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Abstract. A system of two nonlinear differential equations with an irregular type
singularity not satisfying the Poincaré condition is studied. A two-parameter family of
bounded solutions is constructed by the fixed point technique. The domain of holomorphy
of the set of functions appearing in the fixed point technique is to be given by a family
of the product of two circles over every point in a domain of independent variable. The
radius of one circle depends on the argument of the independent variable only, while
that of the other essentially depends on the independent variable itself.

1. Introduction.
1°.  Assumptions. In a previous paper [6], the author studies a system of two
nonlinear differential equations of the form ‘

d d
(A) xzd—i=(u+O<X)y+f(x,y,2), x2£= —v4 BNz +g(x, 3, 2),

under the assumptions that

(1) xis an independent variable;

(ii) p and v are positive numbers and their ratio is irrational;

(iii) « and B are complex constants and there is a positive quantity x satisfying
the inequalities

(1.1) U+ rkRoa>0, —v+KkRE>0;
(iv) f(x,y, z) and ¢(x, y, z) are holomorphic and bounded functions of (x, y, z) for
(1.2) Ix|<a, |yl<b, |zI<b,

and their Taylor series expansions in (y, z) contain neither the constant terms nor the
linear terms, where a and b are small positive constants.

2°. Review of a previous result. Under these assumptions, the following was
proved:

ProOPOSITION 1. Let ¢, be a preassinged sufficiently small positive number. There
exists a formal transformation of the form
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(1.3) y=u+ Y, puxulvt, z=v+ Y guxuivk,
jtk=2

J jtk=z2

which formally changes the equations (A) to the linear equations
d d

(A) x2l=(u+ax)u, x2—0=(—v+ﬁx)v.
dx dx

The coefficients p (x) and q;(x) are holomorphic and bounded functions of x for a domain
of the form

(1.4.7) <m—ggy, O<|x|<a’

17z
argx ¥ —
8 2

and admit asymptotic expansions in powers of x as x tends to zero through the sector
(1.4.F). @’ is a small positive constant.

For the proof of the convergence of the formal transformation (1.3), the following
proposition played an important role. Namely the double power series appearing in
(1.3) has the particular property which is clarified in the proposition below:

PROPOSITION 2.  For each fixed j, the power series in a single variable [ p (x)v*

and Z,‘(”:Oqjk(x)v" are uniformly convergent for

(1.5.F) <m—egg, 0<|x|<a', Jv|<b’,

ar, x?n
g 2

where a’ and b' are small positive constants depending on j. Similarily, for each fixed k,
the power series ), o p(x)u’ and Y7 q;(X)u’ in u are uniformly convergent for
<m—¢&g, 0<|x|<a’, |ul<b',

(1.5.F) argx$%

where a’ and b’ are small positive constants depending on k.

By the help of this proposition, [6] has introduced truncated differential equations
of special type. After proving the existence of a solution for these equations, we have
obtained the following main theorem.

THEOREM A. Let ¢, be a preassigned sufficiently small positive number. The formal
transformation (1.3) is uniformly convergent for (x, u, v) in a domain of the form

(1.6.F) <m—gg, 0<|x|<aqg, |ul<by, |v|<by,

arx$7r
EX5

where ao and by are small positive constants. Namely, there exists a transformation

(1.7) y==o(x,u,v), z=¥(x,u,0),
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which changes the equations (A) to the linear equations (A') in the domain (1.6.F). The
Taylor expansions of the functions ®(x,u,v) and ¥Y(x,u,v) coincide with the power
series expressions (1.3).

3°.  nnonlinear equations. In order to extend Theorem A to the case of n nonlinear
differential equations, we consider the case where y and z are vectors and, in particular,
the u, v, @ and B are diagonal matrices. Such equations are written simply in the form

d
(B) x? —d%an(mxln(a»y (%)) .

Here, x is a complex independent variable; y is an n-vector; 1,(u) and 1,(x) are n by n
diagonal matrices, respectively, with diagonal entries {y;} and {a;} which coincide with
the entries of the n-vectors u and o; f(x, y) is an n-vector with entries holomorphic and
bounded in (x, y) for a domain of the form
|x|<a, [yl= max |y;|<b
15jsn

and their Taylor series expansions in powers of y begin with terms of degree at least
2. We assume that

(i) the y; are nonzero real numbers independent over the field Q of all rational

numbers;
(i) the a; are complex numbers and there is a positive quantity x such that

(1.8) uj+x-Ro;>0 for all j.

REMARK. When a factor x appearsin the nonlinear term, such a system of nonlinear
equations was already studied in [5].

For an arrangement (p,, p,, ' " *, p,) of nonnegative integers p; and an n-vector z
with entries {z;}, let |p|=p,+p,+ - +p, and zP=2§'z52- - -zl" In the same way as
in Proposition 1, it is not difficult to prove the following:

PROPOSITION 3. There exists a formal transformation of the form

(1.9) y=u+ Y g, xu’,

lplz2

which formally changes the equations (B) to the linear system

®) x? ?=(1n<u)+x1,,<a»u .
X

The coefficients g ,(x) are holomorphic and bounded functions of x in a domain of the form

_n
(1.10.F) argx+7 <m—¢&g, 0<|x|<aqg,
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and admit asymptotic expansions in powers of x as x tends to zero through the sector (1.10).

