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Abstract.  We investigate a limiting uniqueness criterion in terms of the vorticity for
the Navier-Stokes equations in the Besov space. We prove that Leray-Hopf’s weak solution is
unique under an auxiliary assumption that the vorticity belongs to a scale characterized by the
Besov space in space, and the Orlicz space in time direction. As a corollary, we give also the
uniqueness criterion in terms of bounded mean oscillation (BMO).

1. Introduction to Uniqueness Criterion. We investigate the uniqueness problem
for the Navier-Stokes equations:

ou+u-Vu=-Vp+ Au, t>0, xeR",
(1.2) divu =0, t>0 xeR",
u(0, x) = uo(x) ,

whereu = (ul(r, x), u@t, x), ..., u"(t,x)) andp = p(z, x) denote the velocity vector and
the pressure of fluid at the poift x) € (0, o) x R", respectively, whileg = (u%(x), u(z)(x),
..., ug(x)) is a given initial velocity vector.

It is well-known that a weak solution of the emgy-class (so-called Leray-Hopf’s weak
solution)u € L>®(0, T; L2(R")) N L2(0, T; H(R")) is unique under the auxiliary assump-
tion

2
(1.2) we L, T; L), 5+%=1, n<p.

See Ohyama [26], Serrin [32], Prodi [30], Masuda [24] and Kozono-Sohr [19].

An interesting question is to consider the corresponding condition on the voricity
rotu. By the Sobolev embedding theorem, the condition corresponding|ta is known as
(1.3) Viuerf©1:Lr), 2+t o1gr <,

6 p r+1 r

The conditions (1.2) and (1.3) are closely related to the estimate for the tri-linear form
induced by the nonlinear term Vv. Recent development of the study for this term facilitates
direct progress on the regularity and decay problem for the Navier-Stokes system. For in-
stance, Chanillo considered the tri-linear estimate [11] via a real analytical argument (see also
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Hélein [17]). Coifman-Lions-Meyer-Semmes [12] also showedHtieegularity of the non-
linear couplingx - Vu for the Leray-Hopf weak solutions by an elegant proof. Those results
showed that the nonlinear term have a slightly better regularity due to its special algebraic
structure which is a coupling of divergence-free and rotation-free factors. This was applied to
the decay problem in the Hardy space corresponding td.thevherep < 1, by Miyakawa

[25]. There is another type of development in estimating the nonlinearity in the setting of
Besov and BMO spaces by Furioli-Lemarié Rieusset-Terraneo [15], Cannone-Planchon [8]
and Koch-Tataru [18].

Our attention here is devoted to the uniqueness criterion in terms of the vorticity. In view
of the above conditionsyu € L1(0, T; L™) is considered as the limiting case in obtaining
the unigueness. On the other hand, compared to the result of the break down condition to the
Euler equations:

ou+u-Vu=—-Vp, t>0, xeR",
(1.4) divu =0, t>0, xeR",
u(0,x) = uo(x),

it is desirable to control the situation in terms of the vorticity of fluid,u@f). In the cele-
brated work of Beale-Kato-Majda [3], a solution of the 3D Euler equations (1.4) is shown to
be regular under the condition retr) € L1(0, T; L>). This result is extended to a slightly
larger class of solutions in Kozono-Taniuchi [22]. They also find the related uniqueness con-
dition to the Navier-Stokes equations in terms of veloeit{cf. [21]). The corresponding
uniqueness result by vorticity, however, seems to have difficulty, §i¥g|., can not be
controlled simply by the quantity involving onljw||«. This is because, in the uniqueness
problem, one can not assume extra regularity of weak solutions in general. More precisely,
in the case of regularity problem of the Euler equations, the solution is assumed to be regular
until # < T and shown to be regular after= T. Thanks to the logarithmic Sobolev type
inequalities: i.e., forf = (f1, f2, f3) € (WP (R3)3 with div f = 0,

(15)  1IVflloo < CA+ IV fliz+lIrotf oL +log” | fllwsr))), s >3/p+1,

in Beale-Kato-Majda [3] it is proved that solutions of the Euler equations can be continued
to be regular after = 7. By extending the above inequality, Kozono-Taniuchi [22] showed
an analogous result for rate L1(0, T; BMO) (see also Ponce [29] for the condition on the
deformation tensor). Chemin [10] also considered a logarithmic singularity for the vortex for
the Euler equations in the Zygmund and log-Lipschitz classes. His argument, which was based
on a fine analysis using the Bony’s paraproduct formula for the nonlinear term, included the
logarithmic type functional inequality in terms of the log-Lipschitz semi-norm as well. Vishik
[36] also developed this direction in the two dimensional case.

