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 A CHARACTERIZATION OF NON-ATOMIC PROBABILITIES ON

 [0,1] WITH NOWHERE DENSE SUPPORTS

 For a countably additive Borei probability measure fi on [0, l], let {77(/z) : i G N}
 be an enumeration of the connected components of [0, l]'supp(/u). These aré the
 intervals of constancy of the cumulative distribution function FM. For all t let y,(/x)
 be the value of F ß on TĄn).

 Proposition 1 n is non-atomic with supp(ß) nowhere dense iff : i G ./V} is
 dense in [0, lļ.

 Proof : Suppose that ļi is non-atomic with nowhere dense support. Since /n is non-
 atomic Fft is continuous and {FM(x) : x G supp(/i)} = [0, lļ. If 0 < yt < y2 < 1 are
 Fp(xi) and F^(x 2) with X' < x2 in supp(/i) there is an interval 7<(m) between Xi and
 X2 since supp (/z) is nowhere dense. Thus t/i < y,(/¿) < Î/2- This establishes density of
 {y<(/*) : » G N} in [0,1].

 Assume density of {yj(¿i) : i G N}. ß must be non-atomic for otherwise there
 would be an x € [0,1] so that Fß(x~) = lim z^x Fß{z) < FM(x). In this case no y,(¿x)
 would be in (FM(x~) ,F,t(x)) contradicting density. supp(/x) must be nowhere dense
 for if <j> ý- (xi,x2) C supp(/i) then F^(x 1 ) < Fß{x2) so yi{fi) G (Fm(xi),F„(x2)) for
 some t € N hence Ti(fi) is in (xi,x2) which is impossible since TJ-(u) D supp(u) = <f>.
 Thus supp(/i) is nowhere dense.

 □

 The intervals {Ti(p) : i G iV} are non-overlapping and are ordered by TĄp) <
 Tj(p) iff Xi G Ti(n) and x¡ in Tj(n) implies x,- < x;. The mapping y, - ► is an
 order isomorphism. : * G N} has maximum 1 (minimum 0) iff : i G N}
 has a maximum containing 1 (minimum containing 0) iff 1 £ supp(/¿) (0 supp(/x)).
 Allowing for different possible order types the converse is true. If K is a perfect,
 nowhere dense subset of [0,1] and the countable dense subset {y¿ : i G TV»} of [0, lļ
 has extrema of the same type as the components {Tļ : i G N} of [0, 1]' /<" there is
 an order isomorphism TJ «-» y,- (see Theorem 1 page 160 of Fraenkel [19611). For
 such an isomorphism define F(x) = y,- if x G 7¿ to obtain a non-decreasing function
 from [0, 1 ]'N - ► [0, l] which has a right continuous extension (which is continuous
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 by density of {y¿ : t' G N}) to a surjection F : [0, 1] - ► which is Fß for some Borei
 probability p. This yields this proposition.

 Proposition 2 Let K be a perfect nowhere dense subset of [Q, ļļ and let {¡/,- : t' G
 N} = Y be a dense subset of [0, 1] with the same order type as the components of
 [0,l]'Ä' There is a Borei probability ß with supp(p) = K and {y,} = {y,(/¿)} for all
 t'.

 It should be remarked that ß is uniquely determinerà by specification of a particular

 order isomorphism between Y and components of [0, 1 ''K. The possible ß are in 1-1
 correspondence with the order automorphisms of Y .

 Proposition S If ? is the algebra of m-measurable sets for m a non-atomic proba-
 bility measure with support [0, 1], {Nn • n G N} is a sequence of perfect nowhere dense
 sets in [0, l] with 1 = limn_00 m(Nn) and m„ is the restriction of m to Nn normalized
 to be a probability then lim n->oomn(F) = m(F) if F G 7.

 Proof : Let {iVn} be a sequence of perfect nowhere dense sets with 1 = lim,,-«, m(Nn).
 For each n, m„ is defined, for F G by mn(F) = m{F D Nn)/m(Nn). Since
 m([ 0, l]'iVn) ->0asn-»oo. It is immediate from this that mn(F) - * m(F) for any
 Fe?.

 □

 Proposition 3, as is seen from the proof, is valid in great generality. 7 need only
 be an algebra, m only finitely additive and {Nn : n G ./V} a sequence in 7 with
 limn-too m(Nm) - 1. Cannizzo however singles out the perfect nowhere dense sets in
 [0, l] since for countably additive non-atomic Baire probability measures here or in
 any Fo lish or compact HansdorfF space such a sequence of perfect nowhere dense sets
 always exists.

 Propositions 1 is not valid in the absence of countable additivity. One must
 interpret supp(/¿) for a finitely additive Borei measure as the intersection of all closed
 sets of full measure but supp(/¿) may fail to be of full measure with //(supp(/¿)) = 0
 a possibility. The cumulative distribution function 7 ,, is defined as usual but may
 fail to be continuous from the left. If F ^ is continuous then ß is non-atomic but it
 may be the case that ß is non-atomic yet have Fß failing left or right continuity. This
 Lemma gives some indication of arbitrariness of 7„ when countable additivity is not
 required. This is extended in Proposition 5.