In order to prove the convergence of the formal transformation (1.9) by utilizing
the method as in the proof of Theorem A, the following problem will have to be solved:

PROBLEM. For any fixed pj, the power series in the entries of the (n—1)-vector

2=(Zla T Zj—15 Zjvas A

(lll) Z gp(x)éﬁ for 13=(p1’ ”'7pj—19pj+15 .”9pn)

plplz2

is convergent for

(1.12.F) <n—¢&g, O<|x|<a”, |Z|<b".

arx-T-n
EX5

Here a"" and b" are small positive constants depending on the suffix j and the power
exponents p;.

If we could solve this problem, then the proof of the convergence of the formal
transformation (1.9) would be carried out in the same way as for the case of n=2. For
n=3, however, it seems to be very difficult to solve this problem directly. So, we are
forced to study a different method for the proof of the convergence of even the formal
transformation (1.3).

In this paper, we prove Theorem A by a different method which will be applicable
to the proof of the convergence for the case of n>3.

2. New arrangement of a formal solution. The equations (A) are given by

d d:
@.1) xzd—)yc=(u+aX)y+f(x,y,Z), xzd—i=<—v+ﬁx)z+g(x,y,z).

We have already proved the following:

THEOREM 1. There exists a formal transformation of the form

2.2) y=u+ Y, puuv*, z=v+ Y gulxuivt,

jtk=2 jtkz2

which formally changes the equations (2.1) to the linear equations

di d
(2.3) xz—u=(,u+ocx)u, x2—U=(—v+ﬂx)u.
dx dx

The coefficients p;(x) and q;(x) are holomorphic and bounded functions in x for a domain
of the form
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24.7) argxi—;r— <T—¢&g, 0<|x|<r’

and admit asymptotic expansions in powers of x as x tends to the origin through the sector
(2.4.F), r’ being a small constant.

We rearrange (2.2) in powers of u:

2.5 y=u+y, Pj(x, v)u’, z=v+ 'Zo Q;(x, vy’
2

j=0

where the coefficients P;(x, v) and Q/(x, v) are expressed as power series in v:

(2.6+) Pi(x,v)= Y puv*,  Qixv)= Y gulak.

kj+k=2 kj+tk=2
We prove the following:

THEOREM 2. The coefficients Pj(x,v) and Q;(x,v) are holomorphic and bounded
functions of (x, v) for a domain of the form

2.7.F) <m—g,, O<|x|<ry, |vi<ry,

ar ?n
x —_—
8XT

so that the power series (2.6-j) are uniformly convergent. The r, and r, are independent
of J.

To prove this, regard (u, v) as a holomorphic general solution (U(x), V(x)) of the
equations (2.3) such that (U(x,), V(x,))=(ue, vy), where x, has to be restricted to the
domain (2.4. F). Substitute (2.5) for {y, z} into the equations (2.1) and rearrange both
sides of the resulting equations in powers of u. Then one can find the differential
equations which determine those coefficients. The equations for the pair {Py(x, V(x)),
Qo(x, V(x))} are nonlinear, while the pairs {P;(x, V(x)), Q;(x, V(x))} for j=1 are linear
equations.

In order to derive those equations, observe that

& Pix, V j .
xzﬂ=x2£g+ Z <x2_dM+P](x’ V)oszd_U>U.l

dx dx j=o dx U dx
2.8)

=(u+ax)U+ i

ji=0

(Ltax)y+f(x,y, 2)=(u+ax)U

<x2 W+j(y+ax)ﬂ(x, V)> Ui

M8

+
j

(u+ocx)Pj(x, V)Uj+f(x’ PO(X’ V)9 V+ QO(xa V))

0

(2.9)
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+ i (Clx, VYPi(x, V)+ D(x, V)Q;(x, V)+G(x, VHU/ .
j=1

J

Here,

Cix, v)=g (%, Po(x, 1), 04+ Qo(x, 1),
(2.10) d
D(x, v)= g (x, Po(x, v), v+ Qo(x, v))
Z

and, in particular,

Q.11 Clx,0=0,  D(x,0)=0.
The G,(x,v) are linear forms of the functions (0*®f]dy®0z®)(x, Py(x, v), v+ Qo(x, v))
for a+b<j whose coeflicients are polynomials in {Q;(x,v), -+, Q;_,(x,v), Py(x,v),

“++, Pi_y(x,v)}. In quite a similar way, we can derive similar equations, by differ-
entiating the second power series expression of (2.5), from the second equation of (2.1)
by defining the functions E(x, v), F(x, v) and H;(x, v), which are respectively similar to
the functions C(x, v), D(x, v) and G;(x, v).

