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Two connected topologies on the real line

In this note we give answers to the following
problews:
(4) Let T be a topology on the real line x satisfying
the following conditions:
(a) any interval is i-connected
(b) any continuous function is T-countinuous
(c) if x€k and U is any T-neighbourhood of x,
then clU contains some neighbourhood of x
(d) if U is T-open and xe&i then U+x is also T-open.
Is it true that any T-continuous function is
continuous?
(B) If T satisfies (a), (%), (c) and
{e; any T-continuous function is of the second class,
is it true that any T-continuous function is
continuous?
The problem (A) was posed by Professor owiatkowski at the
conference held at Lodz in the auturn 1981 and the solution
of the problem (B) gives an answsr to the problem (3)
from [3].we show that the answer ic negative in both cases,

Lemwia 1:Let f:u—i be an arbitrary function and let T be
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the topology on i induced by continuous functions and the
function f.Then

(1) T satisfies (a) iff the graph of f is connected

(2) T satisfies (b)

(3) if there exists an interval J such that f(1)=J

for any interval 1, then T satisfies (c)
(4) if £ is additive i.e. L(x+y)=f(x)+f(y) for any x,yel,
then T satisfies (d)

(5) T satisfies (e) iff £ 1s of the second class.
Proof:

(1) It is easy to verify that the mapping bix—(x,f(x))
is a homeowornhism of (i,T) onte the graph of f. Thus
(i4,1) is connected iff the zranh of f is connected. lience
the proof will be finishsd by showring thaf if some closed
interval 1= h,d 1is not conneétem then (ua,T) is not
connected, Let Ul ,U2 e T~open sets such that

INU, # (i=1,5

1 CUlﬂ 02 ’ anl

If\Uln v, =6.
1t bel,, put
'1=(Ulf\ \~00, b)) U (-OO,va)
Vo=(U,N (2,)) U (b,e0)
and 1f beUl,put

V.=U, U (u=-1)
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Vo= U2f\(a,b)
and we sec that ik is not T-connccted,
The proof of the remaining narts of the lemma is easye.
The followingz nronosition shows that the answer to the
oroblen (A) is negative,

Proposition 1: There exists a function f:ink—k satisfying

thhie following conditions:

(1) the graph of f is connected

(2) £(1)=k for =any interval 1

(3) fix+y)=f(x)+£f(y) for any x,yé€ii.
Proof: See [1]

he following proposition shows that the answer to the
probler (B) is negative.

Proposition 2: There existis a function f:ik—i satisfying

the fellowing conditions:

(1) £ is of thLe second class

(2) £(1)=[0,1] for any interval 1

(3) the grapb of f is connected.
Proofi:First we prove the following
Lermua 2: 1f 1C!t is a closed interval and DI is a
perfect nowhere dense set, then there exislcs a function
g£:0—{0,1) such that

(1) g is of the second class

(2) for any compact set hC1Ix[0,1] such that p(K)=1
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there exists t€D such that (¢,zZ(t))ek.
Here p:hg—ék denctes the projection (xl,xz)—axl "
To prove the lemma cdenote by h a continuous mapping of D
onto the compact metric space X= {h, he 1x%(0,1] ,K is
compact and p(h)=I}.(The metric p on X is defined ty
g(xl,hz)zmax( sup d{z,h,) , sup d(z,Kl)). See [4].)

For each positive integer n find open intervals

1?, cse ,In and numbers s“, cee ,sn suclk that
Pn Pn 1 Ph
UItoo
=t J

s?élgnb (3=1s - #P,)
13f31201) H  (§#i, §,151, eeo D)
113(<.2‘“ (J=1, «es »p,)

and for t,élgfﬁb put gn(t)=inf{x2,(s?,x2)é h(t)y

We show that the function g(t)=%iT#§gp gn(t) satisfies

the conditions (1),(2). Clearly g is of the second class

since the functions g, are lower-semicontinuous. Let K be

a compact subset of IX[0,1] such that p(k)=1 and let téD be

such that K=h(t). Find a sequence {k _}such that 1;61{{1

n
for each n and denote tn=sﬁ . Let{gn_}be a subsequence

n i
of the sequence (g ] such that g(t)=liw g. (t). By defi-
i—roo M
nition of gn(t), (tn,gn(t))éh and therefore
(t,g(t))=lim (¢t ,g (t))€K,
i—voo N TNy :
Now we easily finish the proof of the proposition 2,

Let In bec a sequence of all closed intervals with rational
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endpoints. Find a sequence of perfect, nowhere dense sots
such that Dnc.ln and bif1Dj = Az , 1,i=1,2, «od)
For sach n use the lemma 2 with B=Dn R 1=1n and denote by
g the function g. Finally, put

g (x) if xéD

f(x)= <<T n : noo
~C if xeR-UD_ .
n=4 N

It is not difficult to verify that the function f satisfies
the conditions (1),(2),(3).

In [2] it was proved tbat if T satisfies (c), then any
T-continuous function having a demse set of points of
continuity is continuous. It follows that we cannot
construct a counterexample such that any T-continuous

function is of tke first class,
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