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Long-time behavior of 3—dimensional Ricci flow
D: Proof of the main results

RICHARD H BAMLER

This is the fourth and last part of a series of papers on the long-time behavior of
3—dimensional Ricci flows with surgery. In this paper, we prove our main two results.
The first result states that if the surgeries are performed correctly, then the flow
becomes nonsingular eventually and the curvature is bounded by Ct~!. The second
result provides a qualitative description of the geometry as ¢ — oco.

53C44; 49Q05, 53C23, 57TM15, 57TM20

1 Introduction and outline of the proof

In this paper we will prove the main results of this series of papers, namely Theorems 1.1
and 1.4 from [0]. In our proofs we will make use of the three previous papers [A; B; C].
For a precise statement of the main results, historical remarks and acknowledgements,
see [0].

Our main interest will focus on the proof of Theorem 1.1 in [0], which states that
for every Ricci flow with surgery M that is performed by sufficiently precise cutoff,
the surgeries stop occurring eventually and we have a curvature bound of the form
|[Rm;| < Ct~! for large ¢. The geometric characterization of the flow for ¢ — oo, as
described in [0, Theorem 1.4], will then be a byproduct of the proof of this theorem.
For more details on this geometric characterization see Section 4.4.

We will now present an outline of the proof of [0, Theorem 1.1]. The key to proving
this theorem is to establish the curvature bound |Rm,| < Ct~! for large times . The
fact that surgeries stop occurring eventually follows from this bound, since surgeries
can only arise at points where the curvature goes to infinity. For simplicity, we will
only consider Ricci flows without surgery in this outline, ie we will consider families of
metrics (g7)se[0,00) ON a closed, orientable 3—manifold M that satisfy the evolution
equation
9:gr = —2Ric(gy)
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and we will explain how we obtain the curvature bound |[Rm,| = |[Rm(g,)| < Ct~!
(for large ¢). In other words, we will outline the proof of [0, Corollary 1.2]. The case
in which there are surgeries follows using the same arguments, but the existence of
surgeries adds several less interesting technical difficulties.

Consider the rescaled and reparametrized flow (£7)se(—oo,00) With & = €' g,r, which
satisfies the flow equation

d:8r = —2Ric(gs) — &
Then the curvature bound |[Rm(g;)| < Ct~! for g, is equivalent to the bound
(1-1) [IRm(g;)| < C for large z.

For clarity we will only consider the metrics g; instead of g; for the rest of this
subsection. We will however work with the metric g; in the main part of this paper.

In [A, Proposition 3.16], we recalled Perelman’s result on the long-time behavior of
Ricci flows (with surgery) (cf Perelman [23, 7.3]), which, in the language of the rescaled
flow (g;), can be summarized as follows:

Long-time picture after Perelman For every sufficiently large time t there is a
decomposition M = Mk (t) U Myin(¢) (of M into its “thick part” and “thin part”)
such that:

(a) The components of M;ck(t) are diffeomorphic to hyperbolic manifolds and the
metric g; on each component of My,cx(t) is sufficiently close to a hyperbolic
metric of sectional curvature —% whose cusps are truncated along embedded 2—
tori sufficiently far away from a basepoint. Those 2—tori correspond to embedded
2—tori between M (t) and Mipick(t), which are incompressible in M (ie 1 —
injective).

(b) If we set
p1(x, 1) = sup{r € (0,1]:sec; > —r~2 on B(x,t,r)},
then, for all x € My (1),
vol B(x,t, p1(x,1)) < w(l)pi’(x, 1).

(Here w(¢) is a small constant with lim; o w(z) =0.)

Geometry & Topology, Volume 22 (2018)



Long-time behavior of 3—dimensional Ricci flow, D 951

(¢) There are functions 7, K: (0, 1) — (0, 00) such that for all w’ € (w, 1), r <7(w’)
and x € Myn(t) we have: if vol B(x,r) > w'r3 and r < py(x,t), then
|[Rm;|, 7|V Rm;|, r2|V2Rm;| < K(w’)r=2 on B(x,r).

In short, Perelman’s result states that the metric on the thick part converges to a
hyperbolic metric (see part (a)), while the metric on the thin part collapses locally
at scale p1(x,t) with a lower sectional curvature bound (see part (b)). Part (c) is a
technical statement. So the desired curvature bound (1-1) holds on Myck(?) and it
remains to study Mnin(z) and show that the curvature bound holds there as well.

In order to understand the behavior of the metric on the thin part, we first have to
analyze the local collapsing behavior there. This analysis is mainly due to Morgan
and Tian [20], Kleiner and Lott [15], Bessieres, Besson, Boileau, Maillot and Porti [3],
Cao and Ge [6], Shioya and Yamaguchi [27] and Faessler [9], but it will require some
work to convert the results of these papers into a form that is suitable for our purposes.
This conversion is carried out in Section 2.1; Proposition 2.1, which is quite technical,
describes its outcome. For the purpose of this exposition, we will now present a very
simplified version of this description, which does not cover several — less instructive —
special cases. For a more detailed explanation of Proposition 2.1, we refer to the
beginning of Section 2.1.

To understand the analysis on the thin part, first note that there are essentially three
ways in which a collapse with lower sectional curvature bound can occur: Namely, the
collapse can occur along S%—, T?— or S!—fibers. An example for a collapse along
an S2—fiber would be the standard geometry on S? x R, where the metric on the
first factor is chosen small. Similarly, an example for a collapse along a 7% —fiber
would be 72 x R with a small metric on the first factor. In these two cases the metric
collapses to a (1—dimensional) line and the first factor in the product determines the
fiber along which the collapse occurs. A collapse along an S!—fiber can be observed
in the model S! x R?, where the metric on the first factor is again small. This example
would be collapsed to R?. Note that the R%—factor can be replaced by any Riemannian
surface $2. The product S! x ¥ would then be collapsed to £2. Even more generally,
we can replace the product S x ¥ by any S!—fibration over X and choose a metric
for which the S —fibers have small length.

The analysis of M,(¢) roughly implies the following picture (compare with Figure 1;
for more details see Proposition 2.1 and the explanation before that): For large times ¢
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952 Richard H Bamler

Figure 1: A decomposition of M into Vi(¢) and V,(¢) for the case in which
Munin(t) = M. The “(¢)” is omitted for space reasons. The good components
of Vi(#), V2(¢), ie the components of Myaa(?), are colored in gray. The
solid tori Sy(?),...,S4(¢), which are highlighted in bold, cover the bad
part My,q(2), except for one component of V;(¢), which is diffeomorphic
to T?x1.

there is a decomposition
(1-2) Muin(1) = V1 () U V2(2)

of subsets V;(¢), Vo(t) C M,' whose components intersect in embedded 2—spheres
or 2—tori. The collapse on V() locally occurs along S2— or T'>—fibers and can be
locally modeled on geometries like 72 x R or S2 x R, as discussed earlier. So the
components of V;(¢) are diffeomorphic to 72 x I, S x I or to a few other standard
topologies. The collapse on V5 (¢) locally occurs along S'—fibers and can be locally
modeled on S xR?. The collapsing fibers induce an S! —fibration (or, more generally,
a Seifert fibration) on V;(¢), apart from a few exceptions.

Using elementary topological arguments, it is possible to reorganize the decomposition
(1-2) into a geometric decomposition of M (see [C, Definition 2.7]) and hence prove
the geometrization conjecture. In general, or at least a priori, this reorganization
modifies the decomposition (1-2) substantially. For example, the decomposition (1-2)
is in general far more complex than the geometric decomposition of M and the 2—tori
between the components of V;(¢) and V,(¢) are in general not incompressible in M,
as are those of the geometric decomposition.

In a next step, we analyze the decomposition (1-2) from a geometric and a topological
point of view (see Sections 2.2-2.3). Call a component of V;(¢) good if it locally

In the main part of this paper we usually fix ¢ and write V; and V, instead of V;(¢) and V,(r).
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Long-time behavior of 3—dimensional Ricci flow, D 953

collapses along incompressible 7'%—fibers. Components of V;(¢) that collapse along
S?2fibers or compressible 7'2—fibers are called bad. Similarly, we call a component of
V(1) good if the collapsing S!—fibers are incompressible in A, otherwise we call it
bad. Let Myooq(?) be the union of all good components of V7 (¢) or V(¢) and Mpaq(t)
the union of all bad components. So we obtain a decomposition (see again Figure 1)

(1-3) Mthin(l) = Mgood(t) U Mbad(t)'

In Section 2.2, we will learn that good components of V1 (¢) or V,(¢) become locally
noncollapsed at scale pq(x, ) when we pass to the universal cover (see Lemma 2.2).
By this we mean the following: Let x € Mgy,q(f) be a point that is located in a good
component of V;(¢) or V,(¢), and choose a lift X € M of x in the universal cover
of M. Then

(1-4) vol B (%,1, py (x, 1)) > w1 p3 (x, 1),

Here the left-hand side denotes the volume of the p; (x, #)—ball around X in the universal
cover of M — not the universal cover of B(x, ¢, p1(x,?))!—and wy > 0 is a universal
constant.

In Section 2.3, we analyze the topology of the decomposition (1-3). We will find that
there are embedded, pairwise disjoint solid tori Sy(?), ..., Sy)(t) C Mupin(2) with
each S;(f) ~ S! x D? such that the following holds (compare again with Figure 1):

(a) Each S;(¢) is a union of components of V;(¢) and V().

(b) Each Sj(¢) is adjacent to a component of V,(¢) and it contains a component of
V1(¢) that is adjacent to its boundary 0.S;(¢).

(¢) Each S;(#) is incompressible in M, ie the induced map 71 (S;(t)) =Z — m1(M)
is injective.
(d) Mpaa(H)\(S1(t)U---USp)(2)) is a union of components that are diffeomorphic

2

to T2x 1 orits twofold quotient Klein®X I, where the 7> —factor is compressible

in M. Each of these components is adjacent to Mo0q(¢) on both sides.

With this characterization at hand we are now able to apply our results from [A], and
analyze the behavior of the flow (g;) more precisely. This analysis is explained in
Section 4, which also contains the proofs of the two main theorems, [0, Theorems 1.1
and 1.4]. Section 3 contains technical results that will be used in the course of this
analysis.
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In the remainder of this outline, we explain our strategy of proof in Section 4. In
Section 4.1 we first analyze the geometry of g; for a fixed, large time 7. Our anal-
ysis is organized in three steps. In the “first step” (see Lemma 4.1), we apply [A,
Proposition 4.4] (“bounded curvature around good points”) to all points of Mgooq(?)
and make use of the noncollapsedness in the universal cover, (1-4), to deduce that

(1'5) |Rm| <K on (Mthick(l) U Mgood(t)) X [t -1, t]

for some universal constants K < oo and v > 0. Next, but still within the first
step, we consider the components mentioned in item (d) of the list above, which are
diffeomorphic to 72 x I or Klein? X I. The fact that these components are adjacent to
M004(1) —a region on which the curvature is bounded on a time interval of uniform
size— can be used to localize the arguments leading to the curvature bound in (1-5).
Using [A, Proposition 4.6] (“curvature control at points that are good relative to regions
whose boundary is geometrically controlled”), we find that the curvature is also bounded
on these components, by a uniform constant and on a uniform time interval. So we
obtain that

(1-6) IRm| < K on (M \(S1(t)U-+-USy (1) x[t—1,1].

Moreover, for large times ¢, we obtain a curvature bound on each S;(¢) that depends
on the distance to dS;(¢), using [A, Proposition 4.5] (“bounded curvature at bounded
distance from sufficiently collapsed and good regions”). We will use this bound to
conclude that there are two possibilities for each solid torus S;(¢): either the diameter
of Sj(¢) is controlled, in which case we obtain a curvature bound on all of S;(¢)
in terms of its diameter, or the diameter is uncontrolled, ie large, and we can use a
distance-dependent curvature bound to understand the geometry of a “long” collar
neighborhood P;(t) C S;(¢) of 0.S;(¢) (compare with Figure 2):

First step (see Lemma 4.1)2> The curvature bound (1-6) holds outside the solid
tori S;(t). Moreover, there are functions K'(D), A(D) with A(D) — oo as D — oo
such that for every D < oo and sufficiently large time t and for each solid torus S;(t)
there are two possibilities:

(a) diam; S;j(t) < D and |Rm| < K'(D) on S;(t).

(b) diam; S;(¢) > D and there is a collar neighborhood P;(t) C S;(t) of dS;(¢)
that is diffeomorphic to T? x I, in such a way that the diameter of the T*—fibers

2Note that for clarity we have altered some of the notation from Lemma 4.1.
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Long-time behavior of 3—dimensional Ricci flow, D 955

are bounded by a universal constant (we may assume this constant to be 1) and
the two boundary components of P;(t) have distance A(D) from one another.

Furthermore, we have a lower bound on the diameter of S;(¢) at earlier times:
(1-7) diam, S;(t) > A(D) forall t' €[t —1,1].

In other words, the solid tori S;(t) cannot grow too fast on a small time interval.

Note that the bound (1-7) is a nontrivial result, which will become particularly important
later on. It is a consequence of [A, Proposition 4.7] (“controlled diameter growth of
regions whose boundary is sufficiently collapsed and good’). The result of the first
step implies that, in view of our desired curvature bound (1-1), it suffices to focus our
attention on those solid tori S;(¢) of large diameter. The largeness hereby is regulated
by the parameter D, which we can choose at our own liking. It is however important
to choose D uniformly, since the constant K’(D) in part (a) may deteriorate with it.

In the “second step” (see Proposition 4.2), we use the fact that the solid tori S;(¢)
cannot expand too fast, (1-7), to localize an argument similar to the one leading to the
curvature bound (1-5). The idea hereby is the following: The cross-sectional 2—tori
of the collar neighborhoods P;(¢) are compressible within M (or even within S;(¢))

Figure 2: On the dark gray part, we have a curvature bound of |Rm| < K
for a universal K. The diameter of the solid tori S;(¢) and S, (¢) (light gray
and bold) is bounded by D and the curvature on S(¢) and S, (¢) satisfies
the bound |Rm| < K’(D). The solid tori S3(¢) and S4(¢) (highlighted in
bold) are both larger than D in diameter and we can only bound the geometry
of their collars P3(¢) C S3(¢) and P4(t) C S4(¢) (light gray), which have
“length” A(D). In the “first step”, we prove that S3(¢) and S4(¢) must also
have been large at time # —t and in the “second step”, we extend the curvature
bound |Rm| < K from the dark gray area to P;3(¢) and P4(?).
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and hence regions within P;(¢) stay collapsed when we pass to the universal cover M.
However, any compressing disk for these 2—tori has to intersect S;(¢) \ P;(¢). So
in a local cover (around points that are sufficiently deep inside P;(¢)) we obtain a
noncollapsing result similar to (1-4). The nonexpanding result (1-7) ensures that a
similar behavior can be observed at all times of the time interval [z — 7, ¢]. This puts
us in a position to apply [A, Proposition 4.8] (“curvature control in large regions that
are locally good everywhere”), and deduce a uniform curvature bound at most points
of P;(t). This additional, better curvature bound, can be viewed to fit into a dichotomy,
as the following summary shows (note that for the summary we may have to adjust
Si(t) and P;(t)) (see again Figure 2):

Second step (see Proposition 4.2) There are constants K < oo and t > 0 and
functions K'(D) and L' (D) with A(D) — oo as D — oo such that for every D < 0o
and sufficiently large time t we still have

|IRm| < K on (M \(S1)U---u Sm(,)(t))) x [t —1,t].
Moreover for each solid torus S;(t) there are two possibilities:
(a) diam; S;(t) < D and |Rm;| < K'(D) on S;(t).

