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VARIATIONS ON PRODUCTS AND QUOTIENTS OF DARBOUX FUNCTIONS

I. Let us establish some of the terminoclogy to be used . R
denotes the real 1line and N denotes the set of natural
numbers . If a,beR, then (a,b) denotes the open interwval
with the end-points a,b. For AcR, we shall say that I is an
open interval of A iff I=(a,b)NA for some a,beR. If B is a
planar set, we shall denote its x - projection by dom B and
its y - projection by rng B. If A,B are subsets of R then
A B={a.-b : aeA, beB}, a B={a}*'B and A '={l-a : aeA\{O}}.
For AcR, aeR, and f: A—R, we define the set [f<a] as {xeA
f(x){a }. Analogously, we define the sets [f>a] and [f=a].
Let AcR be a c-dense set in 1itself (where ¢ denotes the
cardinality of the continuum) and let B be a subset of R. We
say that f:A—B is an (A,B)-Darboux function iff f has the
intermediate value property, i.e. ((f(X),.f{(¥IINB < £{(x,y)NA)
for each x,yeA. Let D(A,B) denote the class of all
(A,B)-Darboux functions. Let .‘D‘(A.B) denote the class of all
functions f: A—B which take on every yeB in every non-empty
interval I of A. Let .D"(A,B) denote the class of all
functions f:A—B which take on every yeB c times in every
interval of A. It is clear that D (A,B)cD (A,B)cD(A,B) for
every bilaterally c-dense subset A of R and every subset B
of R. For A=B=R, we shall denote the classes I(A,B),
2%CA,B), and 2""(A.B) by D, 2%, 2™ (see [3]).

A.M. Bruckner and J. Ceder proved the following theorem.

THEOREM 1.[ 3] . Let feD be constant on no subinterval of
R and let M be a set of real numbers whose complement is
dense. Then for each countable dense subset D of R\M there
exists a function de.i)* such that the range of f+d is D.
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In the same way, we can prove the following result.

THEOREM 1. If AcR is bilaterally c-dense set in
itself, D is a countable dense subset of R, and if feD(A,R)
is constant on no interval of A, then there exists a
function de:D‘(A.R) such that for every interval I of A the
range of (f+d)|I is D.

THEOREM 2. Assume that D is a countable dense subset of
R and OeD. Then for each feD there exists a function de?
such that for each interval IcR we have:
- if f is not constant on I, then d(I)=R and (f+d)(I)=D,
- if f|I is constant, then dlI is constant and (f«d)(I)<D.
Proof . Let B={(x,y) : y=r/f(x) if f(x)#0 and y=r if
f(x)=0, reD, xeR }. As in the proof of Thecrem 1 ([3]), we
shall define a function deD such that dcB. (No distinction
is made between a function and its graph).
Let us put $={IcR : I is a maximal open interval such that
f|I 1ls constant}. Observe that sets from § are pairwisé
disjoint and hence the family § is countable.
Let J={Jn : neN}, Jn=(an.bn). A°={an.bn : neN }, J=|_J&# and
=R\J. Notice that AocA and f‘(an)=f(bn) for each neN.
Additionally, f|AeD(A,R).
For xeR, let V(X)={x}xR and H(x)=Ax{x}. For each xeR it is
clear that V(xX)NB is dense in V(x) and it is easy to verify
that H(X)NB is dense in H(x). Indeed, it is clear for x=0.
Assume that »x#0 and I is an open interval of A. Then f|I is
non-constant and, since feD, there exist y, zel for which
f(y)=f(z) and fCyd «fC(zD>0. We may assume that f£(Z}f(y)>O.
Because D 1s dense in R, we have

U r . £@N™ = | @ r a0 = R,
reD reD

so there exists an reD such that x&(r/f(z),.r/f(y)), i.e.
r/-xe(f(y).f(z)). Since f|Aé.D(A.R). there exists a tel for
which f(t)=r x, i.e. x=r/f(t) and (t,x)e(Ix{x})NB.
For xeR let N(X) = [ A x x (ENOD(ENMOPD™ 1 N B, where
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EI=U De...*D

n=41 L " )
n - times

Observe that

(¢9) N(O0)=H(0)=Ax{0},

(ii) LUJAN(xX) : xeR }=B(AxR),

(dii) card(rng N(x))=w° for xeR\{0},

av) dom N(x) is dense in A, for each xeR,

) if x»=2 0 = y and dom N(x) N dom N(y) = @, then
N(x) = N(y).

