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BOUNDEDNESS OF MULTILINEAR INTEGRAL OPERATORS
AND THEIR COMMUTATORS ON GENERALIZED MORREY
SPACES

PANWANG WANG* and ZONGGUANG LIU
Communicated by J. D. Rossi
ABSTRACT. In this paper, we obtain some boundedness of multilinear Calderén-

Zygmund Operators, multilinear fractional integral operators and their com-
mutators on generalized Morrey Spaces.

1. INTRODUCTION AND PRELIMINARIES

Let T be a multilinear operator initially defined on the m-fold product of
Schwartz spaces and taking values into the space of tempered distributions, i.e.

T:(R") x---x (R") — (R").
In [5], it is said that a function K belongs to the class m — CZK (A, ¢) if
A
(]-) |K(y0a Y, .- 7ym)| < (szlzo [y—y )™
(

2) if |y; — 9| < %maXogkgm ly; — ykl;

Aly; —yiIF
|K(y0a7y77ym)_K(y0aay,7aym)|< m 2
’ ! h (Zk,zzo |y — yil)mte
for some ¢ > 0 and j = 0,1,2,...,m. In [9], the operator T is said to be an m-

linear Calderén-Zygmund operator if there exists a function K € m—CZK (A, ¢)
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defined away from the diagonal z = y; = yo - -+ = y,, in (R")™"! such that
T b= [ Ky i) Sl

for x §é ML, supp f; and that T extends to a bounded multilinear operator from
L% x XLq”toquorsomel qj<OOW1th1:q%+---+$.

It was shown in [5] that if = e +— =1 then an m-linear Calderén-Zygmund
operator satisfies

T:L™"x---x L™ —L"

when 1 <rj <oofor j=1,...,m and
T:L"x---x L™ — "™

when 1 <r; < oo for j =1,...,m and at least one r; = 1. In particular,
T:L'x .- x L' — LYme>,

The theory of multiple weight associated with m-linear Calderén-Zygmund
operators was developed by Lerner, Ombrosi, Pérez, Torres and Trujillo-Gonzélez
n[9). Let 1 <p; <ooforj=1,...,m, %: pil—l—-~~+ﬁ and p'= (p1-..,Pm)s
we say @ = (wy, ...,wn) € Ay if

1/ l/pﬁ 1/ - l/p’j<
N LA\IB] /5™ >
7j=1

where B is the ball in R" and vz =[]}, wf/pj. When p; = 1, denote p; = oo,

(|—é| 5 wjl-_p/j)l/p'f is understood as (infpw;)~*. They showed that if & € A; then

IT()ros) < CH”fJ”L"J . (1.1)

If 1 <pj <ooforj=1,...,m and at least one of the p; = 1, they also proved
IT(F) | oo ug) < CH 151l s () - (1.2)

Let b = (b1,...,by) be a vector-valued locally integrable function. If b =
(b1,...,by) in (BMO)™, we denote [|b]|(gpoy» = sup ||bj||zamo (see [9]), the
=1

definition of || - ||pao see Section 2. The commutator generated by an m-linear
Calderén-Zygmund operator 7" and a (BMO)™ function b is defined by

j=1
where each term is the commutator of b; and 7" in the jth entry of 7', that is,

T =0T (fr oo finee s Fn) = T s fon).
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Pérez and Torres [12] proved that if b € (BMO)™ then
I e R S

forl<pj<ooforj:1,...,mwith%:p%—i—~~~+ﬁand1<p<oo.1n[f)],

the authors proved that if & € Ay and be (BMO)™ then

T3P rws) < CllBIsaroym [ [ 11225 (1.3)
=1
for1<pj<ooforj:1,...,mwith%:pil—l—---—ki.
Feuto [2] introduced the generalized weighted Morrey space (Lq( ), LP)*. Let
1 < g < a < p< oo, wbea weight and w fB x)dz. The space

(L9(w), LP)" is defined to be the set of all measurable functlons f satisfying
Hf“(Lq(w),LP)“ < 00, where

| Fllsy 2oy = Sl Fll oy poye

with

1/p
a—1/q— p
THfH(LCI(w),LP)a = [/ (W<B(Z/>7’))l/ Ha 1/prXB(w)||L‘1(w)) dy] :

When w = 1, the space (L%, LP)® was introduced in [3]. If ¢ < @ and p = oo, the
space (L%(w), L>)“ is just the weighted Morrey space L%*(w) with k =1 — g/«
defined by Komori and Shirai [3].

