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We give explicit multiplicities and formulas for multiplicities of the characters
appearing in the decomposition of the induced character Ind @ )lc, where o
is an n-cycle, Cg, (o) is the centralizer of o in S35, and 1¢ is the trivial character
on Cgs,, (0).

1. Introduction

Throughout this paper we work only over the complex numbers, dealing with CSj,
characters, where S, is the symmetric group on n elements. Let 0 € S;,. In a
natural way, by fixing n+1, ..., 2n, we can regard o as an element of S,, as well.
Let C := Cg,, (0) be the centralizer of o in S,,. Let ¥ be any linear character
of C. Hemmer [2011] showed that for m > n the induced character Indgm v
becomes representation stable for m = 2n. Therefore, these induced characters
arise naturally when studying braid group cohomology. (For more on representation
stability and braid group cohomology, see [Church and Farb 2010].) It was proposed
that in general the decomposition of the induced character Indgz” ¥ into irreducible
characters of S5, was an open problem.

However, the case when o = (1 2 --- n) was studied in [J6llenbeck and Schocker
2000; Kraskiewicz and Weyman 2001]. In this case, Cg, (0) = (o). Then the linear
characters of C are precisely the irreducible characters which are indexed by the
numbers k =0, 1,...,n—1 and take ¢ to ¢ Tt was shown that, for an irreducible
character x* of S, the multiplicity of x* in the decomposition of Ind Wk is equal
to the number of standard Young tableaux of shape A with major 1ndex congment to
k mod n. Once this is computed, one can use the Littlewood—Richardson rule or the
branching rule to induce the resulting characters up to S5,. So, in theory, the decom-
position of Indgz” Y 1s known; however, no explicit formula is available in general.
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In this paper we will deal with the case when o is an n-cycle of S, and Y = 1¢
(i.e., k = 0), the trivial character. We present a partial result toward an explicit
formula as well as a formula for the multiplicities of certain irreducible CS5,
characters appearing in the decomposition.

2. Preliminaries

Partitions and Young diagrams.

Definition 2.1. We say that A = (A1,...,A;) is a partition of n, written A F n, if
Ai > Ajy1 >0foreach A; € Zand Ay +---+ A, =n. We say each A; is a part of A.

Definition 2.2. Let A = (A, ..., A,) - n. The Young diagram, [A], of A is the set
A]=A{G. /) eNXN|j < A;}.
We say each (i, j) € [A] is a node of [A].

If A - n, we represent [A] by an array of boxes. As an example, consider the
partition A = (5, 3,2,2, 1) F 13. Then we visualize [A] as

L]

where the upper left box is defined to be the ordered pair (1, 1), the upper right is
(1,5), the lower left is (5, 1), just like the entries of a matrix.

We will often drop the bracket notation and use A and [A] interchangeably,
though it will be clear by context to which we are referring. If A; is a part of
A F n, then A/X; is the partition of n — A; formed by deleting A; from A. So
(5,3,2,2,1)/02 =(5,2,2,1). If b = (i, j) is a node in the Young diagram of A,
we will write b € A. Suppose u = (3,2, 1). Returning to our previous example, it
is easy to see that each node b € u is also a node of A. We will denote this in the
obvious way, i € A. With this idea in mind, we make a definition.

Definition 2.3. Let A and u be partitions such that u € A. Then the skew diagram
A/ is the set of nodes

E=Au=1ber|bdu.
In the case of our example, the skew diagram A/ would be this:

1]
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One important aspect of Young diagrams that will be of great important in this
paper are rim hooks.

Definition 2.4. For a skew diagram &, we say the unique node (iy, jo) such that
iop <i and jo > j for all (i, j) € & is the top node of .

Definition 2.5. A rim hook is a skew diagram & such that if (i, j) is not the top
node of & then either (i — 1, j) € £ or (i, j + 1) € &, but not both.

