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MEASURABILITY OF PEANO DERIVATES
AND APPROXIMATE PEANO DERIVATES

Abstract

We prove that Peano derivatives and approximate Peano derivatives
of measurable functions are measurable.

The measurability of Peano derivates of order k¥ > 2 of a measurable func-
tion does not seem to be covered in the literature, although some authors
sometimes used this while proving related results. Since the measurability of
the Peano derivates of measurable functions is not automatic it is desirable
that it is proved somewhere. The purpose of the present note is to offer the
proofs of the measurability of the Peano derivates and approximate Peano
derivates of measurable functions. It is worthwhile to mention that this work
was inspired by valuable communications from Professor C.E. Weil which are
gratefully acknowledged.

2. Preliminaries
Let f be a real function defined in some neighborhood of . Then f is said to

have Peano derivative (resp. approximate Peano derivative) at z of order k if
there exist real numbers a;, 1 < 7 < k depending on z and f only such that

Eop gk
flz+1) = f(=x) +Zi—'ai slbni ex(z,t, f)
i=1 ’

where
}i_{r%ek(z,t,f) = 0 (resp. :h-% ap ex(z,t, f) = 0).
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The number o) is called the Peano derivative (resp. approximate Peano
derivative) of f at z of order k¥ and is denoted by fix)(z) (resp. f(x),a(%))-
For convenience we take ag = f(z) = f(0)(2) = f(0),a(2)-

Suppose that f has Peano derivative (resp. approximate Peano derivative)
at z of order k. For t # 0 write

ki
wrss(e,ti ) = ol t) = S @+ - Y fadl

1=0

The right-hand upper (resp. approximate upper) Peano derivate of f at z of
order k + 1 is defined by

f(‘zﬂ)(:z:) = lim supwi 41 (x,t) (resp. f(",'c“)'a(z)
t—0+

= limsup ap wi41(z,1)).
t—0+

The other derivates are defined analogously. If all the four Peano derivates
(resp. approximate Peano derivates) at a point = are equal then the common
value is called the Peano derivative (resp. approximate Peano derivate) of f
at z (possibly infinite) of order k + 1.

The first order derivates (resp. approximate derivates) of f at r are denoted
by (@), £@) Fy(@) foy(@) (esp. 7o), £ @), (o)
f ('1) ,(2)). The Lebesgue measure will be denoted by x, the set of all positive
integers by N and the set of all real numbers by R.

3. Measurability of Peano derivates

Theorem 1 Let f : R — R be measurable and let k € N. Then the set E); C R
of points = such that f(k)(z) exists finitely is measurable and f(x) is measurable

on Ey. Further f(k+1)’ f(k+1), f(k+1)’ f(L+1) are all measurable on Ej..

PRrROOF. For each n € N, let

k /L i
z) = n* ;(—1)"" (':) flz+=).

Since f is measurable, F,, is measurable. Also

k

. ; [k . .
foote) = lim 3z (-1 (3) s+ ) = lim Fo(e)

i=0
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for z € E).. Hence the first part is clear. We prove the second part. For n € N,
define

gn(@) = sup  wisi(z,1), T € Br.
0<t<1/n

Let 7n,e be arbitrarily small positive numbers. Since by the above, f,
fays - - -» fik) are measurable on Ej, there is a perfect set P = P, C Ej such
that u(Ex ~ P) < n and the functions f, f(),..., f(x) are continuous on P
relative to P. Let zo € P. Then there is £, 0 < £ — 2o < 1/n such that
(31) g,,(zo) —£e< w;;+1(1:o,§ - zo).

Since wi41(z, € — ), as a function of z, is continuous at zo relative to P, there
is 8, 0 < 8, min[€ — zo,1/n — € + o), such that

(3.2)
lwit1(z,€ — ) — wit1(z0,€ — z,)| < € for = € PN (zo—6,z0+9).

From (3.1) and (3.2)

(3.3) gn(z0) — 26 < wit1(x,6—z) for £ € PN (z0— 6,20 +9).

Now, if z € PN (zo — 4,20 + 6) then
E—z=f—xo+z0—2<E—zp+6<E—zo+1/n—E+z0=1/n

and
E—z=€—-z04+ax0—2>0+z90—2>0.