Similarly, the weak space (L% (w), L?)* is defined with

1/p
a—1/g— p
Al fll (oo (),1mye = U (wW(By, r)) YV gy Lo w)) dy} :

When ¢ = 1, the space (LY*(w), LP)" was introduced in [2].

Feuto has proved in [2] that Calderén-Zygmund singular integral operators,
Marcinkiewicz operators, the maximal operators associated to Bochner-Riesz op-
erators and their commutators are bounded on (L%(w), LP)”

A nature question is whether the m-linear Calderén-Zygmund operator 7" and
its commutator Ty have the similar properties. Now, we first introduce the fol-
lowing space.

Definition 1.1. Let 1 < p < a < ¢ < oo. The space (Lﬁ(u,(ﬁ),Lq)a is de-
fined as the set of vector-valued measurable functions f = (f1,..., fm) satisfying
170 ety = 50 L a0y < 00 with

m q 1/q
Pl oy sy = [ / (u<B<y, DR | | ||fi><B<y,r>||m<m>> dy]

=1

for r > 0, where u is a weight, & = (wy, ..., wy,) is vector weight, = (p1,- .., Pm)
and p; > 1fore=1,...,m.
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When m =1 and u = w, it is just the space (LY (w), LP)* in [2]. When m = 1,
q = oo and p < «, the space (LP(u,w), )" are the weighted Morrey space
LPF(u,w) with k = 1 —p/a in [8]. By the works above, we state our main results
as follows.

Theorem 1.2. Let T' be an m-linear Calderdon-Zygmund operator, é = pil +-+
z% and & € Ay .

() Ifl<pj<oo,j=1,....mand p < a < q < oo, then T is bounded from
(LP(vz, &), L) to (LP(vg), L9)";

(2) if 1 <p;j <oo,j=1,...,m and at least one of the p; =1, p < a < ¢ < o0,
then T is bounded from (Lﬁ(v@,cﬁ),Lq)a to (LP>=(vz), L1)*.

Theorem 1.3. Let Tj; be a multilinear commutator, be (BMO)™, % = pil +-t
Ii with 1 < p; < 00 and & € Ap. If p < a < g < 00, then Tj is bounded from
(LP(vz,&), L) to (LP(vz), L) .

Remark 1.4. When m = 1, Theorem 1.2 is just the Theorem 2.1 in [2| and
Theorem 1.3 is just the Theorem 2.5 in [2].

Another purpose of this paper is to establish the boundedness of multilinear
fractional integral operators and their commutators on the generalized Morrey
spaces. Let us introduce the following definition.

Definition 1.5. For 1 < ¢ < < v < oo, we denote the space (Lq’ﬁ(u,ﬁ),lﬂ)’g
as the space of all vector-valued measurable functions f = (f1,..., fm) satisfying

||f||<Lq7ﬁ(u7{)‘)7L’y)ﬁ = igIO)THf”(quﬁ(u,ﬁ),LW)ﬁ < 00 with

m ¥ 1/
r”f”(Lq,ﬁ(u’ﬁ)’m)a = [/ (u(B(y, r))l/ﬁ—l/q—l/v H ||fiXB(y,r) |Lpi(vi)> dy]
" i=1

for > 0, where u is a weight, ¥ = (vy...,v,,) is vector weight and p =
(P1y. - ypm) With p; > 1(i = 1,...,m).

When m =1, v = 00, ¢ < 3 the space (L% (u,v), Loo)ﬁ is the weighted Morrey
space L?"(u,v) with kK = p/q — p/[ in [8].

