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Abstract

In this paper the concepts of lacunary vector valued double sequences and Aj;-lacunary statis-
tical convergent vector valued double difference sequences have been introduced. Further, the
purpose of this work is to extend the known sequence space in the literature for ordinary single
sequences to the double sequence space A11Ny, ,(E) of lacunary strongly convergent vector
valued double sequences. Some inclusion relations among them are also established. Lastly,
this paper deals with some results which establish the relationship between various lacunary
methods.
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1 Introduction & Motivation

The idea of statistical convergence was given by Zygmund [5] in the fitst edition of his monograph
in 1935. The concept of statistical convergence for single sequence of real or complex numbers has
been first introduced by H. Fast [14], Buck [22] and Schoenberg [15] independently. From the point
of view of sequence spaces, this concept has been generalized & developed by Fridy [19], Maddox
[17], Salat [23], Connor [18], Rath & Tripathy [6] and many others.

The basic concept of statistical convergence is based on the notion of natural density or asymp-
totic density [16] of a set.

The scalar sequence x=(xy) is said to be statistically convergent to the number ¢, if for each

€ > 0, the natural density
5<{k§n: 2k — | Zs}) ~0

and it is denoted as xp — £(st1), while Fridy [19] defined a sequence = = (z1) to be statistically
Cauchy, if for every € > 0, there exists a number N=N(¢) such that

5({k§n: |z, — 2] Ze}) = 0.

The space of lacunary strong convergence has been defined as follows:

A sequence of positive integers 8 = (k) is called ”lacunary” if kg = 0, 0 < k, < k.41 and
hy =k, —ky_1 — 00, as r — 0o0. The intervals determined by 6 are denoted by I, = (k,_1, &,] and
the ratio k’:il will be denoted by ¢,.. The space of lacunary strongly convergent sequences Ny is
defined by Freedman et. al. [4] as follows:

NQZ{Z‘:({L‘Z‘)Z lim hT_IZ\xi—ﬂ:O, forsomes}.

T—00
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Fridy and Orhan ([10], [11]) combined the concepts of statistical convergence and lacunary con-
vergence and introduced a new convergence method, known as lacunary statistical convergence or
Sp-convergence for single scalar sequences as follows:

A sequence x=(xy) is said to be Sp-convergent to L if for each € > 0,

1mli{({keb:mk—Lpp%)=o
r—oo h,.
where 6 = (k) is a lacunary sequence and h, = k. —k,_; and C(A) denotes the number of elements
in the enclosed set A. In this case, we write xx — £(Sp).

Recently Bilgin [24], Jinlu Li [20], Karakaya et al. [12], Cakalli [8], Basu et al. ([1], [2]), Savas et
al. [7] and many others have extended the concept of lacunary statistical convergence and continued
this study by introducing new sequence spaces using modulus functions, Orlicz functions, infinite
matrices etc.

Mursaleen et al. [13] first introduced and extended the concept of statistical convergence for
double sequences of real or complex numbers after defining the analogue concept of natural density
for double sequences as follows:

Let K € N x N be a two dimensional set of positive integers and let

K(n,m) :C({(i,j) :ignandjgm}).

where C(A) denotes the cardinality of the set A.

If the sequence (%) has a limit in Pringsheim’s sense [3], then we say that K has double

natural density do(K) and is written as

52(K) = P — lim 2

n,m  nm

Mursaleen et al. [13] defined analogously the statistical convergence and statistical Cauchy conver-
gence for double sequences x=(z,) as follows:

Definition 1.1. A real double sequence x = (x;;) is said to be statistically convergent to the number
L, if for each € > 0, the set

{(i,j):ignandj <m: |x5 — ¢ 25}
has double natural density zero in the Pringsheim’s sense, i.e.,

P—limLC’({(i,j):ign&jgm, |zijf€|2€}):0

m,n mn

and this is denoted as sty —lim; j x;; = £. We denote the set of all statistically convergent sequences
(in Pringsheim’s sense) by sto.

