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In this paper, we explore a nonlocal inviscid Burgers’ equation. Fixing a param-
eter &1, we prove existence and uniqueness of the local solution of the equation
u; + (u(x + h,t) L u(x —h, z))ux = 0 with given periodic initial condition
u(x,0) = uo(x). We also explore the blow-up properties of the solutions to
this Cauchy problem, and show that there exist initial data that lead to finite-
time-blow-up solutions and others to globally regular solutions. This contrasts
with the classical inviscid Burgers’ equation, for which all nonconstant smooth
periodic initial data lead to finite-time blow-up. Finally, we present results of
simulations to illustrate our findings.

1. Introduction

Burgers’ equation is a common equation that arises naturally in the study of fluid
mechanics, traffic, and other fields. It is a relatively simple partial differential
equation that has been extensively studied. In finite time, solutions to the inviscid
Burgers’ equation are known to develop shock waves and rarefactions for smooth
initial data. It also serves as a basic example of conservation laws. Many differ-
ent closed forms, series approximations, and numerical solutions are known for
particular sets of boundary conditions.
The more general form of dissipative Burgers’ equation is

%—L;—i-u-Vu:yAu, (1-1)

where u(x, t) represents the velocity at point (x,7) € R x R, y € R, and the
term on the right-hand side is the viscosity term which induces diffusion properties.
For the inviscid one-dimensional case, Burgers’ equation reduces to

ou ou
§+u-§_o. (1-2)
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The equation that we will be studying is
du du .
E(x,z)Jr(u(x+h,z)iu(x—h,z))$(x,z)_o, (1-3)

with 4 > 0. As we can see in the equation, which is a generalized form of the usual
one-dimensional Burgers’ equation, it includes nonlocal factors. Unlike the local
Burgers’ equation, analytical solutions are extremely hard to discover for this kind
of nonlocal equation. Also, the existence of solutions cannot be easily derived from
the method of characteristics. If we look at the characteristics, which are defined by
dx/dt =u(x + h,t) X u(x —h,t), they are hard to analyze due to the nonlocality.

In Section 2, we prove the following two theorems, illustrating respectively
the existence and uniqueness of classical local solutions for periodic initial data
u(x,0) = ug(x). First we introduce the norm which in the following part of the
paper will facilitate our proof

Define the Sobolev norm as follows:

Definition 1.1 (Sobolev norm). Let u(x,¢) € C®°(T) for some m € Z*. Then the
Sobolev norm is defined as

L

||u(J)H%m([o’l‘]):/u(x,t)((—axx)mu(x,t))dx
0

L
=/|8;”u(x,t)|2dx.
0

Remark 1.2. Without loss of generality we can assume that the functions defined
on torus have period L. The Sobolev space H™ ([0, L]) is the closure of C°°([0, L])
with respect to this norm. Observe that we will work with what is usually called
the homogeneous Sobolev space H™.

Theorem 1.3 (local existence). Suppose ug € C°°(T). Then there exists a classical
local solution u(x,t) to (2-1) for 0 <t < T (ug) for some T (ugy) > 0.

Theorem 1.4 (uniqueness). The solution u(x,t) to (2-1) which is in C1 ([0, T], H”)
for large enough r is unique.

We resort to functional analysis skills in Sobolev spaces. Basically, we use
the original equation to generate a recursive sequence of functions and prove
that in appropriately chosen Sobolev spaces, the sequence admits a unique limit
that converges to a classical local solution, which turns out to be regular by the
topological structure of the Sobolev spaces. In Section 3 we look at blow-up and
non-blow-up of solutions in finite time, presenting examples of both cases and
contrasting with the local Burgers’ equation. Interestingly, owing to the nonlocality
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factors introduced, the blow-up behaviors of (1-3) vary greatly from the local
Burgers’ equation (1-2). Finally, we use graphics to show simulations run on our
equation in Section 4 to illustrate our results.

