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Abstract

The notion of (X, <) partially ordered set is well known and its study for fixed points is well
entrenched in the literature. In this manuscript, we obtain sufficient conditions for the existence
of common fixed point for two set valued mappings satisfying an implicit relation in complete
G-metric space on partially ordered set X.
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1 Introduction and Preliminaries

Unless mentioned or defined otherwise, for all terminology and notation in this paper, the reader
is referred to [6, 10, 11, 15].

There are several reasons for the acceleration of interest in fixed point theory. One way to
study a fixed point is through set valued maps. For such fixed point study, Nadler [11] introduced
a important notion of set valued contraction and proved a set valued version of the Banach con-
traction principle. In a related vein, several authors studied many fixed point results for set valued
contraction mappings see [8, 9, 14, 15]. Popa [12, 13] initiated the study of fixed point for mappings
satisfying implicit relations satisfying ¢-map. After that Berinde [5] proved some constructive fixed
point theorems for almost contractions for an implicit relation, which generalize related results (see
[2, 3, 6, 7, 15]).

Throughout in this paper, let (X, G) be G-metric space, CB(X) denotes the collection of all
non-empty closed bounded subsets of X. Let H(.,.,.) be the Hausdorff G-distance on CB(X), i.e,
for A,B,C e CB(X) and z € X

D¢ (A, B,C) :=inf{G(a,b,c) :a € A;b€ B,ce C}
da(4A, B,C) :=sup{G(a,b,c) :a € A,be B,ce C}
and in [9] Kaewcharoen and Kaewkhao defined Hausdorff G-metric as,
Hg(A, B,C) := max{sup G(z, B,C), sup G(x,C, A), sup G(z, A, B)}
€A reB zeC

where,

G(z,B,C) = dg(x,B) + dg(B,C) 4+ dg(x,C)
dg(z, B) = inf{dg(z,y) : y € B}
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da(A, B) = inf{dg(a,b) : a € A,b € B}.

Note that
Dg(A,B,C) < HG(A7B7C) < 5g(A,B,C)

Recently, Beg and Butt [4] obtained the sufficient conditions for the existence of common fixed
point of set valued mapping satisfying an implicit relation in partially ordered metric space. In this
manuscript, we provide a birds eye view on [4] to prove a fixed point theorems in partially ordered
complete G-metric spaces for a set valued mapping satisfying an implicit relations.

It is necessary to present a formidable number of definitions in order to make available the basic
concepts and terminology, which will be used in sequel.

Mustafa and Sims [10] introduced more appropriate notion of generalized metric space called
G-metric spaces as follows.

Definition 1.1. [10] Let X be a nonempty set, and let G : X x X x X — RT U {0} be a function
satisfying the following axioms:

0, for all z,y € X with x # y;
G(x,y, z), for all z,y,z € X with z # y;

=G(z,2,y) = G(y,z,x) = (symmetry in all three variables);
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< G(z,a,a) + G(a,y, z) for all z,y,z,a € X (rectangle inequality).

then the function G is called a generalized metric, or, more specifically a G-metric on X and the
pair (X, G) is called a G-metric space. Clearly, these properties are satisfied when G(z,y, z) is
perimeter of triangle with vertices x,y and z € R2.

Example 1.2. Let (X, d) be a metric space. The function G : X x X x X — [0, 00), defined by
G(x,y, z) = max{d(z,y),d(y, z),d(z, x)}, or
G(z,y,2) = d(z,y) + d(y,z) + d(z,z), for all z,y,z € X, is a G-metric on X.

Proposition 1.3. The following useful properties of G-metric are readily derived from the Propo-
sition 1 of [10], for any z,y, z,a € X, it follows that:
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Definition 1.4. [10] Let (X,G) be a G-metric space, and {x,} is sequence of points in X, one
says that sequence {z,}

i) is G-convergent to z if, for any ¢ > 0, there exists an z € X and L € N such that
G(z,xp, m) < g, for all n,m > L;

ii) is G-Cauchy sequence if, for any £ > 0, there exists L € N such that G(x;, z,,zm) < €, for
all n,m,l > L;

iii) is G-complete if every G-Cauchy sequence in (X, @) is G-convergent in X.
Proposition 1.5. [10] Let (X, G) be a G-metric space. Then the following are equivalent:
i) {z,} is G-convergent to ;
i) G(an,zn,x) — 0 as n — oo;
iil) G(xpn,z,2) - 0 as n — oo;
iv) G(zm,Zn,x) = 0 as m,n — oo.