Definition 1.2. A real double sequence x = (x;;) is said to be statistically Cauchy, if for each
e > 0 there exist A= A(e) and B = B(e) such that for all i, p > A, j, ¢ > B, the set

{(i,j):igrandjgs:|xij—qu|25}

has double natural density zero in Pringsheim’s sense.
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2 Concepts of Ajj-lacunary statistically convergent & Cauchy double
sequences

We first introduce the concept of lacunary double sequences as follows:

Definition 2.1. By a lacunary double sequence we mean an increasing sequence of positive integers
07‘,5 = (krs)

koo ko1 ---

kio ki1 ki

koo ko1 koo kaz -

k3o k31 kso kaz ksa -
kao ka1 kao kazs kaa Kkus
kso ksi ksa kss ksa kss  kse

suchthatk:oo:O, k,10:0, ko ,1:0, kTOZO, ]C()S:OfOT’I“Zl,SZL

0 <kmj <knj if m<n

0 < ki < kin if m <n,

0<kij < ki+1 1, fO’f”L':l,Q,... andj:1,2,...
and Aorh(r,s) = (kys — kpr s—1) = 00 as s — 00, Ayoh(r,s) = (ks — kr—1, s) = 00 as T — 0o. The
corresponding intervals are denoted by Ag1I(r,s) and A1ol(r,s) where Ao1I(r,s) = (ky s—1, ks
and Al()I(’I’,S) = (krfl, Ex) krs]-
We define

Ahrs = Ath(r7s) X AOlh(ra 3) = (kr s kr—l s) X (kr s kr s—l) .

Aqoh(r,s) Ap1h(r,s)

So Ah,.s — 00 as r,s — 00.
The intervals determined by 0, s are denoted by Al,.s where

AI’!‘S = AIOI(Ta 8) X AOII(ra 3) = (kr—l sy kr s] X (kr s—1, kr s]

Aqol(r,s) Ao1I(r,s)

and the ratios ki"l‘* -, kk:il are denoted by A19q,s and Ag1qs respectively.

We will denote the set 0} all double lacunary sequences by Ny, .

Recently Edely et al. [21] defined the backward differences of the double sequences x=(2,) as
follows:
A11Tnk = Tnk — Tn—1 k — Tn k=1 + Tn—1 k-1, (2.1)
A1oZpk = Tpk — Tn—1 k
Alenk =Tnk — Tn k—1-

We now define Aq;-statistical convergence, Aji-lacunary statistical convergence, Aji-lacunary sta-
tistically Cauchy sequence for double sequences in the following manner:
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Definition 2.2. A double sequence x = (x;;), where z;; € E, is said to be A1y -statistical conver-
gent to L € E if, for each € > 0, the set

{(i,j),i <nandj<m:|Anz;y — g > 5}
has double natural density zero, where, the convergence is in Pringsheim’s sense. i.e.,

1

j lim—C({(i,j) Li<n&j<m, |Anzy -0 > s}) =0.
m,m TN

Definition 2.3. Let 6, be a double lacunary sequence. A double sequence x = (z,;), where

vy € B, a Banach space, is said to be Aq;-lacunary statistical convergent to £ € E or A1y — S,

convergent to £ € E, if for each € > 0,

P — lim

rﬁA;f%&LﬁEALVHAﬂﬁ_WEZ%):&

We denote it as £, UAqy — Se, ).

Definition 2.4. Let 6, be a double lacunary sequence. A double sequence x = (x;5), x;; € E,
a Banach space, is said to be Aqy-lacunary statistically Cauchy sequence or Ayy — Sy, . Cauchy if
there is a subsequence {x; () ji(s)} of x such that (i'(r), j'(s)) € Als for each r and s and

. P
S iy s = ¢

for some £ € E and for every e > 0,

P — lim

T,8

C({(n,k) € AL : ||Aniziy — Az, jis)lle > 5}) =0.

T8

3 New sequence space ANy, (F)

We define the new class of lacunary strongly vector valued convergent double sequences as follows:

Let 6, s = (kys) be a lacunary double sequence. Let (E, ||.||g) be a Banach space over the field
of complex number C. The class A1 Ny, , (E) of lacunary strongly convergent vector valued double
sequences is defined as

A1 Ny, (E) = {x = (Tnk)m k=0 : Tnk € E and there exist £ € E such that

> lAnww —fls =0}

(nyk)eAlrs

1
Pl
s Ahy

where Ay, is defined in (2.1).
The space of all lacunary convergent null double sequences is denoted by AHNQM (E).

Note 3.1. If x = (znr) € A11 Ny, (E) we denote this as x,, — £(Ny, ).

Now we have
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Theorem 3.1. AHNgH(E) is a Banach space with respect to the norm

1
lenk 2o, ) = laoolle + lzonle + swp—| D ek = @u-1 sz
8 s
’ (n,k)EATs

+ Z |Zn k-1 — Tn-1 k—l”E]

(n,k)EAT

Proof. The proof is easy, so we omit it. Q.E.D.