(b) diam; S;(¢) > D and there is a collar neighborhood P;(t) C S;(t), diffeomorphic
to T? x I, whose boundary components have distance A(D) from one another
and whose cross-sectional 2—tori have diameter smaller than some universal
constant (eg 1).

Moreover, |Rm| < K on P;(t) x[t —t,t].

In the “third step” (see Proposition 4.3) we analyze the collar neighborhoods P;(¢)
more closely. Note that in the previous statement, the “thicknesses” of the P;(¢), ie the
diameters of the cross-sectional 2—tori, are bounded by 1. We can replace this constant
by any arbitrarily small constant, but such a replacement would necessitate a change of
the constants K, K’ and 7, a change that we have to avoid. In order to obtain more
control on this “thickness”, we instead proceed as follows: Assume for the moment that
M is not diffeomorphic to a quotient of a 2—torus bundle over a circle and consider the
simplicial complex V' and the continuous map fo: V' — M as constructed in [C]. By
[B, Proposition 5.5], there is a constant 4y < oo, which only depends on the topology
of V, and a time-dependent family of maps f;: V — M such that

area; fy < Ag forall 1> 0.
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Figure 3: In the “third step”, we reselect the large solid tori S3(¢) and S4(¢)
and their collars P;(¢) and P4(¢) so that the thicknesses of these collars are
bounded by §(D). (The wavy lines next to P3(z) and P4(¢) indicate where
these collars used to be located in the “second step”.) Additionally, we find
“compressing planar domains” f3,, f4,: X;; — M inside S3(¢) and S4(¢)
whose area is bounded by 4. On the dark gray region we have the curvature
bound |[Rm| < K while in the light gray region (ie on the small solid tori S (¢)
and S, (7)) we only have a curvature bound of the form |Rm| < K'(D).

Based on this map — and using [C, Proposition 3.2(a)] —it is then possible to show
the existence of a “compressing planar domain” f;;: X;; — M of bounded area
for each solid torus S;(¢). By this we mean the following: %;, C R? is a compact
smooth domain (eg a disk or an annulus) and f;;: ¥;; — M is a smooth map with
Ji:(0X;) C 0S;(¢) such that f;, restricted to only the outer boundary circle of %; ;
is noncontractible in d.5;(¢). Moreover, the time-¢ area of f;; is bounded by some
constant A; < oo that only depends on Ay.

The existence of these “compressing planar domains” of bounded area gives us a way
to bound the “thickness” of a long section somewhere inside the collar neighborhoods
P;(t) by a constant §(D) ~ A;/A(D). This constant becomes arbitrarily small for
large D. So after reselecting P;(¢) to be that section of small “thickness”, and, adjusting
Si(t) and A(D), we obtain (compare with Figure 3):

Third step (see Proposition 4.3)> The same conclusions as in the “second step” hold
and if M is not a quotient of a 2—torus bundle over a circle, then we have in addition:

3In the actual phrasing of Proposition 4.3, the manifold is allowed to be a quotient of a torus bundle.
Instead, the existence of “compressing planar domains” of bounded area is assumed and not asserted.
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Whenever diam; S;(t) > D, the thickness of each P;(t) is bounded by 6(D), where
8(D) — 0 as D — oo. Moreover, for all such S;(t) there is a “compressing planar
domain” f;;: ¥;; — M ofarea < A;.

The result of the third step is a very useful characterization of the geometry at a single,
and late, time slice. In order to prove the desired curvature bound (1-1), it now remains
to show that those solid tori S;(¢) of large diameter (> D) cannot occur for large
times ¢ and for an appropriate and uniform choice of D. This fact will follow from a
contradiction argument, which will be carried out in Sections 4.2 and 4.3.

In Section 4.2 we first analyze the evolution of such large solid tori S;(¢) when going
backwards in time. More specifically, we will fix some large number AT < oo
and consider the flow on the time interval [t — AT, ¢] for t > AT. We can then
apply the result of the “third step” at every time ¢’ € [t — AT, t] and obtain different
collections of solid tori Sy (t'), ..., Sy (t") C M. These solid tori, for different ¢’,
will then be related to one another. Their “long and thin” collars P;(t’) are very
useful in this process in order to keep track of each S;(¢’) in time and to show that
sufficiently large solid tori S;(¢) persist when going backwards in time up to time
t — AT . Using some technical Lemmas it is moreover possible to modify the “planar
domains” f;;—AT: X;;—AT — M, obtained in the “third step” at time ¢ — AT,
and construct “generalized compressing disks” /; ;AT D? — M for the solid tori
S;(t — AT), each of whose area is bounded and whose boundary loop is small and
sufficiently regular. By this we mean the following: /;,—a7(0D?) C P;(t — AT)
is noncontractible in P; (¢t — AT') and its area is bounded by some constant 4, that
only depends on A;. Moreover, the boundary loop y; ;—AT = h;i—AT|yp2 can be
assumed to be arbitrarily small and its geodesic curvatures are bounded by some
universal constant. With the correct choice of P;(t — AT), we can guarantee that the
curvature around y; ;AT (S 1) is bounded by some universal constant. So the geodesic
characterizations of y; ;A still hold on the time interval [t — AT, t], where the bound
on the geodesic curvature now has to depend on AT . After possibly readjusting
the S;(¢), we can then summarize our result as follows:

Behavior of the flow on a large time interval (see Proposition 4.4) Assume that
M is not a quotient of a 2—torus bundle over a circle.

Then there are constants A,, K < oo and for every § > 0 and AT < oo there are
constants D(8, AT), I'(AT) < oo such that, for sufficiently large t,

IRm;| < K on M\ (S1(t)U-+-U Sy (1))
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Moreover, for each S;(t) there are two possibilities:

(a) diam; S;(t) < D(5,AT) and |Rm;| < K'(D(8, AT)) on S;(t). Here K’ is the
constant from the “second step”.

(b) diam; S;(¢) > D(8, AT) and the following holds: diam, dS;(¢t) < § for all
t" €[t — AT.,t], and there is a smooth map h;;_AT: D? — M such that
hi,,_AT(BDz) C Pi(t), Viy—AT = his—AT|yp2 is noncontractible in P;(t), has
time-t" length <§ and time-t’ geodesic curvature <T'(AT) forallt’ €[t—AT, t]
and area; AT his—aT < A2.

Finally, in Section 4.3 we show that the second possibility cannot occur, for the right
choices of § and AT'. This is done using a minimal disk argument, which is due to
Hamilton (compare with [B, Proposition 2.2]) and which we will briefly describe as
follows: At every time ¢’ € [t — AT, t], we can find the minimal disk in (M, g;) that
is bounded by the loop y; ;—a7. Denote the time-#" area of this disk by A(z’). Then
At — AT) < A, and A(t') satisfies a differential inequality, which forces A(¢") to
become zero somewhere on [t — AT, t]. This is however impossible. The bound on
the length and the geodesic curvature of y; ;a7 at all times of [t — AT, ¢] is essential
in this argument in order to keep certain error terms controlled. Hence, for the right
choices of § and AT and for large enough ¢, only case (a) in the previous statement
can occur and we have |Rm;| < max{K, K'(D(8, AT))} on all of M. This finishes
the proof of the desired curvature bound (1-1) in the case in which M is not a quotient
of a 2—torus bundle over a circle.

In the case in which M is a quotient of a 2—torus bundle over a circle, we have
to use a different argument (which resembles an argument used in [2]). Using [C,
Proposition 3.2(b)] together with [B], we find a simplicial complex V' and a sequence
of time-dependent maps fi;, f2+,...: V — M, with the same domain, such that:
For all n > 1 the image of f; has to intersect every incompressible loop 0 C M at
least n times. And for sufficiently large ¢ (depending on n) the time-¢ area of f, ;
is bounded by a constant A that only depends on V' (and not on n!). Thus, the
image of each f; has to intersect each S!—fiber in V5 (¢) N Mo04(t) (see (1-2) and
(1-3)) at least n times. So the 2—dimensional space towards which the components of
V(1) M Mgo0q(t) locally collapse —at scale p;(x, ) ~ 1 —have to have area < Ag/n
for some arbitrary n. This is impossible for large enough 7. So V,(¢) N Mg0d(t) = 2.
Using our knowledge on the topology of the decomposition (1-3) — compare also
with the list (a)—(d) on page 953 — we conclude that V,(¢) = @. This implies that
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M = Mpin(t) = V1 () = Mgooa(t) and hence (by (1-5)) we obtain the desired curvature
bound on all of M.

Upon first reading we recommend that the reader considers the case in which M
is nonsingular. The proof in the general case follows along the same lines, but the
existence of surgeries adds a number of technical difficulties.

2 The analysis of the collapsed part and consequences

Based on property (e) of [A, Proposition 3.16] we can analyze the thin part M s (¢)
for large times ¢ and recover its graph structure geometrically. More specifically, we
can decompose the thin part into pieces on which the collapse can be approximated by
certain models. We describe this decomposition in the first subsection. After that we
establish important geometric and topological consequences of it.

2.1 Analysis of the collapse

The following result, Proposition 2.1, follows from the work of Morgan and Tian [20].
We have altered its phrasing to include more geometric information. After stating
the proposition, we will explain how each of its assertions follows from the work of
Morgan and Tian. Similar results have also been obtained in [15; 3; 27; 6; 9].

We first summarize the content of Proposition 2.1. This summary follows [2, Section 6].
Consider a Riemannian 3—manifold (M, g) with boundary. As already mentioned in
Section 1, we define the scalar function p; on M as follows:

2-1) p1(x) = sup{r € (0,1] :sec > —r~2 on B(x,r)},

The function p;(x) gives us a local scale at which we observe a collapse with lower
sectional curvature bound.

We will first impose assumptions on (M, g) that are satisfied by the rescaled metric
on the thin part (Mun(¢),2"1g(¢)), as defined in [A, Proposition 3.16]. The main
assumption is that (M, g) is locally collapsed at scale p;(x), ie for some small wg > 0
and for all x € M for which B(x, p1(x)) C Int M, we have

vol B(x. p1(x)) < wop} (x).

Furthermore, we assume that the curvature of (M, g) is bounded if we pass to smaller
scales on which (M, g) is noncollapsed. And, finally, we impose geometric conditions
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on collar neighborhoods of the boundary components of (M, g), which are natural to
the setting of [A, Proposition 3.16].

The conclusions of Proposition 2.1 help us understand both the global topological
structure of the collapse on (M, g) and its approximate local geometric properties.
Before explaining these conclusions, it is helpful to consider the case in which (M, g)
is collapsed with a global lower bound on the sectional curvature. In this case (M, g) is
collapsed to either a point, a 1 -dimensional or a 2—dimensional space. The following
examples illustrate different collapsing behaviors in this setting:

(0) In the case in which (M, g) is collapsed to a point, M has to be closed and we
speak of a total collapse. Examples for such behavior would be a small 3—sphere, a
small 3—torus or a small nilmanifold.

(1) A collapse to a 1-dimensional space generically occurs along 2—dimensional
fibers, which can be either spheres or tori. For example, the Cartesian products S2 x R
(collapse along spheres) and T2 x R (collapse along tori) with small first factor are
each collapsed to a line. The Z, quotients of these examples, RP? XR and Klein X R,
are each collapsed along spheres or tori to a ray. Note that in the latter two examples,
M is only fibered by spheres or tori on a generic subset, away from an embedded R P>
or Klein bottle, where the fibration degenerates.

Such a fibration by spheres or tori does not always degenerate along an embedded
hypersurface, as the next example illustrates: Consider a 2—dimensional, rotationally
symmetric surface of positive curvature that has only one end and that is asymptotic
to a thin cylinder. The Cartesian product of this surface with a small S!—factor is
collapsed along tori to a ray. These tori are products of concentric circles around the
tip of the surface with the S!—factor, and they degenerate to a circle over the tip of the
surface. Note that in this example M is diffeomorphic to an open solid torus S! x B2,
In a similar way we can construct metrics on B? that are collapsed to a ray along
2—spheres, which spatially degenerate to a point.

(2) A collapse to a 2—dimensional space generically occurs along S —fibers. Basic
examples for such a collapse would be Cartesian products S! x R?, with small S'—
factor, or S x X2, where the S!—factor is small and %? is a Riemannian surface
whose curvature is bounded from below. More generally, we can construct collapsing
metrics on S!—fibrations over such surfaces X2.

Note that, similarly to the previous case, M might only be fibered by S!—fibers on a
generic subset of M. For example, if (M, g) is the quotient of S x R? by a cyclic
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subgroup that acts as nontrivial rotations around (0,0) on R? and as rotations on S!,
then M only possesses such a fibration away from the quotient of S! x {(0,0)}, which
is a singular fiber. In this example (M, g) is collapsed to a cone and the tip of this
cone corresponds to the quotient of S x {(0,0)}.

We point out another example in which the fibration on M is degenerate. Consider
again a thin 2—dimensional, rotationally symmetric surface of positive curvature that
is asymptotic to a thin cylinder and take a Cartesian product with R. This space is
collapsed along S!—fibers to a half-plane. The S!—fibers correspond to concentric
circles on the surface. Hence the S!—fibration only exists away from an embedded
line or an embedded solid cylinder.

In the setting of Proposition 2.1, (M, g) is only locally collapsed at scale pq(x) around
every point x € M. So the examples given above for the case of the global collapse
now only serve as models for these local collapses. One of the main difficulties in
the proof of Proposition 2.1 is to understand the transition between those different
models, which describe the metric at different scales, and to patch together the induced
topological structures on their overlaps. For example it is possible that a region that is
modeled on T2 x I is adjacent to a region that collapses along S!—fibers towards a
surface X2. The change from the first collapsing type to the second can be understood
as follows: The region that collapses along an S!—fibration has a boundary component
that is diffeomorphic to a 2—torus; one S ! —direction in this torus corresponds to the
collapsing S!—fiber and the other direction corresponds to a boundary circle of the
base £2. The S'—fiber direction is very small and the boundary circle of £? is
large enough that X2 is sufficiently noncollapsed and we can observe a collapse to
a 2—dimensional space in the interchanging region. On the other hand, the boundary
circle is also small enough that the same region exhibits a collapse along 7% —fibers
towards a 1-dimensional space at the same time. (So £? looks cusp-like around its
boundary.) The precise definition of what we mean by a “collapse to a 2—dimensional
space” or a “collapse to a 1-dimensional space” includes a sufficient amount of play
that the collapse in the interchanging region can be modeled by 7% x I as well as by
an S'!—fibration.

Our analysis of (M, g) depends on a parameter @ > 0, which can be chosen arbitrarily
small and which governs how well (M, g) is approximated by these local models.
Based on this parameter, we choose scales 0 < s,() < s1(n). We will expect to
observe a collapse to a 2—dimensional space at scale s,01(x), and a collapse to a
1-dimensional space at scale s1,01(x). This choice produces the desired play, since a
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S
E5

Figure 4: A decomposition of M into Vi, V, and VZ’ along embedded
2—tori EIT, e, ZST and embedded 2-spheres =5 ..., Ef. On the collar
neighborhood U around the boundary torus of M, we impose several
geometric conditions.

region that is collapsed to a 1-dimensional space can be collapsed to a 2—dimensional
space at a smaller scale.

We will now outline the assertions of our proposition more precisely. If M is locally
collapsed to a point, then M must be closed and the collapse must be global. This
case is very well understood. So assume that M is not collapsed to a point. In this
case we decompose M into three subsets V7, V, and Vz’ (see Figure 4):

(2-2) M=V;UV,UV,.