2. Existence and uniqueness of solution

Let us now consider the following nonlocal variation of Burgers’ equation:
ut+(u(x+h,t)iu(x—h,t))ux =0. 2-1)

We will prove Theorem 1.3 by justifying Proposition 2.2 and Lemma 2.7 below.
To do this, we construct a sequence of functions u,(x, ¢) and show that u, (x, t)
will be uniformly bounded in C([0, T'], H™) with large m, while du, /dt are also
uniformly controlled. Thus, by a well-known compactness criterion, there exists a
limit which we show solves the equation.

Remark 2.1. Throughout the rest of the paper, we will denote any universal constant
by C, which does not depend on u(x, ¢) and may vary from line to line.

Proposition 2.2. Define a recursive sequence of functions {un} as
Otup + Luy_1 0xtty =0,  up(x,0) =ug(x) € C°(T), (2-2)

where u, = un(x,t) forn > 1, Luy = up(x + h,t) £ uy(x — h,t) is a short-
hand notation, and ug(x,t) = ug(x) is smooth. Then for all sufficiently large
m € ZT, there exists T (||lug| gm) such that |juy(-, Hecqo,r1,Hm) < C1(T) and
dun/dtllco,r1,mm—1) < C2(T) for all 0 <t < T. Moreover, there exists a subse-
quence nj such that uy; (x,t) converges to u(x,t) in C([0,T], H") for any r < m.

Remark 2.3. We should notice that (2-2) has unique solution in C°°(T) for every n.
To see this we apply an inductive argument to the method of characteristics. Since
ug € C°(T), we inductively assume that u,_; € C°(T). In this case, denote
Luy—1 by fr(x,t). The characteristics system is

dt - .
E(r,s)_ 1, t(s,0) =0,

Z—)}f(r,s) = fu(x.1), x(s5,0)=s,

L r.5)=0, 2(5,0) = uo(s).

Solving the first we have ¢ = r. Thus the second is nothing but dx /dr = f5(x, r).
But f3(x,r) is smooth, which implies by ODE theory that we have a solution
x = gp(r,s), where g, is implicit and again smooth. Then the implicit function
theorem suggests that we can write s = kp(x,r) = kp(x,?). Solving the third,
we get u, = ug(s) = ug(kp(x,t)). By the smoothness of both ug and kj, the
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smoothness of u, is obtained. The uniqueness of each u, is guaranteed by the
method of characteristics. For more details about the method of characteristics, see
[Evans 1998]. Next, since ¢ has period L, an inductive argument will also show
that u, has period L for all n.

Then we move on to prove Proposition 2.2; notice that the above remark will
justify the integration by parts in the following proof.

Proof. Let us multiply (2-2) by Bimu n and integrate with respect to x from 0 to L:

/a,u,, Bimun dx = —/ Bimun Luty—1 Oxuty dx.

We can then integrate by parts m times and pull out the partial derivative with
respect to time from the left-hand side:

L

d

a”u,,(.,z)”]zqm = —/8imun Luy_1 0xupdx < ‘/ 8)2€mun Lupy_q 0xupydx|.
0

Integrating by parts m times on the right-hand side and noting that all of the
boundary terms vanish due to periodicity, we get

d
D lun(. ) g = / 2 (Lt D) d

A

m
Z a’ (Litp—1) 3"y 8wy dx

[%
S0

( '/a (Citp_ )™ My dx|. (23)

=0

Lemma 2.4. Forall0 <! <mandm > 3/2,

‘ [ Cun st B 3] =l

Proof. For the [ = 0 case, we can reduce this to the / = 1 case using integration
by parts:

L
‘/Eun_18?+lun updx| =

L
c‘/ Ox (Ltn—1) (0" up)* dx|.
0
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When [ = 1, it is not hard to see that

L L
‘ / O (Citny) @) | < 105 (Ctn_y) oo - ‘ / (0 10)? d
0 0

< 19x (Litnr) | 0w - / 132 dx

= [0 (Cttn—1) |22 - lttn [ 3gm-
Applying the Sobolev embedding theorem, we have that for m > 3/2,
[0x (Lrtp—1) [ Loo = Cllox(Lttn—1)l| -1 = C || Lrtp—1 || Frm,
| Lup—1llam = llun—1(x +h, 1) £up—1(x —h, )| gm
=2 up—1llam.