Hence, the pair {Py(x, V(x)), Qo(x, V(x))} has to satisfy the nonlinear differential
equations

dP
x? 0 © = (u+ax)Po+ f(x, Po, V(x)+ Qo) ,
X

(2.12)
dQ,

X

x? =(=v+px)Qo+g(x, Po, V(x)+ Qo) -

For j= 1, the pairs {P;(x, V(x)), Q;(x, V(x))} are solutions of the linear equations

dP.
x? 0 = (1 =)+ ax)P;
dx

, +C(x, V(X)P;+D(x, V(x))Q;+G;(x, V(x)),
(2.13-)) P

dx

=(—v—ju+(B—ju)x)Q;
+ E(x, V(x))P;+ F(x, V(x))Q;+ H;(x, V(x)) .

x2

The following facts should be noted:
(i) The equations (2.12) are nonlinear, while the equations (2.13-) are linear;
(ii) x=0 is an irregular singular point;
(iii)) The equations (2.12) and (2.13-j) possess formal solutions which are expressed
as the power series (2.6-j) with v=V(x).
A theorem due to Malmquist [7] or Iwano [3] implies that the power series (2.6-0)
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with v=V(x) are uniformly convergent whenever the values of (x, V(x)), considered as points
in the (x, v)-space, belong to a domain of the form (2.7.F), so that the pair { Py(x, V(x)),
Qo(x, V(x))} of the sums becomes a solution of the equations (2.12) for the values of
(x, V(x)) in the domain (2.7.F). ry and r, are small positive constants.

Obviously,

(2.14) Po(x, V() =0(Vx)*),  Qolx, V(x))=O0(V(x)*).

When we consider (x, V(x)) as independent variables, the Po(x,v) and Q,(x,v) are
holomorphic and bounded functions of (x, v) for the domain (2.7. F). By virtue of (2.14),
these functions vanish at v=0. Hence, the condition (2.11) is satisfied.

The coefficients appearing in the equations (2.13-1) become known holomorphic
and bounded functions of (x, ¥(x)), considered as independent variables, for the domain
(2.7.F). In order to prove the convergence of the formal solution (2.6-1) with v= V(x),
again apply the theorem mentioned above.

In this manner, we can prove that the pairs { P;(x, V(x)), Q;(x, V(x))} are successively
and uniquely determined as solutions of the linear equations (2.13-j) in such a way that
Pi(x, v) and Q(x, v) are holomorphic and bounded functions of (x, v) in the domain (2.7.F)
and admit the power series (2.6-j) as their Taylor series expansions in powers of v. This
proves Theorem 2.

3. New truncated differential equations. For any positive integer N, set
. 2N . . 2N .
(31) P(N)(x, u, U)—_— u+ Z Pj(x’ v)uj s Q(N)(x, u, U)= v+ Z Qj(x’ U)u] .
j=0 j=0
Apply the change of variables
(3.2) y= p(N)(xa 0, z= Q(N)(X, n,0).

When the pair {y, z} is expressed as the power series (2.5), it is easy to verify that
the pair {5, {} defined by the equations (3.2) is expressed as power series in u of the form

(3.3) n=u+ i ¢;(x, v)u’ {=v+ i W(x, v,
j=2N+1 J=2N

where ¢;(x, v) and y/;(x, v) are holomorphic and bounded functions in (x, v) for a domain
of the form

(B4.7) <mT—¢&g, 0<|x|<ry, |vi<ry,

$7t
argx ¥ —
& 2

ro and r} being sufficiently small positive constants.
By noticing this fact, the equations satisfied by the pair {5, {} are written as
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d .
x? %=(H+M)n+nz”“f1(x, n,{),

xzﬁz
X

(3.5)
(—V+BX)C+W2NQ1(X, , C) .

Here the f;(x, 1, {) and §,(x, 5, {) are holomorphic and bounded functions of (x, #, {) in
a domain of the form

3.6.F) <n—¢, o<|x|<r™, Inl<r™, [{<r®,

ar in
x PR—
& 2

where r§" and r{V are sufficiently small positive constants depending on N.

To see this, observe that, when the pair {u, v} is considered as solutions of the
equations (2.3), the power series (3.3) form a formal solution of the equations (3.5).
Insert (3.3) for {n, {} in the equations (3.5). Then the expression x?(dn/dx)—(u+ ax)y
satisfies the order condition O(u™ * !) and does not involve any term with negative powers
in v. If the f,(x, 5, {) were not holomorphic in (#, {), it would involve a term with either
negative power in # or in {. Hence, the #2¥*1 f, will contain either a term with degree less
than 2N+1 in u, or a term of negative degree in v will appear in the expression
n*N*17 (x,n, ). This is a contradiction. The same argument can be applied to the
second one in (3.5) for the proof of the holomorphy of the g,(x, #, {).

Put

3.7) A)=—"+Blogx, logl=0
X

and let {U(x), V(x)} be a holomorphic general solution of the equations (2.3). Make the
change of variables

Ul
(3-8) n= &) , {=W(x)+e™Z .
1-Y
A simple calculation gives
dn U(x) dy
x? —=(u+ax +———~x2_.’
ol ™
a dz
2 L (Lt + eiz) ety 2
dx dx

Hence, the equations which the pair {Y, Z} satisfies become
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dy Ux)*™ U(x)
2_.= ) E) V A(x)Z )
o Tyt i\ Ve

dZ —A(x)U 2N
_ e MU (x 1U(x; , V(X)HMZ)'

(3.9)
2___—_“
S R s

This system of equations can be written as

Y
x? ‘Z—= U(x) N Fy(x, U(x), V(x), Y, e1™Z) ,
X

(3.10) iz
x? d—:e'A""U(x)”GN(x, U(x), V(x), Y, e1¥2Z) .
X
When the variables x, U(x), V(x), Y, e**Z are considered as independent variables,
the Fy(x,u,v, Y,S) and Gy(x, u,v, Y, S) are holomorphic and bounded functions of
(x,u,v, Y,S) in a domain of the form