Definition 1.6. [10] Let (X, G) be a G-metric space, then for g € X,r > 0, the G-ball with center
ro and radius r is defined as

Be(xo,m) ={y € X : G(zo,y,y) <r}.
Proposition 1.7. [10] Let (X, G) be a G-metric space then for zy € X,r > 0 we have
i) If G(xo,y,y) <7, then x,y € Bg(xo,r);
ii) If y € Bg (o, ), then there exists a 6 > 0 such that Bg(y,d) C Ba(zo,r)

Definition 1.8. Let R, be the set of non-negative real numbers and 7 the set of real-valued

functions 7' : R} — R satisfying the following conditions:

70 : T(liminf p,,) < liminf T'(p,,) for any p, € RS, where liminf p, means components wise lim inf.
n—oo n—oo n—roo

71 : T(t1,t2...,t6) is non-increasing in tq, t3, ..., ts;

To : there exists a continuous strictly increasing function ¢ : Ry — Ry with ¢(t) < t for ¢ > 0 and
€ > 0 such that the inequalities

u < w+ e, and

T(w,v,v,u,u+v,0) <0

or

T(w,v,u,v,0,u+v) <0 implies w < ¥ (v);

73: T(w,0,v,0,0,v) <0 and T'(w,0,0,v,v,0) < 0 implies w < ¢ (v) where 1 is function in 75.

Example 1.9. [1] T(t1,t....,ts) = t1 — f(max{ts, t3,ta, 3(t5 + ts)}), where f : Ry — R, is a
continuous strictly increasing function with f(¢) <t for t > 0. 79 and 71 are obvious.

T2: Let u > 0, then choose € > 0 so that f(u)+e < w (this is possible since f(u) < u). Now let u <
w+e and T(w,v,v,u,u+v,0) <0=w— f(maz{u,v}) <0. fu>vthenu <w+e < f(u)+e < u,
is a contradiction. Thus v < v and w < f(v). Similarly v < w + ¢ and T(w, v, u,v,0,u 4+ v) < 0
imply w < f(v). If w =0 then w < f(v). Thus 7 is satisfied.

73: T'(w,0,v,0,0,v) = T'(w,0,0,v,v,0) <0 =w— f(v) <0 imply w < f(v) = ¥(v).
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Example 1.10. [1] T(t1,t2...,t6) = t1 — @ max{ta,t3,ts} — (1 —a)(ats +bts), where 0 < o« < 1,a >
0,b< 1.
79 and 7 are obvious.
To: Let u > 0, then choose € > 0 so that max{a+2a(1 —«), a4+ 2b(1 — &) }u+e < u(this is possible
since 0 < max{a + 2a(l — a),a+2b(1 —a)} < 1). Now let u < w + ¢ and T(w,v,v,u,u + v,0) =
w—amax{u,v} — (1 —a)a(u+v) <0. fu>vthenu <w+e <[a+2a(l —a)ute<u,isa
contradiction. Thus u < v and w < max{a + 2a(1 — a),a + 2b(1 — &) }v. Similarly, u < w 4 ¢ and
T(w,v,u,v,0,u+v) <0 imply w < max{a + 2a(1l — o), a + 2b(1 — a) }v. Thus, 7 is satisfied.
73 : T(w,0,v,0,0,v) =w—av—(1—a)bv < 0 imply w < [a+b(1—a)]v < ¢(v) and T'(w, 0,0, v, v, 0)
=w—av—(1—a)av <0 implies w < [a+ a(1 — a)]v < P(v).

Now we begin this section with the following theorem that gives the existence of fixed point in
partially ordered G-metric space X for a set valued mapping.