We can conclude

< C|lup—tlzgm - lunlggm form > 3.

L
' [ o ttun ) @un? ax
0

In general, by Holder’s inequality, terms on the right-hand side of (2-3), for [ # 1,
are estimated by

' / 0 (Lun—1) 07" uy 07wy dx

/ —I+1
= ”ax(ﬁun_l)”l,z(lm—_ll) ' ”8;" + un”Lﬂ’Zl_—ll) : ||8;nun||L2 (2_4)

Recall that Gagliardo—Nirenberg inequality (see, e.g., [Doering and Gibbon 1995])
has the form
195, f Nl p2mss < ClLA LS ™I £ I50m forall 1 <s <m. (2-5)

Now by applying (2-5) and the Sobolev embedding theorem, we can conclude the
following two facts:

41
10%

un”LZ(rZ?—_ll) = 1107~ (3xun)| L 2=

—I —I
< C - [|ttnll o et IIB'”unII’" '
—l m—I

< C ”8x“n||Hm 1 ||ax“n||Hm 1
- C . ”axun”Hm—l
=C - |unllgm, (2-6)
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3% (Lm0l 2 = 135" @ (Latn-1) | 20

li

1— = ,ﬁq_fl
< C-[[0x(Lun—) | po"" - 10% (Lun—0Il75"

1—1=L =1
< C 105 (Lt )| 5T - 197 (Lm0

= C - |0x(Lun—1) || rm—1

=C - Lup—1llam

< C-llup—1llam. (2-7)
Plugging (2-6) and (2-7) into (2-4), we get

L
‘ [ 0L Lttty 9t | < Cllits Lz - it 2y
0

with constant C which depends only on m. So we have proved the lemma. O

Now let
fo(t) = fu(0) = [luollFym-

Notice that
lun(-, O)m = lluoll Frm.

Now we define f;(¢) inductively by
Ja@) = Cm)y fa—1 () fu (D). (2-8)

where C(m) is a constant depending only on m from proof above.
Observe that fj(z) > fo(z) > 0 for all # > 0 since the right-hand side of (2-8) is
always positive. Then inductively, we can obtain that f,(z) > f,—(¢) for all > 0.
Also, given

d
3 1n GO = CO)llttns GOl - Nun - O zgm-

it follows that

Ja(@) = Nun (- ) 3m-

Thus
S1(@) = Cm) fue1 (1) fu(0) < Cm) £212(0).
Because f,(t) # 0, we can divide by f,,3/2(t) to get
(@) < C(m).

20
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We can then integrate from O to ¢, giving

t

dsS/C(m)dl,

0

£1(s)
S22 (s)

217 12(0) + 2ol grm) V2 < C(mt,

1
—C(m)t)2

S0 = ——
lloll grm

If welet T := (C(Wl)\/”u()”Hm)_l, we can conclude that for any 0 <¢ < T,
{ fx(¢)} will be uniformly bounded by some constant C;(7"). But we know that
Su(®) = lun(-, 1) || 3ym. Therefore

sup un(-, Ol amm) < Ci(T).
t€[0,T]

Since u,, satisfies (2-2), and H® in dimension one is an algebra for every s > 1/2,
this bound also implies

[0rtun (-, )| gm—1[0,27 = C2(T),

if m > 3/2. Now standard arguments (see, e.g., [Majda and Bertozzi 2002]) yield
existence of a subsequence u,; converging to a function u(x,7) in L*([0, T'], H")
for any r < m. Namely, recall the following compactness criterion.

Proposition 2.5. Define a Banach space
Y ={ve L*([0,T], H™), d;ve L* ([0, T], H*)},
where s <m, and 1 < ag,; < 00. Define the norm on the space Y by
[vlly = llvllLeo o,71,5m) + [19c vl Lot (o, 11, H)-
Then Y imbeds compactly into any L*°([0, T'], H") with r < s.

Remark 2.6. This criterion can be found, for example, in [Temam 1977, page 184]
(see also [Constantin and Foias 1988]).