We will say a rim k-hook or simply a k-hook is a rim hook consisting of k& nodes.
We will say that a partition A has a k-hook if it is possible to remove a k-hook
from A and have the resulting diagram be the Young diagram of some partition A’.
To each rim hook £ is assigned the leg length of &.

Definition 2.6. Let £ be a rim hook. The leg length of £, denoted by lI(§), is

ll(§) = (the number of rows in £) — 1.

Once again returning to our example where A = (5, 3,2, 2, 1), we see that A has
three rim 4-hooks:

L] L] olefe]

In the first and third cases, the 4-hooks have leg length 2, while in the second
case the 4-hook has leg length 1. One can also see that A does not have any rim
5-hooks, since it is not possible to remove a 5-hook from A and have the resulting
diagram be the Young diagram of a partition.

Character theory of the symmetric group. The basics of representation and char-
acter theory will be assumed, and can be found in [James and Liebeck 2001]. It is
well known [Sagan 2001, 2.3.4, 2.4.4] that there is a one-to-one correspondence
between the set of partitions of # and the set of irreducible characters of .Sj. For
example, X(”) corresponds to the trivial character, X("_l’l) corresponds to the
number of fixed points minus one, and X(ln) corresponds to the sign character.
Also, the conjugacy classes of S, have a natural correspondence to the partitions
of n. If T € Sy, is of cycle type A, A - n, then we will denote the conjugacy class
of T by K. Let A, u - n. Suppose one wants to evaluate the character X)” on the
conjugacy class K,,, which we will denote by Xﬁ- The following theorem, known
as the Murnaghan—Nakayama rule, allows one to recursively compute Xfli
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Theorem 2.7 [Sagan 2001, 4.10.2]. Let u = (i1, ..., is) and assume |4, A = n.
Then
A ), A&
X = Z(_l) Xusur>
3

where the sum is taken over all rim hooks & of A containing (11 nodes.

Now, in a natural way, one can think of S,_; as a subgroup of S,,. Suppose x* is

the character of S, corresponding to A and x* is the character of S, _; corresponding
to ;. Then one can easily compute the restricted character X)" 1s,_, and the induced
character Indgz_1 x* using the branching rule.
Definition 2.8. Let A - n. We say an inner corner of [A] is a node (7, j) € [A]
such that [A] — {(, j)} is the Young diagram of some partition of # — 1. We denote
any such partition by A~. We say an outer corner is anode (i, j) € [A] such that
[AJU{(, j)} is the Young diagram of some partition of 7 4+ 1. We denote any such
partition by A ™.

Theorem 2.9 (branching rule [Sagan 2001, 2.8.3]). Let u-n—1, A = n. Then

p— Sn +
s, = Z X*~ and Indg" X" = Z .
A ut

As an example, suppose A = (3,3,2) and u = (5, 2). Using Theorem 2.9 we

calculate 132 g .
X(,’)\LS7:X(”)+X(”)?

Indgj KD = (62 (53 | 62D,

3. The decomposition of ¢

Some preliminary results. Recall that in the introduction we defined C := Cg,, (0),
with 0 = (1 2 --- n). One can compute that C = (o) x S, [Dummit and Foote
2004, 4.3]. Keeping this in mind we have the following notation:

Notation. For t € C, we will write t = (6%, 7) fork € Z and 7 € S,,.
Also, if A = (A1,...,A;) Fnthen

(n,A):=m,A1,....A,)F2n and (A, 1"):= (Aq,.... Ap, 1) 2n.

Notation. When evaluating any character x on the conjugacy class of S, corre-
sponding to (n, ) or (A, 1"), we will write x(,,) and x(,1n), respectively.
For the remainder of this paper, we will write ¢ = Indgzn l.

Proposition 3.1. Let n > 1. Let x®™ be the irreducible character of S,y corre-
sponding to the partition (2n). Then

(@, x®)s,, = 1.
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Proof. Using Frobenius reciprocity, we have

(@, x*)s,, = (1c, xX*lc)e

But since x2™ is the trivial character, x(*™) | c= 1¢, so we have

(¢7 X(zn)>52n =1 O

Proposition 3.2. Let n > 2. Let X(Z”_l’l) be the irreducible character of S»y
corresponding to 2n —1,1). Then

(@, Oy, =1.