The subset V; roughly consists of all points around which we observe a local collapse to
a 1-dimensional space at scale 5101, eg V1 contains all points whose local models are
mentioned in (1) of the preceding list. On the subset 1V, we observe local collapses to 2—
dimensional spaces and the geometry is locally modeled at scale s, 01, for example, by
spaces mentioned in (2) of the preceding list. The subset V' has the following properties:
on a neighborhood around each point x € ¥, we observe a local collapse to a half-open
interval at scale 51 p1(x), but there is a scale r < p;(x) at which we observe a collapse
to a 2—dimensional space. The subsets V;, V, and V, are separated from one another
by embedded 2—tori, which are denoted by ZiT , and embedded 2—spheres, which are
denoted by Zf . Note that the decomposition (2-2) is not unique, even for fixed .

The topology of the components of V; and V2’ is very controlled and can be classified
easily. In order to understand the topology and local geometry of V,, we decompose V,
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Figure 5: An example for a component of V,. This component has 6
boundary components: one toroidal component E{ and 5 spherical compo-
nents Ef e E‘Sg . The spherical boundary components are connected by

5 components of V5 3, which are diffeomorphic to solid cylinders I x D?.

Their annular boundary parts are denoted by Ef, cees Eg“. The boundary

circles of each of these annuli lie in the E;.g and bound equatorial annuli
Ef C E‘lg e Ef C Z‘Sg within these boundary spheres. The subset V; 5
also contains a component that is diffeomorphic to a solid torus and bounded
by a 2—torus & ?. The subset V5 cone consists of a single solid torus, which is
bounded by a 2—torus ElT . The closure of the complement of V5 cone U V3 5
is denoted by V, ., and carries an S!—fibration. Thin gray circles illustrate
the behavior of this fibration on the boundary components of V e, .

into three subsets V3 reg, V2 cone and V5 (see Figure 5). Roughly speaking, V3 ieq is
the set of all points where the collapse is modeled on the example S! x R? from
(2) of the preceding list. Hence this subset admits an S!—fibration. The set V2 cone
consists of approximately all points whose local model is a finite quotient of S x B?
as described in (2) of the above list. Around the points of this subset, the manifold is
collapsed to a cone. Note that since a cone is regular away from its tip, the components
of V3 cone have bounded diameter and are adjacent to V3 .. It can moreover be shown
that the components of V, e are diffeomorphic to a solid torus S I'x D? and hence
bounded by 2—tori, which we will denote by ElT .

The set V), 5 consists of all points whose neighborhoods are collapsed towards a 2—
dimensional space with boundary. An example for a local model around such points
would be the one involving the surface that is asymptotic to a thin cylinder in (2) of
the preceding list (recall that this model is collapsed to a half-plane). It is possible to
choose V; 5 so that its components are either diffeomorphic to a solid cylinder I x D?
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or a solid torus S! x D? in such a way that the boundary circles of the D?—factors
correspond to the S 1_fibers of V3 reg - The components that are diffeomorphic to a
solid torus are bounded by 2-tori, which we denote by & l.O . Each component that
is diffeomorphic to a solid cylinder is positioned within V, in such a way that its
two diskal boundary parts are contained in spherical boundary components El‘s of V5.
That means that if we denote their annular boundary components by El‘.‘i, then the
boundary circles of each Elf‘l lie in the spherical boundary components of V,. Each
spherical boundary component Z;S; of V, contains exactly two diskal boundary parts of
components of V, 5 or, in other words, two boundary circles of the annuli EZA. These
two boundary circles bound an annulus within Z‘;.S: , denoted by EIE . So the spherical
boundary components EZS and the components of V, 5 that are diffeomorphic to a solid
cylinder, or the annuli 2 ;4, form chains, whose outer boundaries are homeomorphic
to a 2—torus. The S!—fibration on V3 reg restricts to an S I _fibration on these 2—tori
and to the standard S!—fibrations of the annuli E{. Summarizing our discussion,
we conclude that the boundary of V5 . consists of the 2—tori Zl.T that are contained

in V5, the 2—tori EIT and Eio , and the union of the annuli Elf‘l and EIE .

We now state our precise result in Proposition 2.1. The proposition is structured
as follows: After stating the assumptions (i)—(iii), we explain what happens in the
case in which the manifold is collapsed to a point. If this case does not occur, then
the proposition asserts the decomposition of M into subsets ¥V, V, and V,. The
topological structure of this decomposition is explained in assertions (al)—(a4). Next,
we explain the decomposition of V5 into V3 reg, V2 cone and V5 3 and list its topological
properties in (b1)—(b4). Finally, in (c1)—(c3), we describe the geometric properties
of local collapse in the different subsets Vi, V2, V3 oo and V3 cone. We remark that
Proposition 2.1 is similar to [2, Proposition 6.1].

Proposition 2.1 For every two continuous functions ¥, K: (0,1) — (0, o0) and every
>0 there are constants wo = wo(u, 7, K)>0 and 0<s,(u, 7, K) <s1(u, 7, K) < 1—10,
monotonically increasing in ¢, such that:

Let (M, g) be a compact manifold with boundary such that:

(1) Each component T of dM is an embedded torus and for each such T there is a
closed subset UJ. C M that is diffeomorphic to T* x I such that T C 9U}. and
such that the boundary components of U} have distance of at least 2. Moreover,
there is a fibration pr: U} — I such that the T —fiber through every x € U’T
has diameter < wg1(x).
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(ii) Forall x € M we have (with p{(x) defined asin (2-1)): whenever B(x, p1(x)) C
Int M,
vol B(x, p1 (X)) < wop3 (x).

(iii) For all w € (wg, 1), r <¥(w) and x € M we have: it B(x,r) C Int M and
vol B(x,r)>wr3 and r < p;(x), then |Rm|, r|VRm|, #2|V2Rm | < K(w)r >
on B(x,r).

Then M is closed and diam M < ppq(x) for all x € M, and M is diffeomorphic to
an infranilmanifold or to a manifold that also carries a metric of nonnegative sectional
curvature, or the following holds:

There are finitely many embedded 2—tori El.T and 2—spheres E;s C Int M that are
pairwise disjoint as well as closed subsets Vi, V,, V), C M such that (see Figure 4
again):

(al) M=V,uhu Vz’, the interiors of the sets Vi, V, and V2’ are pairwise disjoint
and 0V, U9V, UV =M UJ; T Ul; =% . Obviously, no two components
of the same set share a common boundary component.

@2) 0y =M ulY; =T U; 5. In particular, V,NV] = @ and V, U V] is
disjoint from oM.

(a3) Vj consists of components diffeomorphic to one of the following manifolds:
T?x1, S*xI, Klein®X1, RP?*XI, S'xD? D3

a T?-bundle over S, S x S? or the union of two (possibly different) compo-
nents listed above along their T?— or S?—boundary.

(a4) Every component of V, has exactly one boundary component and this component
borders V; on the other side. Moreover, every component of VZ/ is diffeomorphic
to one of the following manifolds:

S'x D% D3 Klein®?X1, RP*XI.

We can further characterize the components of V, (see Figure 5): In Int V, we find

embedded 2—tori EIT and B io that are pairwise disjoint. Furthermore, there are
~T ~

~

embedded closed annuli & ;‘1 C V3 whose interior is disjoint from the E; , & iO and
dV, and whose boundary components lie in the components of dV, that are spheres.
Each spherical component of dV, contains exactly two such boundary components,
which separate the sphere into two (polar) disks and one (equatorial) annulus ZE . We

l
also find closed subsets V3 re, V2 cone» V2,9 C V2 such that:
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(D) V2 1egU V2 cone U V2 9 = V> and the interiors of these subsets are pairwise disjoint.
Moreover, 3V e, is the union of | J; I U El.o ulU; E;‘l \U; EF with the
components of dV, that are diffeomorphic to tori.

(b2) V3 1y carries an S '_fibration that is compatible with its boundary components

and all its annular regions.

(b3) The components of V3 ¢one are diffeomorphic to solid tori (~ S I D?) and each
of these components is bounded by one of the EIT such that the fibers of V) req
on each EIT are not nullhomotopic inside V3 cone -

(b4) The components of V, g are diffeomorphic to solid tori (~ S! x D?) or solid
cylinders (~ I x D?*). The solid tori are bounded by the El.o such that the
S!_fibers of V2 reg 0N the E l.o are nullhomotopic inside V, 5. The diskal
boundary components of each solid cylinder of V; 3 are polar disks on spherical
components of dV, and the annular boundary component is one of the Elf‘l.

Every polar disk and every EiA bounds such a component on exactly one side.
We now explain the geometric properties of this decomposition:

(cl) If C is a component of Vy, then there is a closed subset U C C with smooth
boundary, as well as a Riemannian 1-manifold J whose diameter is larger than
s101(x) foreach x € C and a fibration p: U — J such that:

(¢) If C~T?*x1I or S?x1,then U =C and J is a closed interval.

If C~ S!'x D%, Klein? X I, D? or RP3\ B3, then U ~ T? x I (in the
first two cases) or U ~ S? x I (in the latter two cases), 3C C U, J is a
closed interval and for all x € C\ U we have diamC\ U < usip1(x).

If C is the union of two such components as listed in (a3), then U ~ T? x I
or S? x I, depending on whether these two components have toroidal or
spherical boundary, and C \ Int U is diffeomorphic to the disjoint union of
these two components. Moreover, for all x € C \ U, the diameter of the
component of C\ U in which x lies has diameter < ps1p1(x).

If C is diffeomorphic to a T?—bundle over S! orto S' x S?, then J isa
circleand U =C.

(B) If U is diffeomorphic to T? x I, S* x I or S' x S?2, then p corresponds
to the projection onto the interval or the circle factor.

(y) p is 1-Lipschitz.
(8) Forevery x € U, the fiber of p through x has diameter less than us1p1(x).
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(c2) Forevery x € V3 o, the ball (B(x, s2p1(xX)), sz_zpl_z(x)g, x) is p—close to a
standard 2—dimensional Euclidean ball (B = B1(0), geucl, X = 0).
Moreover, there is an open subset U with B(x, 1s201(x)) CU C B(x, 5201 (x))
and a smooth map p: U — R? such that:

(a) There are smooth vector fields X1, X, on U such that dp(X;) = d/0x; and
X1 and X, are almost orthonormal, ie |{X;, Xj)—8;j| <p foralli,j=1,2.

(B) U is diffeomorphic to S' x B? such that p: U — p(U) corresponds to the
projection onto B? and the S —fibers are isotopic in U to the S —fibers of
the fibration on V5 e, .

(y) The S1_fibers of p and the S1_fibers of V2 .reg 0n U enclose an angle < 1
with each other and an angle in (% -, 5+ /,L) with X1 and X;.

(8) The S'—fiber of the fibration on V3 reg that passes through x is isotopic in
U tothe S'—fibers of p.

(¢) The S'—fibers of p as well as the S!—fibers of V2 reg 0n U have diameter
less than min{(vol U)'/3, sy p; (x)}.

(c3) Forevery x € V3 cone, the ball B(x, upi(x)) covers the component of V3 cone
in which x lies.

(c4) Forevery x € V, 3 there is an x’ € V5 1o with dist(x, x") < pp1(x).

(c5) Forevery x € V,, the ball B(x, is1py(x)) covers the component of V) in which
x lies.

Proof We follow the lines of the proof of [2, Proposition 6.1]. Our proposition is
a consequence of the arguments used for the proof of Theorem 0.2 in Morgan and
Tian [20]. In the following, we will point out the intermediate steps in this proof that
imply the assertions of our proposition and we will explain how some of its arguments
have to be modified slightly to fit our setting.

First note that our proposition and Theorem 0.2 in [20] use different philosophies:
Our proposition asserts that there is a small wg > 0 with the property that every “wg—
collapsed” manifold (M, g) satisfies the desired topological and geometric assertions,
while Theorem 0.2 claims that whenever we have a sequence of manifolds (M, g,) that
are “wy—collapsed” with lim,— o w, = 0, then these assertions hold for sufficiently
large n. These two philosophies are equivalent, similarly as the e—§—criterion for
continuity is in general equivalent to the sequence criterion. Under this equivalence,
assumption (ii) of our proposition implies assumption 1 of Theorem 0.2, which reads:
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1. For each point x € My, there exists a radius p = pp(x) such that the
ball Bg, (x, p) has volume at most wy, p> and all the sectional curvatures

of the restriction of gy to this ball are all at least —p~2.

Except for the higher derivative bounds, which are not really needed in the proof of
Theorem 0.2, assumption (iii) of our proposition implies assumption 3 of Theorem 0.2,
which reads:

3. For every w’ > 0 there exist 7 = 7(w’) > 0 and constants K, =
Kpn(w') < oo form =0,1,2,... such that for all n sufficiently large,
and any 0 < r <T, if the ball By, (x,r) has volume at least w'r3 and
sectional curvatures at least —r 2, then the curvature and its m™—order
covariant derivatives at x, m = 1,2, ..., are bounded by Kor_2 and
Kpur=™m72, respectively.

Lastly, assumption (i) of our proposition translates to the following condition:

Each component T of IM,, is an incompressible torus [...] such that the
T2 —fiber through every x € Uy has diameter < wyp1(X).

This condition does not imply assumption 2 of Theorem 0.2:

2. Each component of the boundary of M, is an incompressible torus of
diameter at most wy and with a topologically trivial collar containing all
points within distance 1 of the boundary on which the sectional curvatures
are between —% and —%.

It will become evident later, however, that either condition is sufficient for our purposes.

Next, Morgan and Tian make the following simplifying assumption:

Assumption 1. For each n, no connected, closed component of My admits

a Riemannian metric of nonnegative sectional curvature.

In our proposition we don’t want to make this assumption. So we have to find alternative
arguments whenever this assumption is used. Assumption 1 is essentially used at two
places in the proof of Theorem 0.2. Firstly, it is used to rule out certain topologies in the
description of the geometric decomposition of (M, g). This issue can be resolved by
adding these topologies to the list of possible topologies, eg in assertion (a3). Secondly,
it is used in the proof of [20, Lemma 1.5] to show that the function p,(x) can be
rechosen to be sufficiently regular and < %diam M. The regularity assumption is
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automatically satisfied by our choice p;(x) and by any multiple Ap;(x) for 0 <A <1.
We will now argue that, nevertheless, we can add the simplifying assumption that

p1(x) <max{C,u " '}diam M forall x e M

for some universal constant C < oo. This bound will be enough for our purposes,
because we can choose A = % min{C~!, 1} to ensure that the function p,(x) in [20]
is bounded by % diam M.

So assume for the moment that p;(x) > max{C, u~ !} diam M for some x € M and
some constant C < oo that we will determine later. Since M C B(x, p;(x)), this
inequality holds for all x € M and it implies

diam M < min{C ™", u}p; (x) < pp1(x).

By condition (i), M must be closed. It now follows from [10, Corollary 0.13] that we
can choose C uniformly such that the lower sectional curvature bound of — ,01_2 (%)
on (M, g) together with the diameter bound imply that M either supports a metric
of nonnegative sectional curvature or is infranil. This implies that the assertion in the
paragraph immediately after condition (iii) is satisfied and we are done. So we may
assume from now on that p; (x) <max{C, u~!} diam M forall x € M or, equivalently,
that the function p,(x) in [20], being equal to Ap;(x), is bounded from above by
% diam M.

Next, we have to construct the sets V;, V5 and V2/ as well as V3 reg, V2, cone and V3 3.
These sets will arise from the construction of the sets V), 1 and V), > in [20]. Note that
the construction of V1 and V), » is carried out in several steps. In the following we
provide an overview over this construction and point out the necessary changes for the
proof of our proposition.

