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 ON SCORZA DRAGONPS PROPERTY FOR

 THE DENSITY TOPOLOGY

 Abstract

 We show that the Scorza Dragoni theorem does not hold for the
 density topology and we prove some special forms of this theorem.

 Denote by M the set of all reals, by L the a- algebra of all Lebesgue mea-
 surable subsets of M, and by fi Lebesgue measure on M. A point x G M is said
 to be a density point of a set A G L if limr_).o ß{A fi (x - r, x + r))/2r = 1.
 The family

 Td = {A G L; if a? G A, then x is a density point of A}

 is a topology called the density topology [2, 4, 10]. Similarly, the family

 Tae = {Ae Td]fi(A ' int(A)) = 0},

 where int(A) denotes the Euclidean interior of A, is a topology called the
 a.e. topology [8]. Moreover, let I C M be an interval and let Te denote the
 euclidean topology in I. Evidently, the topological space (M,Tae) is separable
 but it is not a second-countable topological space.

 From the more general Theorem 2 of [6] the following form of Scorza Drag-
 oni 's theorem can be concluded.

 Theorem 1 Suppose that I C M is an interval , ( X,Tx ) is a second-countable
 Hausdorff space, and (Y, g) is a separable metric space . Denote by B(X) the
 a-algebra of all Borei subsets of X and by (L (QB(X)) the product (T-algebra
 on M x X. Let f : I x X -> Y be a (L (g) B(X)) -measurable function , i.e.
 f~l(U) G (L(^)5(X)) for every open subset U C Y. If all sections ft{x) =
 f{t) x),ť G /, x G X, are Tx -continuous, then for every e > 0 there is a closed
 set K C I such that ß(I'K) < e and the restriction f'(K xX) is ( Te'K xTx)-
 continuous , where Te'K = {KDUļU GTe} and Te'K x X denotes the product
 topology on K x X.
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 This theorem does not hold if X = R and Tx = Tae . Indeed the following
 theorem holds:

 Theorem 2 There is a Baire 1 function f : R2 - y R which is (/i x fi) -almost
 everywhere ( Te x Te)- continuous and such that all its sections ft and fx(t) =
 /(ť,x),ť,x G R, are Td- continuous everywhere and Te- discontinuous at most
 at one point and for every closed set K C R with p>{K) > 0 the restricted
 function f'(K x R) is not ( Te'K x Td)- continuous.

 Proof. Let points an,n = 1,2, . . ., be such that an > an+i for n- 1,2, . . .,
 limn_^oo an = 0 and 0 is a density point of the set (- oo,0) U |Jn(a2n> a2n-i)-
 For n > 1, let bn be the center of the interval [a2n+i,a2n). Put h(x) = 0
 for x < 0 for x > a' and for x G [d2n> û2n-i], n > 1, h(bn) = 1 for n > 1,
 and h is linear on the intervals [a2n+i,&n] and [6n,a2n],rc > 1. Then the
 function A : R -* [0, 1] is T^-continuous everywhere, Te -discontinuous at 0, Te-
 continuous at every point t / 0, and such that h( 0) = 0. Let /(ť, x) = h(t - x)
 for t,x G R. Evidently, / is a Baire 1 function (Te x Te)-continuous at every
 point (ź,x) such that t ^ x and all sections fti and fx ,t,x G R, are T¿-
 continuous everywhere and Te-discontinuous only at one point. Let K C R be
 a closed set with ß(K) > 0. There is a point u G K which is a density point
 of K. Evidently, f(ui u) = h(u - u) = h(0) = 0. Let s = limsupt_>0 h(t). Then
 1 = s > 0. If the restriction f'(K x R) is (Te'K x Td)- continuous at (ti,u),
 then there are an open interval J and a set B G Td such that u G J fi B and

 (1) (t, x) G ( J H K) x B => /(t, x) < 5/2.

 Then 0 = u - u G inť((J fi K) - B) ([7], p. 71, Th. 2 ) and there is a point
 (t,x) G (JDK) x B such that t - x£ int((J DK) - B), h(t - x) > s/2, contrary
 to (1). □

 Remark 1 All sections ft and fx , ť, x G R, o/ the function f from Theorem
 2 are Tae- continuous [8].

 However, the following form of Scorza Dragoni theorem is true:

 Theorem 3 Let (X,Tx) be a topological space such that

 (2) for every family {Us}ses of Tx -open sets such that X = U¿e5 ^ere is
 a sequence «i, . . . , sn, . . . of indices from S for which U^°=1 USn is dense
 in X .

 Suppose that / CRis an interval, (Y, q) is a metric space and f : I x X -» Y
 is a function such that all its sections f,iGl, are Lebesgue measurable and
 all its sections ftit G /, are Tx -equicontinuous at every point x G X }i.e. for
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 every x G X and for every rj > 0 there is a set U E Tx containing x and such
 that £(/(ź, y), f(t, x)) <77 for all y G U and tel . Then for every e > 0 there
 is a closed set K C I such that /i(/' K) < e and the restriction f'(K x X) is
 {Te'K x Tx)-continuous.