Proof. First note that this character records the number points fixed by a permutation
and subtracts 1. Using Frobenius reciprocity, we expand the inner product as follows:

(6. X" ) gy, = (1. x®" PV e)e Zx(z” D). G-
! teC

By remarks made at the beginning of this section, the last term in (3-1) becomes

— Z D SR (CAE))

k=0meS,

When k =0, (6%, 7) = (1, 7) and (1, 7) fixes n + x@~1:D () + 1 points. When
k #0, (ok, 7) fixes =1 () + 1 points, giving

Z P S (CAFE)

"k=0meS,
_ ( D+ x"TP@) + -1 Y X("—I’U(n))

!
nn: weS, wesS,
1 _ —
:ﬁ( DIRE DI SRR D 1%r))
R eSSy TESH
1
:—‘(nn!+nn!(X("),X("_1’1))Sn). (3-2)
nn!

But since both X(”) and X("_l’l) are irreducible, their inner product is 0. So (3-2)
becomes

1
—nn!=1. O
nn!

Proposition 3.3. Let n > 2. Let ™™ be the irreducible character of Sy, corre-
sponding to (n,n). Then
(6. x"")s,, = 1.



226 JOSEPH RICCI

Proof. Throughout, let dj;, = ged(n, k). Using Frobenius reciprocity, we write

(¢ X" 53, = (le. X" Lc)e = — Y D "M% 7).

We break the sum up into three pieces: one for k = 0, one for dj, = 1 (of which
there are ¢(n) such k, where ¢ denotes Euler’s totient function) and one for dj. # 1:

(. x<"’">>s2n

=— ( DY S (D BT DS i (CF.5) B N et ( n)))

eSS, eSS, 1<k<n meS,
dk 7é 1
In order to use Theorem 2.7, we sum over all partitions of n and rewrite the sum as

1

(6, X)) 500 = —
nn:.

(n' G X s, )50 0D X Kyl
Abn

Z Z (n,n)

+ X(( n )dk )\) )\.l) (3'3)
1<k<n Abn
di#1

By Theorem 2.9, we write
X s, =%+ > axt

An
A#(n)

where a) € {0, 1,2,...}. Then, by linearity, we have
X " s ) s =™ x s, + Y anlx™. M,
Aln
A#(n)
= (X", x™)s, =1, (3-4)
since all the X)“ are irreducible. Using Theorem 2.7,

(n,n) _ _(n) (n—1,1)
Xamn) = X0 —Xa

so that
> 1,1
doxeEl =Y (6" =)
Abn Abn
1,1
=Y 1K =Y Ik
Abn An
=nl (X(n)’ X(n))S,, —n (X(n)’ X(n—l,l))Sn — . (3-5)
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Now let dj. # 1, for some k. Again with Theorem 2.7, we write

(n,n) (n)

Koyt =000 F Dy
ubkn
w#(n)

where ¢) € Z. Then

(n,n) (n) u
2 Xy y K31 = 206020 D eust 1Kl
Abn < Abn Arn ubn
u#(n)
=nl (x™ x)s, + 3 nleu(x™. x*)s, =nl. (3-6)
ukn
u#(n)

We note that there are n — ¢(n) — 1 numbers k strictly between 1 and n so that
dy # 1, so substituting (3-4), (3-5), and(3-6) into (3-3) we have

1 1
(@, X" s,, = — (n'+@mn! + (1 —p(n) — Hn!) = —nn!=1. O
" nn! nn!

In the case of n = 2 it turns out that Propositions 3.1, 3.2, and 3.3 give a full
decomposition. That is,
Sy N C)) (3.1 (2,2
IndCS4((12)) le=x"+x + x .
We notice that our first three results all showed that there are certain irreducible
characters appearing in the decomposition of ¢ that have constant or stable multi-
plicities, independent of n. Our next result shows that this is not the case for all
constituents, but a closed-form formula for the multiplicity is known in some cases.