In [20, Proposition 5.2], Morgan and Tian define X, ; C M, to be the set of all
points at which (M), g,) is locally collapsed to an open interval. The statement of
Proposition 5.2 is that X, ; can be extended to a subset X}, ; C U, ; C M, such that
the components of U, ; are diffeomorphic to S? x (0, 1), 72 x (0, 1) or a 2—torus
bundle over the circle such that the ends of U, ; are geometrically controlled. It
follows from the proof of this proposition that all points x € U, ; satisfy the geometric
characterization of assertion (c1) in our proposition. Note that in our setting, due to the
lack of Assumption 1, we have to include 2—sphere bundles over the circle to the list
of possible topologies of Uy, 1.
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Next, Morgan and Tian analyze the components of A C M, \ Uy,; . In [20, Lemma 5.3]
they conclude that for each such A there are three possibilities:

(1) (Mpy, gn) is locally collapsed in 4 to a 2—dimensional space of area bounded
from below.

(2) (Mp, gn) is globally collapsed in A4 to a half-open interval such that one of
its endpoints corresponds to a point in A. In this case A is diffeomorphic to
T? x I and adjacent to the boundary of M, or A is diffeomorphic to S' x D?,
Klein® X I, D? or RP2X [,

(3) A is “a component which is close to an interval but which expands to be close to
a standard 2—dimensional ball” (compare with [20, Definition 5.4]). This means
roughly that after decreasing p,(x) by a small factor, A satisfies the conditions
of (1).

At this point we need to recall that in our setting we are using a different characterization
of the metric around the boundary of M. So we have to be careful with arguments
that involve points close to the boundary of M. It can however be shown that, for
sufficiently small wg, every component A that is adjacent to dM satisfies (2). Using
their previous conclusion, Morgan and Tian define U ,;’1 to be the union of U, ; with
all such components A that satisfy (2). Note that, again, all points x € U ,;,1 satisfy the
geometric characterization of assertion (c1) in our proposition, since the important part
of this assertion involves points p that are sufficiently far away from the endpoints of
the interval towards which we observe the local collapse. We will later choose V; to
be a subset of U,;,I . This will then establish assertion (c1).

: !/
After constructing Un,1 ,

and call the new (closed) subset W, > and the closure of its complement W, ; (see

Morgan and Tian remove a small bit of each open end of U’; 1

[20, Section 5.3]). The reason for doing this is that this way the ends of W, , are
equipped with fibrations by 2—tori or 2—spheres that are compatible with the boundary
components of W, > and the fibrations of the adjacent components of W, ;. For every
component 4 C M\ U, ,,

of Wy » by A D A. Note that the change between A and A is generally negligible.

Morgan and Tian denote the corresponding component

So if A belongs to case (1) in the preceding list, then we will still interpret A to be
locally collapsed to a 2—dimensional space; and analogously for case (3). We will later
choose the subset V, C M such that for each of its components C C V, there is some
component A from case (1) such that A CC C A. The same is true for V/ , with case
(3) instead of case (1).
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Next, Morgan and Tian analyze the geometry of the subset W}, » in [20, Section 5.4].
In order to do this, they use the following intuition: Around every point x € W, »
the Riemannian manifold (M, g,) is locally collapsed to some 2—dimensional Alex-
androv space (X, d), which depends on x. Every point y € X satisfies one of the
following characterizations, which depend on certain parameters (compare with [20,
Theorem 3.22]):

(1) y is regular, ie after enlarging (X, d) by some uniform factor, the geometry
around y is close to a 2—dimensional Euclidean ball.

(2) y is conical, ie after rescaling, the geometry around y looks like a subset of a
2—dimensional cone.

(3) y is close to a regular boundary point, ie the local geometry around y is close
to a half-plane.

(4) y isclose to a corner, ie the local geometry around y is close to a 2—dimensional
sector.

Based on this classification of the points of the spaces that W}, , is locally collapsed to,
Morgan and Tian derive an induced classification of the points of W, 5. As a result,
they obtain a covering of W}, ; by subsets Uj generic (case (1)), finitely many “&’ —solid
tori near interior cone points” (case (2)), Uy, being the union of “&’—solid cylinders
near flat 2—dimensional boundary points” (case (3)) and finitely many “3-balls near 2—
dimensional boundary corners” (case (4)). The subset U3 generic carries an S 1 _fibration
along which the collapse occurs. For the exact statements see [20, Lemmas 5.7 and 5.9].
Then Morgan and Tian define the subsets W,:’l and Wn/’2 by removing the “3-balls
near 2—dimensional boundary corners” from W, » and adding their closures to W, ;.

Eventually, in [20, Section 5.5] Morgan and Tian construct the subset V}, ;. In this
construction, they first slightly deform the boundary between Wn’y1 and Wn/,2 so that
the S!—fibration on Wn/’2 N Uz generic 18 compatible with each boundary component.
After redefining Wn”l in that way, they set V, ; := Wn/’l. For our proposition, we
define V; C M to be the union of this new subset Wn/,1 minus the components that
were added as deformations of “3—balls near 2—dimensional boundary corners” when
we passed from W, ;| to Wn/’l. We define the subsets V5 and Vz/ to be the unions
of components in the closure of M \ V7, depending on whether the corresponding
component A belonged to case (1) or (3) in the list on page 971. The surfaces EiT
and X lS are defined to be the boundary components of V, U V2’ . Assertions (al)—(a3)
follow immediately. We will discuss the topology of the components of V;, as asserted
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in (a4), at the end of this proof. For now we just note that each such component has
exactly one boundary component. Assertion (c5) follows from the construction process.
Note that in order to get the bound s 01 (x) in this assertion, as opposed to a bound
of the form % 01(x), we need to replace some of the numeric constants in Morgan
and Tian’s work, eg the distance of % from the endpoints of J (see the beginning of
[20, Section 5.2]) by constants depending on /.

Next, we need to construct the subsets V5 e, V2 cone and V5 . For this we look
at the construction of V, , in [20]. The subset V, , arises from Wz’n by removing
deformations of certain “&’—solid tori near interior cone points” and “&’—solid cylinders
near flat 2—dimensional boundary points”. For our proposition we denote by V5 cone the
union of all these deformations of “s’—solid cylinders near flat 2—dimensional boundary
points” within ¥ and by V; 5 the union of all these deformations of “&’—solid cylinders
near flat 2—dimensional boundary points” together with the deformations of “3-balls
near 2—dimensional boundary corners”. So the components of V; cone are solid tori;
we denote their boundaries by EIT

Note that for each deformed “3-ball near 2—dimensional boundary corners” and every
spherical boundary component of V), there are exactly two diskal boundary components
of deformed “&’—solid cylinders near flat 2—dimensional boundary points™ that are
contained in the boundary of this deformed 3—ball or spherical boundary component.
So the deformations of the “&’—solid cylinders near flat 2—dimensional boundary points™
and the “3-balls near 2—dimensional boundary corners” form chains, which may or
may not close up. Chains that do not close up are homeomorphic to solid cylinders
~ I x D? whose diskal boundary components are contained in spherical boundary
components of V,. After smoothing out the corners equivariantly with respect to the
adjacent S'!—fibration, the boundaries of these solid cylinders are smooth annuli; we
denote them by El‘.‘l. Note that 83;4 C dV, and every spherical boundary component
of V, contains exactly two circles of | J; BEZA, which enclose an annulus EIE C aV,.
A chain that does close up is homeomorphic to a solid torus ~ S! x D? and, after
smoothing equivariantly, its boundary 2—torus is denoted by Eio . This establishes
assertions (b1)—(b4).

Assertions (c3) and (c4) follow from the construction process and (c2) follows from
the construction process together with the statement and proof of [20, Proposition 4.4].
Observe that the diameter bound on the fibers in U in part (&) of assertion (c2) follows
from the fact that around every such fiber of diameter d, we can find a neighborhood
inside B(x,s,p1(x)) that is close to S!(d) x B?(10d).
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We now make a remark on the choice of the parameters u, wg, s; and s,: The
constants in [20] that determine the preciseness of the collapse or the closeness with
respect to the Gromov—Hausdorff distance are mainly assumed to be fixed during
the construction process of the subsets V; , and V5 ,. This is due to the fact that
the purpose of [20] was to establish a purely topological theorem. Our proposition,
however, also contains a geometric characterization of the collapse, as presented in
assertions (c1)—(c5). These assertions involve a degree of preciseness p, which can be
chosen arbitrarily in the beginning of our proposition. Our geometric characterization is
more or less a byproduct of the proof in [20] and the lemmas and propositions asserting
the desired geometric statements, which can mainly be found in Section 4 of [20], do
allow the choice of arbitrarily small preciseness parameters. Allowing these parameters
to depend on p will however entail a w—dependence of the collapsing degree wg. The
constant s1 has to be chosen much smaller than u, because in assertion (c1) we also
want to describe the cases in which diam M <« pq(x) but still diam M > pp;(x).
Likewise, s, < 51, since at the boundary points of V, we need to be able to observe a
local collapse towards a 1-dimensional space at scale s101(x), but a collapse towards
a 2—dimensional space at scale 5501 (x).

Finally, we establish assertion (a4). Consider a component A of Vz/. Let x € A
be a basepoint and choose a collar P C V;, P~ T?>x I or P ~ S? x I that is
adjacent to 4,ie S = PU A ~ A. By assertion (cl) we may pick P such that its
diameter is > %sl p1(x) and such that it satisfies the geometric characterizations of
(c1)(a)—(8). So P is collapsed to an interval of length > %sl,ol(x) along T%—or S?—
s (g
Its sectional curvatures are bounded from below by —us; > —p on S. With respect to
—-1/2

fibers of diameter < usqp1(x). Consider the rescaled metric g’ = u~

g’, the collar P is collapsed to an interval of length > %,u along fibers of diameter

< /Ll/ 2 Moreover, by assertion (c5) we have diamgr 4 < ,ul/ 2

We now derive the following topological characterization of A for sufficiently small p:
if 7: A — A is a cover such that the restriction 7! (0A) — 04 is a disjoint union
of covers of degree < 6, then 9A consists of at most two boundary components.
In fact, this cover induces a Riemannian cover 7’: (3’ ,8)—>(S=PUA, g and

7'~1(P) consists of components that are collapsed to intervals of size > % ,u_l/ 2

along fibers of size < 6u1/ 2

. The number of these intervals is equal to the number
of boundary components of A. So if 4 had more than two boundary components,
then the space (S, g’) would be collapsed to a space containing at least three intervals

that intersect a subset of diameter < 4/,Ll/ 2. For small enough p, such a scenario
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is however impossible by Toponogov’s theorem. So A has at most two boundary
components.

By [20, Lemma 5.9] and our previous remarks, we have a topological decomposition
A= V2/ ,reg U VZ/ cone
(note that this fact can also be derived by applying our proposition to a rescaled metric

in which A is locally collapsed to a 2—dimensional Alexandrov space and P is locally

U V’ 9 with the same properties as described in assertions (b1)—(b4)

collapsed to a line). The S'—fibration on VZ/ reg CAN be extended to a Seifert fibration
on V, e Vz/ cone- L€t X be the base orbifold of this Seifert fibration and let Co C 0%
be the boundary circle that corresponds to the boundary component of V, 2 reg U Vz/ cone
that intersects dA. The subset V/ 9 consists of solid tori and, if P ~ S? x I, also one
solid cylinder. The solid tori correspond to the boundary circles of 0% \ Cy and the
solid cylinder corresponds to a subinterval of Cy. Let us now distinguish the cases

P~S?*xIand P~T?*x1I:

(1) If P~ S?x I, then the topological characterization of A implies that ¥ has no
orbifold covers & — % of degree > 2. So since 0% # &, ¥ must be homeomorphic to
a disk. Moreover, ¥ has no orbifold singularity or exactly one singularity of degree 2.
So, A is homeomorphic to the union of a solid torus, V5 . UV,  ~ S'x D?, with
a solid cylinder, VZ/ i I x D?, in such a way that the S —fibers on the cylinder wrap
once or twice around the S!—factor of the solid torus. In the first case 4 ~ D? and in
the second case 4 ~ RP? X

(2) If P~ T?x1I, then the topological characterization of A implies the following: As-
sume that 7: & — ¥ is an orbifold cover such that the restricted cover 7! (Co) > Cy
consists only of circle covers of degree < 6. Then 7~ !(Cy) contains at most two
components.

Let D¢ be an orbifold that is homeomorphic to a disk and that has a single orbifold
singularity of degree 6. Attach D¢ to ¥ along dD¢ and Cy and denote the resulting
orbifold by ¥(. Then the previous conclusions on ¥ imply that ¥, can only have
finite orbifold covers. So X, can either be bad or elliptic. If ¥ is bad, then it is
homeomorphic to a sphere and has at most two orbifold singularities. In this case X
is homeomorphic to a disk and has at most one orbifold singularity, which implies
A~ S x D2 If X is elliptic, then it must be homeomorphic to a sphere or a disk. If
it is homeomorphic to a sphere, then it can have at most 3 orbifold singularities and if it
has exactly 3 singularities, then two of those singularities need to have degree 2. So, in
this case, X has at least 2 singularities. If ¥ has < 1 singularities, then 4 ~ S! x D?
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as before. If it has exactly two singularities, then those singularities must have degree 2
and ¥ is a quotient of an annulus and A ~ Klein? X I. If ¥, is homeomorphic to
a disk, then it can only have one orbifold singularity. So in this case ¥ is a smooth
/ / ~ T2 : ~ 1 ~ ¢l 2
annulus and V2,reg UV3 cone & T7x I and it follows that 4 ~ V278 ~S'xD*. O

2.2 Geometric consequences

We now identify parts in the decomposition of Proposition 2.1 that become noncollapsed
when we pass to the universal cover or to a local cover.

Lemma 2.2 There is a constant 11 > 0 such that: Assume that we’re in the situation
of Proposition 2.1 and assume (. < p;. Then there is a constant w; = w(u) > 0,
which only depends on s, (i, 7, K), such that the following holds: Consider a subset
N C M and a point x € N such that B(x, p1(x)) C N . Assume that we are in one of
the following cases:

(i) x €CC N, where C is a component of V, with the property that the S —fiber
of C NV ree 18 incompressible in N .

(i) x € C C N, where C is a component of V1 that is diffeomorphic to T2x1,
Klein?X I, a T2 -bundle over S or the union of two copies of Klein? X I along
their boundary, and in all of these cases the generic T2 —fiber is incompressible
in N.

(ili) x € C, where C is a component of V; that is diffeomorphic to S I'xD?ortoa
union of two (possibly different) copies of S' x D* or Klein> X I. Let U C C
be a subset as described in Proposition 2.1(c1). Then we assume that U C N
and that the T'> —fiber of U is incompressible in N .

(iv) x € CC N, where C is a component of Vz’ that is diffeomorphic to Klein® X I
and whose generic T? —fiber is incompressible in N .

(v) We are in the case diam M < upq(y) for all y € M as mentioned in the
beginning of Proposition 2.1, N = M and M is either an infranilmanifold or a
quotient of T3

Now consider the universal cover N of N and choose a lift X € N of x. Then we
claim that

vol B, p1(x) > w1 93 (x).

In other words, x is wg—good at scale 1 relative to NV in the sense of [A, Definition 4.1].
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The proof of the lemma follows the lines of [2, Section 7], where a special case is
established. The proof makes use of comparison geometry. For any three points xg,
x1 and x5 in a metric space (X, d) we can construct a triangle AXoX;X, C H? in the
hyperbolic plane with the property that dist(x;, Xj) = d(x;,x;) forall i, j =0,1,2.
Its angles do not depend on the choice of the X; and are called comparison angles. We
will write <{x; XX, := <(X;XX>. Note that this construction can be carried out in
any model space of constant curvature, but in this paper we will only be interested in
the model space of constant curvature —1. Using this notion, we define the notion of
strainers as follows:

Definition 2.3 ((m, §)—strainer) Let § > 0 and m > 1. A 2m-—tuple of points
(a1,b1,...,am,by) in a metric space (X, d) is called an (m, §)—strainer around a
point x € X if

:(a,-xbj, zia,-xaj, :ibixbj > %—5 for all i,j= 1,...,m with [ ;ﬁ]

and

Jajxbi>nw—8 foralli=1,...,m.
The strainer is said to have size r if d(x,a;) =d(x,b;) =r foralli =1,...,m or
size>r if d(x,a;),d(x,b;) >r foralli =1,...,m.

