢: (— oo, 0]—-R" with the property
that lim e ¢(s)| exists, the hypotheses (H,)—(H,;) are satisfied and K=1,

§— — 00

M(t)—=0 (t— + o) (cf. [2]). One can prove that D and F are continuous on R x C,,
T-periodic in ¢, and linear bounded in ¢, and that D is stable. Moreover, we have

(3.2 [EACH ¢)Il<<ll¢ll+ sup lH(u)I>/(1—'n), t>0,

o<u<t

for the solution z(o, ¢) of (1.1) with z,=¢ and H(c)=D(o, ¢).
Now, take V(t, x)=xTBx. We will prove that

3.3) W, D(t, x,0, 0))) <M, >0,

where M > (2f| B|w3/uw,)?, f:=sup,s,|f(t)|. Indeed, if (3.3) is not true, then there are a
number #,>0 and a sequence {,}, t,—?,+(n—0), such that
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V(Ss D(S’ xs)) <M= V(th D(to, xro)) s Sy,
V(tm D(tm xt,,))>M s h= 1’ 23 .

(3.4)

Then, we have

(3.5) V(3.1)(t0a D(ty, x,,)) =0,
and
M 1
(36) ID(S, xs)|< = _{ V(tO: D(th xtg))}1/2 H S<’o .
w, owy

From (3.2) and (3.6), we have

3.7) ) <lxl< sup DXl 1

X Vo, D(ty, X 1/2
o<us<to 1—m (1_m)w1{ (0 (0 to))}

<l D(tO, xto) IWZ s

S<t0 s
(1—mw,

It follows that
V(3.1)(t05 D(ty, x,,))= DYBD +D"BD

0 T o
= (Ax + J czx,ods> BD+f"BD + DTB(Ax + J czxtods> +DTBf
— -0
0 0
=xTATBD + J xFcldsBD+f"BD+D"BAx+D"B J X, ds+DTBf
— -
0 0
=D"A"BD+ j xpcldsATdsATBD + j xFcldsBD +fTBD
~— o0

— 00

0 0
+D"BAD+ DTBA J ¢y X, ds+ DTBJ ¢, %,,ds+DTBf

—

0 0
<—ID|2+2IATBII IclllxtoldSID|+2|BIJ lea |l x, lds| D[ +2|f1| BI| D|

S_<1_ 2/ A"Bjmw, 2| Blw, °

2
(I—mw;,  (1—mw '“2'dS)lDI +271BII DI,

1V -

where D, ¢; (i=1,2), f, x and x,, stand for D(t,, x,,), ci(to, to+5) (i=1, 2), f(to), x(to)
and x,(s), respectively. Hence

2By Do, x )}
Wy

. u
I/(3:.1)(t0’ D(tO’ xzo)) < - ;*2‘ V(th D(t09 xto)) +
2
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= —uM/w2+2f| Bl/M Jw, <0,

which is contrary to (3.5). Therefore, the solution x,0,0) of (N) is bounded. The
assertion now follows from Theorem 3.7.

The author would like to thank Professors Junji Kato and Satoru Murakami for
their valuable suggestions. Thanks are also due to the referee for helpful advice.
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