Now we can define the function d. First we define for each

>x#0 a function dx such that dx=dy if NOGO=NY)., dx is dense

in any non-empty H(y)nN(x), a € dom dx iff bn € dom dx, and

dx(an)=dx(bh). To do this, let Oh. n=0,1,2,... be an enume-

ration of all horizontal open intervals with rational ends

which intersect N(x). Put woeoor‘-N(x).

w if dom w e«A ,
] o o

Vo T (bk, rng wo) if dom w,=a, k eN
(ak. rng wo) if dom w°=bk.

and wneon N NGO\ U (V(wi)UV(vi)).
i<n

w if dom w A ,
n n [o]

v, = (bk. rng wn) if dom w =a . keN
(ak. rng wn) if dom wh=bk.

Then dx = { W v neN } has the desired properties.

Next let 4 , d
1,4 1,2

dense in d and such that a e€e 4  1iff b € d  for neN,
1 n 1,i n 1,i

i=1,2. Then <:l11 is dense in N(1), dom d12 is dense in A

and d°=dom d1 z><{O}r is dense in N(O).

be a partition of d‘ onto two sets, each

Now enumerate the countable family of uncountable sets of
the form { (x,y) : X € I\Ao, y = r/f(x) and f(x)#0 }, where
I=C(a,b)NA for some rationals a,b and reD\{O}, as {Ci}. As in
[3], we pick a sequence of points {ei} such that: e,lec,l\z_‘.
where Z = UJIN(X) : there exists j<i with eJ,eN(x)}UN(l). This
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is possible because card (rng Ct)=c and card (rng Z,)=w°.

T
Since do <(dom N(1))x{0}, dom do N dom e =0. Let e={e,‘:1eN}.
Then card(e n dx)$1 for each xeR,0 &« rng e and dom e N Ao=0.
Let A = A U{domdz: zeR }. ThenaneA‘if‘fbneA’
for each neN.

Now we define a function d on R as follows.

[ e(x) if x € dom e,
d (x) if x € dom d \dom e, zeR,
d(x)= 1 = =
o if x € A\(dom e U |_J{dom d : zeR}),
i d(ah)=d(b“) if x € Jn. neN.

It is clear that dcB and therefore (f«d)(I)cD for every open
interval I. If I is an open interval for which f|I is not
constant and yeR, then INA is non-empty and (Ix{y}) n dy N\ e
is infinite. It follows that yed(I) and, consequently,
d(I)=R. If reD\{O}), then there exists er\Ao such that
e(>)=r/f(x), f(xX)#0 and hence re&(f+«d)(I). Thus D < (f d)().
Since (Ix{O}) N do 2 0, 0 e (f-d)(I).

If f|I is constant, then Ic(an.b“) for some neN. Then
d(x)=d(an)=d(bn) for xel. Finally, if x,yeR, d{(x)#d(y). then
f is non-constant on (xX,y) and the range of d on (x,y) is R.
Thus de? . This finishes the proof.

REMARKS. 1) If D satisfies all assumptions of Theorem 2
and fel is constant on no interval, then there exists a de.D’
such that for any interval I of R the range of (f‘Od)'I is D.
2) In the same way as Theorem 2,we can generalize Theorem 1.

THEOREM 1”. Assume that DcR is a countable dense
set and feD. Then there exists a deD such that for each
interval I<cR we have:

- if f is not constant on I then d(I)=R and (f+d)(I)=D,
- if f is constant on I then d(I)={y} for some yeD.

THEOREM 3. Let D be a countable dense subset of R with
O € D and let f € D be constant on no interval. Then there
exists a function de.D’(R.(O.oo)) such that for every interval

I we have:
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- if Ic [£>0] then (£f-d)) D n (0,o),

- if I<c [£<0] then (f-d)(1) D Nn (~»,0),

- if £ changes sign on I then (f/d)(I) = D.

Proof . Let us put B = [£>0].C = [£f<0],D' = D n (0,m),
D =Dn (w0, f = 1n(f |B) and £, = 1n(-f|O).

