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Abstract. Recently, Lauritzen, Raben-Pedersen and Thomsen proved that Schubert
varieties are globally--regular. We give another proof simpler than the original one.

1. Introduction. Let p be a prime numbek an algebraically closed field of charac-
teristic p, andG a simply connected, semisimple affine algebraic group bvéret T be a
maximal torus ofG. We choose a basid of the root system o&. Let B be the negative
Borel subgroup of7, and P a parabolic subgroup @ containingB. Then the closure of a
B-orbitonG/ P is called a Schubert variety.

Recently, Lauritzen, Bben-Pedersen and Thomsen [12] proved that Schubert varieties
are globallyF-regular, utilizing Bott-Samelson resolution. The objective of this paper is to
give another proof of this. Our proof depends on a simple inductive argument utilizing the
familiar technique of fibering the Schubert variety aB'abundle over a smaller Schubert
variety.

Global F-regularity was first defined by Smith [19]. A projective variety okds said
to be globallyF-regular if it admits a strongly"-regular homogeneous coordinate ring. As
a corollary, all local rings of a Schubert variety areregular, in particular, aré'-rational,
Cohen-Macaulay and normal.

A globally F-regular variety is Frobenius split. It has long been known that Schubert
varieties are Frobenius split [14]. Given an ample line bundle 6v&r, the associated pro-
jective embedding of a Schubert variety®f P is projectively normal [16] and arithmetically
Cohen-Macaulay [17]. We can prove that the coordinate ring is stranglgular indeed.

Over globallyF-regular varieties, there are nice vanishing theorems, one of which yields
a short proof of Demazure’s vanishing theorem.

The author is grateful to Professor V. B. Mehta for his valuable advice. In particular,
Corollary 7 is due to him. He also kindly informed the author of the result of Lauritzen,
Raben-Pedersen and Thomsen. Special thanksalso due to Professors V. Srinivas and
K.-i. Watanabe for thir valuable advice.

2. Preliminaries. Let p be a prime number, ankl an algebraically closed field of
characteristicp. For a ringA of characteristip, the Frobenius mapg — A (a — a”) is
denoted byF or F4. So F§ mapsa to a? fora € A ande > 0.
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Let A be ak-algebra. For e Z, we denote byd " the ringA with thek-algebra structure
given by

—r

Fy
k— k— A.

Note thatF§: A"T® — A" is ak-algebra map foe > 0 andr € Z. Fora € A and
r € Z, the element viewed as an element iA") is occasionally denoted by"”). So
Fé(a"*9) = (@) fora € A,r € Zande > 0.

Similarly, for ak-schemeX andr e Z, thek-schemeX () is defined. The Frobenius
morphismFy : X — X"+ is ak-morphism.

A k-algebraA is said to beF-finite if the Frobenius mags: ALY — A is finite. A
k-schemeX is said to beF-finite if the Frobenius morphisnfy : X — X® is finite. Let
A be anF-finite Noetheriark-algebra. We say that is strongly F-regular if for any non-
zerodivisore € A, there exists some> 0 such that F$: A© — A (a©  ca”) is a split
monomorphism as aa(©-linear map [6]. A strongly-regular F-finite ring is F-rational in
the sense of Fedder-Watanabe [3], and is Cohen-Macaulay normal.

Let X be a quasi-projectivé-variety. We say thak is globally F-regular if for any
invertible sheaf overX and anyz € I'(X, £) \ 0, the composite

e Fa e
Ox(e) e F*Ox —> F*E

has anODy« -linear splitting for some [19], [5]. X is said to beF-regular ifOx  is strongly
F-regular for any closed point of X.

Smith [19, (3.10)] proved the following fundamental theorem on gldbakgularity.
See also [20, (3.4)] and [5, (2.6)].

THEOREM 1. Let X bea projective variety over k. Then the following are equivalent:

1. There exists some ample Cartier divisor D on X such that the section ring
D,z I'(X, O(nD)) isstrongly F-regular.

2. The section ring of X with respect to each ample Cartier divisor is strongly F-
regular.

3. There exists some ample effective Cartier divisor D on X such that there exists an
Oxo-linear splitting of Oy«) — FfOx — FfO(D) for some e > 0 and that the open set
X — D is F-regular.

