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Abstract. The values of the modular j-function at imaginary quadratic arguments
in the upper half plane are usually called singular moduli. In this paper, we use the
Arakelov intersection to give the prime factorizations of a certain combination of sin-
gular moduli, coming from the Hecke correspondence. Such a result may be considered
as a degenerate one of Gross and Zagier on Heegner points and derivatives of L-series,
and is parellel to the result of Gross and Zagier on singular moduli.

In this paper, we will give a result on singular moduli by means of the Arakelov
intersection on the modular curve X, (1), which may be considered as a degenerate case
of the results in the style of Gross and Zagier on Heegner points and derivatives of
L-series (cf. [GZ1], [GZ2]). Although [GZ1] asserts that such a special case of X(1)
was treated in [GZ2] on singular moduli, one finds that it is not exactly the case. In
fact, the basic difference of the two papers is that for [GZ1], they assume that Heegner
points are associated to the same imaginary quadratic field, while in [GZ2], they only
deal with the case in which Heegner points (for different variables) come from strictly
different imaginary quadratic fields, e.g., the associated discriminants are relatively
prime to each other. Besides this, some of the techniques in these two papers are also
different: For example, when they try to write GY' as a series of natural numbers, they
use different strategies.

The difficulty for giving the degenerate result for N =1 is that originally Gross and
Zagier [GZ1] used only the Néron pairing. Yet, we may equally use the Arakelov
intersection pairing by a result of Faltings and Hriljac [La]. As an application of such
a consideration, we will give the precise values and the prime factorizations for a certain
combination of some singular moduli. More precisely, we have the following two
theorems.

THEOREM 1. Let K be an imaginary quadratic field with discriminant D, let </
be an ideal class of K, and let g, be the element in the Galois group of the Hilbert
class field H of K which corresponds to s/ by the Artin isomorphism. Define J(=£) by

Ji= [ i@ ™),

tHeegner point
disct=D

where
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bulilz1),(z2)) = [l (iz)—jrz2)) .

dety=m
mod SL»(Z)

Then J() is a rational integer, and the prime factorization of J(<f) is given by

u?ry(m|D|—n)
se-= T (Tp) .
pin

1<n<m|D|

Here u denotes a half of the number of units in K, a,(n) is defined by
[0, if ep)=1,

(ord,,(n)+1)6(n)RW.<,<%), if ep)=—1,

a,n):=

Ordp(n)é(n)R(Mx)<%> > if &p)=0,

2

pl(n,D) =

. . , . D

in which, ¢ is the Dirichlet character associated with K, i.e., &(n)= <~), on):=]]
n

and r(a) denotes the number of integral ideals of norm a in the ideal class . R,(a)

denotes the number of integral ideals of norm a in the genus {x}, and {k} is the genus of

any integral ideal with its norm satisfying N(k)= —p(mod D). In particular, we see that

the prime factors in J() is not greater than m|D|.

THEOREM 2. In the notation as above, if r,(m)=0, we have the following identity:

lim,_, |:2u2 i (MR y(Mry(n+m|D))Q (1 + an >
n=1 mlDI .
—4na (m)[27°" | D[2ul(2s)"" CK(S)—¢(S)hx]]

- —<24al(m)+12 y dlog%)hx—uz Y o (n)rym|D|—n).

dlm 1<n<m|D|
Here Q,_, denotes the Legendre function of the second kind, and o' ,(n): =Zp|na,,(n)log p-

Basic ideas for this paper are something behind the two interesting papers of Gross
and Zagier [GZ1], [GZ2], hence this paper may be regarded as a footnote to them.
The reader, who is interested in the Arakelov geometry, may also consider this as a
good example towards general theory. We take Lang’s book [La] as the reference to
the Arakelov theory used in this paper.

I. Proof of the first theorem.

I.1. Global Arakelov intersection pairing. To begin with, let K be an imaginary
quadratic field, and x a Heegner point on X,(N) associated with K. Let o€ Gal(H/K),
for the Hilbert class field H of K. By the Artin isomorphism, we assume that ¢ cor-
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responds to an ideal class o7 of K. Denote by /g the class number of K and w=2u the
number of units of K. Then there are two distinguished cusps, 0 and oo, on Xy(N). If
N>1, we know that 05 co. So if ¢ is not trivial, the Néron pairing {x—0, (x — 00)’)
makes sense. Furthermore, if we apply the Hecke operator T, to the second component,
we see that (x—0, T,(x—00)?) has a very good interpretation. In fact, a part of the
main theorem of Gross and Zagier [GZ1] may be read as follows:

THEOREM (cf. [GZ1]). The series g (2):=Y,, . ,<{x—0, T,(x—00)°>e*™™ is a cusp
form of weight 2 and level N. Moreover, g, is closely related with the derivative of a
certain L-series.