<n—g,, O<|x|<r®, |ul<r™, |v|<r®,

_ T
argxF—
GB.11.F) 2

[YI<ri™, |SI<r{?,

r®™, r™ and r® being sufficiently small constants depending on N. These functions
satisfy inequalities of the form

(3.12) | Fy(x,u,v, Y,S)|< Ly, |Gn(x,u,0, Y, S)|S Ly
and
(3.13) { | Fn(x, u,0, Y1, ;)= Fy(, u,0, Yy, ) ISLY(| Y — Y, | +1S, =S, ),
[Gn(x, u, 0, Y, 81)—Gylx, u,0, Yy, S) [SLy(| Y — Yo | +1S, =S, )
for the arguments belonging to the domain (3.11.F), where Ly is a constant depending

on N.

4. Stable domains. In order to simplify the description, we utilize some results
which were already obtained in Iwano [6]. The pair {U(x), ¥(x)} is a holomorphic
general solution of the equations (2.3), namely,

4.1 x2ﬂ=(u+ax)u, xzﬂz(—v+ﬁx)v.
dx dx

It is assumed that there is a positive constant x satisfying the inequalities
4.2) vi(k)=pu+xRa>0, VoK)= —v+KkRE>0.
Let M, be the least integer such that
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4.3) va(K)=Movi(k)—v,(k)>0.

The function Zy(x)=e~ 1™ U(x)M° satisfies the linear equation
2 déO _

(4.4) x i =(Mou+v+(Mox—p)x)Eo

which satisfies the condition (4.3).
According to the discussion which was developed in Section 4 in Iwano [6], we put
4] =max{u, v, Mou+v}=Mou+v,
6]l =max{| 3«|, | 3B, | MoSa—3B 1},
(4.5) ol =max{| Ral, |RB, | MoRa— R},
V() = max{"l("), va(K), Mov,(x)— Vz(K)} 5
V()" =min{v,(x), vo(k), Mov, (k) —v,(x)}
and define the angle Q by the formula
_ 8+ Dol +8(I1 4] + llofl) + 61 v(r)
v(r) I
Let r,, ; and A, be positive constants depending on N. Then, the stable domain is
given by one of the following two domains in the (x, u, v)-space:

(4.6) tan Q2

_n
aurgx+—2—’<7r—s0 ,

0<|x|<row(argx),
4.7.F)
lul¥ <4yl x|y argx), |v|<ryxpargx),

where the (1), x4(t) and y™(z) are strictly positive valued and continuous functions
defined in the z-interval [ —n/2+¢,, 3n/2—¢o] or [—3n/2+¢y, n/2—¢o]. The w(z) is
given by

Q
C_OS for ril §1~Q,
sin g, 2 2
4.8) w(t)=1
IC.OSTI for 1—Q< r$1 Sn—¢gp.
sin g, 2 2
The y4(7) and x™(z) are expressed as
(cos Q)%F | for |t—— gi—g,
2 2
4.9) 2p(0)=1 (cos )™=+ DI for ——%+80§T§Q,

_ 3
|cosT|Re(-t+m-23F  for N—Q§1§7—8o
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and
(1, for r—% g%—g,
NRa-1
(4.10) x(“)(r);(‘m;) ol=TH NI for —2 +5,StQ,
cos

NRa—1 3

(]COST|> e(—r+n—Q)N3a’ for 7C—.Q§T.§——n——£o.
cos Q 2

For the t-interval [ —37m/2+¢,, m/2—¢,], the y4(t) and x™(z) are to be defined in a sim-

ilar manner. The constant 4, appearing in the domain (4.7. F) must be so chosen that

the minimum of the function 4yx™(t) for |t Fn/2|<m—e, is not less than the unity.

5. The curve I'(x,) and the stability theorem. A curve I'(x,) consists generally of

two parts I'" and I'"".
If |arg xo F /2| < 7/2 — Q, the curve I'(x,) consists of part '’ only. Let x,=A4,+iB,,

i=./—1. Put
Ay B,

5.1 A=—"2__ B= :
G | xo1? | xo1?

The variable point x=x,(¢) on I'’ is expressed by the formula

1
(5.2) —=A+0—iBe"’, for 0Zo<w.
X
If |argxq F7/2|>7/2—Q, the curve I'(x,) consists of two parts I'" and I'”. The
variable point x=x,(t) on the I'" is expressed by

<|xo|COS‘C
x=—"""

5.3
(5:3) cos 8,

)-e“, (6, =argx,),
in either case of 8, <t<Q or n—Q=<7=6,.

At the ending point of I'”, namely at either t=Q or t=n—(, this curve must be
switched to a curve of the form (5.2), where the starting point of the curve I'’ is given by

_ | xqlcos?Q | xolcosQsinQ

(54 4o 0

cos 6, |cosf,|

The properties of the curve I'(x,) are studied in Theorem 5 in Iwano [4]. The meaning
of stable domain will be clarified in the following theorem:

THEOREM 3. Let (x,, Uy, o) be an arbitrary point in the domain (4.7.F). Denote
by (U(x), V(x)) a holomorphic general solution of the equations (4.1) satisfying an initial
condition (U, V)=(uy, vo) at x=x,, where x, belongs to the sector |arg x Fn/2 | <7 —¢,.
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Then, as x travels on the curve I'(x,), the values of the functions (x, U(x), V(x)),
considered as points in the (x, u, v)-space, stay in the domain (4.7.F).