4. X isglobally F-regular.

A globally F-regular variety isF-regular. In particular, it is Cohen-Macaulay and nor-
mal.

For an affinek-variety Spec, the following three conditions are equivalent: Speis
globally F-regular;A is strongly F-regular; and Sped is F-regular.

A globally F-regular variety is Frobenius split in the sense of Mehta-Ramanathan [14].
As the theorem above shows Xfis a globally F-regular projective variety, then the section
ring of X with respect to every ample divisor is Cohen-Macaulay normal.
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A globally F-regular projective variet enjoys a nice vanishing theorem.4fis a nu-
merically effective invertible sheaf, the#’ (X, £) = 0fori > 0. In particularH (X, Ox) =
0fori > 0[19, (4.3)]. It follows that a globally-regular projective curve iB1. We also
have the following vanishing theorem [19, (4.4)]. Létbe a globallyF-regular projective
variety andZ a nef big invertible sheaf ok. ThenH! (X, £~1) = 0 fori < dimX.

A projective toric variety over a field of positive characteristic is glob&llyegular [19,
(6.4)]. Fano varieties with rational singuities in characteristic zero are of globaliyregular
type, that is, almost all modulp reductions of them are globally-regular [19, (6.3)].

The following lemma is of use later.

LEMMA 2 ([4, Proposition 1.2]). Let f: X — Y beak-morphism between projective
k-varieties. If X isglobally F-regular and the associated homomor phism of sheaves of rings
f#of f,0y - f.Ox,isanisomorphism, then ¥ isglobally F-regular.

Let G be a simply connected, semisimple algebraic group bvand7 a maximal torus
of G. We fix a basisA of the set of roots o&;. Let B be the negative Borel subgroup afd
a parabolic subgroup @ containingB. ThenB acts onG/P from the left. The closure of
a B-orbit of G/ P is called a Schubert variety. Am§-invariant closed subvariety @f/P is a
Schubert variety. The set of Schubert varietie&ifB is in one-to-one correspondence with
the Weyl groupW (G) of G. For a Schubert variety in G/B, there is a uniquas € W(G)
such thatX = BwB/B, where the overline denotes the closure operation. For basic notions
on algebraic groups, see [2].

We need the following theorem later.

THEOREM 3. A Schubert variety in G/ P isanormal variety.

For a proof, see [16, Theorem 3], [1], [18], and [15].

Let X be a Schubert variety i6/P. ThenX = 7 ~1(X) is a B-invariant reduced sub-
scheme ofG/B, wherer: G/B — G/ P is the canonical projection. It has a ders®rhbit,
and actuallyX is a Schubert variety i/ B.

LetY = p~1(X), wherep: G — G/P is the canonical projection. L@t: Y x P/B —
Y xx X be theY-morphism given byd (v, pB) = (y, ypB). Since(y, iB) > (y, y 1% B)
gives the inverseg is an isomorphism. Note thap1).Oyxp/p = Oy, Wherepy: ¥ x
P/B — Y is the first projection, sinc@/B is ak-complete variety an#i°(P/B, Op/B) =
k. As @ is aY-isomorphism, we see thaﬁrl)*(’)y”g = Oy, wherer: ¥ xx X — Y is
the first projection. Asr; is a base change af: X — X by the faithfully flat morphism
Y — X, we have

LEMMA 4. 7,03 = Oy. Inparticular, if X isglobally F-regular, then sois X.

Letw € W(G), andX = X,, be the corresponding Schubert varid®ywB/B in G/B.
Assume thatv is nontrivial. Then there exists some simple reatuch that(wsy) = [(w)—1,
wheres, is the reflection corresponding &g and/ denotes the length. S&t = X, be the
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Schubert varietyw’ B/ B, wherew’ = ws,. Let P, be the parabolic subgrouis, B U B.
LetY be the Schubert varie®w P, / P,.
The following is due to Kempf [10, Lemma 1].

