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SEQUENCE CONDITIONS WHICH IMPLY
APPROXIMATE CONTINUITY

A function is approximately continuous at a point z if, on removal of a set E
which has a density 0 at z, the function is continuous at z with respect to E¢. This
suggests that, in some probability sense, it is unlikely that a sequence approaching
the point = should contain infinitely many points of the set E.

The purpose of this paper is to examine some probability spaces, whose el-
ements are sequences tending to a point z, for which a function, continuous at
the point z with respect to a collection of sequences whose probability is 1, is
necessarily approximately continuous at .

The following conventions, standard definitions and notation will be needed.
The Lebesgue measure of a subset E of the line will be denoted by m(E). All
sets under consideration will be Lebesgue measurable and all functions will be
measurable functions; the integral used in this paper will be the Lebesgue integral.
The characteristic function of a set E, denoted by Cg, satisfies Cg(z) = 1 if
¢ € E, Cp(z) = 0 if £ ¢ E. The density of a set E at z, written Dg(z) is
limm(ENTI)/m(I) provided the limit exists. Here the limit is taken over intervals
I with z in I and m([I) approaching 0. The upper density of E at z, written
Dg(z), is im m(E N I)/m(I); the lower density of E at z, written Dg(z), is
lim m(ENTI)/m(I). A point z is a point of density of E if Dg(z) = 1; a point « is
a point of dispersion of E if Dg(z) = 0. A function f is approximately continuous
at  if z is a point of density of a set E and f is continuous at z with respect to E.
The collection of measurable sets E for which each point of E is a point of density
of E form a topology called the density topology.

Without loss of generality, we will be concerned with approximate continuity
of a function at the point 0; we will also only consider approximate continuity
at 0 from the right and frequently use only the right hand density at 0, limy_ o+
m(E N (0,k))/h, which will be written D%(0) and the corresponding upper and
lower densities D(0) and D%(0). Clearly, a set E has 0 as a point of density
(resp., dispersion) iff the value of both the right and left hand densities at 0 is 1

(resp., 0).
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Consider the following simple example of a probability space X whose elements
are sequences decreasing to 0: fix a sequence {t,} decreasing to 0 and let X consist
of all sequences of the form {zt,} for z in (0, 1); let the probability of a collection
C of sequences from X corresponding to a measurable subset of (0,1) be equal to
m({z € (0,1) : {z - t,} € C}).

We begin by characterizing the sequences {t¢,} for which the following property
holds:

(*) Whenever f(zt,) approaches f(0) for almost every z in (0,1), then f is
approximately continuous at 0 from the right.

Theorem 1. Let {t,} be a sequence which is decreasing to 0. In order that
(*) hold for each measurable function f, it is necessary and sufficient that there
be an r > 0 so that for each n, t,4 > rt, or, what amounts to the same thing,
that lim p41/t > 0.

Proof. Suppose {t,} decreasing to 0 is given. Consider any measurable func-
tion f. Suppose t,41 > rt, for some r > 0 and that f(zt,) approaches f(0) for
almost every z in (0,1). By selecting, if necessary, a subsequence of {t,}, we may
presume for each n, that ¢,4, < t,/2 and t,4; > rt, for some r > 0. To see that
f is approximately continuous at 0 from the right, let

ANy = {z : n > N implies | f(zt,) — f(0)| < 1/k}.
Then for every k there is Ni so that m(An,x) > 1 —1/k. Let
By, = {z : zt;! € Ap, x for somen with Ny < n < Niy}.