The unigueness problem of weak solutions to the Navier-Stokes equations, however, is in
a slightly different situation. Namely, if is a weak solution, we can not directly deal with the
norm ofu appearing in the logarithm function of t®bolev inequality (5). One possibility
to avoid this lack of regularity is that we may invoke the aid of a viscosity term in the energy
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inequality. Then in the following section, we show a uniqueness criterion by yielding the con-

dition for the time regularity to thslightly stronger Orlicz scalelog L, yet keeping the space
regularity in the limiting scale BMO for the vorticity = rotu. Furthermore, we generalize
the space regularity by introducing the homogeneous Besov sﬁgggg where the singular

integral operator remains bounded and it is agilole substitute for BMO. This generalization

is achieved by establishing a generalized critical Sobolev inequality of logarithmic type in the

homogeneous Besov space (cf. [20]), which is shown in the third section.

Here we summarize several notations that will be used throughout this paper.

Let Cg°, denote the set of all™ vector functionsy = (¢, ¢2, ..., ¢") with compact
support inR" such that divp = 0. L[ is the closure ofCg with respect to the.”-norm

I - lI+; -, -) denotes the duality pairing betweef andL”’, where ¥r + 1/r' = 1. L” stands
for the usual (vector-valued)”-space oveR", 1 < r < oco. H; denotes the closure @ig;,
with respect to théZ*-norm||¢ | zs = I(1 — A)*/2¢]|2, s > O.

2. Uniquenesscriterion for Navier-Stokes equations. Before stating our result, we
recall some function spaces. l¢gt, j = 0, £1, +2, 3, ..., be the Littlewood-Paley dyadic
decomposition of unity that satisfigse C3°(B2\B1/2), $;(§) = $(277&) andy 32 ¢; (&) =
1 except = 0. To fill the origin, we put a smooth cut off € S(R") with (&) € C5°(B1)
such thaty + >"52,¢; () = 1.

DeFINITION (cf. [35]). The homogeneous Besov spa"i:ﬁp ={feS8, ||f||1é;,p <
oo} is introduced by the norm '

i i 1/p
Ifllgy, = ( PIRCEE f||§)

Jj=—00
fors e R, 1< p,p < o0.

We use the non-negative logarithmic functiontogdefined by

logr, e<r,
logtr = 9
1, O<r<e.

DEFINITION. Let X denote a normed space. kor- 0, a functionu(z) belongs to the
classL(log L)¥(I; X) for an intervall if

/1 lu @)l x Jog™ lu(®) || x)*dt < cc.

In particular,L log L(I; X) is the space of functions(r) with

/ lu(@)llx log" lu(t)| xdt < co.
1

We recall the definition of the Leray-Hopf weak solution to the equation (1.1) as follows:
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DEFINITION. Leta € L§. A measurable function onR"” x (0, T) is called aweak
solution of (1.1) on(O, T) if
() ueL®0,T;L%NL*0,T; HY);
(i)  u(z) is continuous o0, T'] in the weak topology 0L§;

(iii)
t
2.1) /{—(u, 3:D) + (Vu, VO) + (u -Vu, ®)}dt = —(u(t), & (1)) + (u(s), D(s))

forevery 0<s <t < T and everyd € H((s, t); HX N L").
We give the uniqueness criterion of the weak solution by vorticity as follows.

THEOREM 2.1 (Uniqueness).Let u and & be weak solutions of the Navier-Stokes sys-
tem (1.1)with the sameinitial dataug. For 1 < p < oo, we suppose that the vorticity « of one
of the solutions, say u, satisfiesrotu = w € L(log L)Y* ([0, T1; B, ) with1/p+1/p' =1
and the other solution  satisfies the energy inequality

t
(2.2) ||a(r)||§+2/0 IVii(r)l|5dT < |luoll3, ae. O0<t<T.