Hence from (3.3)
9n(z0) —2¢ < gp(z) for £ € PN (z9— 6,20+ 9).

So ¢, is lower semicontinuous at zg relative to P. Since zq is any point of
P, g, is lower semicontinuous on P relative to P. Thus g, is measurable on
P. Since 7 is arbitrary, it follows that for each v € N, there is a perfect set
P, C Ei such that p(Ex ~ P,) < 1/v and g, is measurable on P,. Hence g,
is measurable on |J~, P,. Since

#(Ex ~ |J P.) = u([)(Ex ~ P.)) < u(Bx ~ P,) < 1/v

for allv € N, u(Ey ~ US°=1 P,) =0 and so g, is measurable on Ej. Since
f(t‘-l-l)(x) = nl_i_)ngo yﬂ(x)) T € Ek)

it follows that f('{ +1) is measurable on Ej. Similar arguments hold for f(; +1y
+ -
i(k.u)’ and i(k+1)'
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Corollary 1 Let f : R — R be measurable. Then the set E C R of points =
such that f(xy(z) exists (possibly infinite) is measurable and f(x) is measurable
on E

PROOF. Since fx) = f(",;) = iz;) = f(;) = i(‘k) whenever f(x) exists (possibly
infinite) the proof follows from the above theorem. O

4. Remarks

1. Since the Cesaro derivates of order k (for definition see [5]) are Peano
derivates of order k + 1 of continuous function [1], the Cesaro derivates are
also measurable.

2. In [2, p. 54] the authors proved that a finite n-th Peano derivative of
a measurable function f is measurable and remarked that similar argument
would give the measurability of f(,41) and f (nt1) which is not true [6, p. 20].

Now from Theorem 1 the measurability of f(n+1) and follows and the

Lne)
results obtained there remain valid. (We take this opportunity to mention
that the defect mentioned in [6, pp. 19-20] has been corrected in two ways

[3,7]).
3. It may be of some interest to note that the set
Gmn = {7 : 2 € Ei; |wk41(z,t)| <m" for 0<|t| < 1/n}
is measurable. In fact, from the second part of the above proof, the function

hn(z) = sup |wiyi(z,t)], =€ Ei
o<|ti<1/n

is measurable. Since Gmn = {z : ¢ € Ex; hn(z) < m} the result follows.
Similarly for every € > 0 the set

th={z:zEEk; |€k(3yt;f)|55 for 0<|t|<1/n}

is measurable. The measurability of the sets Gyu,, and H,,, are used in various
cases before.

5. Measurability of approximate Peano derivates
Lemma 1 Let Q C R be a measurable set and let f : Q — R be measurable.
Let k € N. Let

Ev=Q

E; ={z:z € Ei_1; f(i),a(z) exists finitely}, 1<i<k.
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Suppose that E; is measurable and f(,) o is measurable on E; for 1 < i< k.
Then f(k“) o f(k+1) o f(k+1) o f(L+1) , are all measurable on Ej.

ProoF. We first suppose, as a special case, that @ is bounded and closed,
Q = Ex and f, fa),a,-- -, f(k),a are all continuous on Q relative to Q. Let

P={2:2€Q; fiy1.(x) <a}

where a € R. Let D be the set of all points of Q@ which are also points of
density of Q. For each z € Q and n € N, let

(5.1) Ga(z)={t:t>2,t€Q; f Z f(,),,,(z)

(t— x)k+1

[-2em] < (a +1/n) T D

}.
Then G, (z) is measurable. For £{,m,n € N, let

(5.2)
Qemn={z:2€Q; u(Gal®)N[z,c+h]) > (1= 1/m)h for 0<h < -}}.

Then

(5.3) PnDc(UQemnacCP.

n m ¢

To see this let z € PN D. Then f(t-+1),a(3) < a and z is a point of density of
Q. So for each n € N, z is a point of right density of G,(z). Hence for any
m € N there is £ € N such that z € Q¢,m,». This proves the first inclusion in
(5.3). Next, let £ € Q¢m n for each m,n € N and some £ € N. Then z is a
point of right density of G,(z) for each n € N. Hence z € P, which proves
the second inclusion in (5.3).