Let E = UB N (tNk+l’tNk)’ Ifz € E and Ny < T < N, then z € B; and
xt;! € Ap, i for some n with Ny < n < Niyy. Thus f(z) = f(zt;'t,) and
|f(z) — f(0)] < 1/k. Thus f is continuous on the right at 0 with respect to E
and it remains to show that E has 0 as a point of density on the right. To see
this, suppose h > 0 is given with t,4; < h < t, where Ny < n < Ni;;. Since
m(An,k) > 1 — 1/k, one has m({z € (0,t,) : zt;' € An,k}) > (1 — 1/k)t,.
Because t, — t 41 > t,/2 and thus (¢, — tp41) - 2/k > t,/k, it follows that

m(E N (tn+1, tn)) 2 (1 bl l/k)tn - tn+1 = tn - tn+1 - tn/k
2 (1 =2/k)(tn — tny1).

Then m(E N (0,k))/h is at least as large as the quantity obtained by assuming
that EN(ta41,h) = ¢ and b = toyy + (2/k)(tn — tny1). That is

mENO,R) o (=Rt 1-1/k
h T tapr + (2/k)(tn — tapr) T 1+ (2/K)(1 —7)/r
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Here, the last inequality is due to the fact that t,41 > rt, and thus t, —t,41 < (1—
r)tn < ta41(1 — r)/r. Since, as h approaches 0, k approaches co, m(E N (0,k))/h
approaches 1 as h approaches 0. Thus E has 0 as a point of density on the right.
Now, to see the converse, suppose {t,} decreases to 0 and lim t,4,/t, = 0. We
must construct a measurable function f which is not approximately continuous at
0 from the right and yet for almost every z in (0,1), f(zt,) approaches f(0). Since
lim t,41/t, = 0, there is a subsequence {n,} of the natural numbers so that ¢,, 41 <
k~1.27F.t,, . The sequence {n;} can also be chosen so that t,,,, <2 %%, 4. Let
E = Ur(tn,+1, k- tn+1) and f(z) = Cg(z). Then f is not approximately continuous
at 0 because f(0) =0, f(z) =1 for z in E and, indeed, D}(0) = 1. However,

A}im m({z : f(zt,) = 1 for somen > N})

(oo}

< Kh_{n Z t;:(k “trr + (k + 1) : tﬂk+1+1 +.. )
P k=K

K—oo /=

< lim Y ;1275
k=K

. s -k _
< fm 220 =0

Thus, for almost every « in (0,1) there is an N so that f(zt,) = 0 when n > N.
Consequently, f(zt,) approaches 0 = f(0) for almost every z in (0, 1).

We now characterize the measurable functions f for which there is some {#,}
decreasing to 0 so that f(zt,) approaches f(0) for almost every z in (0,1).

Theorem 2. Let f be a measurable function defined on a neighborhood of
0. There is a set E C (0,1) so that Dy(0) = 0 and f is continuous on the
right at 0 with respect to E° iff there is a sequence {t,} decreasing to 0 so that
lim,, f(zt,) = f(0) for almost every = in (0,1).

Proof. Suppose there is £ with DE(0) = 0 and f is continuous on the right
at 0 with respect to E°. Choose t, so that m(E N (0,t,)) < 27"t,. For ¢ > 0, let
¢+ A= {cz:z € A} and note that m(cA) = c- m(A). Then

m({z € (0,1) : f(zt,) does not approach f(0)})

< i:v m({z € (0,1) : ¢t € E}) = i:v m(t;1 - (EN(0,t,)))
<3 P mENOL) <Y =2
n=N n=N



Since this is true for each N, f(zt,) approaches f(0) for almost every z in (0,1).
For the converse, suppose f is measurable and there is a sequence {t,} decreasing
to 0 so that lim, f(xt,) = f(0) for almost every z in (0,1). Choose N; so that
tn, < 1/2. Then there is N{ > N; so that

Ey = {z € (tn,1) : |f(zt,) — f(0)] < 1 when n > N}
has m(E; N (tn,,1)) > 1/2. Then

m( J tn- (ExN(0,tnr))) > 1/2tn;
n>N{

and there is Ny’ > N so that

m( U tar (BrN (twp,tar))) > 1/2(tN;)-
N{<n<NY

In general, choose the number Ny so that Ny > N/, and tn, < 1/(k + 1). then
there is N so that

Ey = {z € (tn;,1) : |f(2ta) — f(0)| < 1/k when n > N, }
has m(Ex N (tn;,1)) > k/(k +1). Then

m( U ta-(BxN(0,tn;))) > k/(E+1) - tny

n>Nj}

and there is N}’ > Nj so that

m(Ut

NL<n<NY

“(ExN (tnpytng))) > k[ (k+1) - tay.

