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 SOME PARAMETERS OF DISTRIBUTION

 OF MASS IN SELFSIMILAR FRACTALS

 1.- Introduction and preliminaries
 Given a fractal set one may define different parameters in order to

 obtain information about the spatial distribution of the mass of the fractal.
 Some of them are the centre of mass and the moment of inertia which we
 introduce in section 2.

 If the fractal is selfsimilar then the selfsimilarity may be used to
 obtain easy formulas to compute those parameters as we show in section 3.

 We shall give first some preliminaries with exact definitions of
 the terms used above and the results we need.

 We consider a set E C 2Rn. Given 8 > 0 we shall say that a
 family of sets {A,}, i = 1,2,... is a ¿-cover of E if E C (JSi M an(i the
 diameters d(Ai) of such sets satisfy d(Ai) < S for every i.

 Given s > 0 a positive real number we define

 Hg(E) = ini í^2d(Ai)s : {y4¿} is a 6 - cover of
 and

 ff'(E) = ļim H¡{E)
 Hs is an outer measure which determines a Borei measure which is called the

 s- dimensional Hausdorff measure.
 Given E C JRn there exists a unique number s such that

 H*(E) = 0 for every t > s
 Hl(E) = oo for every t < s

 Such number s is called the Hausdorff dimension of E.
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 If O < H'(E) < oo we shall say that E is an s- fractal.
 A mapping <p : flłn - ► 2Rn is said to be a similarity if there

 exists r, 0 < r < 1 such that

 lv>(*) - v(y)l = A* - y'

 The number r is called the similarity ratio of tp.
 We shall say that E C 1Rn is a self-similar fractal if there is a

 set S = of similarities such that:

 (a) E = UŁ> ViiE)

 (b) E is /^'-measurable for some s, 0 < s < n, and

 (bl) 0 < HĚ{E) < oo

 (b2) H*(<pi(E) n <Pj(E)) = 0, for i ± j, i,j = 1,

 Given a set S = {<¿>1, <pm} of similarities we say that it satisfies
 the open set condition if there is a bounded open set V C 2Rn, V ^ 0, such
 that

 m

 S(V)='J<pi(V)cV
 i= 1

 and for i ^ j, i,j = 1

 Vi(V) n Vj(v) = t

 If the open set condition holds, then 0 < H*(E) < oo where s is
 the real number which satisfies £¿!li rf = 1, where r, is the similarity ratio
 of (pl. Then, the HausdorfF dimension of E is s (see [H]). For more details
 and proofs see [FK].

 2.- Centre of mass and moment of inertia of
 a fractal set

 The following concepts inform us about the distribution of mass of
 the fractal set.
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 Definition 2.1 Let E C 2Rn be a fractal set such that 0 < H'(E) < oo.
 The centre of mass of E is the point c = (c*) € JRn, k = whose
 coordinates c* are

 _ Se xk dH'(x) _ X u _ !
 e*. - _ H'(E) ' ^ - v®!' •••> a'n) _ X ' u _ - ! ' •••> n

 Definition 2.2 Let E C iRn be such that 0 < H'(E) < oo. The moment
 of inertia of E respect to a 6 2Rn is the positive real number given by

 Ia(E)= Í |a - x'2 dH'(x)
 Je

 In a similar way as in the classic theorem of Steiner one can
 obtain the following result.

 Theorem 2.3

 Let E C lRn such that 0 < H3(E) < oo and a, c G lRn, then

 Ia(E) = IC(E) + H'(E) • 'a - c|2

 3.- Formulas for centre of mass and moment

 of inertia of selfsimilar fractals

 For selfsimilar fractals we can obtain formulas to find the elements

 defined above.

 Theorem 3.1

 Let E C 2Rn be a selfsimilar fractal associated to the family of
 similarities S = {<¿>1, ..., <¿>m} with similarity ratios {ri,...,rm} respectively.
 Suppose the set S verifies the open set condition, and c G 2Rn is the centre
 of mass of E. Then

 (a) ck = ESi for * = 1» -,"i.

 (b) IC(E) = ££,[-•;«/«(£) + r?ff'(£0|c - v,(c)fí

 Proof

 (a) Under our hypothesis we know that 0 < HS(E) < oo where s is the
 number such that ]C£Ļi r* = 1.
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 Let di = (di) k be the centre of mass of <Pi(E) and c = (c*) the
 centre of mass of E, (k = 1, n).

 Since <pi : 2Rn - ► 2Rn is a similarity then

 tpi(t) = Ait + Bi

 where Ai and Bi are constant matrixes of order n x n and n x 1 respectively.
 From |<¿>¿(a:) - <¿>,(y)| = r,|a: - y|, 0 < r,- < 1, for i = 1, we

 can easily show, as a consequence of the definition of the measure H*, that

 Hģ[<pi(E n B )] = r' ■ H"(E D B) (1)

 for i = 1, m and every Borei set B. Then by definition 2.1 and the change
 of variable formula

 * = H-ME)) (Z,(E) 11 iRè(x)' E) X" iH'(x) )

 = (JE(Ait + Bi)idHa(t), JE(A{t + Bi)ndH*(t ))

 = Ai [j^dH^x),..., JEXndH'(x)} + Bi
 where the last equality may be obtained by routinary computations and is a
 consequence of the linearity of the integral.

 So we have

 di = <fii(c) and (di)k = (<pi(c))k (2)
 for k = 1, ...,n and i = 1, result which will be applied later.

 Taking into account the properties
 m

 E = (J Vi{E) > and Ha(<Pi(E) fi <Pj{E)) = 0 for i ^ j (3)
 ¿=1

 contained in the definition of selfsimilar fractal, then

 °h = W(Ē) JE Xk dH°W = ~H*(ß) Vi(E) Xk dH°(x )
 1 m r i m

 W(Ē) 1 § m hw r Xk dH'^ = iHß) i § m
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 Finally, by replacing the value of (<¿¿)fc obtained in (2) and the fact

 H'ME)) = r (4)

 which is a consequence of (1), we obtain
 171

 c* = £r?(v¿(c))jfc (5)
 »=i

 formula which may be used to obtain the coordinates of the centre of mass
 of E when we know the similarities

 (b) From definition 2.2 and (3) we may write

 IC(E) = Je / 'x - c'2dH'(x ) = [ 'x- c'2dH'(x) Je
 m

 = Z'ÁVi(B))
 i-1

 On the other hand, from theorem 2.3 we have

 /C(w(£;)) = /».w(v>((í;)) + ií'(vi(£;))|c-w(c)|2 for
 and then

 m m

 h(E) = ~ZU(fi(E)) = ■£ J^WE)) + £r*(v>i(fi))|c - Vi(c)P) (6)
 «=1 ¿=1

 Let us now find Jw(c)(</?, •(£)).
 By definition 2.2 and making a change of variable

 h¡{c){<pi{E)) = f |v?i(c) - x'2dH'(x) = r? Í '<pi(c) - <pi(x)'2dH'(x)
 J<Pi(E) JE

 But since |y¿(c) - <pi(x)' = r,|c - ®|, then

 'rtlWi)) = r'*2 JE Ie - "?<¡H'(x) = r**I¿E) (7)
 Combining (6), (7) and (4), we get

 m

 UE) = ■£ {r?*h(E) + r¡H'(E)'c - v.(c)|2)
 1=1

 formula which permit us to know the moments of inertia of the selfsimilar
 fractal E by mean of the similarities <pi, ..., (pm which determine it.
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