Proposition 3.4. Let n > 2. Let x®"=22 be the irreducible character of Say
corresponding to (2n — 2, 2). Then

n s
5 if nis even,
(2n-2,2) _
(¢’ X )S2n n—1 . .
- if nis odd.

Proof. Throughout, dj = gcd(n, k). Using Frobenius reciprocity we write

(¢1X(2n_2’2))52n — <1C1X(2n 2, 2)\1/ nn' Z Z X(Zn 2, 2)((0_ 7'[))

k=0mesS,

If n = 2, we are done, by Proposition 3.3. Throughout the rest of the proof we
assume n > 3. As in the proof of Proposition 3.3, we break the sum into three
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pieces:
(¢, X(Zn—2,2))S2
1
= ﬁ ( Z X(Zn—2,2)((1,n)) + o(n) Z X(2n—2,2)((0’ 7))

eSS, weSy

+ 2 2 x(z”‘“)«o",n)))

l<k<n meSy,
k

1 — —
= (n! (X("), X(Zn 2’2)¢Sn)sn + o) Z XEZI)\)Z’Z)lKﬂ

!
i An
+ Y > x((’i Vioh |le) 3-7)
1<k<n An
di#1
From Theorem 2.9, we have
<X(n)’ X(Zn—2,2) »LSn)Sn — (Z) (3-8)
Using Theorem 2.7 we write ng:}\—)z,z) = Xg\" 2.2) , so that
2n—2,2 2,2 -
Sk = 2 K =0 (P D) s, =0, (39)

Abn Abn

When 7 is even, 5 divides n. Then d% = 5. We can then remove the 2-hook from
bottom row of (21 — 2, 2), and then successively remove 5 — 1 hooks of length 2
from the top row of (2n — 2, 2). There are (”{ 2) % ways to do this. We combine
this with Theorem 2.7 to see that

(2n-2,2) _"_(n) ®
2 Ky = 2% 2w
1<k<n ukn

di#1 w#(n)

with a, € Z. Then

Y XKl = DA+ 30 3 aurfIK

1<k<n AbFn Abn pkn
di#1 u#(n)
n
— En! (X(n),x(n))sn + 2 : aﬂ(X(n)’XM>Sn
ubkn
u#(n)

= —nl. (3-10)
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So in the case when 7 is even, substituting (3-8)—(3-10) into (3-7), we have

(2n—2,2) _L n n . 1 n ny _ 1 nn—1)
(9. x )S2n = P ((2)11! + 2n!) = ((2) + 2) = n( 5

_n—l 1 n

> 2T

229

+n
2

as desired. Now, when # is odd, 2 does not divide #. Then % is not an integer and
thus does not divide n. As a result, we cannot remove the hook of length 2 from
the bottom row of (2n—2,2). So when we apply Theorem 2.7, the trivial character

does not appear in the decomposition and we have

(2n—2,2)
Z X((Z)d,\ = Z CMX)L with ¢, € Z.

1<k<n ukn

di#1 w#(n)
Then
(2n—2,2) _ w

Z ZX((")dk)\,) )»|_Z Z cuXy 1Kl

1<k<n AlFn AFn ubn

di#1 u#(n)
= > nleulx™ Ms, =0.
ubkn
w#(n)

So then, substituting (3-8), (3-9), and (3-11) into (3-7), we have

_ 1 (n 1 (n Ilnn—1) n-—1
(2n—2,2) - | —— —
@ x )52 nn!(2)n n(2) no 2 2

giving the result.

(3-11)

O

A theorem for the partitions (2n —k, k). We now present a theorem that general-
izes the previous propositions and gives a formula for the multiplicities of a number

of the irreducible characters of S5, appearing in the decomposition of ¢.

Theorem 3.5. Let n > 2k. Let X(2n—k,k) be the irreducible character of Sy
corresponding to 2n—k, k). For 1 <h <n, let dj, = gcd(n, h), and I, = kdy/n.