Let £,m,n be fixed. We show that Qg mn is closed. Let {z;} be any
sequence in Q¢ n,m which converges to zo. Then since Q is closed, o € Q.
Let 0 < h<1/f Let

(54) H,':Gn(:l:,')ﬂ[:l:,',.’l:,'-l-h], iENU{O}.
Then from (5.2)

(5.5) p(H;) > (1=1/m)h for i€N.
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Let £ € H; for infinite values of i. So there is a sequence {i,} C N such
that £ € H;, for all v € N. Hence £ € [zo,zo + h]. Since § € Gn(z;,) for all
v €N, we have from (5.1) € > z;,, £ € Q and

f(é) Z (6 zt,,) f(J) a(z,v) < (a + l/n)(e(k—-':vl))'_

for all v-€ N. Since f, fu),qa,- -, f(k),a are continuous on Q, £ > zo, £ € Q
and

(= zo) (€ — zo)k !
f(& ]_zo f(]),d(zo) < (a + l/n) (k + 1)|
and hence £ € Gp(z0). So £ € Hy. Thus
) U H: c Ho.
r=li=r
Since F, = U,_r H; is decreasing and Fj is a bounded set,

lim p(F,) ﬂ F.) < u(Ho).

r=1
Since u(H;) < p(F,) for i > r we have

limsup u(Hy) < lim p(Fr) < p(Ho).

Hence from (5.5) (1 — 1/m)h < p(Ho). Since h is arbitrary, this gives, using
(5.4) and (5.2), that 2o € Q¢,m,n- S0, Q¢,m,n is closed. Hence (1, N,, U, @e,m,n
is measurable. Since P and P N D differ by a set of measure zero, P is
measurable.

Now we come to the proof of the general case. Let Q be bounded. Let
€ > 0 be arbitrary. Since Ej is measurable and f, f(1)q,---,f(x),a are mea-
surable on Ej there is a perfect set Qo C Ek, such that p(Ex ~ Qo) < €
and f, fi),e-- f(k) « are continuous on Qo relative to Qo. Then, by the
above special case, fii (k+1),a is measurable on Qp. Since ¢ is arbitrary, f(k +1).0
is measurable on Ei. If @ is unbounded, we apply the argument on Q, =
QN[-n,n], n € N. Since Q = U Q,, f(k+1) . is measurable on Ej. Simi-

larly _f_(k+ 1,0’ f( k+1),a” o (k+1),a 2T all measurable on E;. This completes the

proof.
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Theorem 2 Let Q be a measurable set and let f : Q — R be measurable.
Let k € N. Let Ey be the set of points € Q such that fu) .(z) ezists and
is finite. Then E; is measurable and fk) . is measurable on Ei. Further

f-(t_'_l)'a, f(k+1) @ f(k+1) o Let1y.a 97 all measurable on Ej.

PRrRoOOF. Since f is measurable, f("i) o> €tc. are all measurable [8, p. 299; 4].
Hence the set

={z:2€G;-0< f('t)’a(z) = i?;)’a(z) = fa)’a(z) = i(-l),a(z) < oo}

is measurable and f(l) « 1s measurable on E;. Putting £k = 1 in the lead we
have that f(z) . f(z) o f(z) @ f(z) are all measurable on E;. Hence the set

EZ = {z T E El;—OO < f(-g), ( ) f(z) a( ) f(;),a(z) = i(_z)’a(z) < OO}

i§ measurable and f(3) , is measurable on E>. Putting k¥ = 2 in the lemma
f(":;) . etc., are all measurable on E;. Proceeding inductively the set

E = {1' 12 € Ex_1;—00 < fa;),a(x) =£?;)’a( ) f(k) (1,') —(_k) (:t) < OO}

is measurable and f(x),, is measurable on Ei. By the lemma f(",: +1), T€ all
measurable on Ej. This completes the proof.

Corollary 2 Let f : Q — R be measurable. Then the set E C Q of points z
such that fu) o(z) exists (possibly infinite) is measurable and fii) , is measur-
able on E.

The proof is similar to that of Corollary 1.

The authors wish to thank the referee for his suggestion which improves
the presentation of the paper.
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