By Theorem 1*.there exists a function d1 € .D'(B.R) such that
C t‘1 + d‘ I) = 1ln D' for every interval I of B. Then
[ exp(f +d) 1(I)=D' and hence the range of (f|I)e(exp d |1)
is D'. Observe that d+ = exp(—d‘) € .D*(B.(O.m)). In the same
way, we define d e 2"(C,R) such that (f, + d)I) - 1n¢-D))
for every interval I of C. Then d_ = exp(-dz) € D (C,(0,m))
and the range of (f|I)/(d_|I) is D .

Let us define d: R—(0,m®) by

d+(x) for xeB,
d(x) = d () for xeC,
1 if £(x)=0.

It is easy to verify that such a defined function d

satisfies the conditions of Theorem 3.

II. The following result is proved in [6].

THEOREM 4. Assume that A,B,CcR, F:AxB—R and f:R—A.
Then there exists a ded (R.B) such that F(f,d)ed  (R,C) iff
the following conditions hold:

) for every xe€R there exists yeB such that F(f(x),y)eC,

(¢))] card ({xeI : F({f(x),y)=c for some yeB })=c for every
ceC and every interval I,

©)) card ({xel : F({f(x).y)eC })=c for every yeB and every

interval I.

Observe that for A=B=R, F(x,y)=xsy, f:R—R and OeC we obtain
the following.

COROLLARY . There exists a deD ' such that feded  (R,C)
iff card ({xeI : f()#0 }) = c for every interval I and
card(xel : f(x)esyeC })=c for every yeR and every interval I.

III. Let & be a family of real functions. A subfamily 8 of
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& is called the maximal multiplicative ( additive ) family
for & provided 8B is the set of all functions in & such that
f ges (f+gesdf, respectively) whenever feB8 and gesds. (See [2].,
p. 14).

As an immediate consequence of Theocrem 2 (respectively
Theorem 1”). we obtain that the maximal multiplicative
(additive) family for D is the class of all constant
functions ([ 7] .[ 2]).

Using a method similar to that used by J. Jastrzebski in

[B5], we can porove the following results.

THEOREM 5. Let geD and g=0. Then f geD for every feD
iff theree exists a sequence a of open intervals {Ik} such
that: o
Q) ,HLJ‘ I, is dense in R,

) gllk is constant and glIk Z O.

Pr oof . Assume that for gel? there exists a sequence
{Ii:} which satisfies the conditions (1) and (2). Let fe.‘l)*
and let I be an open interval. Then 8 = J = Ik NI <l for
some keN, g|J is constant and g|J # O. Consequently, f(J)=R
and gef(I)=gef(J)=R. Thus f.ged .

Assume that geDl, I is an open interval and g is not constant
on every subinterval of I. It follows from Theocrem 2 that
there exists a function f € .D. such that f«g &« D. Now assume
that there exists an open interval I and a sequence of

pairwise disjoint, open subintervals of I, {Ik} such that

® ®
U Ik is dense in I and g(x) = O for each x € |_J I,. Since
k=1 k=1
® ®
g € D and 1 = H I . there exist y, z € I N H I, with

aly) = g(z). Choose fk e .D.(Ik.R) for keN and put

fk(x) for xel K’ keN,
£(x)= 1 for xe{y,z},
o otherwise.

Then f € D* and fogly) = g(y) = g(z) = £¢g(z), feg(x) = O
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for xefy.z}, i.e. fegeD.

Of course, the condition (2) can not be satisfied for any
ge.‘D.. Hence the maximal multiplicative family for .D“ is
empty.

THEOREM 6. Let g:R—R , g # O. -Then feg € D for every
f € .D" iff there exist a sequence of open intervals {Ik}
and a set AcR such that:

®
(©)) H I, is dense in R,

(C)) card (A)c,

()] g|(Ik\A) is constant for every k and g|(Ik\A) = O.
Proof . Assume that for g:R—R there exist a set A and
a sequence {Ik} which satisfy the conditions (3), (4) and
(5). Let I be an open interval, fe.b”. and yeR. Then
0#J=Ian c I ff: some keN and g(x) = a # O for each
x € J N A. Since feD , card ({xeJ : f(xX) = y-ra}) = c. Thus
card ({xel :f(x)*g(x)= y}) 2 card ({xeJNA :f(x) = yra }) = c.
and foge.D”.

Assume that g:R—R, I is an open interval and g|(J\A) is not
constant for every subinterval J of I and every subset A of
J with card(A)<c. Let C=R\{1}. It follows from the Corollary
to Theorem 2, that there exists a d e .D" such that
fed € D (R,C), i.e. fod & D.

