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Solution of a Problem Concerning Functions of Harmonic Bounded Variation

It is known [3] that the space of all regulated functions for which
the Fourier series converges for every change of variable (GW) contains
the space of functions of hafmonic bounded variation (HBV) and the space
of all functions for which the Fourier series converges uniformly for every
change of variable (UGW) contains the space of continuous functions of
harmonic bounded variation (HBVC). In [3, p. 17] and [4] the question is
raised whether GW = HBV and UGW = HBVC. In [5] it is pointed out that
[1] contains the result HBVC EUGW g: Gwc, implying HBV% GW. The purpose
of the present note is to prove that HBVC(; UGW. I would like to express
my thanks to RN Dr. L. ZajiEek for acquainting me with the problem.

The function f : R >+ R is said to be regulated if it has right
and left limits at each point. The space of all regulated functions of
period 2m will be denoted by P(2m). If X 1is a class of functions, then
Xc will denote the continuous functions in class X.

The finite system of nonoverlapping intervals {Ii} i=1,...,n is

1

said to be an ordered system if Ii is to the left of Ii+ for all

i=1,...,n-1, or if Ii is to the right of Ii+ for every i = 1,...,n-1.

1
If I = [a,b]c [-m,m] and f ¢ P(2m), then we write
f(1) = £(b) - £(a). For f € P(2m) we will say that f € HBV if
n
sup .Z [f(Ii)I/i =V (F) < =,
i=1
where the supremum is taken over all finite systems of nonoverlapping, closed

intervals in [-m,m]. For f € P(27) we will say that f € QOHBV if
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n
sup ] JE(L)] /4= Vg (f) <=,
i=1

where the supremum is taken over all finite ordered systems of nonover-
lapping, closed intervals in [-m,m]. For f £ P(2m) we will say that
f € GW if the Fourier series ~f f ° g converges everywhere for every
homeomorphism g of [-m,m] with itself, and f ¢ UGW if the Fourier
series of f ° g converges uniformly for every homeomorphism g of

[-m,m] with itself.

Theorem: UGW 3 HBV .
_— Cc

Proof: There exists [2] a function f € OHBV - HBV. Let n be a non-
negative integer. Since f ZHBV, there exists a system of nonoverlapping,
closed intervals {I?} , 1= 1,...,mn in [-m,7] such that

m

=]

lead| /1> 2" 1%

o~

i=1

n_ ., n.n . . _
Let VOH(f) = ¢ and let Ii = [ai’bi]’ is= l,...,mq. Define hn(x) =9

L

m
n

. (:_'_ [ n.n n n = n PR
for x € [-m,7] {:1 (a;,b)s h ((a;+b.) /2) |f(Ii)| for i=1,...,m

n
and extend hn linearly to the remainder of [-m,T]. Clearly [hn(x)] <ec
n..n
- > <
for all x €([-w,7w], VH(hn)-— 2 10 and VOH(hn) < 2c. Let P, be the

onto [-m,m]. Define the

”(n-l)]

increasing, linear mapping of [z-n’z—(n—l)]

function wn€ P(2‘rr)C by setting wn(y) =270 hn(pn(y)) for vy 6[2-n,2
and wn(y) =0 for y¢ [—ﬂ,2-n) LJ(Z-(n_l),n]. It is easy to see that

. . n -n
w o is continuous, VOH(wn) < 2c / 27 and Iwn(x)|.§ c? for all x € R.

[oe]
_ . n_ -l,.n_ n, . n
Put H = Z wi. Evidently H € P(ZH)C. Let Ji =P, ([ai,(ai4-bi)/2]).
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Then {J?} is a system of nonoverlapping, closed intervals in [-m,7] and

m m m
n n n
n, ;. n, . -n n_ ,n,.n .
L BOPE =} v GpI/a= 1 277 b (lag,(ay+b))/2]) /i =
i=1 i=1 i=1
m
on o n n
=2 z If(Ii) | /1 > 10°. Consequently H fHBVc. A necessary and
i=1

sufficient condition for a function H to be in UGW is the following

condition. (See [3], p. 15 or [1].)

(P) For every € > 0 there is 6 > 0 such that for every ordered

system of nonoverlapping, closed intervals {Ii}’ i=1,...,k

k
in [-m,m] for which diam( U 1,) <6 the inequality
i=1 *
k
Y |H(X))|/i < € holds.
5 i

Let € > 0 be given. Then choose a positive integer n for with

n oo
€. Put f1 = izl W, and f,_ = 2 w, . Clearly f., is

n-2
<
2 i=n+1 1

c/2

a Lipschitz function. Let L be its Lipschitz constant. Put

§ =¢/2L. Let {Ii}, i =1,...,k be an ordered system of closed, non-

k
overlapping intervals in [-m,7m] with diam( U Ii) < §. Then
i=1
k k k k
Y |H(Ii)|/i.§ .2 Ifl(Ii)l/i + .Z |f2(Ii)|/i_§ .Z L diam(I,)/i +
i=1 i=1 i=1 i=1
k 0 k ©
+ LICY woapl/icws+ §] w2
i=1 j=n+l i=1 j=n+1 J
© k © .
<e/2+ .—Z 1 le(Ii)l/i <elz+ ] Vou(¥;) <
j=n+l i=1 j=n+l
S .
<ef2+ § 2c/23 <ej2 4 /2"t <.
j=n+1
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Hence the condition (P) is satisfied and consequently H € UGW. The Function

H is in UGW but not in HBVC.
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