 Lemma 5 // x is in [0, 1] there is a noņ-atomic finitely additive Dorel probability
 measure ß on [0, 1] with F ^ the indicator function for ( x , l] if x < 1 or for [z, l] if
 x > 0.
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 Proof : First assume that z = 0. It must be shown that there is a non-atomic Bore!
 probability ß with /x({0}) = 0 and with m([0, f]) = 1 if e > 0. It is easily seen that
 if (xn : n G N) is a strictly decreasing sequence in [0, lļ with limn_,oo xn = 0 then
 any finitely additive non-atomic probability u o2N induces a non-atomic probability
 ß on 2a where A = {xn : n € N} under the map ri - * xn. Extend ß to a finitely
 additive Borei probability measure on [0, l] with /¿([0, l]'^4) = 0. It is immediate that
 ¿t{0}) = 0 and that /x([0, x„]) = 1 since ß({xm : m > n}) = 1 for any N. Since
 i„ -»0 the result follows.

 For general x < 1 in the preceding argument one should use a strictly decreasing
 sequence (xn) with x = limn_oo xn to obtain ß with Fß = /(r.iļ- A similar construction
 works to give ß with 7ß = if x > 0.

 □

 deFinetti (1972) realized that a non-atomic finitely additive measure ß could have
 ß((x - e,x + e)) > A > 0 for all e > 0. In general when such an x exists ß was called
 agglutinated. Agglutination is equivalent to the presence of a jump in Fß so ß is non-
 agglutinated iff Fß is continuous. It is easily seen that positive linear combinations
 of measures m in Proposition 4 yield measures ß so that the entire variation of Fß is
 taken up in jumps and that any increasing F on (0, 1] with F(0) > 0 and F(l) = 1
 whose jumps sum to 1 is Fß for ß a countable convex combination of measures in
 Proposition 4. Such ß could be called totally agglutinated yet may be non-atomic. As
 a result of the following proposition both Propositions 1 and 2 retain their validity
 if non-atomic countably additive measures are replaced by non-agglutinated finitely
 additive measures.

 Proposition 5 If F is an increasing function on (0, lļ with F(0) > 0 and F(l) = 1
 there is a finitely additive non-atomic Borei measure ß on (0, lļ with Fß = F which
 gives probability 1 to the rationals.

 Proof : In Proposition 4, as may be seen by the proof one may find for any x non-

 atomic probabilities ßx and ß+ with Fßl - I(X)X' and Fß+ = /ļ«tiļ which give measure
 1 to the rationals (basing the proof of Proposition 4 on sequences of rationals). As
 a result, if the jumps of F equal 1 a ß exists with F - Fß and with ß a countable
 convex combination of such ßx,ßt- To establish the proposition it is only necessary
 to consider the case with F continuous. In this case for any rational r € (0, 1]
 let xr be such that F(xr) = r. F is the uniform limit of {Fn : n € ^V} where

 Fn = ££=0 - /( **/„]• Each Fn is Fßn where ßn is a Borei probability giving measure
 Tb

 1 to the rationals. Let S be a {0, l}-valued probability measure on 2N annihilating
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 singletons. For A Borei let p(A) n(yl)¿(<ín). If U is the free u I trafi I ter on
 N corresponding to 6 then n{A) = limn6ü ßn(A). As a result if t 6 [0, 1] then
 F^t) = m([0, *]) = lim„eu FMn (i) = limn^oo Fßn (í) = F(t). Since ßn(Q n [0, 1]) = 1 for
 all n we have ß{Q n [0, lļ) = 1. Since is continuous fi is non-atomic.

 □

 References

 [1] T. Armstrong and K. Prikry, Liapounojf's Theorem for non-atomic bounded,
 finitely additive, finite dimensional vector valued measures, Tran. Amer. Math.
 Soc, 206 (1981), pp. 499-514.

 [2] A. Cannizzo, Un problème sur une claśse de mesures non-Lebesquinnes, Rend.
 Cire. Mat. Palermo, II (1985), pp. 226-233.

 [3] B. deFinetti, Probability, Induction and Statistics , Wiley, New York, 1972.

 [4] A. A. Fraenkel, Abstract Set Theory , North Holland, Amsterdam, 1961.