3

If

(oo}

E=J U ta(Ben(tantn)),
k=1 N/<n<NJ

then the upper density of E° at 0 from the right is 1 because it is greater than
each number k/k + 1. Thus DE(0) = 0. Also f is continuous at 0 with respect to
the points of E° because |f(z) — f(0)| is less than 1/k when z belongs to

U ta: (BN (taptar))
NI <ngNY

We now turn to consider some probability spaces whose elements are countable
subsets of (0, 00). We will first construct a space to examine density at 0 by ‘turning
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around’ a frequently used probability space whose elements can be considered to
be increasing sequences {¢,} with lim¢, = co; namely, a Poisson process. (See, for
example, 2] for the development of such processes.) The standard Poisson process
describes ‘arrival times’ and involves a ‘rate of arrival’, ¢ > 0. It is a probability
space whose elements are increasing sequences S where the probability, (c)Pr, is
determined by the formulas:

(c)Pr{S : #(S N (a,b)) = n}) = e~(ct)"/n!
where t = b — a, and for disjoint intervals
(ai, b;) and non-negative integers n;,

(Pr({S : #(SN (ai, b)) = ni}) =
Me~<%(ct;)™ /n;! where t; = b; — a;. (Ilere
#(z Ny) denotes the cardinality of z N y.)

In particular, for measurable sets A C (0, 00),
(c)Pr({S:#(SN A) < 00}) =1iff m(A4) < oo.

For ¢ = 1 fixed and S = {t,}, let 1/S denote {1/t,}. If A is a collection of
sequences S increasing to oo, and 1/A denotes the collection of sequences 1/S for
S in A, put Pr'(1/A) = (c)Pr(A) = Pr(A).

We are only interested in a simple situation: if f is approximately continuous
at 0 on the right, there is a set E with D%(0) = 0 so that if ¢, approaches 0
and only finitely many t, € E, then lim f(¢,) = f(0); thus, given a set E with
Dg(0) = 0, we want to know whether Pr'({1/S : #(1/SN E-!) < oo}) = 1. But
this is equivalent to Pr({S : #(SN E~') < oo}) =1 where E-! = {z~! : z € E}.
As noted above, this probability is 1 iff m(E-!) < oo.

Since, for an interval (a,b) C (0,1), m((a,b)"!) = a~' — b1 = [Pt-2dt, it
follows that, for a measurable set E € (0,1), m(E™!) = f t=2dt. Thus Pr'(l/S
#(1/SNE) < 0o) = L iff [g1/t?dt < co. By considering an open set G = U(a;, b;)
containing F,

bn -
/Gt-zdt < o0 iffE/ t=2dt < oo iff £(1/an — 1/b,) = 21"; o
This condition implies D%(0) = 0 because it is equivalent to limj_¢ Ehb"—"n =0

where ¥ is the sum over all n with a, < h; DE(0) = 0 is equlvalent to the
existence of an open set G = U(a;, b;) so that lim X, 2r=2n ""’;’" = 0 where h € [an, bn]
defines N and again X is the sum over all n with a, < k. Note that this implies
that if m(E~') < oo, then D%(0) = 0. The converse is far from true: for example,
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if E-! = U(Zn,yn) With y, = z, + 1, then m(E~') = oo but E = (y;!,z;?)

n
can have 0 as a point of dispersion. (If z; = 3%, for example, limg I (375 —

(3* +1)71/3°K < limg ER ,97% - 3K = limg 97%(9/8)3% = 0 shows that the
resulting E has D%(0) = 0.)