It follows that for any r < m, we can find u,; converging to some u strongly in
L°°([0,T], H"). This concludes the proof of Proposition 2.2. O

Lemma 2.7. The function u(x,t) from Proposition 2.2 is a classical solution of
(2-1) and belongs to C([0, T], H") for any r < m.

Remark 2.8. Since so far u has been defined only up to sets of measure zero in
time, what we mean is that it can be fixed, if necessary, on a set of times of measure
zero so that the claim of the lemma holds.
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Proof. Pick m large enough; m > 7/2 is sufficient for the argument below to work.
Fix any 5/2 <[ < m. We have the recursive formula for u, in (2-2) and we proved
in Proposition 2.2 that a subsequence u,; (which we will for simplicity denote u)
converges to u in L°°([0, T, H"). Take some s such that / —1 > s > 3/2. We have

| Luun—1 Oxtun—Ludxuu|| s || (Lup—1—Lu)dxuin || s+ Lu(Oxtn—03xu) | s
SN Cup—y—Lullgs 10xunl s+ Lot || s | 0xttn—0x1e || s
=Cllup—1—unllms |0xunl ms+Cll Lull s |un—ul grs+1-
By our choice of / and s, we have
lttn—1 — tun|| gs — 0 uniformly in ¢ € [0, T'] as n — oo,

ltn —ull grs+1 — O uniformly in 7 € [0, T'] as n — 0.
Thus

|Lup—1 Oxtiyy — Lu Oxul| s — O uniformly in z € [0, T'] as n — oo.

Now, integrating (2-2) from 0 to ¢, we have
t t
Up(x,1) = uy(x,0) —/Eun_l Oxupds = ug(x) — / Luy_1 0xupds.  (2-9)
0 0

Note that by our choice of / and s the H I_or H* -convergence implies pointwise
convergence, SO U, —> u, Luy—1 0xlty, — Lu dxu pointwise for almost every .
Then from (2-9), as proved in Proposition 2.2, we conclude that for almost every ¢,

t
u(x,t) =up(x)— / Lu dxuds.
0

This means that u(x, ¢) is Lipschitz in time with values in H® (up to fixing it on
a measure-zero set of times). We also have that u € L°°([0, T], H™) since the
approximating sequence satisfies uniform bound in this space. But then for every
s < r <m, we have

r—s m—r

lu(- ) —u )l < lule ) —ule o)l lu(e ) —u(- )| 57

and so we obtain that u € C([0, T'], H"). O

We have therefore proved that there exists a solution to our equation, (2-1).
We now prove uniqueness by considering two different solutions of our equation,
0(x,t) and ¢(x,t), and showing that their difference w(x,?) = 0(x,t) —p(x,¢) is
zero for all ¢ and Xx.

Next, we prove that the classical solution is also unique, which is indicated in
Theorem 1.4.
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Proof. Let 6 and ¢ be solutions to (2-1) with initial data u(x, 0) = ug(x). Then
0 +L£O60x =0, (2-10)
¢r + Loy = 0. (2-11)

Let w = 6 — ¢. Subtracting (2-11) from (2-10), we get

drw = —(LO0x — Lo px)
=—(LOOx —Lo@x) + LOOx — LO@x = —LOWx — LW Q.
We multiply by (—1)" 32" w, integrate from 0 to L, and integrate the left-hand side
by parts r times, giving
L L L
% /(a;w)2 dx = (—1)"+! / 827w £6 dxw dx + (—1)7+! / 8% w Lw g dx,
0

0 0
SO

. (2-12)

L L
%HwII%p < ‘/8§’w£98xwdx +‘/8irw£w8x¢dx
0 0

I I

Integrating I, by parts r times gives

L
.
<SS (" | oL(coya ="+ omwdx
2(1) x( ) x X
0

=0

L
‘/ 92w £ dxw dx
0

Again, when / = 0, we can reduce this to the / = 1 case using integration by parts.
When !/ =1,