2 Main Theorems

Theorem 2.1. Let (X, <) be a partially ordered set and G be a complete G-metric on X. Let
o€ X, 7 >0and F,G : Bg(zo,r) = C(X). Suppose that for all x,y € Bg(xzg,r), Fz and Gy are
bounded and satisfying

T[HG(an Gya Gy)a G(.’ﬂ, Y, y)a

G(z, Fx,Fz),G(y,Gy,Gy),G(z,Gy,Gy), G(y, Fz, Fx)] <0 (2.1)

for all comparable elements x,y of X and some T € 7. Also assume that the following conditions
are satisfied:

1. For each x € X, there exists y € £z witI} r=y such that
G(z,y,y) < G(z, £z, £x) + € for £ € {F,G}.

2. G(xzg,x1,x1) <1 —(r) for some x; € Fxo with x¢g < z1 and v is function defined in 75.
3. > Wi (r — ¥(r)) < 4(r), where 1 is function defined in 7».

4. If x,, — x is a sequence in Bg(zo,r), whose consecutive terms are comparable, then z,, < x
for all n. Then there exists x € Bg(xo,r) with z € Fa N Ga.

Proof: Using condition 2, one can choose x; € Fxo with zg = 21 such that

G(xo, 1, 21) <1 — (1) (2.2)

Since r — ¥(r) < r, {G(xo,21,71) < r}, now in view of equation (2.2), we have x; € Bg(zo,r).
Since 1 is strictly increasing function, therefore we can choose € > 0, such that

V(G(xo,x1,21)) +€ < Y(r —(r)) (2.3)
Again by condition 1, there exists x5 € Gay with 1 < 23 s.t.
G(x1,m2,12) < G(xl,éxl,éxl) +e< Hg(Fx07ém1,Gx1) +e (2.4)

Also, zg,z1 € Bngo,r) therefore inequality (2.1) gives ) )
T[Hg(Fxo,Gxy,Gr1), G(20, 21, 71), G(20, F'20, F10), G(21, G1, Gy,
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G(.To,éxl,éml),G(Zbl,Fmo,Filio)] S 0
from 71, we get

T[He(Fxo, Gy, Ga1), G(wo, 71, 21), G0, 21, 21), Gl21, T2, T2),

G(zo,71,71) + G(21, 72, 72),0] <0,

which can be written as
T(w,v,v,u,u+v,0) <0,

where w = Hg(Fxo, éml, G’ml),u = G(z1,22,22),v = G(x0, 21, 71),
by 72, we have w < ¢(v) i.e.,

Hg(F.’EQ,G’.Tl,Gl‘l) S w(G<.’EQ7.’L‘1,I1)) (25)
Using (2.4), (2.5) together with (2.3), we have

G(z1, 2, 2) < Y(G(x0,21,21)) + € < Y(r —(r)).

Thus,
G(xo,x2,22) < G(x0, 71, 21) + G(21, 22, 22),

by condition (3), which becomes
<r=9(r) +¢(r—¢(r))
<r—y(r)+o(r)=r
= x9 € Bg(xo,7).

Again choose § > 0, such that

V(G (21,22, 72)) + 0 < P2(r —¥(r)). (2.6)
On applying condition 2, we found that there exists a z3 € Fro with 2o < x3 such that

G(.’JSQ, x3, 56'3) < G(l‘z, FLUQ, FQ?Q) +6< Hg(é{l}l, FQ?Q, F.’EQ) +6 (27)
Using 2.1 together with the fact that x1,z2 € Bg(xo,7) and 1 < xo we get
T[Hg(Faa, Gy, Gr1), G2, 21, 21), G(29, Fa, F25), G(x1, Gy, Gy),

G(%Q, G’:rl, Gl’l), G(l’l, FIL’Q, F‘TQ)} S 0

from 7y, we obtain
T[HG(F:L?; G’xh G/l‘l)y G(xla X2, .’1,'2), G(l‘Qa x3, .’Eg), G(.’IJ]_, x2, $2)a 07

G(x1, 29, 72) + G(w2,23,73)] <0

which reduces to
T(w,v,u,v,0,u+v) <0,
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where ) ; ;
w= Hg(Fxq,Gr1,Gx1),u = G(x2,23,23),v = G(x1, T2, T2),

using 7o, clearly, w < ¢ (v) which gives
Hg(Fxo, Gy, Goy) < (G(21, 72, 22)) (2.8)

On using (2.7), (2.8) and (2.6), we get

G2, 23, 23) < Y(G(21, 29, 22)) + 6 < Y2 (r — 2p(r)).