Thenu =uon|0, T).

We note tha1|f||3207p < C||f||3;‘p fors = n/p. Moreover, as far as weak solutions are
concerned, solutions are restricted to a sabsmf the Besov space. Therefore, the following
inclusions holds:B2, ,(R") ¢ L*(R") ¢ BMO(R") C B, ,,(R"). This observation gives
the following corollary to Theorem 2.1.

COROLLARY 2.2. Letu and i beweak solutions of the Navier-Sokes system (1.1)with
the same initial data ug. Suppose that the vorticity of one of the solution u satisfiesrotu =
w € L(log L)Y/*' ([0, T7; B ) (s =n/p). 1< p, p < oo, and the other solution i satisfies
the energy inequality (2.2). Then u = a. In particular, if rotu € LlogL([0, T]; BMO) and
if 2 satisfiesthe energy inequality (2.2), thenu = iz on [0, T).

As stated in the introduction, Beale-Kato-Majda [3] showed that a solution of the Euler
equation is regular ifrat € L1(0, T; L™). In this case, the vorticity rat = » can dominate
IVulls by the Biot-Savart law and the extra regularity assumption (see also Ponce [29],
Kozono-Taniuchi [22] and Vishik [36]). In our case, however, the regularity can be covered
by the viscosity of the equation.

PROOF OFTHEOREM2.1. Since diwt = 0, the Biot-Savart law implies
iu = R,’E X rotu,

whereR = (Ry, Ry, ..., R,) and R, denotes the Riesz transform, i.&, = 9 (—A)~ Y2,
Now we recall that

l¢;* Ri flloo = [(Ri(@j—1+Pj +¢j+1) * D) * flloo < Clldj * flloo,
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where the constart is independent of. These equalities imply that the assumption
o = rotu € Llog L)** ([0, T; BY, ,)

is equivalent to

(2.3) Vu e L(logL)Y*'([0, T1; B, ).

Hence it is sufficient to prove Theorem 2.1 under (2.3).
Setw = u — . Sincew satisfies
ohw—Aw—w-Vw+w-Vu+u-Vw+V(p—¢qg)=0, r>0,xeR",
(2.4) dvw=0, >0, xeR*,
w(0,x) =0,

in the sense of distribution, we have the energy identity by a formal argument:
d
(2.5) T3+ 2IVwl3 = —20w - Vu, w).

Indeed, this process can be justified by the following argument.

LEMMA 2.3. Under the assumption = rotu € L(logL)Y*'([0, T1: BY, ). the
weak solution u satisfies the following.

(1) Forallve L™, T;L2)NL%0,T; HY,
(2.6) v-Vu e L®0,T; L% + LY0,T; L + L0, T; H™ Y.

(2) Theenergy equality:
t
(2.7) lu()|15 + 2/ IVu(z)|5dt = |u(s)|5, O<s<t<T.

We give the proof of Lemma 2.3 after proving the uniqueness, since the argument is
somewhat similar to that for uniqueness. We note that the energy equality (2.7) guarantees
strong continuity of¢(r) on[0, T in L2.

By the definition of weak solutions, we have

t
(2.8) / {—(@,0: @)+ (Vu, V@) + (u - Vu, @)}dt = —(u(t), P(1)) + (i(s), @(s))

forevery0< s <t < T and every®d e H1((s, 1); H(} N L™). On the other hand, under
the conditions that the energy equality (2.7) holds anddahatZ(log L)' ([0, T1; BY, ,) C
L0, T; B, ), one may show the smoothness of the weak solution except0, i.e.,

u € C1(0, T1; H™) for allm > 1 (cf. Kozono-Ogawa-Taniuchi [20]). Then we can takas
a test function in (2.8) to obtain

t
(2.9) / {—@u, oru) + (Vie, Vu) + (it - Vu, u)}dt = —u(t), u(t)) + (a(s), u(s))

foreveryO<s <t < T.
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Sinceu satisfies (1.1) in the strong sense(@nT), we see
t
(2.10) / {@ru,u) + (Vu, Vi) + (u - Vu, u)}dt = 0.