L L
I = ‘/a;(ce)a;—l“wa;wdx = /ax(ﬁe) " w % w dx
0 0
L
= / dx (£6)(3"w)? dx
0

L
< 10 (LO) oo - / 9% w|2 dx
0

< C-19x(£0) [ Loo - [lwl 7

2
=C-0lar-lwlg:
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ifr—1>1/2. When! # 1,

—[+1
< 10O 2= 10T F w0 2e—ny 105wl 2

L
11:'/8;(50)8;_1“10 dL wdx
0

2
<Cl0lar-llwllg-

as before. We can therefore conclude that

L
n=| [ eoaa| <clot put
0

The same process can be done to I, to determine a bound for the integral, giving
the result

L
I, = '/8i’w Lwixpdx| <Clle|gr- ||w||%1"
0

Thus, (2-12) becomes
d
alliﬂllfqr <Cl0llar-llwlzr + Cllelar - lwllF

= lwliz (Cl8lar +Cllelar).

Then by Gronwall’s inequality, we have

t
lw(-. Ol < llw(-.0)[[ar exp (/(C||9("S)||H’ +C||‘P("S)||H’)ds),
0

but [|w(-,0)||gr = 0 because 8 and ¢ are solutions to the same Cauchy problem.
Therefore, the difference w = 6 — ¢ is zero a.e. Since 0 and ¢ are sufficiently
smooth, they must be equal everywhere. O

3. Blow-up and non-blow-up properties

Let us consider the following two subcases of equation (2-1), where they both have
initial data u((x) of period L:

ut+(u(x+h,t)+u(x—h,t))ux =0, 3-1)
ur + (u(x +h,t) —u(x —h,t))ux = 0. (3-2)

Remark 3.1. Let us introduce the following notation: denote uh(x, t) to be the
solution of an equation with spatial shift . Looking at (3-2), it can be shown using
symmetry and uniqueness that if the smooth initial condition u(x) is even, the
solution, while it remains smooth, will stay even in x. Also, uh(x, 1) = ul—h (x,1)
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for all periodic initial data. Now consider (3-1). If u¢(x) is odd, the solution will
stay odd in x. Also, ul(x,1) = uL="(x, 1) will hold for all even initial data u¢(x).

These facts are deduced from the existence and uniqueness of solutions, defini-
tions of evenness and oddness, and periodicity applied to our equation.
We now state the existence of solutions that blow up in finite time.

Theorem 3.2 (Existence of blow-up). There exists initial data uy € C°°(R) such
that the solution u(x,t) to (2-1) blows up in finite time.

We prove this result in Section 3. We first derive some properties of the solution.

Lemma 3.3. Suppose u(x,t) is a periodic solution of (2-1) with period L = 2h.
Let u(0,0) = u(h,0) =0; then u(0,t) = u(h,t) =0, forallt > 0.

We can prove this by considering both the plus and minus cases as follows:

Proof. Let us first consider the plus sign case, (3-1). Plugging x = 0, / into to the
recursive formula (2-2) for the plus case, we get

Arun(0,1) = —2up—1(h, 1)dxun(0,1),
etin(h, 1) = —2un_1(0,1)dxtun(h, ).

Since u(0,0) = ug(0) = u(h,0) = ug(h) = 0, we easily see that d;u1(0,¢) =
druq(h,t) = 0; therefore u is constant at x = 0, 4. But u1(0,0) = ug(0) =0
and u1(h,0) = ug(h) =0, so we have u1(0,¢) = uy(h,t) = 0. Then, inductively,
assume uy—1(0,¢) = uy—1(h,t) = 0. Then, 0;u,(0,t) = dsun(h,t) = 0 so they
are both constant. By the same reasoning, u, (0, 0) = u, (%, 0) = 0; therefore they
are identically zero for all time. But our solution is just the limit of a subsequence
of up, sou(0,t) =u(h,t)=0

Now let us consider the minus sign case, (3-2). Plugging x = 0 into (3-2), we get

ut(o’ Z) = (u(h7t) _u(h’ Z))“x(oa t) = 07

because u(—h,t) = u(h,t) due to the period L = 2h. So u(0,¢) = C, independent
of time. Therefore, if we choose ©(0,0) = 0, then #(0,¢) = 0 for all # > 0. The
same may be done at u (%, 0) to show that if u(%,0) = 0, then u(h,t) = 0. O

Corollary 3.4. Suppose ug(x) € C*®(R) has period L = kh for some k € 7 and
ug(mh) =0 for all 0 <m =< k. Then the solution to (2-1) satisfies u(mh,t) = 0 for
allt >0and 0 <m < k.