REMARK. For more details, refer to Theorem 1.6.1 of [GZ1], since we omit the
most important part of that theorem here to emphasize our point.

On the other hand, in the degenerate case of N=1, we know that the two cusps
0 and oo coincide, if we use the same notation as in [GZ1]. So it does not make any
sense to talk about the classical Néron pairing locally, and hence, we cannot directly
apply the original technique of [GZ1]. (In fact, when N=1, some of the series intro-
duced in [GZ1] are also divergent.) Nevertheless, if we consider the problem on the
arithmetic surface X,,(1) over H, by using the Arakelov intersection pairing, we see that
{x—o00, T, (x—00)’) remains to make sense.

From now on, for simplicity, we assume that r,(m)=0, where r (m) denotes the
number of integral ideals of norm m in the class of </, since otherwise, the supports of
x and T,x are not disjoint. At the end of this paper, we give the result for the cases
r4(m)#0 by some modifications. From the definition, note that we consider the Arakelov
intersection over the Hilbert class field H of K, we see that

{x—00, T,(x—00)")=<{x—00, T,(x7)— T,(c0))>
= <x’ Tm(xa)> _Gl(m)<x7 <n> - < Tm(xa)a CX)> - a-l(m)hl( 5
since {00, 00 )= —hy, if we use the standard convention. So we only need to study
{x, To(x%)) — 04(m)x, 00) —{T,(x7), 0 .

Now from the definition, we may separate this combination into two parts: the finite
part and the infinite part. Hence, we need to consider

<x, Tm(xa)>fin - al(m)<x7 00 >fin - <Tm(xa), 00 >fin

and

Xy ToX)Ding — 01 (M) X, 00D i0¢ — LT p(X7), 00 D -

I.2.  Local intersection pairing at finite places. We in this subsection study local
intersection pairing at finite places. In this case, note that X,(1) is just P!, so all the
special fibers are the projective lines, and the cusp oo, which is defined over rational
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numbers, corresponds to the infinity in the usual sense. Now by the fact that Heegner
points have potentially good reduction, we may use the moduli interpretation to see
that Heegner points and the cusp for X,(1) never meet at any finite place. Hence, the
contribution to the Arakelov intersection pairing is zero. Therefore, to understand
the contribution of the finite place to the pairing, we only need to study {x, T,(x°))¢in-
So we need to know the multiplicity (x, T,(x?)), of x and T,,(x°) at finite places v of H.

In order to give (x, T,x°),, we need some preparations. Let S be a complete local
ring with algebraically closed residue field &, and a, b two S-valued point of X (1) over
S. Assume that the points a and b have non-cuspidal reduction, and consider Homg(a, b):
First, it is a left (resp. right) module over the ring Endg(a) (resp. Endg(b)). Second, the
ring Endg(a) is either Z, or an order in an imaginary quadratic field, or an order of a
definite quaternion algebra of prime discriminant over Q. Let Homg(a, b),,, be the set
of elements f in Homg(a, b) of degree m. We know that Homg(a, b)4.,,, is a finite set
and admits a faithful action by the finite group Autg(d).

Let x be a Heegner point of discriminant D on X,(1) over H, and a(x) the cor-
responding set of X,(1) over A,, where A, is the ring of integers in the completion H,
and has a parameter n. Then to calculate (a(x), a(T,(x%))),, we need to extend the scalar
to X® 4, W, where X is the arithmetic model of X(1) over H, and W is the completion
of the maximal unramified extension of 4,,.

Fact 1 (cf. [GZ1]). (a(x), a(T(x°)N)y=2" 5 1 h(a(x%), a(X))gegm Where
hn(a’ b)degmzéﬁHomW/n"(a’ b)degm .

The proof proceeds as follows: First, if @ and b are two sections which intersect
on X over W and reduce to regular, non-cuspidal points in special fibres, then we have

(a’ b)= E hn(aa b)degl ’
n>1
which proves the assertion for m=1. In general, we let m=p"q with p"||m. Then, if p
splits in K, we have (a(x), a(T,(x°))) =0, since in this case

Homy.(a(x?), a(x)) = Homy(a(x"), a(x))

for all n>1. But r(m)=0 implies that Howy(a(x’), a(x)) contains no element of degree
m. So we only need to assume that p has a unique prime factor in K. But in that case,
a(x) and a(x°) have supersingular reduction (mod ), and Endy ,(a(x))=R is an order
in the quaternion algebra B over Q, which is ramified at co and p. We then distinguish
two cases: p is inert in K, or p is ramified in K. For more details, see Sections III.6, 7, 9
of [GZ1]. With this, if we consider the summation

X T = 2 <6 TlX)y 5

vlp
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over all the places over p, we get the following:
ProrosiTioN 1 (cf. [GZ1]). (1) If p is split in K, then
(X, To(x),=0.