From the assumption (2.2), Lemma 2.3 (2.7) together with (2.9) and (2.10), we have

t t
nww—ﬁum%+{émvwﬂﬁ+WVMﬂﬁMr—4/(vmwﬂmu»w
t
(2.11) < 2||u0||§ —2(u(s), u(s)) + 2/ {(u-Vu,u)+ (u-Vi,u)ldr

t
= 2||u0||§ —2(u(s), u(s)) — 2/ (w-Vu,w)dr,

wherew = u — ii. Sinceu(t) is strongly andi(¢) is weakly continuous .2, we may take a
limit ass — 0 to obtain

t t
(2.12) |wmm§+2/Hunm§r52/|mvawxwwr
0 0

We should note that the above limiting prosesan be justified, since (2.6) guarantees
(w- Vu,w) € LY, T).

Now, we decompose the smoother solutiomto three parts in the phase variables so
that

(w-Vu,w) =—(w-Vw, u)
(2.13) =—(w-Vw,Y_nN *u)— (w -Vw, Z o *u) — (w -Vw, Z P *u)

ljI=N j>N
=—(w-Vw,u) — (w-Vw, upy) — (w-Vw, u),

wherey_y(x) = 27V (2=Vx). Then by the Hausdorff-Young inequality, the low fre-
quency part is estimated as

l(w - Vw, up)| < Y-y * V(w @ w)|l2]lull2
(2.14) < CIVY_nl2lwl3lull2

< C27MHFANI2) ) 2| 5.
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The second term, giving the core part of the solutions, can be bounded by the logarithmic
Sobolev inequality (3.1) in Section 3 so that for smalt 0,

[(w - Vw, )| = [(w - Vg, w)|
< tuilv( ¥ qu*u)]
ljI<N 00

2
= lwlizlVumllgo |

(2.15)

n Vi ”[ggo’p + IVuy ”B;p )l/p/}

1
2 4 -
SC||w||2||vum||3gc‘p{1+(Slog 7 | Vamlzg

N e N /
1 2°M[Vumllgo  +2°"[Vumllgo e
< Cllw|3|Vu| z0 {14—(— log™ 0 w’p) }
lwiizVullgo, | 2 09 e1/p Vil
< Ce.p) N7 w3 Vullgg -
On the other hand, the last term is simply estimated by the Hausdorff-Young inequality as
[(w - Vup, w)| =[(w - Vw, up)|

< lwl2llVwl2

(5o

.

j>N
< lwl2lVwllz Y IH=A) Y2146+ 1D} x dj % (—8)2u)
j>N
2.16 i
(2.16) < Clwl2Vwliz Y 2771l¢; * (=) 2ulloo
j>N
e p
< C||w||z||Vw||z{ Y2 } { D llg) wnﬁo}
Jj>N j>N

< C27Vwll2l Vwll2lVul 50, -

Combining the estimates (2.14) through (2.16) with (2.13) and chodéimgperly large
so that ZN”V“”B&,O ~ 1, we see that

[(w- Vu, w)|
(2.17) < Cllwli3(lullz + [ Vul g dog™ [Vullzg )" + Cllwlzl Vw2
< Cllwli3(L+ lullz + [ Vull go, (log* Vullgo )*) + IVwll3.
Hence we obtain from (2.12) and (2.17) that

t
(I3 + 2/ IVwl2de
(2.18) 0

t
< /0 ([Clw@I3A+ Va3, (og™ [Vu(0)lzg )"+ IVw(@3)de
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and
t
(219)  Jw@lIZ=C /0 Hlw @13+ IVu(@llgg  (og" [Vu(@llz )Y7))dz .
The Gronwall argument then gives
t

(2.20)  [lw®)|3 < Cllw(O)IlgeXp(/O {(||Vu(r)||320?p(log+ IIVu(t)Ilggo,p)l/p)}dt)-
The right hand side is 0 under the condition#ot L(log L)Y* (0, T BZ, ). This implies
u=uonl0,7T). O