ProOF. The case when |argx, F /2| <n/2—Q. Then curve I'(x,) is made of the
curve I'' only. As was already shown in Section 4 in Iwano [6], we have the inequalities

1 dUx)| - 3v,(x) . 1
|Ux)| ds, ~— 5k |x|°
1 d V(x| 3ve) 1
(5-5) [V(x)|  ds, 2 5 x|’
1 d|Ey(x)| S 3v5(k) . 1
[Eox)| ds, — S5k |x|

as x moves on the curve I'’. s, denotes the arclength of this curve measured from the
origin to the variable point x. Moreover, it was shown that

2 3
<d|x|<7 for xerl’.

5./2 ds, 2
From the second inequality in (5.5) we see that the function | ¥(x)| is steadily
increasing in s, on the part I'". Hence, the inequality | ¥(x)|<r,x,(arg x) continues to
hold as long as this one does at the starting point x,.
By utilizing the first inequality in (5.5) and inequality (5.6), we have

d {1U(x)|~}> 3Nk UG 3 U

(5.6)

5.7

ds, x| = sk | x|? 2 |x)?
_ 3Q2Nvi()=5Kk) | UX)
- 10k x>
If N satisfies the inequality
5
(5.8) N> %
2y,(x)

we see that the function | U(x) |¥/| x| is steadily increasing in s,. Hence, if the inequality
| Ux) [N < Ayl x |y ™(arg x) is satisfied at the starting point x,, then this inequality is true
on the curve I'’, because the function y ™(arg x)is constant for |arg x F /2 | < 7/2 — Q.

The case where |arg x, ¥ 7/2|>n/2—Q. Consider the case —n/2+¢,<argx,<Q.

Observe that
V(x)=v, exp( —Y ) “xg b exp<i> -xt.
Xo x

Assume that
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(5.9 IUo|<r1Xﬂ(argXO)=rl(Cos Bo)me(_eoersﬁ s (B =arg x) .

Since

| xolcosT \ .
x=[-227"70 ekt 0,<1=Q,
cos 6,

we have

(5.10) sn(i>= m<i>= c0s
X Xo [ X0

Hence, on the curve I'”,

90-13 x %
| V(x) | <ryxp(Bp)e® =23 | —
Xo
Rp
<r,(cos @) FPe(~ ot ND3Ip pO0=0p. cost
cos b,

=ry(cost) e TTTNF =y y(argx)  for 0,<T<Q.

It turns out that, aslong as (5.9) holds, we have | V(x)| < r, xs(arg x) on the curve I'(x,).
Let us assume that

(5.11) luo [V < Ay | x0 1x ™(arg xo) -
Observe that

(5.12) U(x)=u, exp<L> . xg“exp<__‘i> -
Xo X
By virtue of (5.11), we have
| Ux) 1Y
| x|

NRa 1
eN(Oo*r)‘Ra .

x|

Xo

NRa—1 NRa—1
<AN(COSGO> o(~ 00+ DN ( cost ) @0~ DN

=]u0|N

cos cos 6,

NRa—1

COST _

=AN e( t+ﬂ)N3zz=ANX(N)(argx)
cos 2

on the curve I'”. Hence, the inequality | U(x) |¥ < dy| x|x™(arg x) holds as x moves on
the curve I'(x,) as long as it does at the starting point. g.e.d.

6. Estimation of the integrals of the kernel functions along the curve I'(x,). When
we prove the existence of solutions for the equations (3.10) by utilizing the fixed point
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technique, it is essential to make a good estimation of the two integrals
S0 U)C 2N so . UX 2N

6 [LO0 g [ LU
o IxI 0 x|

where s, is the arclength of the curve I'(x,). The functions |U(x)|*V/|x|* and
e” %™ | U(x)|*/| x|* will play a role of the kernels in the integral equations appearing
in Section 7 which are derived from the differential equations (3.10).

THEOREM 4. We have the estimates

F (UYL gy oY
T 2 Wx= 17
62) o IxI? x|
' 5 | U 1P |uo I*™
e~ RA® ds. < Mze—ﬂm(xo) o
X = bl
0 | x|? [ o]

where M| and M, are defined by the formulas (6.28) and (6.30).

1°.  The estimation of the integrals (6.1) on the curve I'’. Put

Ul 2N
(6.3) A=
x
This function satisfies the linear equation
dof
(6.4) x2 ——=(Q2Np+Q2Na—1)x)o/ .
dx
A direct calculation shows
ddx)| d {IU(X)IZN}
ds,  ds, | x|
oy U@ dU@| [ UPY dix|
[ x| ds, | x|? ds,
(63 6N o 3 |
L OV )] 3 LA oo
Sk [ x| 2 x|
_ 12Nvi(k)— 15k | o(x)]
10% (x|

Hence, by integrating this inequality along the curve I'’, we get

f“ | Ux) >N 10K | Ulxo) |*Y
ds, < .
o IxI? 12Nv,(k)— 15k | x|

(6.6)

Set
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6.7) B(x)=e~ A4 . L(x—)ﬁv— i
x