Kenig and Stein [7], Grafakos [1], Grafakos and Kalton [6] studied the mul-
tilinear fractional integral operators. Their works originated from the bilinear
fractional integral operator

flx+t)glx —t
Bu(f.g) = [ LA DATZ0,
Rn Iz
They showed that B, is bounded from LP' x LP? to L7, where 1/q = 1/p1+1/ps—
a/n. A further multilinear extension of ordinary fractional integration is

- Siw) fa(y2) -+ fn(Ym) -
Ioflx)= “——dy,
e /<">m (Xl e =)™
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where 0 < a < mn. Moen [10] showed that

(/ (IIf (Hw ))qu> Cﬁ(/ (o)l ))pidx)l/pi

=1

if and only if & satisfies A;4) condition:

o i T ) Gy o 0a) <

The corresponding multilinear fractional integral with homogeneous kernels is

defined by
[T, iz — yi)fi(yi)dﬂ
@y (0 o —gal)™
where each €; € L¥(S"™1) (: = 1,...,m) for some s > 1 is a homogeneous

function of degree zero on R”, i.e. Q;(Ax) = Q;(z) for any A > 0, x € R"™ and

S7=1 denotes the unit sphere in R™ (n > 2). Let b = (by,...,by) be a vector-
valued locally integrable function. The multilinear commutator of Z, is defined
as

IQ,oaf(:U) =

m

Ig,a<f17"'7fm): Ig;’()é(f)a
J
where each term is the commutator of b; and Z,, in the jth entry of Z,, that is,
Ig”a(f) - bjIOé(flv s 7fj7' . 7fm) _Ia<f17' .. 7b]f]a s 7fm)
Chen and Xue [1] proved the weighted estimates of Zo, and Z; . For 1 < s <

PP < 00, W0 = (wf s wm) € A g N Ay s 0 Agrs gy
1/g-=1/p—(a+¢)/nand 1/q_. =1/p— (o —¢)/n, 0 < ¢ < min{a, mn — a},
they showed that

1Zoa (Ao, wom < C LT IAllzowr (1.4)
i=1

and for s > 1, with 0 < sa < mn, if J° € Az and [[" wi € Ay, they got

15 o (D)o, wom < Cllbllaroym [ [ fill s sy - (1.5)
Our main results for Zg , and IE,a are as follows.

Theorem 1.6. Let 0 < a < nm, 1 < s < iy Pm <00, 1/p = 1/p1 +

-+ 1/pm and 1/qg = 1/p — a/n. Denote &° = (wl ,...,w;”n), and pls =
(p1/s ..., pm/s ). Assume 5 € A arsy NV Ay aershy NV Ay gy where
0 <e<min{a,mn—a}, 1/¢.=1/p—(a+¢e)/n and 1/q_. = 1/p — (a —¢)/n.
If g < B < v < oo, then g, is bounded from (LTP(I]7, w?,&P), L)% to
(LYTT wi), L7)?, where GF = (W', ... wkm).
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Remark 1.7. Since Ay is not monotone increasing with the natural partial order,

yNA ) (see [9] and [1]).

we have to assume that &% &€ A

(#/s' a= /¢’ (#/s"a-</s'

Theorem 1.8. Let 0 < o < nm, 1 <p; < oo fori=1,....,m, 1/p=1/p; +
+1/pm and 1/q = 1/p — a/n. For s > 1 with 0 < sa < mn, assume &J° €

Agsass) and [[L,w! € A, if ¢ < B < v < 00, then I;, is bounded from

(LEP(TT, wi, &P), L)5 to (LTI wi), L7)P, where OF = (Wi, ... wkm).

2. NOTATIONS AND PRELIMINARIES

We first recall the definition of A, weight. A nonnegative locally integrable
function w belongs to A, (p > 1) if

sw (7 [ <) (137 /. “’“”)H'dx)pl“o’

where p' is the conjugate index of p i.e. 1/p+ 1/p’ = 1. We say that w € A; if
there is a constant C' > 0 such that

1
— <Ci .
] /Bw(x)dx < Céreljfgw(a:)

If w € Ay, then there exists § > 0 such that

5

-(5) (121 o

w(B) ~ \|B|
for any measurable subset E of a ball B, where w(B) = [,w pw(x)dz. Since the
A, classes are increasing with respect to p, we use the followmg notation by
Ay = Ups1A,. A S Bmeans A < OB, where C'is a positive constant independent
of the main parameters. For A > 0 and a ball B C R", we write AB for the ball
with same center as B and radius A\ times radius of B.