PROOF OFLEMMA 2.3. Here we employ a similar argument. Sinée(s) € Bgo,p
andu(s) € H} a.e.s € (0,7), itis clear thatu(s) € Bgo’l and we may decompose

u=1vy_yNxu-+ Z @ xu+ Zq)j*u in L.
lJI=N j>N
It follows that forv and® € g7,
(w-Vu,®)=—(v-Vo,u)

(2.21) =—(-V®, Y_y xu)— (v VO, Y ¢, *u) — <v VO, >4, *u)

[JISN Jj>N
=—W-VO,u) — (- -V®,upy) — (- VP, up).
Similarly to (2.14)—(2.16), each of them can be bounded as
|(v- V@, u)| = |(v- Vuy, )| < C2-"FIN2y 1511 @ 2]1ul2,
(222) 1@ V®,up)| =@ Vum, &) < CNY7|[u]l2)|@ll2] Vul o
|- VO, up)| < C27N oll2| VP l2]| Vuel o -
Hence we obtain
(v V&, u)| <C{27"FIN2 |y |51 D 2]lull2
(2.23) 1y N
+ NV vl2l @2l Vull g + 27V vl Ve ll2l Vullz }-

Obviously, we can extend these estimates (2.22) and (2.23) foraid® < H!. Since
div v = 0, we see that for alh, @, u € H} with Vu, V& € BY, it holds

(v-V®,u)=—@w-Vu, ®),
which implies
(2.24) (v-Vu,u) =0.

Similarly to (2.17), we choos# such that
|(v-Vuy, @)| < Clvli2l@ll2llull2,

(2.25) (v Vi, @)] < Cllollal| @2 Vull g (log" [IVull o )7,
(v Vup, @)] < Clloll2| VP ll2.
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Then, ifu, v € L®(0,T; L2) N L2(0, T; H}) and if rotu € L(logL)**'(0,T; BY, ), we
have (2.6):

v-Vu e L®0,T; L% + LY0,T; L% + L>®0,T; H™ Y,
which implies thathT(v - Vu, u)dt is well-defined. Obviously, from (2.24) we obtain

T
/ (v-Vu,u)dt =0.
0

This equality together with (2.6) and the usual mollifier argument yield the energy equality
(2.7) (cf. Serrin [32]). This proves Lemma 2.3. O

3. Logarithmic Sobolevinequality. Here we give a generalization of the logarithmic
Sobolev inequality originally due to Brezis-Gallouet [6], Brezis-Wainger [7] and Beale-Kato-
Majda [3] (see for other generalization, [14], [34], [28], [10], [22] and [20]). Our generaliza-
tion is analogous to, but slightly different from an inequality found in [20].

THEOREM 3.1 (cf. [20]). For any p, p,q,v, 01,02 € [1,00] ; r1,r2 € [1, 00] sat-
isfyingv < p, 1/g = 1/p —s/n, r1,r2, p < gand 1l/r1 — s1/n > 1/q > 1/rp — s2/n,
there exists a constant C depending only on » such that for f € B;1,, N B;2,,, thefollowing
inequality holds. If v < min(o1, 02), we have

KU fll g A2 g >1/v—1/p>
191 2:02
1/v . ’
K
ey

wherex = min(n(1/r1 — 1/q) — s1, s2 + n(1/q — 1/r2)). If max(o1, 02) < v, then we have
the dightly simplified inequality

1
(31 Iflz, = CIfI %(H (; log*

1 ||f||3;%ﬂ1 + IIflll;;ga2 1/v=1/p
(3.2) I/ llgo < Cllfligs (1+<—|09 ' ' ) >
v pop K LN s
p.p
The inequality (3.1) is a sort of the interpolation inequality for functions in the Besov
space. Indeed, under the same condition on the exponents, the embedding
. . -0
B, NB2, CB,

r1,01 12,02

is well-known. The advantage of the above expression is the explicit form of the logarithmic
term: Usual interpolation inequalities do not contain terms like those in (3.1) and (3.2). This
term appears only when the inequality involves the critical relation of the expongnts-1

1/p — s/n. Moreover, the power of the logarithmic term is explicitly determined by the
second exponents of the Besov normsv £ p, then the inequality trivially holds without

the extra logarithmic term. For the other easve need some extra regularity to compensate
the summability of the Besov norm @etmined by the second exponenand p. The extra
regularity f € Bfl{(,l is used for deriving the regularity of around the low frequency, and

f € B2, yields the regularity for high frequency. The proof below shows that one may also
prove that
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(3.3)
150,

MY fllgn AT A =) flle >1/U1/p)
l/V . ’
K ”f”Bf,p

which is a generalization of the known criticab$lev inequalities in [6][7], [3], [34], [10]
and [22], mentioned above (see [20] for detailed discussions). We remark that the inequality
(3.1) is scaling invariant in both the summability and differentiability exponents.