This function is a solution of the linear equation
i
(6.8) x27=(2Nu+v+(2Na—ﬁ—1)x)93.
x
Let M, be the number defined by the condition (4.3). Write %(x) as

U(x)2N~M0 U(X)ZN—MO

Bx)=e~ D)Mo - =Eq()

By utilizing the last one in the inequalities (5.5) and the inequality (6.5), (where 2N
must be replaced by 2N — M), we get at once

dIB(x)| _ dIEx)| UM _d (U [PNMe
= +EX)|— | —————
ds ds, | x| ds, | x|

S 3vs(K) [B@)| (U)o

X

TS | x| | x|
(12N—6My)v,(k)— 15k  _ | U(x)|?N~Mo
| ()| 5
10k | x|
2(3v3(tc) + (12N—6M0)v1(;c)—151c> | B(x)| .
—\ 5k 10x | x|

Thanks to the definition of v4(k) in (4.3), the constant factor of the function | #(x)|/| x|
is equal to
3(Movy(k)—v,(x) N (12N —6M)v,(x)— 15k 12Nv (k) —3v,(k)— 15k
Sk 10k a 10k '

We assume, besides (5.8), that N satisfies

(6.9) N>max{ ox , VZ(KH_SK}.
2vi(k) 4vy(k)
Then,
(6.10) dIB()| o 12N01(6)=3v,() 15K | B(x)|

ds 10k [ x|

x

By integrating this differential inequality along the curve I'’, we have immediately
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(6.11) roe—m(x) |U(x)2|2N ds,< iOx . o RAGxo) | Ulxo) 12N .
o | x| 12Nv (k) —3v,(k)— 15k | X0l

2°. The estimation of the integrals (6.1) on the curve I'”. Since the variable point
x on I'" is given by the formula (5.3), we have

(6.12) .@:,(ﬂ)eﬁr

dt cos b,
and

— | %o " for 6,<71<Q,
6.13) ds, cosf,
. =
4 —ﬂ, for n—-Q<t=6,,
cos 8,

where s, is the arclength of the curve I'"” measured from its ending point x; to the
variable point x.
As is shown in (5.10), on the curve I'”, the function R(u/x) is unchanged. Since

(6.14) U(x)=uo-exp<—ﬁ+i>-<i) :
X X Xo
we have
oA (x Ux)|*N 2N 2N %a
L) _TUDEY _ Juol? exp<_2N;R<ﬁ_L>>. X =00
| x] [x] | x| X X Xo
Ra —
(6.15) _Juol | cost [T onao-oe
[x0]% | cosBy
9{ -
< |uo|22N 1 2Nl zezN(n—oﬂo)ISaI
BREN sin g, ’

because of the inequalities |cosf,|=sing, and n—Q+¢y=|0,—1|. Since ds,=
— (| x0|/cos 8p)dr and | cos O, | = sin &y, the integration of the inequality (6.15), excluding
the middle terms, gives

2N 2N 2NRa—1
(6.16) f [T 4 < 1t ( ! ) e 2N -2+ e Tal
-

| x|? T xo] \sing,

By the notation (4.5), this inequality implies

2N 2N 2N ||| -1
(6.16-bis) J U 4 < 4ol < 1 ) o 2Nl
o

x> 77 Ixl \sine




CONVERGENCE OF A FORMAL TRANSFORMATION 491

On the other hand, we have on the curve I'”

)
x
=exp<— ER<—V—>> “xq | TheboF
Xo

xl—‘RﬂetSB

- wp
X o(F=0038

Xo

B
e 00)38

(6.17) =g~ Ralxo)
Xo

- Rp
— o~ R0 | _COST o (=60)38

cosf,

1 | RB|
ée*‘RA(xo)< ) e (m =2 +20) 3B| ,
sin g,
which, by the help of (6.15), implies
B0 _ - | U™

x| | x|?

'u |2N 1 2N|Ra|+| RB|—2
< ¢~ RA(xo) 0 < ) e~ 2+e0)(2N| Ja| +|3p1)

| xo1* \ sing,

(6.18)

By integrating this inequality along the curve I'”, namely from 6, to Q or from 7—Q
to 6y, we have at once

J s UG
r

| x|
(6.19)

,u |2N 1 2N| Ra|+|RB|—1
ée_mA(xO) 0 .n.e(n—ﬂ+£0)(2N|3a|+|3ﬁ|)'
SIn g,

[ xo |

By the notation (4.5),

2N
J‘ e— RA(x) I U(x) | de
r

| x|?
(6.19-bis)
lu |2N 1 @N+1)|lv] -1
<~ Rdlxo) 170 e e@N+ DR8]
- [xo| \ sing,

3°. The estimation of the integrals (6.1) on the curve I'(x).
When |0, F /2| <7/2—Q, we have I'(x,)=TI". Hence, by virtue of (6.6) and (6.11),
we have at once
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2N 2N
(6.20) J | U(X)2| ds, < 10x | U(xo) |
ree X1 12Nv,(k)— 15k | X0
and
(6.21) f o-maco [UOPT 0 10 oty | U0 P
o) | x|? T 12Ny, (k) — 3v,(k) — 15k | X0 |

When |0, F /2 |>nr/2—Q, we have ['(xo)=I"'uIl'". The starting point xg of the
part I'’ is given by