Obviously, if m = 1, Ay is the classical A, class. Az has the following charac-
terization.

Lemma 2.1. [9] Let & = (w1, ...,wn). Then & € Az if and only if

1—p/;
w; Pi e Ay, and vz € Ay,

where the condition wl Pi ¢ App,r 18 understood as w "™ e Ay in the case p; = 1.

Lemma 2.2. [9] Assume that & = (w1, . ..,w,) satisfies Ay condition. Then there
exists a finite constant v > 1 such that & € Ay,

The class A(p,q) was also first introduced by Muckenhout and Wheeden in
[11]. A weight function w belongs to A(p,q) for 1 < p < g < oo if there exists a
constant C' such that

sup (Ill?l / (x)qu)l/q(ﬁ /B w(x)p’dx) .

for every ball B C R"™.
The multiple weight class A, is defined as follows.
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Definition 2.3. [10] Let 1 < p; < oo for i = 1,...,m and ¢ be a number
%<p<q<oo, p=1/p1+---+1/pm,0= (p1,--.,Pm). We say that a vector
of weights W = (wy, - ,wy,) is in the class Agg) if

1 mn " /g m 1 *p/ 1/p';
sup | — w; (T dx) (—/ w; (x dx) < o0.
B<wuéﬂi<) {7 /=@

=1

When m = 1, the Ay, is the classical A(p,q) weight. Moen [10] got the
following property of Ag).

Lemma 2.4. [10] Suppose 1 <p; <oo (i=1,...,m) and & € Ay, then

m q
w; 7" € Apmy, and (le) € Ay
i—1

A locally integrable function b belongs to in BMO if

1
HWmm:$m—i/W®—MMx<w,
B !B|B

where bg = ‘—}3‘ [ b(#)dx and the supremum is taken over all ball in R”. In order
to prove the results for commutators, we need the following properties of BMO.
For b€ BMO, 1< p< o and w € Ay we get

1 1/17
1bll o ~ sup (—/ b(z) —bB|pdx>
B |B| B

and for all balls B

1 1/p
— b(z) — bp|’ d < C|b : 2.2
(s /L 100) = baPtalds ) < Clbllao (2:2)
For all nonnegative integers k, we obtain
|bort1p — bp| < C(k + 1)||b||Bmo, (2.3)

where w(B) = [ w(z)dz, bp = ﬁ [ b(x)dz (see [2]).

3. PrROOF OF THE MAIN RESULTS

Proof of Theorem 1.2. (1) Let B = B(y,r) be a ball of R™, f; = fixap+ fix(@2B)e
and denote fixep by ff and fixep) by [ (i = 1,...,m), xg denotes the
characteristic function of set E. For x € B(y,r), we have

—

Tf@)] < TG @+ > T far) (@)

TS, o) ()]
= T+II+III,
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where aq, ..., a,, are not all equal to 0 or co at the same time. We first estimate

II1. We have

1 = ’/ fl W) )
®r2mym (225t 1\11?—%!)

|f1(y1> S (Ym)l -
~ m mn d
S /(Rn\QB)m (> iy |z —wil) ’

— ‘fl(yl) fm(ym)‘d_»
3 N oy

z 1|$_yl|)

ZH/ |fz yz)||ndyi

] im1 Y 2FTIB\2+B |5E—?/z
S ohrI R i(i)|dyi,
< Z |2k+1B|mH L 1wl

Since 2571y < |z — ;| < 282r. The Hoélder inequality gives us that

/ ‘fi(yi)‘dyi
2k+1B
= / | filya)|w () Piw(y;) P dy;
2k+1B

1/pi / 1/p'i
(/ If(yz-)l”iwi(yi)dyi) (/ w(yi) " ””idyi> . (3
2k+1B 2k+1B

By m=1/p+1/p) +---+1/p), and the definition of Az condition, we obtain

AN

N

II S Z f Um 1/p H ||f1X2k+lBHLPZ Wz)
2k+1 B w

For I, we just consider this case: ao; = oo for ¢« = 1,...,l and a; = 0 for
j=1l+1,....m