4 Some Results

Theorem 4.1. The sequence x=(xy1 ), Tni € E is A11-lacunary statistically convergent if and only
if x=(xnk) is Ar1-lacunary statistically Cauchy sequence. Equivalently, the sequence x = (xnk) is
A1y — Sy, -convergent if and only if x = (xpr) is A1 — Sy, ,-Cauchy sequence.

Proof. Let us assume that x=(z,)) is Ajj-lacunary statistically Cauchy sequence. Then there
is a subsequence {z,(,) r(s)} of x such that (n'(r), %'(s)) € Al,, for each r and s, and P —
lim;. 500 T/ (r) k(s) = £ for some £ € E and for every € > 0,

P — lim

T,§—00

c({(n, k) € ALyt [ An1Znk — An@oiy 1ol > s}) —0.

TS

So for every € > 0,
c({(n,k) € Al : || Anizns — U5 > g})
< C({(mk) € AL : |A11Znk — An1Zni(r) k(s)llE > g})
+ C({nk) € AL [Buszniy pio = s = S })-
Now dividing both sides by Ah,.s and taking P-limit we get

Pl
e Al

C({(n,k) € ALy : || Av1zn, — O > 5}) —0.

Hence it follows that x=(z,x) is Aj;-lacunary statistically convergent to /.
Conversely, assume that x=(x,1) is Ajj-lacunary statistically convergent to .
Then by definition, for each natural number «,

P — lim

T,§—00 hrs

C’({(n,k) € AL : |Anzar — g < é}) =1

Let us choose m(1), p(1) such that for » > m(1) and s > p(1) imply

Ath’({(n, B) € ALy s |Aueas — fllp < 1}) >0

{(n,k) < AITS : ||A11l‘nk — E”E < 1} 75 ()
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Next we choose m(2) > m(1) and p(2) > p(1) such that » > m(2) and s > p(2) imply

1
Ahyg

C({(n,k) € ALy : |Avnzns — b5 < %}) > 0.

Then for each r and s satisfying m(1) < r < m(2) and p(1) < s < p(2) respectively choose
(n'(r) K'(s)) € Al such that

||A11(En’(r) k'(s) — EHE <L

Generalizing this we get, if we choose m(v+1) > m(v) and p(v+1) > p(v) such that » > m(v+1)
and s > p(v + 1) imply

1
{0/, K()) € Al A1y ws) — Ll < Ll e

Hence for all r and s satisfying m(v) < r < m(v + 1) and p(r) < s < p(v + 1) we choose
(n'(r), K'(s)) € Al such that

1
1A V& (ry r(s) = Ll < (4.1)
Hence we get (n/(r), k'(s)) € Al for every r and s and (4.1) implies that

P— lim l‘n/(r) E(s) =/

T, S—00

Consequently for every € > 0,

A;ﬂ(]({(n,k) € ALy : A&k — A1Zr(r) k()2 > 6})
= Allzrsc<{(”vk) € Als : | Az, — s > g})
+ AlllmC({(n,k) € Als: |AniTnr(y ks — Ul > g})

Since x=(wnx) is A1r-lacunary statistically convergent to £ and lim,. oo T/ () #7(s) = £, it follows
that x=(z,x) is Aj1-lacunary statistically Cauchy sequence. Q.E.D.

Theorem 4.2. Let § = {k.s} be a lacunary sequence, then
(a) Tk £, {(A11 — No, ) implies Ty, L, ((A11 — Sy, )). But the converse is not true.
(b) x € loo(A11) and xp,y £, (A1 — Sp,.,) imply Ty £, (A1 — Ny, ), where

loo(Ayp) = {m = (Tpg) : Tnk € E, 3L E E such that ||Ap12nr — g < M for all n, k}

Proof. (a) If € > 0 and zp L, £(A11 — Ny, ), we can write

> Anzw — e > [AnZne — B

(n,k)EAIL (n, k) € Alyg
A11ep, —LIig =€

v

Y

€ C({(n,k) € ALs: |Anznr — g > 5}),
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Dividing by Ah,s and taking the P-limit as r, s — 0o we get the first part of (a) as

Pl
e Al

Z A1 20, — £)|E = 0.
(n,k)EAL,

To prove the other part we assume that 8, ; = (k) is a lacunary sequence and 0 is the null element
of the Banach space E.
Let us define a double sequence & = (z,,x) such that