Also from condition 3
G(xo,x3,23) < G(x0,21,21) + G(T1, 22, T2) + G(22, T3, 23)
<) + 0l — () + 92— ()
<r () +Zoolw<r —9()

<7 v+ vl =
= I3 € Bg(ﬂjo,r)

Proceeding in this manner, we obtain a sequence {z,} C Bg(xg,r) with z, =< z,41 such that
ZTont2 € GTont1 and xop41 € Fag, for n > 0 and

G (2, Tnp1; Tnpr) <P (r —P(r)) (2.9)

using condition 3, and equation (2.9) we found that {z,} is Cauchy sequence. Now as X complete
G-metric, there exists some point © € Bg(xg,r) such that x,, — x and applying condition 4, we
get x, =X x for all n.

Now it remains to show z € Fz N C;’x, for this, we consider two cases for 'n’
CASE 1: - n is even
Since x,,x € Bg(xo,r) and x,, < x, hence by equation 2.1, we have

T[Hg(F'x, Gnr, C;‘xn_l), Gz, Tpn—1,Tn-1), G(z,F:c, Fx), G(xp-1, Gnn, Gxn_l),
G(m,éwn,l,éxn,ﬂ, G(xn,l,Fx,Fx)] <0
Taking limit inferior as n — oo and using 79, together with the
G(:C,C;’a?n,l,éxn,l) < G(zyxn,2n) =0

G(zn—17éxn—17é’xn—1) S G(In—17znaxn) — 0

and ; )
G(xp, Grp_1,Grp_1) — 0.

Thus the expression turns out to be

T[ lim inf Hg(Fx, Gy, éxn_l), 0,G(x, Fz, Fﬂz:)7 0,0,G(xp_1,2,)

n—oo
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+G(z, Fa, Fx)] <0

implies ) )
T[lim inf Hg(Fz,Grp—1,Gxn-1),0,G(z, Fx, Fx),0,0,G(z, Fz, Fz)] < 0.

n—o0

Now using the condition 3, we get

lim inf Hg(Fx,Gap_1, Gy 1) < O(G(x, Fz, F1)).

n—oo
Consider o o
G(z,Fz,Fr) < G(x,2n, zy) + G(zp, Fz, Fx)

< G(zyxp,zn) + Hg(éxn,l,Fx, F:,E)
Now taking limit inferior n — oo, in this inequality we get,

Gz, Fr,Fz) <0+ lim inf Hg(Gz, 1, Fz, Fx) < (G(z, Fz, Fx))
n—oo

= G(z,z, Fx) < (G(z, Fz, Fr)).

Also ¢(t) < t for t > 0, which gives o
G(z, Fz, Fx) = 0.

=uzeFu (2.10)
Case II: - n is odd

T[Hg(Fxn,l, Gz, Gm), G(zp-1,2,2), G(xn_1, Fz,_1, Fxn,l), G(z, Gz, Gm),
G(xn—lv Gl‘, GJZ), G(JZ, Fxn—la Fxn—l)] <0
Proceeding in the similar vein, as in (case I) one can get,

lim inf Hg(Ge, Fan_1, Fan_1) < ¢(G(x, Gz, Gz))

n—oo

and therefore

G(x,Gx,Gz) < Gz, Tn, ) + G(Fxp_1,Gr, Gx)
< G2, @, 2n) + Ho(Gx, Fay_1, Fa,_1)
<0+ nh_)rrgo iang(Gm, F‘;vn,l, F/'xn,l)
= G(x,Gz,Gz) < Ho(Gx,Fry_1, Fr,_1) < ¢(G(z, Gz, Gx))
= G(z,Gz,Gz) < p(G(z,Gr,Gz)) = G(z, Gx,Gz) =0
=zeGr (2.11)
Hence, from (2.10) and (2.11), we conclude that
x e FrnGae.

Hence the result.

The extension of the above Theorem 2.1 is given as:
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Theorem 2.2. Let (X, <) be a partially ordered set and G be a complete G-metric on X. Let
F,G : X — C(X) be such that Fx,Gy are bounded and satisfying the implicit relation 2.1 of
Theorem 2.1 for all comparable element z,y of X and some T € 7. Also assume that the following
conditions are satisfied:

1. For each x € X, there exists y € £Lx with z <y such that
G(z,y,y) < G(z, £z, £x) + € for £ € {F,G}.

2. there exist r > 0 such that

Z Y (r — (1)) < 0o, where 1 isfunction defined in .

i=1

3. If z,, — x is sequence in X, whose consecutive terms are comparable, then x, < z for all n.
Then there exists x € X with x € Fz N Gx.