‘T(floo""7flooﬁflqi-1>"'7fo)( )‘

_ ‘/ / f1 yl fm(ym) dij
®m28) Jepym-1 (e 1|$—yz|)mn

®2p) Jepm-t (D i ’33 — yil)mn

S H / | fi(yi !dyzz |2k+1B’mH/2 | fi(yi)|dy

k k
i=l+1 +1B\2FB

N IEYERE=1 i(Yi)|dyi,
S Z l2k+lBimH L 1ty
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In view of (3.1) and the definition of A; condition, we have

ITS Z f U )1/p H ||sz2k+1B||Lpl (wi)
2k+1p Yw

=1

Combining all the cases together, we obtain

T f(a ‘/ K(z,yi, - ym) fr(yn) - - frn(ym)dy
(QB

+Z !

= (oreip )

Taking LP(vz) norm on the ball B(y,r) in both sides of (3.2), by (1.1), we get

H £ Xt || 27 () (3.2)

m

T xpum e S T Ifixeeenllw)

i=1

= (Jrua)?
S il 03
i1

Multiplying both sides of (3.3) by vz(B)/*~1/4=1/P by Lemma 2.1 and (2.1), we
obtain
w(B)l/a-l/q-l/panxB o)

(2k+lB)1/a 1/q—1/p ™
N Z onks(1/a—1/q) HHszB 2k+1p HLm (w;) - (3.4)

k=0

Since kz—o ST < 00, we obtain the expected result by (3.4).
(2) For A > 0, by (3.2) and (1.2), we get

m

Nos(a € Bly,r) : ITf(2)] > VY S T fixswen e

=1

00 'Uw 1 /p m
£y et Ur [Thsealinien
k=1

f2k+lB Uu} l/p

That is,
ITfxBun e S TT I fixswen e
+ —WH Ifixasllrw.  (3.5)

-1 f2k+1B ""

Multiplying both sides of (3.5) by vu—;(B)l/"‘_l/q_l/p, we conclude as in the case

(1).
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Proof of Theorem 1.3. 1t suffices to prove the theorem for Tg. For B = B(y,r),
r€B

() = Tfep)@) + Y (G@)Tf e f7 e o)

—T(fS .. 0 f57 o far) (@)
o ()T (fo o 32 22 = T2, 0 5, f20) ()
= [ +1II +1IT,

where aq, ..., a,, are not all equal to 0 or co at the same time. We first deal with
I1I'. By estimate of I1] in Theorem 1.2 and |b;(y;) — bg| < [bj(y;) — byrs1p| +
[bovir s — b,

[IIT] < |(bi() = b)T(fi% o [ £
HT, o (b = be) 7% S )(®@)]
< |(bi(x) = ba)l > —l/p H 1 fixzes1 ]| o

k=1 f2k+1va

|b2k+lB bB|

o0
" mnnﬁanm
k=1 2k+1R w

+Z ‘2k+1B|m /2k+13 H | fi(yi) £ y])( i(y;) — b2k+1B)|dy

J#Z

There exists an s > 1 such that & € Ay, by Lemma 2.2. Then characterization
Agz/s and (2.2) yield

o0 1 m -
; 2R BT /(2k+13)mj11 | fi(wi) £ () (0 (y;) — bawsrp) |dy

J#i

00 m 1/s
o\ 11
ToktlRlm/s fi(yi)|*dy;
; |2k+1B|m/s (31:_{ okt15 ’ ( )|
i

1/s
3 ( [ 1500 = b)) dyj)
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> 1 m 1/pi
S e 1 rfi<yi>|m<yi>dyi)
k=1 ’2k+1B|m/S j:L </2‘k+1B

J#i

(pi—s)/pis
(/ wi(y;) /@iy dyz>
2k+1R

1/s
x (/ 1(y;) — b2k+1B|pj8/(pj_S)Wi(yj)_s/(pj_s)dyj)
2k+1pB

(/2k+ |fj(yj)|pjwj(yj)dyj>l/pj

S b HBMOZ - 1/pl_[Hfz or+1 | LPi (wy)- (3.6)

k=1 2k+1B

So we have
oo

[IT] < !(bj(x)—bB)|Z T
k=1 2k+1va

)i/p H | fix a1l 7i (wr)