 Received Jen very 5, t989


	Contents
	p. 333
	p. 334
	p. 335
	p. [336]

	Issue Table of Contents
	Real Analysis Exchange, Vol. 15, No. 1 (1989-90) pp. 1-418
	Front Matter
	CONFERENCE ANNOUNCEMENTS [pp. 4-4]
	PROCEEDINGS OF THE THIRTEENTH SYMPOSIUM
	THE THIRTEENTH SUMMER SYMPOSIUM ON REAL ANALYSIS [pp. 6-9]
	Density Continuous Functions [pp. 10-12]
	I-density Continuous Functions [pp. 13-15]
	Concerning Two Properties of Connectivity Functions [pp. 16-20]
	Fractional Hadamard Powers of Positive Definite Matrices [pp. 21-25]
	Restriction and Intersection Theorems in Real Analysis [pp. 26-29]
	ON A CERTAIN CONVERSE OF HÖLDER'S INEQUALITY FOR LORENTZ SPACES [pp. 30-32]
	Approximating Hausdorff Measures [pp. 33-34]
	Remarks on Laczkovich's Circle-Squaring Proof [pp. 35-43]
	BOLYAI-GERWIEN THEOREM AND HILBERT'S THIRD PROBLEM [pp. 44-46]
	Lifting: the connection between functional representations of vector lattices (summary) [pp. 47-48]
	SYMMETRIC DERIVATIVES AND SYMMETRIC INTEGRALS [pp. 49-61]
	LIMITS UNDER THE INTEGRAL SIGN [pp. 62-64]
	MEASURABLE DARBOUX FUNCTIONS [pp. 65-66]
	Pitt's dimensionless Cantor set Don Spear [pp. 67-69]
	BOREL MEASURABLE SELECTIONS AND APPLICATIONS OF THE BOUNDEDNESS PRINCIPLE [pp. 70-92]
	"A Lower Bound for the Packing Measure which is a Multiple of the Hausdorff Measure" [pp. 93-95]
	THE ω-LIMIT SETS FOR SELF MAPS OF AN INTERVAL [pp. 96-101]
	RADIAL CLUSTER SET AND INTERPOLATION [pp. 102-105]
	Change of variable in the semigroup valued refinement integral [pp. 106-110]

	RESEARCH ARTICLES
	A MULTIDIMENSIONAL VARIATIONAL INTEGRAL AND ITS EXTENSIONS [pp. 111-169]
	INTERSECTION CONDITIONS FOR SOME DENSITY AND I-DENSITY LOCAL SYSTEMS [pp. 170-192]
	VARIATIONS ON PRODUCTS AND QUOTIENTS OF DARBOUX FUNCTIONS [pp. 193-202]
	THE CHI FUNCTIONS IN GENERALIZED SUMMABILITY [pp. 203-215]
	THE SEMI-BOREL CLASSIFICATION OF THE EXTREME PATH DERIVATIVES [pp. 216-238]
	Differentiability and Density Continuity [pp. 239-247]
	Separate and Joint Continuity II [pp. 248-258]
	ON THE EQUIVALENCE OF HENSTOCK-KURZWEL AND RESTRICTED DENJOY NTEGRALS IN Rn [pp. 259-268]
	Some Higher Dimensional Marcinkiewicz Theorems [pp. 269-274]
	SPECTRAL RADIUS OF NONSINGULAR TRANSFORMATIONS [pp. 275-281]
	POROUS SETS AND ADDITIVITY OF LEBESGUE MEASURE [pp. 282-298]
	Functions with all singular sets of Hausdorff dimension bigger than one [pp. 299-306]

	INROADS
	ON THE DANIÉLL INTEGRAL [pp. 307-312]
	WEIGHTED SYMMETRIC FUNCTIONS [pp. 313-323]
	CONVERGENCE THEOREMS FOR THE VARIATIONS INTEGRAL [pp. 324-332]
	A CHARACTERIZATION OF NON-ATOMIC PROBABILITIES ON [0,1] WITH NOWHERE DENSE SUPPORTS [pp. 333-336]
	ON DISCONTINUITY POINTS FOR CLOSED GRAPH FUNCTIONS [pp. 337-339]
	An Answer to a Question of R.G. Gibson and F. Roush [pp. 340-341]
	THROWING A DART AT FREILING'S ARGUMENT AGAINST THE CONTINUUM HYPOTHESIS [pp. 342-345]
	SOME SYMMETRIC COVERING LEMMAS [pp. 346-383]
	A REMARK ON ABSOLUTELY CONTINUOUS FUNCTIONS [pp. 384-385]
	ANOTHER PROOF OF THE MEASURABILITY OF δ FOR THE GENERALIZED RIEMANN INTEGRAL [pp. 386-389]
	THE RADON-NIKODYM DERIVATIVE IN EUCLIDEAN SPACES [pp. 390-396]
	A DESCRIPTIVE CHARACTERIZATION OF THE GENERALIZED RIEMANN INTEGRAL [pp. 397-400]
	MARTINGALE PROOF OF THE EXISTENCE OF LEBESGUE POINTS [pp. 401-406]
	ON EXTREMAL VALUES OF CONTINUOUS MONOTONE FUNCTIONS [pp. 407-409]
	NOTE ON POINT SET THEORY [pp. 410-412]
	UNPUBLISHED RESULTS OF K. PEKÁR AND H. ZLONICKÁ ON PREPONDERANT DERIVATIVES AND M₄ - SETS [pp. 413-418]

	Back Matter