Proof: Proceeding in similar vein, as Theorem 2.1, first, we show that
infyex (G(z, Fx, Fx)) = 0 or infyex (G(x, Gz, Gz)) = 0.
We shall show this result by contradiction.
Suppose inf,cx (G(z, Fx, Fx)) = 6; > 0 and infycx (G(z, Gz, Gx)) = 6 > 0. On the contrary,
suppose that
01 < 0s.

Using the continuity of ¥, and ¥(d;) < d; one can observe that there exists € > 0 such that

W(t) < 61, for t € [81,61 +¢). (2.12)

Choosp z € X such that
G(z,Fx,Fz) > 6, and G(z, Px, Px) < §; + €. Now, by using the condition 1 there exist y € Px
with <y, such that

0 < G(z,y,y) <01 +e¢ (2.13)
In view of equation (2.1) of Theorem 2.1, we get
T[HG(an éy» éy)v G((ﬁ, Y, y)a G(LC, va F‘T)v G(yv éyv éy)v

G(z, Gy, Gy),G(y, Fz, Fx)] < 0.

From 7 together with the facts that

G(x,Fx, Fx) < G(z,y,y) + G(y, Fr, Fx)

and

G(y, Gy, Gy) < G(x,y,y) + G(y, Gy, Gy)

thus
T[Hg(Frx, Gy, Gy),G(x,y,y),G(y, Gy, Gy),G(z,y,y) + G(y, Gy, Gy),0] < 0.
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ie.,
T(w,v,v,u,u+v,0) <0,

where
w= Hg(Fz,Gy,Gy),u = Gz, Gy, Gy),v = G(z,y,7),
from 75, we have w < t(v) this implies
He(Fz,Cy, Gy) < $(Glz,y,y)) (2.14)
Since G(y, Gy, Gy) < Ha(Fx, Gy, Gy) now from equation (2.12), (2.11) and (2.10), we get

G(y, Gy, Gy) < ¥(G(z,y,y) < b1,

a contradiction to our assumption as infyex (G(z, Gz, Gx)) = 65 > 61,

Thus, infeex(G(x, Fx,Fz)) =0

implies there exists 2o € X with G(zq, Fo, Fzo) < r — ¢(r) and hence we have the existence of
21 € Fro with 29 < 21 such that G(zo,z1,21) < 1 —Y(r). Now following Theorem 2.1, we have
the existence of sequences oy, 19 € GZoy11 and xo,41 € Focgn, for n > 0 with z,, =< z,41 such that

G(Tn, Tpy1, Tny1) < P (r — (1)),

Now with the help of condition 2, we found that {z,} is Cauchy sequence and hence convergent
to some point x in complete G-metric space X. The rest of the proof can be given by argument
analogously to those used in Theorem 2.1, which gives that

weFxﬂC;'x.

Thus, the result follows.
It is also notice that in Theorem 1.3 [1] assumed the implicit relation for the comparable elements
of partially ordered G-metric space.

Corollary 2.3. Let (X,G) be a complete G-metric space with partial ordered set (X, <). Let
zo € X,r>0and F : B(xg,7) = C(X). Suppose that for all z,y € B(xg,r), Fz is bounded and
satisfyir}g o

T[HG(an Fyv Fy)7 G(1'7 Y, y),

G(z, Fx,Fz),G(y, Fy,Fy),G(z, Fy, Fy),G(y, Fz, Fx)] <0 (2.15)

for all comparable elements x,y of X and some T € 7. Also assume that the following conditions
are satisfied:-

1. for each z € X, there exists y € Fz with z < y such that
G(z,y,y) < Gz, Fa, Fr) + &

2. G(zo,1,11) < r—1(r) for some x € Frg with zg < z1;

3. 3 ¥ = ¥(r) < w(r);
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4. If z,, — x is a sequence whose consecutive terms are comparable, then z, < x, for all n.

Then there exist z € B(zg,r) with € Fz.

Remark 2.4. In assumption 1, 2 and 4 of Theorem 2.1, we need only comparability of the elements
and there is no need of monotonicity of the terms of the sequence.
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