We will also need the following:

Definition 2.4 ((m+% 8)—strainer) Let § >0 and m > 1. A 2m+1-tuple of points
(ar,b1,....am,bm,am+1) in a metric space (X, d) is called an (m+% 5)—strainer
around a point x € X if

:iaixbj>%—8 forall i =1,....,m+1, j=1,....,m with [ # j,
zia,'xaj>%—8 forall i,j=1,...,m+1 with i # j,

<bixbj > % -8 forall i,j=1,...,m with i # j,

and

Lajxb;j>mw—4§ foralli=1,...,m.
The strainer is said to have size r if d(x,a;) =d(x,b;) =r foralli =1,...,m or
m+1,orsize >r if d(x,a;),d(x,b;)>r foralli=1,...,morm+1.

In the following proofs (for each of the cases (i)—(v)) we will denote by &4 (141) a positive
constant that depends on w; > 0 and goes to zero as (11 goes to zero. At the end of
each proof we will choose w1 small enough that all constants §; are sufficiently small.
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Proof in case (i) We have either x € V e Or X € V3 cone U V2 5. In the second case,
there is an x” € B(x, tp1(x))NCNV3 e and %,01 (x) < p1(x”) <2p1(x); here we have
assumed that p < % So B(x', %,01 (x")) CB(x,p1(x))CN.LetX'€ N be alift of x
such that dist(x, x) = dist(¥,X’). Then B(X’, %pl(x’)) C B(X, p1(x)) and hence
vol B(X, p1(x)) > vol B()?’, %pl (x’)) . So if we relax the assumption B(x, p1(x)) C N
to B (x, % £1 (x)) C N, then we can replace x by x’. This shows that under this relaxed
assumption, we can assume without loss of generality that x € V3 .

Consider now the subset U with B(x, 35201(x)) C U C B(x,52p1(x)) C N and the
map p: U — R? from Proposition 2.1(c2). For the rest of the proof of case (i), we
will only work with the metric g’ = s 2 ,01_2 (x)g on M as opposed to g, and we will
bound the g’—volume of the 1-ball around x in the universal cover N from below
by a universal constant. This will then imply the lemma. Observe that the sectional
curvatures of the metric g’ are bounded from below by —1 on this ball. In the following
paragraphs, we carry out concepts that can also be found in [4] or [5].

By the properties of x, we can find a (2, 61 (u1))—strainer (a1, b1, az,by) of size %

around x (here 81 (i) is a suitable constant as mentioned above). Recall that this
entails that dist(a;, x) = dist(b;, x) = 1 for all i = 1, 2. In the universal cover N,

we can now choose lifts X, a@; and b such that dist(a@;, X) = dlst(a,,x) = and
dlst(b,, X) = dist(b;, x) = ». Since the universal covering projection 7: N —> N is 1-
Lipschitz, we obtain furthermore dlst(a,,b ) > dist(a;, bj), dist(@;, ay) > dist(ay, az)
and dist(gl , 52) > dist(by, by). So all the comparison angles in the universal cover
are at least as large as those on M and hence we conclude that (a1, 51 ,dy, 52) isa

(2,81 (pq))—strainer around X of size %

Next, we extend this strainer to a 2%—strainer around X. By the property of the
map p there is a sequence X, of lifts of x in N that is unbounded, such that the
consecutive distances of its members are at most 2(vol U )1/ 3. We can assume that
2(volU )1/ 3 < 1, because otherwise we have a lower bound on vol U and we are
done. So for sufficiently small @ we can find an n such that with y = X, € N we
have

|dist(X, ) —2/11| = 1

Note that X and y both project to x under the universal covering projection 7: N—>N.
Since & is 1-Lipschitz, it follows that, for i =1, 2,

dist(7,@;) > dist(x,a;) = 1 and  dist(7, 5;) > 1.
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So, in the triangle AyXa;, the segment |ya;| is the longest, which means that it must
be opposite to the largest comparison angle, ie

36,55 > 3574

Since dist(X, y) — 0 as uq — 0, we find, using hyperbolic trigonometry, that

(2-3) QAiXY + AXYa; + IYa;x > 7w —85(1uq)
and
(2-4) Qa;x < 82 ().

The last three inequalities imply
2GRy > —282(11).
The same is true with @; replaced by l;,-. So
2-5) X7 > 5 —8(w) and  THFT > 5 -8 ().
Hence (51,51,52, 52, y)isa (2% 52(u1))—strainer around X of size > 2,/jt1 — 1.

Since [dist(¥, ;) —dist(%,@)| < 2,/f7 and |dist(F, bi) —dist(X, bi)| < 2. /1 we
conclude (al,bl as, bz) isa (2, 83(pq))—strainer around y of size > ——2\/_ 201 .
We now show that symmetrically (al,bl,az, bz,x) is a 2——stra1ner around y of
arbitrarily good precision: By comparison geometry,

2337 + 2yxb; + <a;Xb; < 2.
Together with (2-5) and the strainer inequality at X, this yields
QKT < F 481 (1) + 82(p1).
Combining this bound with (2-3) and (2-4) yields
AXFa; > 5 —81(n1) —382(1) = 5 — 84(p).

The same estimate holds for <X 7b;. So (@1, b1, s, by, X) is indeed a (25.84(111)) -
strainer around y.

Let /7 be the mldpomt of a minimizing segment joining X and y (this segment is
contained in N for small enough ). We will now show that (a;, bl,a2, b2, y,X) is
a 3-strainer around 77 of arbitrarily good precision. Since the distances of a; and b
to /m differ from the corresponding distances to X by at most ,/zt1 + 41, we conclude
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that (51,51,52,52) is a (2,85(q))—strainer of size > %— Ji1 — 1 around . It
remains to bound comparison angles involving the points X and y: By the monotonicity
of comparison angles, we have

IMFA; = APXA; > T —8,()uy) and  Lnxb; = IPXb; > T —82(11).

Now, if we apply the same argument as in the last paragraph, replacing y by m, we
obtain <Xma;, <xXmb; > % —386(p1). For analogoui estimates on the opposing angles,
we then interchange the roles of X and J. Finally, <Xmy = m is trivially true.

Set a3 = J and 53 = X. We have shown that (21'1,51,21'2, 52,21'3,53) isa (3,67(u1))-
strainer around /m of size > /ity — 1 > %M —for uq < % —for a suitable §7(u1).
We will now use this fact to estimate the volume of the A /i1 -ball around /7 from
below for sufficiently small A and ;. We follow here the ideas of the proof of [4,
Theorem 10.8.18]. Define the function

f: B@. h/ur) > R,
z > (dist(@y, z) — dist(@y, ), dist(@y, z) — dist(@,, ),
dist(as, z) — dist(as, n71)).

We will show that f is 100-bilipschitz for sufficiently small p and A. Obviously, f
is 3—Lipschitz, so it remains to establish the lower bound ﬁ. Assume that this was
false, ie that there were z1,z, € B(m, A /it1) with dist(zq, z5) > 100| f(z1) — f(22)].

Then, forall i =1, 2, 3,
(2-6) dist(zq, z) > 100|dist(a;, z1) — dist(a;, z2)|.

By the previous conclusions and the fact that comparison angles can be computed in
terms of the distance function, we find that, given any § > 0, we can choose A > 0
and pq > 0 sufficiently small, to ensure that (@ 1,51,21’2, 52,21“3,53) is a (3, 8)—strainer
around z; and around z,. Now look at the comparison triangle corresponding to
the points z;, z, and @;. By (2-6), it is almost isosceles and hence by elementary
hyperbolic trigonometry we conclude, for A sufficiently small,

9 m = ~ = ~ 11
10" 2 < <2214, <LZ122a5 < 15°

[(SIE]

Using comparison geometry,

:iZlZZbi <2m— :faiZzbi — :Zzlzzai < % . % 4 6.
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For A sufficiently small, we obtain furthermore, by hyperbolic trigonometry,

Zigizlzz + 2121225,- + z{zzgizl >m7—§8 and Zizzgizl < 4.
So

o|‘°

&EjZ]Zz > —36.

NIE]

1

Now join z; with a, by, @y, by and @, by minimizing geodesics. By comparison
geometry, these geodesics enclose angles of at least 5 —§ or = —§, depending on
the geodesics, between each other. So their unit direction vectors at z; approximate
the negative and positive directions of an orthonormal basis of 7%, N. By the same
argument, the minimizing geodesic that connects z; with z; however encloses an
angle of at least 1—90 - 5 — 38 with each of these geodesics. For sufficiently small &
this contradicts the fact that the tangent space at z; is 3—dimensional. So f is indeed
100-bilipschitz for sufficiently small A and 1.

From the bilipschitz property we can conclude that

vol B(it, A /it1) > c(Ay/1i7)?

for some universal ¢ > 0. Fixing @ < % and A < 1 such that the argument above can
be carried out, we obtain

vol B(X, 1) > vol B(iit, h/it1) > c(AJ17)® = ¢’ > 0.

By rescaling, this implies the desired inequality for the metric g. a

Proof in cases (ii)—(iv) By Proposition 2.1(c1) and (c5) we know that there is an
x" €C (or x’ € C’ in case (iv), where C’ is the component of V; adjacent to C) with
dist(x, x’) < %pl(x) such that there is a subset U with B(x’, %sl,ol(x’)) cUC
B (x’ , %sl p1(x’ )) that is diffeomorphic to 7% x I and incompressible in N and the ball
(B(x', %sl,ol(x’)), 4s72p2(x")g. x") is 81 (1) —close to ((—1. 1), geuel, 0). As in the
proof in case (i) we can replace x by x’ and hence assume without loss of generality that
B(x, %sl,ol (x)) cUC B(x, %sl,o](x)) and that (B(x, %sl,ol(x)), 4s1_2,01_2(x)g, x)
is 81 (p1)—close to ((—1,1), geuct, 0).

Choose ¢ € m1(N) corresponding to a nontrivial simple loop in one of the cross-
sectional tori of U and denote by N the covering of N corresponding to the cyclic

subgroup generated by ¢, ie if we also denote by ¢ the deck transformation of N
corresponding to ¢, then N=N /{q). So we have a tower of coverings N—>N->N.
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Consider first the rescaled metric g’ = 431_2 p1_2 (x)g. With respect to this metric
we can construct a (1,8, (uy))—strainer (aq,b;) around x of size % on M for a
suitable §,(u1). By the same arguments as in case (i), but using the covering N—>N,
we can find a point m € N at a distance of 2 /i1 + py from a lift X € N of x
and a (2, 82(;“)) —strainer (al,bl az,bz) around m of size > 2\/_ Connect the

points d; and b with /71 by minimizing geodesics and choose pomts a; and b’ at

distance 1 5+/I41 from 7. By monotonicity of comparison angles, (a7, Ziz, b 5) isa
(2,6, (/Ll))—stralner of size /uy.
Let ¢” = uy'g’. Then (@),b},d,.b ) has size % with respect to g”. Using this

strainer, the metric g” and the covering N — N, we can apply the same argument
from case (1) again and obtain a (3, §5(u1))—strainer (dy, by, az, by, ad as, b3) around a
point /' € N, which is 2. /it1 + pq close to a lift m of /i in N.

As in case (i), for a sufficiently small ©; we can deduce a lower volume bound
volgr B, 1) > ¢

With respect to g’, the point /72" is within a distance of /i1 (2. /41 + 1) +2. /1 + i1
from a lift X of X. Hence, for sufficiently small 11,

volg' B(X, 1) > volg B(i', /1) > c'u?/z =c">0.

The desired inequality follows by rescaling. a

Proof in case (v) In this case, there is a covering M — M such that M ~ T? xR
and whose group of deck transformations is isomorphic to Z. Let g be the pullback
of the Riemannian metric g onto M and let £ € M be alift of x. Then the rescaled
ball (B(X, p1(x)), ,ol_z(x)(g? )Ac) inside M is 81(m1)—close to ((—1,1), geuct, 0) and
there is a subset U C M with B( , 2,01 (x)) Cc U C B(X, p1(x)) that is diffeomorphic
to T2 x I and incompressible in M. We can now apply the previous proof. |

2.3 Topological consequences

We now discuss the topological structure of the decomposition obtained in Proposition
2.1. So in the following let M be a compact manifold, possibly with boundary and
consider a decomposmon M = Vi UV,U V], along with the surfaces ET ZS ’“lT,
"‘10 , EA and EF and subsets V; reg» V2,cone and V3 3 that satisfy all the topological
assertions of Prop0s1t10n 2.1(al)—(a4) and (b1)—(b4). For future applications, we will

discuss the following three cases:
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Case A M is closed, ie M = @ and M is irreducible and not a spherical space
form. (See [C, Section 2] for definitions of basic topological terminologies.)

Case B M is irreducible, has a boundary and all its boundary components are tori
that are incompressible in M.

CaseC M ~ S!'x D2,

The main result of this subsection will be Proposition 2.11. We first need to make some
preparations.

Definition 2.5 Let G C M Dbe the union of

(1) all components of V, whose generic S!—fiber is incompressible in M,

(2) all components of V; that are diffeomorphic to T2 x I or Klein> X I and
whose generic T2 —fiber is incompressible in M, or components of V; that are
diffeomorphic to a 7'2—bundle over S or the union of two copies of Klein? X I
along their common torus boundary,

(3) all components of V, that are diffeomorphic to Klein? X I and whose generic
T2 —fiber is incompressible in M.

We call the components of V;, V, or V2/ that are contained in G good (in M ).
By Proposition 2.1(b4), good components of V, do not contain points of V, 3.

Lemma 2.6 Consider the cases A-C. Every component of Vi, V, or V, that is
contained in G and shares a boundary component with G (meaning that it has a
boundary component that is contained in dG ) either belongs to V, and is not adjacent
to M or belongs to V; and is adjacent to dM.

Proof This follows directly from the definition of G and Proposition 2.1(a2). Observe
that any component that is adjacent to a good component of Vj is good. o

Lemma 2.7 Consider the cases A or B. There is a subset S C M that is the disjoint
union of finitely many embedded solid tori ~ S' x D?, bounded by some of the £,
such that for any ZiT the following statement holds: EiT is compressible in M if and
only if EiT C S (ie it either bounds a component of S or it is contained in its interior).

In particular, M = GUS.

An important consequence of this lemma is that in cases A and B we have G # &.
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Proof Without loss of generality, we assume in the following that M is connected.

First observe that by the irreducibility of M in case A and the fact that dM # & in
case B, each sphere Zf C M bounds a ball B; C M on exactly one side. By [C,
Lemma 2.10], any two of those balls are either disjoint or one is contained in the other.
Let B}...., B, be adisjoint subcollection of those balls that are maximal with respect
to inclusion.

Now, consider all tori EiT that already bound a solid torus S; C M. In case B, we
have S; NdM = @. Again by [C, Lemma 2.10], any two such tori are either disjoint
or one is contained in the other. So there is a unique subcollection of those solid tori
that are maximal with respect to inclusion. Denote the union of those solid tori by S.

We will now show by contradiction that every torus X IT CM\(SUBjU---UB, ) is
incompressible in M. Observe that each such torus does not bound a solid torus in M.
For each compressible torus El.T CM\(SUB|U---UB, ) we choose a compressing
disk D; C M (see [C, Proposition 2.6] for a definition of a compressing disk and
the statement that such a compressing disk always exists). By [C, Lemma 2.9] and a
maximum argument, we can find one such torus E].T C M\(SUB{U---UB, ) with the
following property: for any other compressible torus EiT CM\(SUB{U---UB, )
that lies in the same component of M \ EJ.T as Dj, the disk D; lies in the same
component of M \ EiT as EJT . (For example, one may choose the torus EJT that
has the most other tori El.T on the side opposite to D;.)