 [barip — ba| T

+ [ fixar+1 Bl i )
k=1 f2k+lB v3) UpH (
+[/b; ||BMOZ 7 H [ fixor+18 17 (w,) -
f2k+lB w
For II', we just consider this case: a; = oo for i = 1,...,1 and a; = 0 for
g =101+1,...,m. There are two cases:

bj(x)T(flooa"'7fj907"'7flooaflq|-17"'7f1[7)1)_T(flooa"'7bjfjc'>o>'"afloo>f£§-1>"'af7%)(x)
or
bi(z)T(fr°, .. .,floo,fﬁrl, e ,fj(.),...,fm) —T(f, ... ,floo,fﬁrl, e ,bjf;),...,fgl)(x).
We just consider the following case, the other case completely analogous.
|bj($)T(ffoa"'7f]907'-'7flooaflq|-17"'7f1?1)_
T(ffow"7bjf](‘>o7'"7floo7fl(3|-17"'7fr%)(x)|
S |(bj(w)_bB)T(ffoa-"af;Oa'--7flooafl(3|—1?"-7f79n)|
+|T(floo7"'=<bj_bB) 'Oo c flooaflo+17'- fo)( )|

Ty L esslinc

IN

(b () = b))

k=1 f2k+1B Uw

H [ fixae+1 Bl pi(wr)

+i |b2k+lB bB|
k=1 (Jorsrpva) "7

| E yz‘)|dyi/ )

S i) — bor+1) |dy.

+ ; ’2k+lB|m (2k+1B)m H |f Yi fj yj)( (yj) k+ B)’ Y
J#@
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The estimate for

S Z l+1 f23|fz Yi Idyz/ B
; ‘Qk—i—lB’m (215 H ’fz Yi fj y])( (yj) b2k+13)’dy

J#%
is similar to (3.6). We get

1 1 d 1
ZHZ I+1 sz’f Yi)|dy; /2k+lB H|fl (i) £5( y])( nen) —b2k+13)|dy

|2k+1 B|m

J#Z

oo 1 m
= [ok+1g(m i(Yi)|dy; bi(1y;) — bk .
= ; ‘2k+1B‘m jlz_{/zkHB’f(yﬂ Y; X /2k+1B| ](y]) ok+ B|f(yj) Y

< by HBMOZ T 1/pH||fx2k+1B||m @ (3.7)
2k+1B w

so we have

TH @] < (T Fres) @)

+[(bj(x) — bs)]

[e.9]

Z —1/p H ||fX2k+1B||LPz (wi)

H I fixars1 5 L (o)

= Jbyens — b 7

+Z Uw 1/p

= (erip

oY= ety T weslines: 63

Take LP(vz) norm on the ball B(y,r) in both sides of (3.8). By (1.3), (2.2), (2.3),

we have

HTZ’)]‘(f) B(y,r) ||LP vz)

m

< Ibsllsaco [T Ifixaeen e
i=1
S)e

(k+1)([,v
+1/b; HBMoZ B 1/p H||fz><2k+1BHm<wl (3.9)

ok+1p U

Multiplying both sides of (3.9) by vg(B)/*~1/4=1/P by Lemma 2.1 and (2.1), we
obtain

U(D(B>1/a_1/q_l/p HTEJ‘ (f)XB(y,r) ||Lp(v@)

= (k + Db llaro ety T
S Y oty va(2 B T fixae gl

k=0 i=1

the conclusion following easily as in the proof of Theorem 1.2.
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Proof of Theorem 1.6. Let B = B(y,r) be a ball of R". For = € B(y,r), we get

Zoaf(@)] < Zoalfls )@+ D Taalfi. .. fim)(@)]

+|Iﬂ,a<fi>o> .- 7f$:)($)|
= U+ V+W,

where aq, ..., a,, are not all equal to 0 or co at the same time. We first estimate
W. An application of the Holder inequality gives us that

m

1
e TL 0 — )i ws)ld7
Z |2k+1[m—a/n /(ngB)m‘ (@ — i) fi(ya)|dy

=1
Ls(Sn 1))