The proof is similar to that from Lemma 3.3 extended for more general integers.
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Blow-up. Now we investigate the cases where u((x) has period L = 2A and
ug(0) = ug(h) = 0, and derive the possibility of blow-up.

Lemma 3.5. Consider the equation u; + (u(x + h,t) +u(x —h,t))ux =0 with
u(x,0) = ug(x) € C*®(R), period L = 2h, and ug(0) = ug(h) = 0. Assume
ux(0,0) < 0and ux(h,0) < 0. Then the solution u(x,t) blows up in finite time.

Proof. Note that in Proposition 2.2, we proved that if the initial data u¢(x) has
period 2/, then u(x, ¢) will also have period L = 2h. Also, in this case, by (3-1),
u(0,1) =u(h,t) =0.
Differentiating the equation with respect to x gives
Upx(x,1) + (ux(x +h,t) +ux(x—h, t))ux(x, t)
+ (u(x+ht)+ulx—h,0))uxc(x,1) =0. (3-3)
Plug in x = 0, & respectively and define F;(t) = ux(0,7) and F,(¢) = ux(h,t).
Noting that the last terms in both cases vanish, we get
F{+2F F, =0, (3-4)
Fy+2F F, =0. (3-5)
It is easy to see that F{ — Fé = 0; thus F'; — F, = A, where A is a constant. Since
we assume F; = F,, we get that A = 0. Plugging this into (3-4) gives
F| +2F} =0.
The solution to this differential equation is
Fi(t)=———.
This blows up in finite time when

1 1
=— =— > 0.
2F;(0) 2ux(0,0)

We can argue similarly for (3-5) to show that F, also blows up in finite time under
the same conditions. O

Remark 3.6. For instance, we can take

1 3 3
u(x,0) =ug(x) =x(x—h)(x _2h)(_2h_2 + h—3x - 2h—4Xz)

for 0 < x < 2h. This satisfies our assumptions in Lemma 3.5 and thus the corre-
sponding solution blows up in finite time.
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Remark 3.7. There is an obvious case of blow-up for the plus sign equation when
the period L is just 4. Equation (3-1) reduces to
Uy +2u-uy =0.

This is the typical Burgers’ equation, which is known to blow up in finite time for
any nonconstant periodic initial condition u#(x) [McOwen 2003].

Lemma 3.8. Suppose uq has period L=6h and is even, and uo(kh)=0, uy(3kh)=0
forallk € 7. Assume ux(2h,0) <0, uy(h,0) > 0 and

Inuy (h,0) —In(—ux (24, 0))
Ux(h,0)+ux(2h,0)
Then the solution u(x,t) to the Cauchy problem,

> 0.

u; + (u(x +h,t)—u(x—h, t))ux =0,
u(x,0) =ug(x),
blows up in finite time.
Proof. By Lemma 3.3 and Corollary 3.4, we have u(kh,t) =0, for all k € Z and
u(x,t) is even if uy(x) is even. Differentiating the equation with respect to x gives
Upx (x,1) + (ux(x +h,t)—ux(x—h, t))ux(x, 1)
+ (u(x+h,t)—u(x —h,1))uxxc(x,1) = 0.
Observe that uy(3kh,t) = 0 for all time by an argument similar to proof of
Lemma 3.3. Plugging in x = &, 2/ gives
Fi()+ Fi(t) F2(1) =0,
Fi(1)— Fi (1) F2(1) =0,
where F1(t) = ux(h,t) and F5(t) = ux(2h,t). Solving this system of ordinary
differential equations gives
Fi(t) + F2(1) = F1(0) + F2(0) = 4,
Fi(t) = F{(1) = AF\(2)
for some constant 4. Thus