Let C be the component of Vi, V, or Vz/ whose boundary contains E]-T and that lies
on the same side of ZJT as Dj. We first argue that C ¢ V;: If C were a component
of Vq,then C~ T2 x I, Klein> X I or S! x D?. The third case cannot occur, because
EJ.T ¢ S and the second case is impossible, because the boundary torus of Klein? X I
is incompressible in Klein> X . So C ~ T? x I. Let El.T be the other boundary
component of C. Since the components of M \ EJ.T and M \ El.T are diffeomorphic,
and by [C, Lemma 2.9] the compressing disks D; and D; have to lie on the same sides
of their tori, we obtain a contradiction to the choice of E]T . So C ¢ Vi. Moreover,
C ¢ V!, because otherwise C ~ S! x D2 or Klein? X I by Proposition 2.1(a4), which
is impossible by the same reasons. So C C V5.

We will now analyze the boundary of C. Consider EiT C dC (possibly EiT = ZJT ).
If El.T bounds a solid torus S; C S then, since EjT ¢ S, S; lies on the opposite side
of C. If 7' does not bound a solid torus then =¥ C M \ (SU B{U---UB, ). So, if
El.T has compressing disks, then by [C, Lemma 2.9(a)] and again by the choice of X7,
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these disks can only lie on the same side as C. By [C, Proposition 2.6], this implies
that then EiT is incompressible in the component of M \ EiT that does not contain C.
For every spherical boundary component Z;.g C dC, the ball B; lies on the opposite
side of C and has to be one of the maximal balls B] because otherwise EJ-T would be
contained in Bj U---U B, ,.

Now set N =CN V3 ree and define S * to be the closure of the union of C\ N with the
balls B] whose boundary lies in dC. So N carries an S ! _fibration and is bounded by
some of the tori EiT and 0S™. The set S* consists of components of V; ¢one (those are
solid tori), components of V 3 that are solid tori and chains made out of components
of V, 5 that are solid cylinders and balls B;. So (after smoothing out the edges of the
chains) all components of S* are solid cylinders. We can hence apply [C, Lemma 2.12]
to conclude that there are two cases: In the first case there is a boundary torus 7' C N
that bounds a solid torus in M on the same side as N . In the second case every
boundary torus of N either bounds a solid torus on the side opposite to N or it is
incompressible in M. The second case cannot occur, since ZJ.T is compressible and
does not bound a solid torus. So the first case applies. Consider the component 7" C N
that bounds a solid torus on the same side as N . We find using [C, Lemma 2.10] that
T Z0dS*,s0T = ZiT for some i and the solid torus is S;. But this would imply that
EjT C N CC C S, in contradiction to our assumptions.

We have shown so far that every ZiT CM\(SUBjU---UB, ) is incompressible
in M.

Now assume that there was some B that is not contained in S. Then dB;NS =@ by [C,
Lemma 2.10]. By maximality of B/ and the fact that M is not a spherical space form,
B; borders a component C of V, on the other side. Since C has a spherical boundary
component, C NV, 3 # <& and hence the S I _fibers on C N V2 reg are contractible
in M. So every boundary torus of C must be compressible and hence be contained in
SUB{U---UB, , and, in case B, dCN0M = @. Since C SUB|{U---UB, ,, all
boundary tori of C bound solid tori on the other side. Define N and S* in the same
way as above. Then N carries an S'—fibration and S* is a disjoint union of solid
tori. So every boundary component of N bounds a solid torus on the other side. In
particular, by [C, Lemma 2.10], no boundary component of N bounds a solid torus on
the same side. Hence, by [C, Lemma 2.12], the S I_fibers on N are incompressible
in M, in contradiction to our previous conclusion.

We conclude that B; U---u B;n, C S and one direction of the first claim follows. The
other direction is clear since 771 (S! x D?) 2 Z. It remains to show that M =GUS. Let
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C be a component of V;, V, or Vz/ whose interior is contained in M \ S and assume
that C ¢ G. Observe that since all E;g are contained in S, dC only consists of tori.

Consider first the case C C V. If C has no boundary, then it must be diffeomorphic
to either S! x §2 or the union of D3 and D3, D3 and RP3\ B3, two copies of
RP3\ B3 along their boundary, two copies of S! x D? along their boundary or to the
union of Klein? X I and S! x D? along their boundary. The first four cases can be
excluded immediately, since M is assumed to be irreducible and not a spherical space
form and the last two cases are excluded by [C, Lemmas 2.10 and 2.11], respectively.
So C has a boundary and hence it is diffeomorphic to 72 x I, Klein> X I or S' x D?.
The last case cannot occur, since otherwise C C S. In the other two cases, the boundary
component(s) are compressible in M and hence not contained in dM. So they bound
a component of S on the side opposite to C, ie M = C U S. But this is again ruled
out by [C, Lemmas 2.10 and 2.11].

Similarly, in the case C C V2’ , C would be diffeomorphic to Klein?> X I or S! x D?.
The second case can not occur since otherwise C C S and in the first case, M would
be the union of Klein? X I with a solid torus, which is ruled out by [C, Lemma 2.11].

Finally, assume that C C V,. Since the generic fiber in C is assumed to be compressible
in M, all boundary tori of C are compressible in M and hence dC is disjoint from dM.
So M =CUS, which gives a contradiction already in case B. In case A, define N
and S* again in the same way as above. N carries an S!—fibration, S* is a disjoint
union of solid tori and M = N USUS™*. By [C, Lemmas 2.12 and 2.10], we conclude
that the S'—fibers of N are in fact incompressible in M and hence C C G. a

We now focus on the intersection G N S.

Lemma 2.8 Consider the cases A—C. In cases A and B let S be the set defined in
Lemma 2.7 and in case Clet S = M. Then G NS C V, and every component C of V;
that is contained in G NS is bounded by tori that bound solid tori inside S.

Proof Note first that G NS cannot contain any components of V; or V), because
such components would have at least one incompressible boundary torus. Now let C
be a component of V, that is contained in G N'S. In particular, CNV, 3 = & and
hence the boundary of C is a disjoint union of tori that are compressible in S. Consider
a component 7 C dC and let D C S be a compressing disk for 7. Then, by [C,
Lemma 2.9], either 7" bounds a solid torus or 7" U D is contained in an embedded
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ball. But the latter case cannot occur, since the S!—fiber direction of C in T is
incompressible in M. So T bounds a solid torus, which by [C, Lemma 2.10] has to
lie inside S. O

Definition 2.9 Let the subset G’ C M be the union of G with

(1) all components of V; that are diffeomorphic to Klein? X I and adjacent to G
or oM,

(2) all components of V; that are diffeomorphic to 72 x I and that are adjacent to
G U dM on both sides,

(3) all unions C; UC, where Cy is a component of V; diffeomorphic to T?x I and
adjacent to G or M on one side and adjacent to C,, which is a component of
V, diffeomorphic to Klein? X I, on the other side.

Lemma 2.10 Consider the cases A-C. Every component of Vi, V, or V, that is
contained in G' and meets the boundary 0G’ already belongs to G or is adjacent to oM.
In other words, G’ C G U M. In cases A and B, the second option can be omitted.

In particular, any such component is either contained in V, if it is not adjacent to dM
or is contained in V; if it is adjacent to oM.

Proof This is a direct consequence of the definition of G’ and Lemma 2.6. a
We can now state the main result of this subsection.

Proposition 2.11 In cases A and B let G be the union of all components of G’ that
share points with M \ S. In case C, let G” be the component of G’ that is adjacent
to OM, if it exists. Then the following is true:

(a) In cases A and B, every connected component of M contains exactly one
component of G”. In case C, G” is connected and possibly empty.

(b) Let 8" be the closure of M \ G”. Then 8" is a disjoint union of finitely many
solid tori (~ S! x D?) each of which is incompressible in M.

(c) Each component of Vi, V, or V) that is contained in G” and that shares a
boundary component with G” is contained in G. If such a component is adjacent
to OM, then it is also contained in V1 and does not intersect 0G” \ dM. If such a
component is not adjacent to M, then it is contained in V5.
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d g\g"cCV,.

(e) For every component C"” of S” there is a component C of Vy that is contained
in C" and adjacent to dC” . Moreover, C is diffeomorphic to either S' x D? (in
which case C" = C) or T? x I . In the latter case, the component C' of V, or
V, that is adjacent to C and contained in C” (ie dC \ dC" C C') is not contained
in G. More precisely, if C' C V; then C' ~ S' x D?, and if C' C V, then the
S1_fibers of C' N V2 reg are contractible in C".

Proof For assertion (a) observe that M = G U S and that every component of M
contains exactly one component of M \ S.

Assertions (b)—(d) follow from Lemmas 2.6, 2.8 and 2.10: For (b) observe each
component C ~ S x D? of S” is either equal to M (which may happen in case C),
and hence trivially incompressible in M, or it is adjacent to a Seifert fibration with
incompressible generic S'—fibers. In the second case, this would imply that there
is an embedded loop y C dC C C with the property that the image of [y] under the
sequence 71(dC) — 71 (C) — 1 (M) has infinite order. So the image of the second
map, 71(C) = Z — w1 (M), must be infinite and therefore injective, which means that
C is incompressible in M. Finally, for (d) observe that G\ G’ C S.

For (e) observe that C” is either adjacent to dM or to G” and hence to V,. So the
component C of Vy, V, or V; that is adjacent to dC” inside C”, is contained in V.
Since C is contained in a solid torus, it cannot be diffeomorphic to Klein® X I. So it
is diffeomorphic to S! x D? or T? x I. The rest follows from the definition of G’.
Observe that in the case C' C V5, the S!—fibers of €’ N V2 reg are compressible in M,
since otherwise C’ C G and hence, by Definition 2.9(2), C C G’, which contradicts the
fact that G” is a union of components of G’. Since C” is incompressible in M, we
conclude that the S!—fibers of C' N V2 req are even contractible in S”. O

3 Preparations for the main argument

In this section we list smaller lemmas that will be used in the main argument in
Section 4.

3.1 Torus structures and torus collars

We will make use of the following terminology to describe the geometry of collar
neighborhoods in an approximate sense.
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Definition 3.1 Let ¢ > 0. A subset P C M of a Riemannian manifold (M, g) is
called a torus structure of width < a if there is a diffeomorphism ®: T2 x [0, 1] — P
such that diam ®(7'% x {s}) < a for all s € [0, 1] (here “diam” denotes the extrinsic
diameter in (M, g)). The length of P is the distance between the two boundary
components of P.

If h, ro > 0, then we say that P is h—precise (at scale ry) if it has width < /iry and
length > 7~ 1rg.

Note that every torus structure of width < a and length L can be shortened to a torus
structure of width < a and length L, forany L, < L.

In the proof of Proposition 4.2, we will moreover make use of the following variation
of this notion:

Definition 3.2 Consider a constant ¢ > 0, a Riemannian manifold (M, g) and a
smoothly embedded solid torus S C M, S ~ S! x D?. We say that S has torus
collars of width < a and length up to b if for every point x € Int S’ with dist(x,dS) <b
there is a set P C S that is diffeomorphic to 72 x I such that P is bounded by 0.5
and another smoothly embedded 2—torus 7' C S with x € T and diam 7 <a.

Soif P C S (with S C dP) is a torus structure of width < a and length b, then S
has torus collars of width <« and length up to b.

We mention two conclusions, which we will use frequently.

Lemma 3.3 Assume that S has torus collars of width < a and length up to b. Let
x € Int S with dist(x, dS) < b —2a and choose P C S according to Definition 3.2.
Then dist(x, 05) < diam P < dist(x, 0S) + 4a.

Proof The first inequality is clear. For the second inequality consider a minimizing
geodesic y joining 0.5 with x. By minimality, y C S and all points of y have distance
< b—2a from dS. Let y € P\ dS and assume that dist(y, dS) < b. So there is
an embedded 2—torus 77 C S with y € T’ and diam 7’ < ¢ and a set P’ that is
diffeomorphic to 72 x I and bounded by 9.5 and 7'.

If 77 is disjoint from 7', then P’ C P\ T and y must intersect 7" as it connects the
two boundary components of P, one of which coincides with a boundary component
of P’ and the other, which is disjoint from P’. We conclude that 7" intersects y or T .
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In the first case, dist(y,y) <« and, in the second case, dist(y, y) < dist(y, x) < 2a.
So in fact we have the strict bound dist(y, d.S) < b and the bound dist(y, y) < 2a.
The first bound implies that all points of P \ 0.5 have distance less than b from 95
and the second bound implies that all these points are no more than 2a away from y .
This implies the diameter bound. a

Lemma 3.4 Consider two subsets P;, Py C M of a smooth 3—-manifold that are
diffeomorphic to T? x I . Assume that one boundary component, Ty , of P is contained
in the interior of P, and the other boundary component, T, is disjoint from P, .
Assume also that conversely one boundary component, T,, of P, is contained in
the interior of Py and the other boundary component, T} is disjoint from Py . Then
P, U P, is diffeomorphic to T? x I

Proof First observe that P; \ P, is a deformation retract of Py U P,. So, since Tl’ is
incompressible in P; and hence also in P; \ P,, we find that it is also incompressible
in Py U P,. This implies that 77, being isotopic to 77, is incompressible in Py U P,.
So T is also incompressible in P;.

By elementary 3—manifold topology (see eg the proof of [14, Proposition 1.7]), this
implies that P, \ P; ~ T?x|[0,1) and hence P U P, = (P,\ P))UP, ~T?*x1I. O

The next lemma asserts that under the presence of a curvature bound, we can find a
torus structure of small width around a cross-section of small diameter inside a given
torus structure. This fact will be used in the proof of Proposition 4.3. In the subsequent
Lemma 3.6 we show that such a small cross-section exists if we can find two short
loops that represent linearly independent homotopy classes inside the torus structure.

Lemma 3.5 For any K < oo, L < 0o and h > 0 there is a constant 0 <V =
V(K, L, h) <1 such that:

Let (M, g) be a complete Riemannian manifold, consider a torus structure P’ C M of
width < 1 and assume that |Rm| < K on P’. Let T C P’ be an embedded 2—torus
that is incompressible in P’, separates the two boundary components of P’ from one
another, has distance > %L + 30 from the boundary components of P’, and satisfies
diam 7T < V.

Then there is a torus structure P C P’ of width < h and length > L such that T C P’
and such that the pair (P, P) is diffeomorphic to (T? x[-2,2], T? x[-1,1]).
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Proof By chopping off the ends of P’, we first construct a torus structure P; C P’
of width < I and length < L + 100 such that the boundary tori of P| have distance at
least 5 from the boundary tori of P’ and such that 7' has distance of at least %L + 20
from 0Py . Thenstill T C P;. Choose points z;, z, € 9P; in each boundary component
of P{ and let y C M be a minimizing geodesic from z; to z,. Then y C P’ and y
intersects 7' in a point z.

By the same construction as above, we choose P, C P| such that the boundary tori of
P’ have distance of at least 5 from the boundary tori of P| and such that 7" has distance
of at least 3L + 10 from 9P}. We still have 7 C P}. Let now x € P} be an arbitrary
point. Consider minimizing geodesics i, > C M from x to z; and z,. Then again
¥1. y2 C P’ and one of these geodesics have to intersect 7' ; without loss of generality
assume that this geodesic is y; and choose a point x; € y; N T'. Let y; € y be a point
with dist(zy, y;) =dist(zy, x) (we can find such a point since dist(zy, x) <dist(zy, z)).
We now apply Toponogov’s theorem using the lower sectional curvature bound —K:
Observe that dist(zq, x1), dist(zq, z) < L 4100 and dist(xy, z) <V. So the comparison
angle 8 = <x1z;1 2z (in the model space of constant sectional curvature —K) is bounded
by a quantity B¢ = Bo(V, L, K) that goes to zero in V whenever L and K are kept
fixed. By Toponogov’s theorem, we have <xz;y; < B < Bo and, since the comparison
triangle Axzy y1 is isosceles and the lengths of the hinges are bounded by L + 100,
we conclude that dist(x, y;) < B1(v, L, K), where 8;(V, L, K) is a quantity that goes
to zero in V if L and K are kept fixed. This implies in particular that

dist(zq, zp) < dist(zq, x) + dist(z,, x) < dist(zy, zp) + 281 (v, L, K).