Now assume that there exist an open interval I, a sequence

of pairwise disjoint, open subintervals of I, {Ik} and a

®
subset A of I such that card(A)e, |_J I, is dense in I and
k=1

©
g(x) = O for each x € |_J I, N\ A Notice that there exist y,z

k=1
eI N C) I, with g(y) = g(z). Choose f, & D" (I, .R) for keN
and puti,‘--.1
£, 00 for erk\A. keN,
£ {x)= i for xe{y.z},
o otherwise.

Then f € D' and feg & D.
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Evidently, the conditions (4) and (5) can not be satisfied
for any ge.D". Therefore the maximal multiplicative family
for D" is empty.

Iv. J. Ceder in [4] has characterized those functions
which can be factored into a product of two Darboux
functions. In the same paper, the author stated that a
function f is a quotient of two Darboux functions iff [ f=0]
is bilaterally c-dense in itself ([4].Thecrem 2).
Unfortunately, this result is not true. For example, for the
function f:R—R, defined by f(x)=1 if >0 and f(x)=-1 if
x=0, the set [f=#0] is bilaterally c-dense in itself, and
evidently, f is not a quotient of two Darboux functions.

We shall prove the following theorem.

THEOREM 7. A function f:R—R is a quotient of two
Darboux functions iff f satisfies the following conditions:
) if a<b and f{a).f(b)<0O then f(c)=0 for some cela,b),

(1i) the sets [f>0] and [f<O] are bilaterally c-dense in
itself.
Proof . Assume that h‘. hz € D and £ = h‘/hz.Then hz<0
or hz>0. Thus, if f(a)«f(b)<0, then h‘(a)oht(b)<0 and, since
hie.D. we have h‘(c)=0 for some cela,b). Then f({c)=0 and (i)
holds.
We may assume that hz>0. Then [ £>0] =[ ht>O] and [ £<O0] =( h‘<O] ,
and by h‘e.D we obtain that [f>0] and [f<0O] are bilaterally
c-dense in itself. The condition (ii) holds too.
Now notice that if A is bilaterally c-dense in itself then
.D*(A.B) = O ([4]). Assume that f satisfies the conditions
(i) and (1i). Let us decompose [f>0] into disjoint sets T‘
and 'I'z each c-dense in [f>0]. (See [1] or [4]) Similarly,
let us decompose [f<0] into disjoint sets T9 and T‘ each
c-dense in [ £<0].

Let us define h‘.hz as follows:

on [f=0], h1=0 hz=1 ,
L3
on T‘. h‘e.‘D (T1. (0, ®))., hz=h’/f ,
»
on Tz’ hze.D (Tz.(o.é))). h‘-—f hz’
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L J
- =h /f,
on Tso h’.e-D (st( mbo))v hz h1 f

on T,, hze.D.(T‘.(O.oo)). h =feh_.
Let us observe that f‘=h"/hz and h2>0. We shall prove that
h‘ € D. Let h‘(a) < h‘(b) and y € (ht(a).h‘(b)). There are
five possible cases: ,
(a) irf h‘(a)zo. then f(b)>0. Since the set [f>0] is
bilaterally c-dense in itself, we obtain that [ f>0](a,b)=0
and consequently h‘(x)=y for some x € ‘1“ n (a,b),
(b) if h1(b) < 0, then f(a)O and hence there exists
X € Ts N (a,b) such that h‘(x)=y.
(D] if h‘(a) < y < O = h1(b). then f(a) < O and h‘(x) =y
for some x e Ts n (a,b),
(d) if h‘(a) < 0 = y < h1(b). then it follows from (i)
that there exists xe(a,b) such that hi(x) = f(x) = O,
Ce) if h1(a) < 0 < y <« h‘(b). then f(b) > O and h1(x) = vy
for some x € Tz n (a,b).
Thus h‘ e D. Now we shall show that hz € D. Assume that
hz(a) < hz(b) and y € (hz(a). hz(b)). Then hz(a) > O and
(a,b) N [£>0] = @ or (a,b) N [f<O] = ©.If (a,b) N [f>0] = O,
then hz(x) = y for some X € '1‘2 N (a,b).If (a,b) Nn [f<O] = @,
then hz(x) = y for ‘;ome X € T‘ N (a,b). Thus h2 € D and this

finishes the proof of Theorem 7.
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