LEMMA 5. Letn,: G/B — G/P, be the canonical projection. Then X’ is bira-
tionally mapped onto Y. In particular, (7,)«Ox: = Oy (by Theorem 3). We have
(me)"1(Y) = X,and w|x: X — Y isa PL-fibration, henceis smooth.

Let X be a Schubert variety iG/B. Let p be the half-sum of positive roots, and set
L=L(«(p—Dp)lx,whereL((p — 1)p) is the invertible sheaf o6’/ B corresponding to the
weight(p —1)p. Note that(p, o) = 1 fora € A by [7, Corollary 10.2] (see for the notation,
which is relevant here, [8, (11.1.3)]. Under the notation of [8l,«") = 1.). It follows thatl
is ample by [8, Proposition 11.4.4]. The following was proved by Ramanan-Ramanathan [16].
See also Kaneda [9].

THEOREM 6. Thereisasections € HO(X, £) \ 0 such that the composite

Oxa — F.Ox E) F.L

splits.
SinceL is ample, we immediately have the following.
COROLLARY 7. X isglobally F-regular if and onlyif X is F-regular.

PROOF. The ‘only if’ part is obvious. The ‘if’ part follows from Theorem 6 and Theo-
reml, 3= 4. ]

3. Main theorem. Let k be an algebraically closed field; a simply connected,
semisimple algebraic group ovker 7 a maximal torus ofG. We fix a basis of the set of
roots of G, and letB be the negative Borel subgroup Gf

In this section we prove the following theorem.

THEOREM 8. Let P bea parabolic subgroup of G containing B, and let X be a Schu-
bert variety in G/ P. Then X isglobally F-regular.

PROOF. Letr: G/B — G/P be the canonical projection, and sét= = ~1(X). Then
X is a Schubert variety itF/ B. By Lemma 4, it suffices to show thatis globally F-regular.
So in the proof, we may assume thiat= B.

So, letX = BwB/B. We proceed by induction on the dimensionxafin other words,
[(w). If I(w) = 0, thenX is a point andX is globally F-regular. Let/(w) > 0. Then there
exists some simple roat such that (wsy,) = l[(w) — 1. Setw’ = wsy, X' = Bw'B/B,
P, = Bsa BU B, andY = BwP,/P,.

By induction assumptiorX’ is globally F-regular. By Lemma 5 and Lemma€R,is also
globally F-regular. In particulary is F-regular. By Lemma 5X — Y is smooth. By [13,
(4.1)], X is F-regular. By Corollary 7X is globally F-regular. |
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COROLLARY 9 (Demazure’s vanishing [16], [9]).Let X bea Schubert varietyin G/B,
A adominant weight, and £ := £()|x. Then H (X, £) = Ofor i > 0.

PrROOF. For anyn > O anda € A, (nh + p,aY) = n{k,a¥) +1 > 0, sincex is
dominant. By [8, Proposition Il.4.4L(ni + p) = LOW)®" ® L(p) is ample. It follows that
LB ® L(p)|x is ample for any: > 0. This implies that is nef. The assertion follows from
Theorem 8 and [19, (4.3)]. O

Let P be a parabolic subgroup ¢f containingB. Let X be a Schubert variety i/ P.
Let My, ..., M, be effective line bundles 06/P, and setl; := M;|x. In [11], Kempf
and Ramanathan proved that thalgebraC := P, .\ I' (X, £,,) has rational singularities,

wherel, = L9 @ .. @ LM for u = (u1, ..., u,) € Z7. We can prove a very similar
result.

COROLLARY 10. Let C beasabove. Thenthe k-algebra C isstrongly F-regular.

By [5, Theorem 2.6],C = @D,z I'(X, L) is a quasiF-regular domain. By [5,
Lemma 2.4],C is also quasiF-regular. By [16, Theorem 2] is finitely generated over
k, and is stronglyF'-regular. |
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