Hence, if ¥ is small enough depending on L and K, then we have the following bound
for the comparison angle at x:

(3-1) Lzyxzp > 097
For the rest of the proof, fix such a ¥ > 0 for which also (v, L, K) <0.14.

By (3-1) the function p: Int P, — R given by p(x) = dist(z;, x) is regular in a
uniform sense and hence we can find a smooth unit vector field x on Int P’ such that
the directional derivative of p is uniformly positive everywhere, ie x-p >c¢ > 0. We can
moreover choose a smoothing p’ of p with |p— p’| <0.1h and yx- p’ > 0 everywhere
(compare with the techniques used in [11; 18, Section 3.3]). Let P = (p’)~!(J) be the
preimage of a closed subinterval I C p’ (Pé) whose endpoints have distance 3 from the
endpoints of p’(P;). This implies that the preimage (p’ )~1(¢) of every point t € I is
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far enough from the boundary of P) and hence is compact. Then in particular 7 C P.
So P ~ X x I, for some connected, closed surface X and p’ is the projection onto the
second factor. Since 7' C P, it follows that 71 (X) contains a subgroup isomorphic
to Z?, which implies that ¥ ~ T2,

We now estimate the diameter of (p’)~!(¢) for each ¢ € I. Againlet x € P and consider
as above the geodesics y; and y, as well as the point y; € y with dist(zy, y1) =
dist(z, x) = p(x). Additionally, we construct y, € y with dist(z,, y,) = dist(z;, X).
Then dist(y1, y2) < 0.2A. In the case in which y; intersects T, we conclude as above
that dist(x, y1) < 0.1/4. Analogously, if y, intersects T, we have dist(x, y,) <0.14
and hence dist(x, y;) < 0.3h. Let y’ € y now be a point with dist(zq, ') = p'(x).
Then dist(y’, y1) = | p(x) — p’(x)| < 0.1/ and hence dist(y’, x) < 0.4A4. This implies
that diam(p’)~!(t) <0.8h < h forall t € I. So P has width < /.

Finally, we bound the length of P from below. Consider points x1, x, € dP in each
boundary component and let y{, ), € y be points with dist(zy, y]) = p’(x;) and
dist(zy, 5) = p'(x2). Then, by the last paragraph,

dist(xy, x2) > dist(y], ¥5) —2-0.4h = | p'(x1) — p'(x2)| — 0.8h
= U(p'(P})—2-3—0.8h > £(p(P}) —6—h,
where £(p(P;)) denotes the length of the interval p(P;). By assumption, p(P;) >
2($L+10) = L +20. So dist(xy,x3) > L+ 14—h > L for h < 1. This implies that
P has length > L. a

Lemma 3.6 Forevery K < oo there is a constant £, = £1(K) > 0 such that:

Let (M, g) be a complete Riemannian manifold with boundary that is diffeomorphic to
T?x1 and p € M suchthat B(p,1) C M \ OM. Assume that |Rm| < K and assume
that there are loops y; and y, based at p that represent two linearly independent
homotopy classes in w1 (M) = 7. Now, if m = max{{(y;),£(y2)} < €1, then there
is an embedded incompressible torus T C M that separates the two ends of M such
that pe T and diam 7T < 10m.

Proof By the results of Cheeger, Fukaya and Gromov [7], there are universal constants
p = p(K) >0 and k < oo such that we can find an open neighborhood B(p, p) C
V C M and a metric g’ on V with 0.9g < g’ < 1.1g with the following properties:
There is a Lie group H with at most & connected components whose identity component
N is nilpotent and that acts isometrically and faithfully on the universal cover (17, 2.
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The fundamental group A = 7{(V) can be embedded into H so the action of H
on (I7,§/ ) restricted to A is the action by deck transformations. Moreover, H is
generated by A and N . Lastly, the injectivity radius of (V,2’) atany lift p € V of p
is larger than p.

Consider the dimension d of the orbit 7' of a lift 7 under the action of N . Since
V has to be noncompact, we have d < 2. On the other hand, assuming g; < p, the
loops y; and y, generate an infinite subgroup in A = 7{(V') that does not have a
finite-index subgroup isomorphic to Z. So d = 2. Since N N A is nilpotent and
acts discontinuously on T, wehave N N A = Z2 and all orbits of the N —action are
2—dimensional. Consider the cover 7: (17, g’) — (V,g') corresponding to N N A.
Then V ~ T2 x (0, 1) and V = V has at most degree two. The action of N on (17, g
exhibits (17, g’) as a warped product of a flat torus over an interval. We can find loops
y| and y} based at a lift j of p each of which have g’-length < 2(1.1)!/2m. This
implies that the T2—orbit 7' of p under N has g’—diameter < 4 - 1.11/2m. Let
T = ﬁ(f) be the projection of T. Then diamg 7' < 4- 1.1Y2.0.97Y2 < 10m and
7 restricted to 7' induces a map f: T? — M with f(T?)= T, which has at most
two sheets.

We show that the intersection number of f with the line {pt} x I C M ~ T? x I
is nonzero: Consider the composition of f with the projection M ~ T? x I — T2.
This is a smooth and incompressible map of the form 72 — T'2. Hence, its degree is
nonzero, which is equal to the sought intersection number. We conclude that 77 C M
is a 2—torus that separates the two boundary components of M. a

The next lemma will be used in the proof of Lemma 3.11.

Lemma 3.7 Forevery K < oo, there are constants €, =&,(K) >0 and I'' =T"(K) <
oo such that the following holds:

Let (M, g) be a 2—dimensional, orientable Riemannian manifold and p € M a point
such that the 1-ball around x is relatively compact in M. Assume that |Rm| < K on
M and assume that there is a loop y: S' — M based at p that is noncontractible in
M and has length £(y) < g,. Then there is an embedded loop Y’ C M that is also
based at p, homotopic to y and that satisfies the following properties: £(y’) < 2L(y)
and the geodesic curvatures of y' are bounded by T".

Proof Similarly to in the proof of Lemma 3.6 there is a universal constant p= p(K) >0
such that we can find a neighborhood B(p, p) CV C M and a metric g’ on V with
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0.9g < g’ < 1.1g such that the same conditions as before hold. Note that ¢’ can more-
over be chosen so that |V —V’| < 0.1 and the curvature of g’ is bounded by a universal
constant K’ = K’(K) < oo (see [7]). Hence, it suffices to construct a loop ¥’ with
Lgr(y") < 1.5€¢/(y) on which the geodesic curvatures with respect to g’ are bounded.

As in the proof of Lemma 3.6 we conclude that either (V, g’) is a flat torus (in which
case the lemma is clear), or all orbits under the action of N on the universal cover
(17, g’) of (V,g’) are 1-dimensional. In the latter case, this implies that A C N and
(V, g’) is a warped product of a circle over an interval (—a, b) with a, b > 0.9p (we
assume that p lies in the fiber over 0 € (—a, b)). Let ¢: (—a,b) — (0,00) be the
warping function. By the curvature bound on g’ we have |¢”¢~!| < K’ on (—a, b)
(compare for example with [24, Chapter 3, Section 2.3]).

We now argue that this bound implies
(3-2) 9’9~ <C=C(K') on (—3a,1b).
Let x € (—3a.1b). If ¢/(x) = 0, then there is nothing to show. Assume next that

¢'(x)>0. Choose x’ €[x—0.1p, x) C (—a, b) minimal with the property that ¢ <¢(x)
on [x’, x]. Then

(3-3) l9"] < K'p(x) on [x',x].

If |x —x’| <0.1p, then we must have ¢(x’) = ¢(x). So, by the mean value inequality,
¢'(x") =0 for some x” €[x’, x] and hence by (3-3) we get ¢’ (x) < %(O.Ip)zKQp(x).
If |[x—x’| =0.1p, then, by the mean value inequality and the fact that ¢(x’) >0, we have

_ ) —e(x) _¢p(v)

/ U
¢ —x/ 0.1p

Using (3-3), we get

00 < 5+ L0197 Kp().

This shows (3-2) wherever ¢’ > 0. By exchanging the roles of a and b, this bound
follows similarly wherever ¢’ < 0.

The bound (3-2) implies that the geodesic curvature on the circle y’ through p is
bounded by C and for sufficiently small £,/(y) we have £g/(y’) < 1.50g/(y). O

3.2 Existence of short loops and compressing disks of bounded area

In this subsection we establish the existence of short geodesic loops on surfaces of large
diameter, but controlled area. The main result of this subsection, Lemma 3.11, will
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be used in the proof of Propositions 4.3 and 4.4. In the proof of Proposition 4.3 it will
enable us to apply Lemmas 3.5 and 3.6 and hence to find torus structures of small width.

Lemma 3.8 Let ¥ be a topological annulus and let g be a symmetric, positive
semidefinite 2—tensor on ¥ (ie a possibly degenerate Riemannian metric). Assume
that with respect to g any smooth arc connecting the two boundary components of ¥
has length > a and every embedded, closed loop of nonzero winding number in % has
length > b. Then area X > ab.

Proof Let g’ be an arbitrary metric on X. If the lemma is true for g + eg’ for all
¢ > 0, then we obtain the result for g by letting ¢ — 0. So we can assume in the
following that g is a Riemannian metric.

We can furthermore assume that X = A(rq,r,) C C with 0 <ry <r, <00 and that

g =712 f2(r,0)geua for polar coordinates (r, #). By assumption, we have

r2
/ r~ f(r,0)dr >a forall 6 €[0,2n]
,

1

and ,
b3
f(r,0)do =b forall r e (ry,r).
Hence
2w pra
/ / r= f(r,0)dr do > 2ma
0 r1
and
ry p2m > ry
[ / V_lf(rﬁ)dedrzb/ r~ldr =blog —=.
r; JO ri r
So

2mab log— < (/ / L f(r,0) dr de)
([ s ([ o)

= 25 (area X) log L2 a
r

The following lemma is an application of the previous one.

Lemma 3.9 Let ¥ C R? be a compact, smooth domain whose boundary circles are
denoted by Cq, ..., Cpy, Cl/, .. C , with m, m’ > 1. Moreover, let g be a symmetric,
nonnegative definite 2—tensor on ¥ (ie a degenerate Riemannian metric).
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Figure 6: The planar domain X and the subsets X ;, X/ ., X, i and >

1,i°
of 3, as used in the proof of Lemma 3.9. The subset E/ is diffeomorphic to

a closed annulus and is bounded by C; and C;**. The arc 0:[0,1] - X does
not intersect X, . Its endpoints are contained in C; C dX. The arc cannot be
homotoped into C;, because it surrounds another boundary component of 3.

2 i’

So the boundary circle Cl’f,* C 22 i separates the interior of ¥/ ., from at

least two boundary circles of X.

2//

Choose constants a, b > 0 and assume that area X < ab and dist(C;, C},) > a for any
i=1,....mandi'=1,...,m’ (both times with respect to g). Then we can find a
collection of pairwise disjoint, smoothly embedded loops y1, ..., vy, C Int ¥ with the
property that y; U---Uy, separates C; U---U Cp, from C;{U---UC, , and

(1) + -+ Ll(yn) <b.
Proof We will proceed by induction on m + m’. For m + m’ = 2, we are done by
Lemma 3.8. So assume without loss of generality that m’ > 2.

Let a; be the infimum of all &’ > 0 such that there is a smooth arc o: [0,1] - X
of length 24’ that either connects two distinct circles C;; and Cj, or that has both
its endpoints lie in the same boundary circle C; and cannot be homotoped into C;
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while keeping its endpoints fixed. Pick & > 0 such that dist(C;, C},) > a + 4¢ for all
i=1,...,mand i’ =1,...,m and such that 3¢ < a; in the case in which a; > 0.
Moreover, fix such a smooth arc o: [0, 1] = X with the properties as described above
and that has length 2a’ with ¢’ < a; + & (compare with Figure 6).

Next consider the subsets

Yi={xeX:dist(x,CiU---UCy) <a; —&},
Ty ={x € T:dist(x,C{U---UC,,)) <a—a; + 3¢}.

Then ¥y N ¥, =@ and 0([0, 1]) N ¥, = &. By definition of a, the set X is either
empty (for a; = 0) or a disjoint union of connected, half-open domains X 1,..., X
such that C; C 0%, ; foralli =1,...,m.

Fix some i € {1,...,m} for this paragraph. We claim that every smoothly em-
bedded loop «: S L. 1,; inside X;; can be homotoped inside ¥ to a multi-
ple of a parametrization of C;. Fix such a loop «. To show our claim, we will
construct a continuous map H: S! x [0, 1] — X such that H(S' x {0}) C C; and
H(t,1) = a(t). Subdivide S! into subintervals [t;, ], [t2. 23], ....[tN.t1] C S! by
parameters ¢ = fy41,02, ..., IN €S I that are arranged counterclockwise on § 1
such that £(e|fz; 1, 1]
smooth arc )/j*: [0,1] = X, between C; and «(t;) of length E(yj*) < ay—e¢. Then

y<eforall j=1,...,N. Foreach j =1,..., N choose a

the concatenation o; of yj*, o, has length less than 2a; —¢. So, by the

bl Vi
definition of a1, the arc o; can be homotoped into C; while keeping its endpoints fixed.
It follows that we can find a continuous map ¢;: [tj,#;+1]x [0, 1] — X that agrees with
y; on {tj}x[0,1], with y].”‘+1 on {£j+1}x[0, 1], with ez, 1. 7 on [tj,2j41]x {1} and
such that ¢;: ([tj,2j41] x {0}) C C;. The homotopy H can now be constructed by
combining ¢1, ..., N, hence proving our claim.

Consider in this paragraph the case a; > 0. Let ¥; € CZ°(X;) be some cutoff function
such that

Y1=1 on X} :={xeX:dist(x,C; U---UGCyp) <a; —2¢} C ;.
Let u; €[0, 1) be a regular value of ¥; and set
ST =y (1)
Then X7* is a compact, possibly disconnected, planar domain and Cy U---U Cp, C

LY CX*CXy. Foreachi =1,...,m let X7% C X7 be the component of X7*
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that contains C;. Note that then £7% C Xy,;. The boundary circles of ET"; are freely
homotopic to a multiple of C; within £ by our conclusion from the last paragraph.
It follows that there is exactly one boundary circle C;** C 82’{‘:‘; \ C; that separates
C; from all the other boundary circles of X. Therefore, all the boundary circles of
ET:‘;, other than C; and C;**, bound closed disks in D? whose interiors are disjoint
from E’f"; Let 2,1,1' now be the union of ET”; with all these disks. Then Z/l,i is
diffeomorphic to a closed annulus, which is bounded by C; and C**. By construction,
these boundary circles have distance dist(C;, C;**) > a; — 2¢ from each other. Since
each E/l,i arose from E’f"; by adding disks that are disjoint from 93, we find that the

resulting annuli X ... ¥/

11 1,m are pairwise disjoint and disjoint from X;.

Next, construct a cutoff function ¥, € C2°(X,) such that
Y2=1 on X3 :={xeX:dist(x,C{U---UC,,) <a—a +2¢} C X,
let u, €0, 1) be a regular value of 1, and set

5% =y H([ua, 1)).