(2) If p is inert in K, then B=K+ Kj with j*= —pq and we have a factorization
(9)=xkK in K. Furthermore,

6 Tolx)y,=ulogp Y ord,(pn)ry(m| D] —m)d(mR (—” ) .
O0<n<m|D| 14
n=0(mod p)

Here 5(n)::r[p|(n, p2 and Ry, denotes the number of integral ideals of norm n in the
genus { - }.

(3) If p is ramified in K, then B= K+ Kj with j*= —q and we have a factorization
(9)=kkK in K. Furthermore,

x, T(x%)),=u*logp Y - ord (n)r(m | Dl—n)é(n)RMK}<l> .
0<n<m|D p
n=0(mod p)

In particular, putting all these together, we have the following:
PROPOSITION 2 (see also Prop. IV.4.6, [GZ1]). In the notation as above, if

r(m)=0, we have

<x, Tm(xa)>fin—al(m)<x, w>fin_<Tm(x)9 w>fin=u2 Z a;z((n)rd(ml D I_n) .

1<n<m|D|

Here

ay(n)=) a,m)logp,

pln

with
0, if «p=1,

(ord,(m)+ 1)5(")wa)(%> . i dp=-1,

a,n):=

ord,,(n)a(n)RW}G), i p)=0,

in which, ¢ is the Dirichlet character associated with K, i.e., s(n)=<—D—>, and {k} is the
n
genus of any integral ideal with norm N(k)= — p(mod D).
I.3. Local intersection pairing at infinite places. Next, let us discuss the contri-

bution at infinite places.
Since
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e|lx—y?
I+1x1)+]y1?)

=1—log|x—yl|?,

log

e e
(x, y)—g(x, 0)—g(y, 0)= —lo +log——
g(x, y)—g(x, ©)—g(y, ) g T g1+|}’|2

we have

9(j(e1), j(x2)) = g(i(r1), j(00) — g (j(r2), j(00)) =1 —log | j(z1) — j(z2) |* -

So to evaluate the contribution to the Arakelov intersection from the infinite part, we
need to understand log| j(x)— j(y)|?. But then by definition,

(*) Onljz)jz)= T ()= j(rz2)) -

dety=m
modSL>(Z)

So we see that
<xa Tm(xa)>inf - al(m)<x, CD>inf - <Tm(xa)’ o0 >inf

=0(m)hg+ Z log| ¢u(j(T ), J(T.0,) 1%,
1, 42eClg
A1ty =

since we have to take all Archimedean places of the Hilbert class field H of K. Here
7,4, denotes the Heegner point on X (1) corresponding to the ideal class .«7;. Hence, we
have

Xy Ty(X%)Ding = 0 1(M)<X, 00D in¢ — L T(X7), 00 Dine =0 (Mg —|J(H)] .

I.4. The proof of Theorem 1. First, since X,(1) is just P!, so, up to a certain
multiple infinite fibers, any two algebraic points (with the same degree) are Arakelov
rationally equivalent. Hence, we can find a rational function over H, say f,, such that

diVAr(fx) =X—00+ Z avFv ’

v Archimedean

where a,e R and F, denotes the fiber over v. Therefore, by the fact that T,(x —c0)” is
of degree zero at generic fibre, we see that

< Y a,F,, Tm(x—oo)">=0.

vArchimedean
On the other hand, by definition, we have
<diVAr(fx): Tm(x - Oo)a> = 0 .

In particular, we see that the intersection {x— oo, T, (x— 00)’) is zero.
We may write the intersection as

(x—00, Tpx—0)") = x, T,(x°)) —a4(m)<x, 00) —{T,,(x), 00 ) —hga(m) .
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But then, from 1.2, we see that
X, T(x)) — 0 (M)<x, 005 = T,(x), 0
=X, Tou(x7)Dgin— 01(mM)<x, 00D gin— {T,p(X), 00 Dgin
+ <xa Tm(xa)>inf - ol(m)<x’ o0 >inf - <Tm(x)> 0 >inf

= <X, Tm(xd)>ﬁn + <x’ Tm(xa)>int - ol(m)<xa Oo>inf - <Tm(x), w>inf .