Then | y
(2n—k k) —_ (" h
e ={(2) £ ()
l1<h<n
dp#1
i
Proof. With Frobenius reciprocity, we write
1 n—1 )
(@, x*" ) 55, = (1o x® TP b c)e = — e (G

7).
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As usual, we split the sum into three pieces:

(0. X250 Ls,,) 5
nn,( PP S ()

TES,
+om) Y xFFER(en+ D D x(z"—k’“((o",n)))
eSS, I1<h<nmeS,
dp#1
1
2n—k,k 2n—k,k
+<o(n>2x§,,j;) )|le+ > Al Kl). o)
Abn 1d<1;é<1n Abn h
h

Since n > 2k, we can remove the k£ blocks from the bottom row of 2n — k, k)
and remove n — k blocks from the top row of (2n — k, k), which leaves n blocks
remaining. We can do this removal in (}) ways, so, with 2.9, we have

_ n
(™, @R |y (k) (3-13)

Theorem 2.7 gives
(2n—k k) (n—k,k)
mr = X ’

since n > 2k. Then

k.k —k.k -
Z Etzlnk) K = ZX(n Kol =n! (x™, @ kkyg =0, (3-14)
Abn Abn

Now suppose there is some / so that dj, # 1. Then o is a product of dj, ;—h-cycles.
If 7 is of cycle type A then
(2n—k,k) h (2n—k,k) )
X ((0 ’ T[)) X(( n )dh )\.) (3 15)
By Theorem 2.7, in order for X(”) to have nonzero multiplicity in the decomposition
of the right-hand side of (3-15), we have to be able to remove the k-hook from

the bottom row of (2n —k, k). So if 7~ does not divide k then this is not possible.
Then in this case

2n—k .k
Xy = Z au ), (3-16)
u#(n)

with a, € Z. Now, suppose that, for some %, dj # 1, and furthermore that dl
divides k. Then we can successively remove the /; hooks of length from
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the bottom row of (2 — k, k) and remove the dj, — I; hooks of length 7~ from
the top row of (2n — k, k), which will result in X(”) having positive multlpllclty
in the aforementioned decomposition. In fact, a simple counting argument via
Theorem 2.9 shows the exact multiplicity will be ( ). Then in this case

Cn—kk) _ (dn\_m) Z o
X(( n )dh )») (l )X}\ + (’,U«Xk (3_17)
k ubn
u#(n)

with ¢, € Z. Then (3-16) and (3-17) give

2 DKy K

Ef@;nkkn
h
S INTALD ol ol (i FAEA
1<h<n AFn  ubn 1<h<n Abn
dp#1 w#(n) ‘,lf’#l
dh+k Elgk

2 2 D Ikl

l<h<n AFn  ukn

dy#1 #(n)
g T
LK | = dn\
= > Z UK = ) . (3-18)
1<h<n Abn 1<h<n k
dp#1 dp#1
a, gk a, gk

Substituting (3-13), (3-14), (3-18) into (3-12) we have

n— 1 n d
(¢’X(2 k’k)>52n:ﬁ((k)n!+ Z (Z:)n')

1<h<n
dp#1
i
1((n dy,
= _ , 3-19
n((k)+ 2 (zk)) 19
1<h<n
dp#1
e
as claimed. O

4. Future problems

The preceding work is only the beginning of a large selection of problems to be
worked out. It is possible that there are more stable multiplicities (independent
of n) in this decomposition. Also, the multiplicities and formulas found here only
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cover a small number of partitions and therefore characters. One may find that a/l
characters have a stable or closed-form formula for their multiplicities. Note that
in this paper we only discuss the trivial character of C, and much can be learned
from studying the decomposition of the nontrivial characters of C when induced up
to S5, which arise in braid group cohomology. It may be possible to learn more by
first decomposing the character Indg" Y, studying this character, and then inducing
the resulting constituents up to S»;,.
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