<IXOICOSQ>eiQ, 0,<Q,
cosf,

(6.22) xh=

-0\ .
(&M)H 6o>n—0.
cos b,

The estimation of the integrals on the part I'’ is immediately obtained from (6.6) and
(6.11), where x, should be replaced by the point x5. We see from (6.14) that

U(xb):uo.exp(_i,#)-(ﬁ) .
Xo Xo Xo

Hence, on the part I'’’, we have for Q> 0,

Ra Ra
_ cos _
e(Oo ) Ja _ | U, | . ( > e(oo 2)3a

cos b,

’

X0

| Uxo)|=luo |-

Xo

1 ol
<|up|* erloll
sin g,

This inequality holds also for 8,>n— Q. Since

(6.23)

, | x| cos Q2
|xol=-"—1—
|cos B, |
we have
(6.24) 1 =|cos(90| 1 < 1 1 < '1 1
x| cosQ |xo| cosQ |xo|  singy |x|
and
(6.25) SN P N ) P .
Xo sin g, X0 sin g

On the other hand, we see, by utilizing (5.10), that
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e—iRA(xa):exp(—‘R<L,+ﬂlogx’0>>=exp<—91<L+510gx6>>
X9 Xo
v xo\*
=exp| —R|{ —+Blogx, ) |° ,
xo xO

xo | .
0 e(arg xo—argxo)Ip

= ¢~ R4(x0)

’

X0

(6.26) N
—RA( )( 1 >l‘R/fI (Q~-80)| 361
e ol f e o 0,<9Q),

sing,

= 1 R
e~ R(xo) : elo—nt+ )38 By>n—9Q),
sing,

1\l
<o Mo 1 enloll
sin g

It follows from (6.6) and (6.16-bis) that

2N 2N
(6.27) j TURITT o <, Wl
I'(xo0)

x= 1
| x]? o]

where M, has the form

2N|jv]| -1 2N|jv]| +1
M1:< 1 > ;e e2Nelel 10% < ! > e2Nnl3]
sin g, 12Nv,(k)— 15k \ sing,

:< 1 >2N”u“_1g2N"II5II(n+ 10x ( 1 >2>
sin g, 12Nv,(k)— 15k \ sing,

We have from (6.11) and (6.19-bis)

(6.28)

2N 2N
(6.29) J e~ R | U(X)Zl ds,EMye~ RA(x0) 4o | ,
I(x0) [x] [ Xo|

where M, is given by

1 2N+ 1)|v| -1
M2= ,n,e(2N+1)n|[6||

sin g,
Q2N+1)|v|l +1
N 10k ( 1 ) N+ Dx)[3)]
12NV (k) —3v,(k)— 15K \ sing,

1 (2N+1)|lv|| -1
— e@N+ 1)z
sin g,

(6.30)
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(2w =5 (e ))
x|+ - .
12Nv (k) —3v,(k)— 15k \ sing,

The inequality (6.27) with (6.28) and the inequality (6.29) with (6.30) prove Theorem
4. q.e.d.

7. Existence of a solution by the fixed point technique. To prove the existence of
solutions for the equations (3.10) by the fixed point technique (for example, Hukuhara
[1], [2]), we consider a stable domain of the form (4.7.F), namely,

<7'L'—£0 )

a TLn
rgx+—
£ 2

0<|x|<rgw(argx),
(7.1-N.F) [

lul" <Ayl x|y Margx),  |v|<rixlargx),

where the functions w(t), y,(t) and xy™() are defined by (4.8), (4.9) and (4.10). Here the
constants rg, { and 4y, depending on N, are to be so chosen as to satisfy inequalities
of the form

romaxo(t)<rd ,
T

1/N
(7.2) rymax y 1) <r{®, <AN max y V() - rj max w(t)) <r™,
T T T

Aymin y™M)>1,

in the t-interval [ — /2 + &y, 3n/2—¢¢] or [ —3n/2+¢,, T/2—¢,], where the r{¥ and r{V
are the same as those appearing in (3.11. F).

We consider a family & of pairs {¢, ¥} of functions @(x, u, v) and Y(x, u, v), which
are holomorphic and bounded in (x, u, v) for the domain (7.1-N.F) and, moreover,
satisfy inequalities of the form

(7.3) | pCx, u, v) IS Kylul™,  [Y(x, u, v)| < Kye™ 4O uN .
Here the constant Ky, depending on N, must satisfy inequalities of the form
Ky romaxo(t)<r®, Ky - rgmax () - Ay max y ™M) <r{™,
(7.4) i \ ' '
4Ly M, - Aymax yM(1)< Ky, 4Ly M, - Aymaxy®™(t)< Ky

for the t-interval. These inequalities will be obviously satisfied if we first take the value
of Ky sufficiently large and then that of ry sufficiently small. Hence,
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| 6(x, UG, V) | <r, et y(x, U, V) <rg.
Ux) ¥ 1 Ux) ¥ 1
(1.5) LNMl'—I%)l—ngN, LyM, l(jj' < ky,

Kyl Ux) N <rP<1

as long as the values of (x, U(x), V(x)) belong to the domain (7.1-N.F).