< Z; ’2k+1B’m/S —a/ <H ||Q

8

x ( /@w)m H |f<yi>|8’dy*> . (3.10)

Let &= &° . By the Holder inequality and the definition of Ay /sy, We obtain

1/s
Uz(?/l) (yz)dy>

2k+1B

y 1(t:s") Ly ()
( [ Fiwo)|= Z(yz-)dyz') (/ v; l(yi)dyi)
1 ok+1p 2k+1pB

N
’,:]s

.
Il

’2k+lB’1/q+m/sl—1/p

A
::]s

(3.11)

2k+1B

1/ps
|fz Yi Wz(yz)|pldyz) )
(foerr (T wi))

i=1

where t; = p;/s . So we have

< S T g i)y
k=1 (f2k+1B I[2, wi )q) e
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For V, we also just consider the case: a; = oo for ¢ = 1,...,l and a; = 0 for
J=1l+1,....m

Zaalfi® - £ 7fz+17~ ) (@)
_ ’/ Q1(yi) e Q) L) - fin(Ym) dii
n)IN (2B)! 2B O Jx — y|)mn—e

S o d
< [Rn) IN(2B)! /(QB)mz (Zz L |13 _ y¢|)m”—a Y

S H / 1Qyi) fi(yi)|dy; x Z |2k+1B|m kL R m—a/n H/2 Qi) fi(y:) | dy;

i1 k+lB\2kB

’S Z ’2k+lB|m a/n H/ yz fl yz)|dy’

By (3.10) and (3.11) we get

oo (2, 150, 200 s [2) ()]
Hz 1 (f2k+1B | fi(yi)wi(vi) Pidyl)l/pi
Z (foprr p(IT wi >q)1/q

Combining all the cases together, we have

I iy Qi —yi) fiyi)
Tooflo)l 5 | Haflezwiu,
@By (il |7 = yil)
s ) |Pidy; 1/pi
+Z Hz 1 f2k+13|f ( )1/qy> (3.12)
(Jorsrp( H wi)?)
Taking L4 (H w?) norm on the ball B(y,r) in both sides of (3.12), by (1.4) we
i=1
get
1Zo.0 /X5y

Lq(‘l:jll wl)

m
S H ||fiXB(y,2T)||LPi(wfi)
i=1

., Z [T s L)) dy) ™ (o (T )

= (3.13)
(f2k+lB Hmlwi)q) /
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Multiplying both sides of (3.13) by (H wf) (B)Y/8=1/a=1/7 by Lemma 2.4 and
i=1
(2.1) we obtain

( H w;]) (B)I/B—l/q—l/')’||IQ,anB(y,’r) ||L‘1( 1’1‘[ w7
=1 =

- 1 o k+1 1/6—1/q—1
< Zm(ﬂw;’)(z*B) =81 ool
k=1 =1

the conclusion following easily as in proof of Theorem 1.2.
Proof of Theorem 1.8. Following analogous reasoning as in previous proofs, it
suffices to estimate Z; . For B = B(y,r) and € B

=

7 (N@) = T (Fos)@)
+ Y ((bmza( PO RN o

ST b (@)
+b]<x)T<floovv ](')o)"'vfr(izo) _Ia(ffo?"‘7bjfg<?oa"'afr%o)<x)

_ U/ + V/ + W/’
where aq, ..., a,, are not all equal to 0 or co at the same time. We first deal with
w'.

W< 1(bi(@) = bp)Talf7%5 o S S0
+|I (floow"v(bj_bB) foayfﬁf)(xﬂ
1 m
< —bp | Z 1/q H ||fiX2k+1B||LPi(wfi)
i=1

f2k+lB I[Z, Wi)q)
(o]

|b2k+1B - bBl i
+Z ™ H HfiXZkJrlBHLm(w,pi)
k=1 (f2k+1B Hz 1”’)q)l/q i=1 '

+ZW/WB H\fz vi) £3(07) (b () — borer) |7

J#Z

By the Holder inequality, the A/sq/s) condition and (2.2) we have

) 1 )
Z ‘2k+lB|m—a/n /(2k+1B H ’fl Yi fj y])( (yj) - b2k+1B)’dy
k=1

J#%
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%) m 1/s
1
S | | (i) dys
Z |2k+lB|m/s—a/n ( J Lk+1B |f (y )’ y)
k=1 J;l,
i