Thus, by 1.3, we see that
X, To(x%) Dgin—hyo 1 (m)— | J(H) |+ hgo,(m)=0 .
Therefore,
[ () |= <%, TulX") i -

With this, by Proposition 2, we complete the proof of Theorem 1.

II. Proof of Theorem 2. To prove Theorem 2, we need to know the precise
expression for the Green function of the projective line Xy(1) over C in terms of the
hyperbolic parametrization.

For se C with Re(s)>0, let Q,_; be the Legendre function of the second kind
defined by

Qs_l(t):=j (t+./t>*—1coshv) *dv, t>1)
0
and define

gs(t1, T2) := —2Q,_(coshd(ty, 7,))

with d(z,, t,) the hyperbolic distance of 7, and t,. Then the function Gz, ,) is defined
by the absolutely convergent series

Gy, 1))= Z gy, 775) .

yelo(1)

PROPOSITION 3. In terms of the hyperbolic parametrization, we have the following
formula for the Green function of P'(C) with respect to the normalized volume form

du:=(/ —12n)dz A dz/(1 +|z|*)?

g(j(t1), j(r2)) = —lim, [Gs(n, Tz)_f Gy(t1, To)dpu(1)— Gy(t1, T2)du(2)

P(C) P(C)
+f Gyty, tz)du(l)du(Z)] :
P1(C) x P1(C)

Here du(i) means that we consider G as a function for the i-th variable, and the integration
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is taken with respect to j(t;).

PrOOF. The point is that the Green function of P!(C) with respect to du can be
uniquely characterized by the following axioms. First, it has the logarithmic singularity
when 1, approaches 1,; secondly, dd® of the Green function is nothing but dy; thirdly,
the integration of the Green function with respect to du is zero. Obviously, the third
condition is satisfied automatically by definition. On the other hand, the first one
may be obtained from the definition of G,. The second one comes from the fact that
limg_, (Gy(ty, 7,)+4nE(t,, 5)) is a harmonic function, where E(t, s) is the Eisenstein series
defined by

5y (Im1)*

E(z, s)= .
(@9 odez, |cr+dlzs

7
In fact, one may use the following result of Gross and Zargier to obtain the assertion.

LEMMA (cf. [GZ2]). For two points 1, T, of H#, not equivalent under I ,(1), we
have the relation

log| j(r,)— j(r2) | =lim,_,,(G|(t,, 72) + 4nE(ty, 5)+ 4nE(T, 5) —4np(s) — 24 .

Here
F<-%>F<s—%>{(2s— 1)
I(s){(2s) '

To prove the proposition, we proceed more precisely as follows: Since

j du=1
PI(C)

j log|az+b|*du=log(lal*+]b ),
Pi(C)

d(s) =

and

we see that

9(J(e1), j(12)) = —limy_, (G (s, T5) +4nE(ry, )+ 4nE(To, 5) — 4n(s)) — 24

+ f [lim,, (Gy(7y, T5) +4nE(ty, 5)+4nE(r;, 5)—4nep(s)) — 24]dp(1)
10

+ f [lim,_, (G(ty, T,) +47E(t,, s)+4nE(T,, 5)—4nd(s)) — 24 ] du(2) —
P'(C)

So up to constant, we see that g(j(t,),j(t,)) is nothing but
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—limg_, 1<Gs(f 1 T2)— Gy(ty, T5)du(1)— G(ty, 72)du(2)+ C(S)) .

P1(C) P(C)
Now by the third axiom, we may fix this constant C(s).
REMARK. One may prove the lemma of Gross and Zagier by using the following
facts: First, both sides are I',(1)-invariant; secondly, both sides are continuous except
for a singularity log| 7, — 1, |2+ O(1); thirdly, both sides are harmonic and have the same

decay when t goes to infinity. A function having these three properties is unique up to
constant.

Next, by applying the Hecke operator T, to the second component on both sides
of () and by the fact that E(z, s) is an eigenfunction of T,, with eigenvalue m*s, _,(m),
we find

log | ¢m(j(71)’j(12)) |2
=limg_,,(G{(ty, T,) +4no,(m)E(ty, s)+4nmo, _ E(T,, s)—4na (m)P(s)) — 240, (m)

=lim,_, ,(G¥(ty, T,) +4no,(m)[E(t,, )+ E(t,, 5)— ¢P(s)]) — 240 ,(m)— 12 Z dlog;?z—

d|lm

with

1 at,+b
Gi"(fl,rz)=7 > gs<fl, 2 )

ab,cdeZ ct,+d
ad—bc=m

So we need to evaluate Gy first. To do so, we first write GI* for the Heegner points in
terms of a series of natural numbers, by the properties of the Heegner points, and get
the following:

PROPOSITION 4 (cf. [GZ1]). Let o, 4, be ideal classes of K, and a; integral ideals
in of; with N(a;)=A;. Then, for me N, r, 4-1(m)=0, we have

G2t )= —2 3, p’"(n)Qs_1<1+2—">.

n=1 mIDI
Here
pm(n)=#{(a, Brear'ar! xaitay'/{+): Nay="T"1P1
A4,

n

NB)= AA,

, A1 A (e — B)=0(mod 5)} .