A1 Tk 1 2 o [VAoihes)
1 1 2 \/Amhm
9 9 ce e

[\/Al'Ohfrs] [\/Alohm]

Then for any ¢ > 0,

1 _
P- C({(nh) € ALy | Anza, — 0]l 2 e })
< pP_ [\/AOlhrsH\/AIOhrs]

AOlhrsAlohrs
— Oasr, s — 00

ie., Tnk L, §(A11 — S,..)-
But,

1 _

P — N Z A1 Zk — 0B
(n,k)EAL

1 [VAorhes]([VA01hrs]) 4 1) o VA 10hes]([VA10hrs] + 1)

Ahyg 2 2

< P-

1
— Z#Oasr,s%oo

P _
Hence xpx /— 0(A11 — N, ).
This shows that the converse is not true in general.

(b) Suppose Znk L, (A1 = Sp,,) and & = (Znk) € loo(A11), say,

A1 20, — £l g < M for all n, k.
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Then for any given € > 0 and large r & s we obtain the following

1
A > Anza — e

"8 (n,k)EATL,

1
< Ahrs Z ||A11xnk - E”E
(n,k) € Al
A1z, —LlE 2 ¢
1
A > [Avrizne — U E

(n, k) € Alpg
At1ep, —LliE <€

M
< : — >
< Ahmc({(n, k) € AL : |Anzns — 0|5 > s}) te
Therefore L, (A1 — Sy,.,)- Q.E.D.

5 Lacunary refinement

Definition 5.1. Let 0, s = (k.s) be a lacunary sequence. A lacunary double sequence 0, ; = (k)
is said to be lacunary refinement of 0 = (kvs) if (krs) C (kps).

In the following theorem we will discuss the inclusion properties of different lacunary methods
for double sequence and find out the general description of the inclusion between two arbitrary
lacunary methods for double sequences.

Theorem 5.1. If 9;75 is a lacunary refinement of 0, s and Tk £, (A — Sg:.,s), then Xk £,
£(Av1 — S, )
, , v(r) u(s)
Proof. Suppose each Al of 0, s contains the points {k/r(i), S(j)} such that each A1gl,s of
i=1, j=1
v(r)

O, s(fixed) contains the points (k;(i) S(ﬁxed)) of 0, ; so that

=1
/ / / —
kT'—la s < kr(l), s < kr(2), s <. < kr(l/(r)), s k7'75

where
/ _ / / P

Alr(i), s(fixed) — ( r(i—1), s? kr(i), s:|7 t=2,..., I/(’I")

n(s

)
of 0, ; so that

while each Ag1l;s of 0, (fixed),s contains the points (k;(ﬁxed)’ S(j))j=1

kn s—1 < k% S(l) < k;., 3(2) <0< k;ﬂv s(u(s) - kT,s
where
!/ / / .
AIr(ﬁxed), sG) = (kr, s(j—1) kr, s(j):|7 i=2,...,u(s).

Clearly for all r and s, v(r) > 1, u(s) > 1, because {k,s} C {k/..}.

So,

/ o / /
ALy, sy = DLy, stixed) X Lrtixea), s(j)-
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Let {Al;;yq}p,q:m’m be the sequence of abutting intervals {AI 4 )} ordered by increasing right

), 8(j
end points k) fxeqy Of A10l] ;)  and right end points kl g .q) ;) of Dox

7‘ s(])
Since T, £, LA — Sg;ys) we get for each € > 0,
. 1 .
P - 111311 Z Ah;fgC({(n,k) e AL [Anzn, — g > 5}) =0. (5.2)
AIx CAIL., s
As before we write,
Ahrs = Athr, s X ACllh/r, s
= (kr,s - krfl,s) X (kr,s - kr,sfl)
Ah{rs = Awhr( s X AOlhr s(4)
= (kT(i),s - kr(i—l),s) (kr,s(j) - kr,s(j—l))
and
Aloh;-(i), s k:'(i),s - kr(iflhs
and
AOlhr s(3) — kT>S(j) - kr,s(j—l)
For each ¢ > 0, we have
1
C’({(n, k) € Al : ||Anzns — {5 > g}) (5.3)
Ahrs
1 * *
- 3 Ahquh* O({(n,k) €AT, : [ Avrzpy — s > 5})

I;,CATLL

o P )

"8 ALy CAILL P

q
where Yk xx is the characteristic function of the set

KxK = {(n,k:) ENXN: ||Anzns — g > g}
and Cyxxxxk is defined by

c((K x K)nAr,)
P 4q - Ahg,

(CéXKXK)

By (5.2), Cyjxkxxk is a null sequence and (5.3) is a regular weighted mean transform of Cyxk k-

Hence the transform (5.3) also tends to zero asr, s — 00. i.€.,Znk £, (A1 — Sgw). Q.E.D.