Choose a point (x,, #g, Vo) in the domain (7.1-N.F) in an arbitrary manner. Let
{U(x), V(x)} be the solution of the equations (4.1) such that {U(x,), V(xo)}={uo, vo}-
By the help of Theorem 2 and by the definition of the K, we see that the functions
Fa(x) and %,(x) given by the expressions

{ yN(x)EFN(x, U(X), V(X), ¢(X, U(X), V(X)), eA(X)‘/l(x’ U(X), V(X))) >

(7.6 Gr() = Gylx, U(), (), (x, U), V), e, U), V)

become holomorphic functions of x on the curve I'(x,), because of the conditions (7.2).
Moreover, by virtue of (3.12), they satisfy the inequalities

(7.7) | ZNX) =Ly,  |9Nx)|=Ly.

is to be defined by

s {P(x, u, v), Y(x, u, v)} > {D(x, u, v), Y(x, u, v)},

where the &(x, u, v) and ¥Y(x, u, v) are given by the integrals

U(X)2N

2

The mapping
(7.8)

N Y

D(xo, Uy, Vo) = Fy(x)dx ,

(1.9) [0 -~
¥(xo, Ug, Vo) = e” 4™ 2
I(xo) x

G(x)dx .

As was already proved, the integrals of the kernel functions are bounded. Therefore,
the integrals (7.9) are uniformly convergent with respect to (x,, #o, o). This implies,
after a short reasoning, that the functions ®(x, u, v) and ¥(x, u, v) are holomorphic in
(x, u, v) at the point (x,, 4y, vy) and, consequently, for the domain (7.1-N.F). Moreover,
by virtue of (7.5), these functions are bounded by

2N
ol ” < 1 ktuol¥,

lxol — 4

| D(xo, Ug, Vo) | S LyM, +

(7.10) g P¥ 1
| ¥(xo, tg, Vo) ISLyM; * € - Rxo |;)6—|§74—KNe_‘RA("°)| uo |V .
0

Therefore, we see that {®, ¥} e #. According to our standard analysis (for example,
Iwano [5, pp. 124-132]), we can show that the mapping F possesses a fixed point to
which corresponds a solution {®y(x, U(x), V(x)), ¥n(x, U(x), V(x))} of the equations (3.10).
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By the inequalities (3.13), we can prove that a solution of the equations (3.10) satisfying
the order condition

(7.11) Y=0(Ux)"), Z=0(e” "™ U(x)")

is unique.

In the proof of this assertion, the factor 1/4 appearing in (7.10) will be useful.
To prove this, assume that there exist two solutions. Denote by {<13(x, U(x), V(x)),
P(x, U(x), V(x))} their difference. Then we want to prove that, for any integer m,

- 1 . 1
(7.12.m) | D(x, u, v)lé;,,— Kylul™,  |¥(xu, v)!éyKne_m‘”lulN,

which implies d(x, u, v)= f’(x, u,v)=0. However, for m=1, the inequalities follow
immediately from (7.10). Assume that the inequalities (7.12.m) are satisfied. Then, we
see that the last one in the inequalities (7.5) gives

! 5 1
|¢(X, u, v)lé'—, I'P(x, u, U)lé———e—mA(x).
2m om
It follows from (3.13) and (7.10) that

U(x) |*Y 1
I'(x0) X

A

| D(x0, Ug, Vo) | =

N

2m— 1 :
which proves that the inequalities (7.12.m+ 1) hold.

Taking the transformations (3.2) and (3.8) into account, we see that the pair
{%y, Zy} of the functions #y(x, U(x), V(x)) and Zy(x, U(x), V(x)) defined by

Yn(x, u, v)= Py, , 0+ e (x, u, v)) ,

( u
Xy
1 —®p(x, u, v)

(7.13)
I n(x, u,v)= Q(N) (x

,————————, 04+ e (x, u, v > ,

1 —Dp(x, u, v) o )

becomes a solution of the equations (2.1), whenever the values of (x, U(x), V(x)),
considered as points in the (x, u, v)-space, belong to the domain (7.1-N.F). Hence, the
Hy(x, u,v) and Zy(x, u, v) are considered as holomorphic and bounded functions of
(x, u, v) for a domain of the form

(7.14.F) argx$%'<7rfao, O<|x|<ay, |ul¥<|x|, |v|<by,

where ay and by depend on N. However, our standard analysis, as was done in Iwano
[6], we have the following:
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PROPOSITION 4.  The solution {¥y(x, U(x), V(x)), Zx(x, U(x), V(x))} is independent
of N.

Denote this solution by {®(x, U(x), V(x)), ¥(x, U(x), ¥(x))}. Then, we have the
following:

PROPOSITION 5. The functions ®(x,u,v) and ¥(x,u,v) become holomorphic in
(x, u, v) for a domain of the form

(7.15.F) <m—¢gg, O<|x|<ay, lul<by, |v|<b,.

ar x?n
& 2

ay and by are small positive constants independent of N.

Indeed, let (x,, u, vo) be an arbitrary point in the domain (7.15.F). Then, choose
a large positive integer N such that |u, |¥ <|x,|. By the independence of N, we observe
that the relations

(7.16) D(x, u, v)=%\(x, u, v), Y(x, u, v)=ZN(x, u, v)

hold identically in a neighbourhood of the point (x,, uy, v,). This proves our assertion.

Therefore, the functions @(x, u, v) and ¥(x, u, v) admit Taylor series expansions (in
u and consequently) in » and v, which coincide with the power series appearing in the
formal transformation (2.2). This completes the proof of Theorem A.
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