 Proof. For n = 1,2, .. . there are sequences of sets Unfk G Tx and points
 xn,k 6 i/n.fcj k = 1, 2, . . such that the sets (j£Li Un,k are dense in X and

 (3) x), f(t, *„,*)) < l/4n

 for all x G ř/n,fc and t G L
 Since all sections t -» /(t, x^), t G /, Ar , n = 1, 2, . . . , are Lebesgue mea-

 surable, there exist closed sets Antk C I such that ß(I'Antk) < e/2n+k+1 and
 the restricted functions t - ► /(ź,xn>fc),/ G are (Te|An ^-continuous ([3],
 Th. 2B ). Let K = fi^=i ^ntk- Then K C I is a closed set and fi(I'K) < e.
 Fix a point (u,v) € KxX and a positive number 77. There is a positive integer
 n such that 2/n < 77. If there is k such that v G ř/n,/c, then by the continuity of
 the section t -» /(*, xn>fc),ż G K , there is an open interval J such that u E J
 and

 (4) ß(/(*, z«,*). f(u, in,k)) < i?/2

 for all t G J H if. Thus, for (ť, x) G ( J H K) x Un,k by (3) we have,

 g(f{tìx)J(uìv)) < Q{f{tìx)J{t,Xntk))+

 £(/(*, Zn./c), f(u , Xn,*)) + £(/(u, Xn)fc), /K ü))

 < l/4n -I- 77/2 -I- l/4n < 77/8 + 77/ 2 + 77/8 = 377/4 < 77.

 In the other case t; G X ' (J*Li Untk and then there is a set U G Tx such
 that v G U and g(f(ty x), /(ż, v)) < 77/ 12 for all ť G I and x E U. Since 'Jk Un,k
 is dense in X, there is A: such that Un,k H U ^ 0. Let y G ř/n,fc H U be a point
 and let J be an open interval containing u such that the inequality (4) holds
 for al it e J C'K. Then the point (ť, y) G {J H K) x Un,k and

 e(f(t,y),f(u,y)) < 377/4.

 Consequently, for (ź, x) G (J H K) x U we have

 a?), /(w, v)) < e(f(t,x),f(t,v))+

 e{f{t, v). /(*> y)) + e{f(t, y), /(«, y))+

 +£(/(«. y). /(«> v)) < 77/12 + »7/12 + 377/4 + 77/12 = 77. □
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 Theorem 4 Let the spaces (X,Tx) and I be the same as those in Theorem 3
 and let (Y, q) be a separable metric space . Suppose that all sections ftìt G /, of
 a function f : IxX - >» Y are Tx -equicontinuous and all its sections fxì x G Xy
 have the Baire property . Then there is a set K C I residual in I and such that
 the restriction f'(K x X) is ( Te'K x Tx)- continuous.

 Proof. The proof is similar to the proof of Theorem 3. It suffices only to
 find sets An)k which are residual in /. □

 Remark 2 Obviously the topologies T¿ and Tae in M satisfy the condition (2)
 from Theorem 3. So Theorems 3 and 4 are true for the topologies T¿ and Tae .
 Since the space (M,Tae) is separable, Theorem 3 for Tae was essentially already
 known ([1], Th.3).

 The next example shows that, under Martin's Axiom (see [9]), Theorem 3
 doesn't hold if condition (2) is dropped or approximate continuity is replaced
 by approximate upper semicontinuity. The function / of this Example 1 is
 the same as that from Th.l in [5], in which the continuum hypothesis is used
 instead of Martin's Axiom.

 Example 1. Assume Martin's Axiom (MA). There is a transfinite sequence
 ai, . . . , aa, . . . , a < fi, of all reals such that aa / a^, a ^ /?, a, ß < íí, and
 all sets Aa = {aß'ß < a}, a < ÍÍ, are of Lebesgue measure zero (of the first
 category). Let A = {(aa,aß)'ß < a < fì} and let

 f(xv) = i1 for(*.»)e¿
 ļo otherwise in M2.

 If I = X = M and Tx is the discrete topology in X , then all sections
 ft it G M, are (Tx-)-equicontinuous and all sections fx ,x G X , are Lebesgue
 measurable (have the Baire property), but for every closed set K C I of
 positive Lebesgue measure (for every set K C I which is residual in I) the
 restriction f'(K x X) is not {Te'K x Tx)-continuous. If I = X = M and
 Tx = Tdy then all sections ftit G /, are (Tx)-upper semi-equicontinuous (i.e.
 for every x G X and for every rj > 0 there is a set U G Tx containing x and
 such that /(ť,y) - f(t,x) < rj for all y G U, t G /), but for every closed set
 K C I of positive measure (for every K C I residual in I) the restriction
 f'(K x X) is not ( Te'K x Xx)-upper- semicontinuous.
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