1/s
X (/2k+13 (b (y;) — b2k+1B)fj(yj)|3dyj)

1 m
1;1[ a0 Z ™ 1/q H \|fz’X2k+1B||Lm(wfi)-
f2k+1B Hi:l wi)q> i=1

IA

So we have

, - 1 -
W < —bp |Z ™ 1/q H||fiX2k+1B||Lm(w§’i)
k=1 f2k+lB<Hi 1W')q) '
e ‘b2k+1B
i3 2 T aloncrs
k=1 (f2k+1B [TZ 1w> )
1
+1b; HBMOZ ™ 1/q H ||fz‘X2k+1B||Lm(wfi)-
f2k+1B IT:4 Wi)q) i=1
For W', we just consider this case: a; = oo for i = 1,...,1 and a; = 0 for
J=1+1,...,m. But there exist two cases

bj(0)La(fi°s - f77, - S s )
—Ia(ffo,...,bjf;’o,...,floo,fﬁrl,...,fgl)(x)

or

bj () Za (705 [ o fY s fon)
_:Z.Ol(ffo?‘ . 'Jfloo7flo+17‘ o ijfj(')w . ,f&)(.ﬁ)

We just consider
|bj(x):[a(ffo7"'7f](‘>o7‘"7floovflg-17"'7f79z)_
Ioa(ffoa'"7bjfj(’)oa"'7floo’flqi—1""7f7?1)(x)’
< |(bj(‘r)_bB>Ia(ffov”'7 J(')ov“'vfloovfl()+17"'7fron>|
+|I (ffov"w(bj_bB)ffoa~--7floovfl?|—17'-'af7?1)(x)|

1 m
~bp IZ — TT 1 oxaess8ll o ory
f2k+1B [T Wi)q)l/q i=1

|b2k+1B - bB| e
+Z m 7\ 1/ H “fiX2k+lB|‘Lpi(wfi)
k=1 (f2k+1B(Hi:1 Wz‘) ) i=1

- H?il—f—l f2B|fi<yi)|dyi 5
P 1_1 0 1 05) (65 (35) — o)
j?’fi

VAN
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The other case is completely analogous. The last term is similar to (3.7), we get

- HZZ f | fi(yi)ldy; .
Z ‘l;lgl+12§‘m—a/n /2k+1B)m H |fz Yi fj y])( (yj) - ka+1B)|dy

k=1
J#@

o 1 m

< 19k+1 B m—a/n i(yi)|dy; bi(y;) —b N

< > e 1L [, 1900 [ o) = bl
i

1 m
< |Ibjllsmo Z o T L1 Xl e,
f2k+1B ) ) =1
so we have
IIg,a(f)(I)! < lfg,a(wa)(x)\

o 1 m
+( — b ’Z m H ||fz‘X2’v+1B”Lm(wPi)
=1 f2k+1B Hi:l Wi)q) Va i=1 '

+Z m H HfiX?’““BHLm(w?i)
k=1 (f2k+1B [T:Z 1Wi)q)1/q i=1 :

1 m
+wbHBMo§j ———- [ ool o
f2k+lB Hi:1 Wz’)q) i=1

(3.14)

3

Take L1 (H w{ ] norm on the ball B(y,r) in both sides of (3.14). And using
1=1

Lemma 2.4, (2.2), (2.3) and (1.5), we have
I1Z; (f)(l’)!l

16| a0 H 1fiXBy.2r [l L7i @)
i=1
N\N1/g ™
z Wi )
+Hb HBMO Z 7711 ) 1/q H HfiX2k+1BHLpi(wfi)‘ (315)
fzkHB [T:Z 1Wi)q) i=1

Multiplying both sides of (3.15) by ( I1 w?) (B)Y/B=1/4=1/7 we obtain

—

va(B)PVNTL (F)xsanll,

(_ﬁw
= (k+ D))bs] Baro {1
kz% /AT H 2k+1B 1/8-1/q— 1/7H1||fZXBy2k+1 ||LPz "

This completes the proof.
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