The definition of Pr’ could have been obtained in another way be considering
a ‘non-homogeneous’ Poisson process whose probabilities, (¢)Pr, are defined by

(9)Pr({S : #(SN A) = n}) = e=W¢(A)"/n!

where for measurable sets A, ¢(A) = [, g(t)dt. (See [2]). Here g is assumed to be a
non-negative measurable function which is integrable on each closed interval con-
tained in (0, 00). Also, for pairwise disjoint measurable sets A and non-negative
integers ny,

(g)Pr({S :F#(SNA) =n, k=1,2,.. }) = er_c(A")c(Ak)n"/nk!

When ¢(t) = ¢ one obtains the usual Poisson process. When g(t) = t~2, one has
for sets E C (0,1),

Pr'({S: #(SNE)=n}) = (t"?)Pr({S: #(SN E) = n}).
Note also that
1 = limy_o(t"2)Pr({S: SN EN(0,k) = ¢} = limy_,g e~<(EN(OR)
iﬁ‘ 0 = limh_.o fEn(O,h) t_zdt
iff there is an open set G D E with G = U(a;, b;)
so that limj_o E;.'{:—b‘:i = 0.

We now examine other probabilities determined by finite functions g which are
non-increasing on (0,1) and satisfy fj g(t)dt = co. These conditions guarantee
that with probability 1 sequences will have 0 as a limit point and have no other
limit point in (0,1).

We first consider g(t) = t~!. Given a measurable set E, (t7')Pr({S:#(Sn
E)=0})=e Js'% Thus

limp_o Pr(#(SNEN(0,R)=0)=1
iff limp_o € fEn(o,h) whdt _
iff limh_.o fEn(O,h) t_ldt = 0
iff there is G = U(a;, b;) with EG so that
limh_.o thn(b,./an) =0

iff  limy Nt = 1.

Gn
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But HZ—': converges iff [1§2 converges iff ©.§* — 1 converges. (See [1], p. 96.) That
is, this holds iff limy_¢ Zhb"; 2n = (), Thus, if F is contained in an open set
G = U(an, by), so that lim,_,o Zh'lﬂl;& = 0, then D%(0) = 0 since for N defined by
h € (aN, bN), limy,_o Ehb”b_% < limp_o Xn b,,b—"a.. .

The following example shows that there are sets E with Dg(0) = 0 but
g1/t dt = cc.

Example. Let F = U,(37*(1—n"1),37"). These intervals are distinct because

3*(1 — 1/n) = 3=(m+1) = (3(1 — 1/n) — 1)/3"* = (2 — 3/n)/3"t! > 0. Then

2(0) < imE2N37(1/n)/3°N < limy2-3-N(1/N)/3-N = limy2/N = 0.
However, ¥(b, — a»)/b, = L,n~1377/37" = ¥n~! = oo.

It is tempting at this point to consider functions g the values of which are
smaller than 1/t for every ¢t € (0,1) and [J g(¢)dt = oo in order to obtain a better
process for estimating density 0 and approximate continuity at 0 from the right.
However, no such better process of this type exists. To see this we show that
functions g(t), whose ratio to 1/t approaches 0 on a sequence ¢, decreasing to 0,
have sets E of upper density 1 at 0 so that (¢)Pr({S : SN E is infinite}) = 0.

We now characterize this situation.

Theorem 3. Suppose g is a non-increasing function on (0,1) and [§ g(t)dt =
oo. Then lim, ot - g(t) = 0 iff there is a set E with D5(0) = 1 (alternately,
D%(0) > 0) so that fg g(t)dt < oo and thus (¢)Pr({S: #(SNE) = o0}) = 0.