1 +
< Cllfllg, (1+( 5 log

PROOF OF THEOREM 3.1. We verify the inequality for the case < min(o1, 02).
The other case is obtained easily by the same proof. We go back to the definition of the
Besov space and dividg into the following three parts. Let; = n(1/r1 — 1/q) — s1,
k2 = s2 +n(l/q — 1/rp) and IethSj = ¢;_1+ ¢; + ¢j+1. Then by the Hausdorff-Young
inequality and 1qg = 1/p — s/n, we have

1/v 1/v 1/v
1£1lg0, < ( > g *fn;) +( > 1, *f||;> +<Z g *fn;)
’ j<—N ljI<N j=N
B 1/v 1/v
< ( > 1611 —1/rp11)-2 105 *fllfl) +< > g *fIIZ)
j<-N ljl<N
. 1/v
+ ( D B g 1myrry-1ls f||:2>
j>N
) 1/v 1/v—-1/p 1/p
< C( Z 2]nv(1/r1—1/q)||¢j *f”‘r)l) —|—< Z l) < Z o *f||'(q))
j<-N ljl<N ljl<N
) 1/v
+ C< Z 2Jnv(l/r271/11)||¢j * f||;}2> ,
j>N

where the constar depends only ofi¢ |1 + ||¢leo- Using the Holder inequality for the first
and third terms of the right hand side, we have

(3.4)
s

) )\ Yv=1/o1 ) 1/oq
- C( T 2/ m -y ) ( T 2« f”;rll)

j<—N Jj<—N

i 1/p
+CN1/Ul/p< Z ||2]S¢j*f||,10’>

[JISN
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1/v—1/07 1/o2
n c( > 2jn(l/rzl/qsz/n>(1/v1/a2>1) ( T 1202, + f”;rzz)

j>N j>N

N o—r1(l/v=1/o~t \ (I/v=1/o1) . 1oy
i ) )
s (l — 2/(1(1/\)1/(71)1) < Z 12/ 1¢j * f||r11)

j<—N

i 1/p
+CN1/V—1/;0( Z ||2]S¢j *f”,z)

ljI=N

N 2—Ka(1/v=1/o2)"t  \ (I/v=1/02) , 1oy
e ) i
+ C27% (1 — 2_’(2(1/”_1/02)1) < E 127 2¢; * f||r22>

j>N
) 1/o1 ) 1/p
< CZ_KNKi/Ull/U( Z ||2,151¢j % f”zrfll) + CNl/v—l/p( Z ||2/s¢j " f||';)
J<—N [JISN
1/02
+C27 N e/ ( > 11272, f||;’§) ,
j>N

where
k = min(ky, k2) > 0.
Since Yo7 —1/v <0, 1/02 — 1/v < 0, we obtain from (3.4) that
(35) Ifllgo, = CQ™ MW fllgn +.= M fllge )+ N f Ny ).

Optimizing in N, we obtain from (3.5) the inequality

N /<1/01||f||3j%>01+ Kl/02||f||3f§,oz 1/v—1/p
@9) 17lsg, = C1rlyy, {1+ (Frog ' =)

ANy
where
1 5 1 1 s
non g
r,r2,p =4q,
(3.7 v < min(p, o1, 02) .
The constantC is dependent only on. O

REMARK. We may also have by the different choicerdthat
(3.8)

1 1 1 1 1 Yv=ifp
Ifllgo < C{l—i— £ 1 s (—|og+ </< 111 e+ kO £ )) }
q,v P.o\ K r1.01 ,02

2
under the conditions of (3.7).
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