For the proof, see [GZ1].
Now by the fact that the infinite part of the local intersection for our problem is
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the summation over all Archimedean places of the Hilbert class field H of K, we get
the following:

PORPOSITION 5. In the same notation as above, assume that r (m)=0. Then
<xa Tm(xa)>inf_ o-l(m)<x’ 00 >inf - <Tm(x)a w>inf

=lims_,1[2u2 3 6(n)R(d,(n)rd(n+m|D\)Qs_1<1+ 2n >
n=1 m|D|

—4no (m)[27°" 1| D "ul(2s) ™ k(s) — ¢(S)hx]:|

+<2401(m)+12 y dlog%)h,(.

dim

ProOF. We see that

. 0 2
log|¢m(j(r.yil)’j(rd2))|2=lims—'1|:_2 Y p(n)"'Qs—1<1+ " )
n=1 m|D|

+ 4o (m)[27°| D [2ul(25) ™ (¢ x(y, 8)+ (s, 5) — ¢(S)]]
m
—240,(m)—12 d%., dlogF .
Here we use the fact that
E(t, $)=2"%| D |"*ul(25)" "{x(L, 5) ,

where 7, denotes the Heegner points in X (1) associated with «/, and

1
(st s)i= Y,

aintegral N(a)s '
[a] = o

On the other hand, we have the following:

Fact 2 (cf. [GZ1)).

Z p’;;,ﬂz(")={

oA y,942,eClg
Ayl =
A1 A 2=RB

“25(")'}#("‘*"" | D|)rg(n), if {d} = {'93} >
0, otherwise .

Hence, by taking the summation with respect to 7,7, =%, we get
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Y 10g| Gt ) i) P
o1,42eClg
Ay =
A1 A>2=RB

® 2
=]ims_.1[—2u2 ; 5(n)r&,(n+m|D|)rg(n)Qs_1<1+ mI"D|>5d,g,

+ 4n01(m)|:2_s | D 2ul(2s) " ( Y Cl 9+ s))>

oA 1,42eClx
Ay =
Ad1d2=B
m
— S _ _
LONEDY 1]] <2401(m)+122dlog 2) Y O1.
o 1,942eClg dlm d & 1,42eClx
Ay d; = Ay =
A1 d2=% Ay =R

Here J,, 4 is the generalized Kronecker symbol. Now if we take the summation with
respect to 4, we complete the proof by using the fact that

2 s, 5)=Lk(s) -
o

In particular, we get the following:

COROLLARY. In the notation as above, if r(m)=0, then the Arakelov intersection
pairing on the arithmetic model of X (1) over the Hilbert class field H of K is

{t— o0, Tm(rﬂ_oo)>=limsﬂ[2u2 i 5(n)RM(n)rd(n+m|D|)Qs,1<1+ 2|r11)|>
n=1 m

—4mno (m)[27°" 1| D "ul(2s) ™ ' {k(s) — ¢(S)h1(]]

+<2461(m)+ 12) dlogﬁ>hx+u2 Y. dyn)rym|D|—n).
dim d? 1<n<m|D|

With this, Theorem 2 is a direct consequence of the fact that, in the corollary
above, the Arakelov intersection pairing on the left hand side is zero as we proved in
I.4. In fact, one may also write down the limit for the terms involving {,(s) and ¢(s),
by giving their Laurent expansion at s=1 up to degree 1 terms.

ReMarks 1. In [GZ1] and [GZ2], Gross and Zagier use the technique of J.
Sturm on the holomorphic projection to show that the value given above is related with
the derivative of L-series.

2. Ifr,(m)#0, we may also have the result. But now we need to give a few more
terms containing r,(m). For example, we see that if p splits in K then the contribution
to the intersection is uhr,(m)ord,(m)logp. For a more detailed formula in each case,
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see the formulas IV 9.2, 9.7 and 9.11 of [GZ1].

3. A similar strategy may also give the prime factorization of some other com-
binations of certain algebraic integers, which happen to be the difference of j-invariants
at some points, e.g., the main theorem of [GZ2]. '

4. The stategy used in this paper may also be applied to higher dimensional cases,
say, the projective plane. We discuss this aspect elsewhere.
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