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Fourier Series of Functions

of Generalized Bounded Variation

The work described here appears in [4] and [5].

The ideas of Harmonic Bounded Variation (HBV) and
A-Bounded Variation (ABV) began in the work of Goffman
and Waterman ([1],[2],[3],[8]). Another notion of geﬁ-
eralized bounded variation is described as follows. Let
¢ be a non-negative convex function defined on [0,x),
with ¢ (0)=0 and ¢ (x)>0 for x>0, and let A={An} be a non-
decreasing sequence of positive real numbers such that
Zl/kn=w. We say that £ is of ¢A-Bounded Variation (¢ABV)
on [a,b] if there is a c>0 so that, for any collection,
{[an,bn]}, of non-overlapping subintervals of [a,b], the
sum I¢(c|£(b )-£(a_)|)/A <=. When ¢ (x)=xP, p>1, this
class is called ABV(p), and has been studied by Shiba [6].
Both ABV and ¢ABV may be made into Banach spaces with
suitable norms.

In [4], we obtain the following
Theorem

Let f:R = R be of period 2m;

[1/6]
(1) if fedBV, ) (£:8)=0(1/ I 1/A));
1
-1 [1/6]
(ii) if feo¢ABV, wl(f;6)=o(¢ (1/ I l/kj));
1
[1/5]
(iii) if fenBv(P), 0, (£:6)=0(1/( I 1/xj)l/p).
1
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A simple calculation shows that lf(n)l;(l/4n)ml(f;w/n),
so we have the following

Corollagz

PN n
(i) If feABV, f(n)=0(l/Xl/Xj)7
1

A n
(ii) 1if £eoABV, f(n)=0(¢-l(l/Zl/Aj)).
' 1

This result is best possible in a sense given by:
Theorem

If PBV%ABV, there is a function feI'BV with

A n
£(n)#0(1/ 1/X.).
1 J

These results, as they pertain to ABV, were also dis-
covered by Wang [7].
We obtain in [5] the following improvement of a
theorem of Shiba [6]:
Theorem
1£ £eABv (P), 1<p<2r, 1<r<we, (1/r)+(1/s)=1, and
n

z n 201 n
n=1 k=1

-1/2r 1-p/2r

then the Fourier series of f converges absolutely.

n
In his proof, Shiba uses the estimate Zl/kj;n/kn. That

1l
this estimate may give up a lot is seen in the fact that
n
it is possible to have n/An=o(Zl/Aj), as is the case
n 1n
in HBV, where n/xnzl and Zl/Aj=Zl/jmlog n. In our proof
1 1

we are able to dispense with this estimate.
We say that a convex function ¢ is Az if there is a

constant k>2 so that ¢(2x)<k¢(x) for x>0. For such ¢ we
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have:

Theorem

SABV

[1]

(2]

£3]

4]

[s]

L6]

(7]

[e]

If fe¢ABV, ¢ is 4,, 1gp<2r, lgr<e, (1/r)+(1/s)=l,
and

n
$ n /207 (( 1/Ak)'1m2r'p (£:7/n)))

l/2r<°°
n=1 k=1 p+(2-p)s

14
then the Fourier series of f converges absolutely.

We note in both cases above that the theorems for

are not direct generalizations of those for ABV(p).
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