Proof. Suppose g(t) satisfies lim ¢-g(t) = 0. Choose a sequence {t,} decreasing
to 0 so that t,g(t,) < 37". Let E = U (¢,,2",). Then D%(0) > lim, (2"t, —
tn)/2"t, =1 but

/E 9(t)dt < Bg(tn)(2"n — ta) < Tg(tn) - t.2" < £27/3" < oo.
It follows that (g)Pr({S : #(S N E) = co}) = 0 because
lim(g)Pr({S : #(SNEN (0,h)) = 0} = lim Joaom o4t _ .
To see that the converse holds, note that if lim g(¢) - ¢ > 0 there is € > 0 so that
g(t) -t > € when t < € and thus for any set E, Jen(,e) 9()dt > €+ [gn 1/t dt.
Then, if [pg(t)dt < oo, [p1/t dt < oo and E has 0 as a point of dispersion
according to the calculations for the function 1/t.

A simple example of such a function g with lim tg(¢t) = 0 and [5° g(¢)dt = oo
is g(t) = —1/(t-ént) if t € [0,e71);9(t) = e if t € [e71,1).
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We now relate sets E and functions g > 0 which are non-increasing on (0, 1)
and have [ g(t)dt = oo and [g g(t)dt < co. A consequence of this theorem is that
D7%(0) = 0 iff there is a g > 0 non-increasing on (0, 1) with [z g(t)dt < oo and
Jo 9(t)dt = oo so that (¢)Pr({S: #(SNE)=o00})=0.

Theorem 4. For any measurable set E there is a non-increasing function g > 0
on (0,1) with [} g(t)dt = oo and [g(g(t)dt < oo iff D%(0) = 0.

Proof. Suppose E has D3(0) = 0. Let to = 1 and for n > 0 let t, satisfy
tn < tn_1/2 and m(E N (0,1,)) < 27"t,. Let g(t) = (tn-1 — ta)~ if t € [tn, tn).
Then g is non-increasing on (0,1) and f§ g(t)dt = Z(tn-1 —tn) ™! - (tn-1 — ta) = oo.
Also,

/E 9@t = 3 (tat — ta)'m(E N (tn, tnos))

n=0

< S ltat — ta) ™ 2ty + g(t)(1 — 1)

n=0

< Y 27"+ g(t)(1 — 1) < oo.
n=0
To see the converse, we show that if D%(0) > 0 and g > 0 is non-increasing on (0,1)
with f3 g(t)dt = co. Then [g g(t)dt also equals co. Choose any {z,} decreasing
to 0 so that for 0 < z < z1, m(E N (0,z)) > D%(0)/2 = €. Determine a sequence
{t.} decreasing to 0 so that z; = t;, = = t,, and

Tk41 Nk41 L
[ gvdt— 3 gt (tia — 1) <27
Tk

Then
(E n (Oa tl)) x (Oag(tl)) u U (E n (O’tn)) X (g(tn—l), g(tn))

n=1

is a pairwise disjoint union of sets whose points lie in the plane under the graph of
gon E. Then [g g(t)dt is greater than or equal to the sum of the measures of these
sets. Thatis, e  g(8)dt > g(t1)ti-+(g(t2)—g(t0))ta-+ - ~—+(g(tnt1)=g(tn) w2
g(t1)(t1 —t2) + g(t2) (22 — t3) + - - + g(tn) (tn — tn41) + - - - = 00. We note that both
the earlier probability spaces defined by {t,} decreasing to 0 with t,4, > rt, for
some r > 0 and the spaces with lim ¢- g(t) > 0 give rise to stronger notion of ‘point
of dispersion’ and hence to a weaker topology than the density topology if a set E
is defined to be open if each point of E is a ‘point of dispersion’ of E¢. We also
note the following problem:
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Problem. Characterize the measurable sets E (with D%(0) = 0) for which
there is a sequence {t,} decreasing to 0 and r > 0 so that ¢,4; > rt, and for
almost every z in (0,1), Cg(zt,) approaches 0.
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