Fi(0) Aexp(AB)

- exp (AB) —exp (At)’

where
_ InFy(0) —In(—F5(0))

F1(0) + F»(0)

This blows up in finite time if F5(0) = ux(24,0) < 0, F1(0) = ux(h,0) > 0
and B > 0. O




80 SAM GOODCHILD AND HANG YANG

Remark 3.9. To give an example, take # = 4 /3. Then we can take

16(x —4)%(x +4)2x2(3x —8)(3x + 8)(3x +4)(3x — 4)
3375(112 4 153x2) )
This satisfies our assumptions in Lemma 3.8 and thus blows up in finite time. This

may not be a very nicely manufactured example, but our point is that functions
specified by Lemma 3.8 do exist.

u(x,0) =uo(x) =

Non-blow-up. We will now look for stationary solutions by taking specific initial
data to (3-2) and showing that it cannot blow up in finite time. Let u(x,t) =
sin(wxk/h), where h is fixed and k € Z. Noting that u; = 0 and u(x + h,1) —
u(x—h,t) =0 (by trigonometric identities), we have that u(x, 7) solves the equation
and never blows up.

Similarly, for (3-1), we will take u(x, ) =sin(wx (k—1)/ h), where / is fixed and
k € Z. Once again, noting that u; = 0 and u(x+h,t)+u(x—h,t) =0, we have that
u(x, 1) solves the equation. We also know that u(x,7) = sin(wx(k—%)/ /) never
blows up. So we have found stationary solutions for both equations (3-1) and (3-2)
that never blow up in finite time. So the nonlocal models are different from Burgers’
equation where any nonconstant solution blows up in finite time: there exists non-
trivial initial data for which solutions are globally regular for the nonlocal equation.

We can also construct a stationary solution to (3-2) by setting the period L to
be /. The nonlocal terms become u(x + h,t) = u(x — h,t) = u(x,t), so (3-2)
reduces to u; = 0. This is constant in time. Therefore u(x, ) = ug(x) for all ¢, so
given a smooth initial condition, u(x, ¢) will not blow up.

4. Simulations

In this section, we compare our model with the well-known “local” Burgers’ equa-
tion (1-2). We used Matlab v2013 to run all simulations, with a forward-in-time,
centered-in-space scheme. We illustrate many of the results of this paper in the
graphics we generate.

We first look at the “local” Burgers’ equation, (1-2). We know that this leads
to gradient catastrophe (i.e., blow-up in gradient) in finite time for all nonconstant
smooth initial data. We use u(x, 0) = sin(;wx) to generate Figure 1 (left).

As we can see, the slope of the graph in Figure 1 (left) at x = 0 blows up in
finite time. Now, considering our equation with the plus sign,

ur + (u(x + h,t) +u(x—h,l))ux =0,

notice that there is a translation parameter / in our equation which affects the
location of blow-up. As we can see in Figure 1 (right) with 4 = L /8, where L is
the period of the initial data, blow-up does not occur at the origin, and two peaks
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1

0.8

Figure 1. Local Burgers’ equation with 4 = 0 (left) and nonlocal
Burgers’ equation with & = L /8 (right).

12 14 16 1.8 2.0 0 0.2 0.4 0.6 0.8 1.0 12 14 1.6 18 2.0

X

Figure 2. Nonlocal Burgers’ equations with 2 = L /16 (left) and
h = L/32 (right).

Figure 3. Nonlocal Burgers’ equation minus case initial condition
(left) and in finite time (right).

form instead of the usual one. We then varied the value of 2 tobe L/16 and L/32
in Figure 2, which gives blow-up closer and closer to the origin.

Now we constructed initial data to fit Lemma 3.8 to get intuition on how it will
blow up at x = L /3, £21 /3 in the minus sign case. Figure 3 (left) shows the
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initial data for our equation
u; + (u(x +h,t)—u(x—h, t))ux =0.

Note how u(x,0) = 0 at x = kh, where period L = 6. Now in Figure 3 (right),
we see that at x = +L/3, £21 /3, vertical lines form, causing blow-up in slope.
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