Next theorem gives the converse.
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Theorem 5.2. Let 9,:73 = (l;:rs) be a lacunary refinement of lacunary sequence 0, s = (kys). Let
Als and AIl,, r, s=1, 2, ... be the corresponding intervals of 0, s and 07?,5 respectively and Ah,.

and AhL, are Ajoh,, s X Amhr s and Alohr & X Amhr o respectively. If there exist § > 0 such
that )

Ahyg

Ahy; >4, for every A, C ALj,

then xnk £, (A1 — Sy,.,) implies Tpp £, (A — 59;,,5)-

Proof. Let € > 0 be given.
Then for every A, we can find AL; such that Al C ALj;.
Then we have

o ——0({n ) € AL |Anza — t5 > <))

_ (Ahlﬂ)(:u) ({nh) € AL A0z — s > <})

(2::2) (Ah”) ({ n, k) € AL : [|Anxne — 4| g > 6}) (since AIy, C ALj)

< () (@)e({om e an iana s = <})

Q.E.D.

Remark. This theorem establishes inclusion between two lacunary methods only when one
sequence is a refinement of the other.
Next theorem gives the converse in general.

Theorem 5.3. Suppose 9;,5 = (k s) be a lacunary refinement of lacunary sequence 0, s = (kys).

Let Als and AIl, r, s=1, 2, ... be the corresponding intervals of 6 and 6 respectively and AP,.g;;
AL, NALj, 78,4, =1,2,... If there exist a 6 > 0 such that

Ah

Slrsig >

0, for everyr,s,i,j =1,2,..., provided AP,s; # ¢
Ah;

Then Ty £, (A1 — S,.,) implies Tpp £, (A — S@;,,S)-

Proof. Let oy = 6,5 U OH Then o is a refinement of the lacunary sequence 0, , and 97:,3. The
interval determined by «, s is denoted by AP,g;; = AIl N ALj, AP.gj # ¢.
Now,

({ n,k) € APrgij : |Anizne — | > 5})

Ahmj

- (AAh}Z;)(A;J) ({(n.k) € APy < AN Z0k — £ > 2} )

< (anes) (g )b € 0 1 — s = ¢})
({(n,k) € ALj : |Av1zpr —L|E > 6})

< (5)(a)
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Hence .1 £, 0(A1r — Sy, ) implies 2y, £, (A1 — Sa,.,)-
By Theorem 5.1 it follows that z,x -, (A1 — S,,.,) implies 2, N £(Aq1 — Sp ), since a;.  is

a lacunary refinement of 6, ;. Q.E.D.

Similarly if we change the given condition into %TJ > 0, for every r,s,i,j = 1,2,..., provided

AP, # ¢, then we get x4 £, (A — Sg;ﬁs) implies X, £, (A1 — Sy, ).
Combining this condition and Theorem 5.3, we get the following Theorem 5.4, which gives the
sufficient conditions to have the relationship between two arbitrary lacunary methods.

Theorem 5.4. Suppose 0, s = (kys) and 97:,3 = (l%rs) be two lacunary double sequences. Let Al
and AI, be the corresponding intervals of 0, s and 9;,3 respectively and AP,q; = Al N0 ALj,
r,s,4,7 =1,2,.... If there exist a 6 > 0 such that

Ahrsi' .o .
m >0, for everyi,j,r,s =1,2,..., provided AP,; # ¢

Then xp £, (A1 — Sy,.,) implies and is implied by Ty £, LA — S@;,s).

6 Summary and Conclusion

In this paper, we have extended the notion of lacunary convergence from single sequence of scalars
to double sequence of scalars. Further, the space Ny of Freedman et al. [4] has been extended to
A11 Ny, ,(E), the space of lacunary strongly convergent vector valued double sequences. Moreover,
Aq1-statistical convergence, Aji-lacunary statistical convergence and the concept of Aq;-statistical
Cauchy sequence are introduced in these new classes of vector valued double sequence spaces. Some
inclusion relations for lacunary refinements are derived. The corresponding results of Jinlu Li [20]
can be derived from our results.
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