Then
CiU---UC,, CE;CE"C Xy
and
FN(E v uz ) =2,
Let Z‘;:"l, e E;:’;n,,, with m” <m’, be the components of X3* that contain boundary
circles of X. As before, foreach i” =1, ..., m"” consider the components of 3\ E;:’;,

that are diffeomorphic to open disks, and denote the union of these components

with £7%, by 2/2’1.,,. Then the subsets 2/1,1,.

disjoint and hence

/ / / : :
. El’m, 22’1, cl EZ,m” are pairwise

(3-4) areaX|, +---tareaX) , +areaX) +---+areaX) , <areaX <ab.

Moreover, the boundary circles of each 2/2 i that are not contained in dX have distance
>a—aj +2¢ from 0X N Y

2,i""

Now consider the case in which a; > 0 and area 2,1,1 + -.-+area E,I,m < (ay—2¢)b.
Since the two boundary circles of each annulus E/l’l. are at least ay — ¢ apart from one
another, we can use Lemma 3.8 to find a geodesic loop y; C E/l,i foreachi=1,...,m
that separates both boundary circles C; and C;** of X such that

areaZ"“.
E(yi)f—z’ forall i =1,...,m.
€
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Then £(y1) + -+ 4+ £(ym) < b and y; U--- U yy, separates C; U --- U Cp, from
C{U---UC, . So in this case we are done.

Next consider the opposite case. That is, a; = 0 or area El |t tarea Y
(a1 —2¢&)b. Then, by (3-4), we must have

lm—

area X)) | +---+areaX) ., < (a—aj +2e)b.

In the following we will use the induction hypothesis on each domain X/, In order

2//

to do this, we first ensure that each X/ ., has at most m + m’ — 1 boundary circles.

2 i/’
Fix some i” € {1,...,m"}. Note that every boundary circle of 2’2 ., that does not
belong to 0% separates the interior of X’ i from at least one component of X\ X’ 2.
Moreover, for every component of 0%\ E’ ;» there is exactly one such boundary circle
of 2’2 .. So, in order to prove that X’ i has at most m + m’ — 1 boundary circles,
we just need to show that there is a boundary circle 2’2 ;» that separates the interior
of 2,2 .1 2,
0:[0,1] - X, whose image is disjoint from ¥, and hence also from X,

kx /
Cl'// C 822 4 2 l//
the image of o. If & connects two distinct boundary circles C;; and Cj,, then C;*

To do this, we recall the arc
Let
from

from at least two components of 9% \ X’

2 l//
\ 0% be the boundary circle that separates the interior of X’

does indeed separate the interior of X’ ;» from at least two components of 9%\ DY 2.0
So assume now that we are in the second case, namely that both endpoints of o are
contained in the same boundary circle C; C dX and that o cannot be homotoped
into C; while keeping its endpoints fixed. If C; was the only boundary circle of X
that is contained in the component of X\ C/* that does not contain Elz,i” , then this
component would be diffeomorphic to a half-open annulus. This, however, would
contradict the fact that o cannot be homotoped into C;. So there must be more than
one boundary component of X that is separated by C** from the interior of X'

This finishes the proof that each X,

2,i""
2.0 has at most m + m’ — 1 boundary circles.
The conclusion from the previous paragraph enables us to use the induction hypothesis

on each X’ ,, and to construct smoothly embedded, pairwise disjoint loops

ViseoosVn C Xy U--UX,

such that (y; U---Uy,) N 2,2,1'” separates (Cl’ u..-uc’ ) 0 EZ ;» from 82‘2 7 \0Z
foreach i” = 1,...,m"” and such that
area Y’ areaY.
Y ceet g %l 4y 2mh
(i) £ 4 Lm) a—ay+2¢ +a—a1+28
This finishes the proof. O
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The next lemma provides a compressing disk of bounded area in a solid torus given a
“compressing planar domain” of bounded area in a larger solid torus. Such “compressing
planar domain” of bounded area are produced by [C, Proposition 3.2(a)].

Lemma 3.10 For every A, K < oo there is an 710 = EO(A, K) < oo such that the
following holds:

Consider a Riemannian manifold (M, g), a smoothly embedded solid torus S C M,
S ~ S! x D?, and a collar neighborhood P C S, S C 0P, P~ T? x I of S that
is an EO —precise torus structure at scale 1. Note that S’ = Int S \ Int P is a solid torus.
Assume also that |Rm|, |V Rm| < K on the 1-neighborhood around P.

Now let ¥ C R? be a compact, smooth domain and f: ¥ — S a smooth map of
area [ < A such that f(0X) C dS and such that f restricted to only the exterior circle
of X is noncontractible in 0.5 .

Then there is a smooth map f’: D* — M such that f'(dD?) C 3S’, such that f'|yp>
is noncontractible in dS’ and such that area ' < area f + 1.

Proof We first argue that there are constants € = £(K) > 0 and C < oo such that the
following isoperimetric inequality holds: Assume that i{o < ¢. Then for any smooth
loop y: S! — P of length £(y) < ¢ that is contractible in P there is map h: D* — M
with &|g1 =y and

(3-5) areah < CL(y)>%.

By the results of Cheeger, Fukaya and Gromov (see [7]) there are universal constants
p=p(K)>0and K' = K'(K) < oo such that for every p € P we can find an
open neighborhood B(p,p) CV C M and a metric g’ on V with 0.9g < g’ < 1.1g
whose curvature is bounded by K’ such that the injectivity radius in the universal cover
(V.3 of (V,g') atevery lift p € V of p is larger than p. Let w: V — V be the
covering projection.

Now assume that ¢(K) < min{ll—op(K), ll—OK/_l/Z(K)} and pick p € y(S'). Since
e =< 11—0,0, we can find a chunk P’ of P ~ T? x I (ie P’ C P corresponds to a subset
of the form T2 x I’ for some subinterval I’ C I'), such that P’ contains the image
of ¥ and such that P" C B(p, p) C V. Then y is also contractible in P’ and hence
we can lift it to a loop 7: S! — V based at a lift pe V of p. Using the exponential
map at p with respect to the metric g’, we can then construct a map h: D* — V with

h lap2 =¥ and areag/ h< %C Eg/()7)2, where C < oo is a universal constant (note that
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Figure 7: The domains used in the proof of Lemma 3.10. The preimage
T* = f~Y(P)= Q1 U---U Q, is the shaded region, which is bounded by
0% and the circles Cy, ..., C;. The boundary circles X and the circle C;
are highlighted in bold. The regions Q1,..., Q,/, which are surrounded
by Cj, are labeled in the picture. The loops yi, ..., ¥, are the dashed loops.

since Lg/(¥) < (1.1)1/2£g(y) <2< %K’_l/z, we have upper and lower bounds on
the Jacobian of this exponential map). Now & = 7 o & satisfies (3-5), which proves the
claim.

We can now prove the lemma. We first choose
K 1
e ).
A 24/CA4
Let 0 C S\ P be aloop that generates the fundamental group 71 (S) = Z. Note that,
by our assumptions, f has nonzero intersection number with o .

ho(A, K) = min{

We first perturb f slightly to make it transversal to d.S’. This can be done such that
we still have area f < A and that area f increases by less than % So, without loss
of generality, we may assume in the following that f is transversal to 3S’. We will
construct f’ such that area f’ < area f + %
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So ¥* = f~I(P) C ¥ is a (possibly disconnected) compact smooth subdomain
of X that contains dX. Note that f(dX* \ 9¥) C dS’. Denote the components
of ¥* by Q1,...,0p. Let Cyp C dX be the outer boundary circle of ¥ and let
Cy,...,C4 COX* C X be the boundary circles of X* that are not boundary circles
of . Each such circle C; C ¥ C R? bounds a disk D; C R?. Set E; = D;N 3, which
is a domain with nonempty interior. Any two disks D;, and D;, are either disjoint or
one disk is contained in the other. The same is true for the domains E} . We can therefore
pick E; minimal with respect to inclusion such that f |E; has nonzero intersection
number with o. Such a E; always exists, since X = X. Let jo € {1,..., p} be the
index for which C; C Q.

We claim that C; is an interior boundary circle of Qj,. Assume the converse. The
intersection number of f| Qo with o is zero, so if C; is an exterior boundary circle
of Qj,, then the intersection number of f restricted to the closure of X} \ Qj, is

/

nonzero. This closure however is the disjoint union of some % r & E?. Hence we can

pick a E;/ c E} on which f has nonzero intersection number with o . This contradicts
the minimal choice of E; and proves that (j is an interior boundary circle of Qj,.
A direct consequence of this fact is that / # 0 and hence C; ¢ 0X. This implies

f(Cy) C dS’. We fix [ for the rest of the proof.

Next we show that for any circle Cj» C X7\ C; the restriction f|c,, is contractible in P.
Note that for any such index /" we have ¥, ¢ X} and hence f |2;, has intersection
number zero with g. Moreover, every interior boundary circle of E’l, is also an
interior boundary circle of X (recall that by definition X/, = Dy N X). So, using the
assumption of the lemma and the fact that 9. is a deformation retract of P, we find
that f restricted to any interior boundary circle of Z;, is contractible in P. So, since
f |E;, has intersection number zero with o, this shows the desired fact.

We now use the facts that f(C;) C dS” and f(d%; \ C;) C dS (the latter fact is true
since 0%\ C; C 9%). We conclude that 7Y P)=Q,U---UQ, separates C; from
0% \ C;. Hence, after possibly rearranging the Q;, we can find a p’ € {0,..., p}
such that Q1, ..., Qp C X}, such that Oy U---U Q, is a neighborhood of 9%\ C;
and such that each Q; for j =1,..., p’ contains at least one boundary circle of E}.
Observe that f* maps the boundary circles of each Q; for j =1,..., p’ that are not
contained in 9%} \ C; — and hence are not contained in 9% —into dS’. We now apply
Lemma 3.9 to each Q; equipped with the pullback /*(g) where we group the boundary
circles of Q; into those that are contained in 82} \ C; and those that are not. Doing
this, we obtain pairwise disjoint, embedded loops y1,...,y» C Q1 U---UQp C X
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whose union separates 82; \ C; from C; and for which

€(f|y1)+"'+€(f|yn)<are%#“‘""*‘are%#

0 0

< AE()

For each k = 1,...,n let Dl/{ C R? be the disk that is bounded by y;. By the
separation property of the yj , the union E} U D’1 U---U Dj, is equal to the disk Dy, ie
the disks D;_cover the “holes” of X;. Any two disks D;ﬂ and D;Q are either disjoint
or one is contained in the other. So, after possibly rearranging these disks, we can
find an n’ € {0, ..., n} such that the disks D}, ..., D;, are pairwise disjoint and still
E; UDjU---UD,, = Dj.Foreach k =1,...,n’, consider the intersection D;C NQ;r
of the disk D; with the domain Q; that contains yi, with j" € {1,..., p’}. Each
interior boundary circle of D;c N Qj- is either an interior boundary circle of X, and
hence f restricted to this circle is contractible in P, or it is equal to one of the circles
Cp and is contained in E? \ (. By what we have proved earlier, f|c,, is contractible
in P. Since f(D; N Qjs)C P, it follows that f],, is contractible in P.

Observe that £(fy, ) < Aﬁo < ¢e. So we can use the isoperimetric inequality (3-5)
from the beginning of this proof to construct a map f,é: Dy — M with area fk’ =<
CU(f]y,)? and Jilye = fly- Now let f”: Dy — M be the map that is equal to f
on X;\ (D{U---UD,,) and equal to f; oneach D for k =1,...,n". Then

area /" <area f + C(U(f1y))* + -+ +L(f1y,)?)
<area /4 C(L(f1y,) +"'+€(f|yn))2 < areaf—i—CAZEg <area [ + 3.

This proves the desired result (after smoothing f”). |

The following lemma is the main result of this subsection. It will be used to find short
loops in the proofs of Propositions 4.3 and 4.4. In the proof of Proposition 4.4 it will
also be used to ensure that these loops bound compressing disks of bounded area.

Lemma 3.11 For every o > 0 and every A, K < oo there are constants Lo =
Zo(a, A) < o0 and &y = dy(A, K) > 0 and [ = f‘(K) < 00 such that:

Let (M, g) be a Riemannian manifold and S C M, S ~ S x D?, a smoothly embedded
solid torus that is incompressible in M. Let P C S be a torus structure of width < 1
and length L > Lo with 3S C 9P, ie the pair (S, S \ Int P) is diffeomorphic to
(S1x D*(1),S'x D*(3)).
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Consider a compact, smooth domain ¥ C R? and a smooth map f: ¥ — S with
(%) C dS such that f restricted to the outer boundary circle of ¥ is noncon-
tractible in 0S and f restricted to all other boundary circles of X is contractible in 9.5 .
Moreover, assume that area f < A.

(a) Then there is a closed loop y: S I P that is noncontractible in P, but con-
tractible in S and that has length £(y) < o and distance at least %L —2 from 0P.

(b) Assume additionally that @ <@y, that |Rm|, |V Rm| < K on the 1-neighborhood
around P, that P has width < ZO_I and that wy(M) = 0. Then y in (a) can be
chosen such that its geodesic curvatures are bounded by T and such that there is
amap h: D* — M with h|g1 =y and areah <area f + 1.

Proof We first explain the general setup. Assume without loss of generality that
o < 0.1 and set

(3-6) Tole. A) =max{12%+3, %+12}.

We divide P into three torus structures P;, P, and P3 of width <1 (in part (a)) or
width < ZO_I (in part (b)) and length > %L — 1 in such a way that .S C dP; and P;
shares a boundary with P; . Then any point in P, has distance of at least %L -1
from 0P . For later use, we define the solid tori

S1=8, SH=8S\P, S3=S\(PLUP,).

Moreover, let P’ C P be a torus structure of length > %L —4 and width <1 if we
are in the setting of part (a) or of width < Zal if we are in the setting of part (b) such
that S C 0P’ and dist(P’, S,) > 2. We also choose an embedded loop o C S\ P
that generates 71 (S) =~ Z.

Next, we explain the strategy of the proof. In the setting of part (b), we obtain by (3-6)
that, assuming &g < }70 (A, K) (here l~zo is the constant from Lemma 3.10), the torus
structure P’ is }70 (A, K)—precise. Hence Lemma 3.10 yields a map f’: D* — M
of area f” < area f + 1 such that f’|5p2 parametrizes a noncontractible loop in P’.
Without loss of generality, we may assume that f” is in fact an area-minimizing map.
We then set ¥g = D? and fy = f: 9 — M. If we are in the setting of part (a),
then we simply set Xy = ¥ and fo = f. So, in either setting, fo(dXo) C P’ C Py
and fy restricted to only the outer circle of ¢ is noncontractible in P;. Moreover,
area fo <area f+1 and fy has nonzero intersection number with o (since 7,(M)=0
in part (b)). In the following, we will construct the loop y from the map fo: g —> M
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Figure 8: The domains and loops used in the proof of Lemma 3.11. The
light gray domains represent Q1, ..., Qp. The dark gray domains represent
the components of fl_1 (Int S3). The loops Co,Cy,...,C, are drawn in
bold and the loops yi,...,y, are the dashed loops. The loop Cj is the
outer boundary component of Q; and the loops C1, ..., C; are each either
contained in d%( or bound components of f; 1_1 (Int S3). The domain Q" is
bounded by the loops Cy, Ci, ..., Cy.

for parts (a) and (b) at the same time. It will then only require a short argument that
the additional assertions of part (b) hold.

Let € > 0 be a small constant that we will determine later (¢ may depend on M
and g). We can find a small (in the C!—sense) homotopic perturbation fi: Y9 — M
of fo: X¥o— M with filsx, = folaz, thatis not more than & away from fj such that
the following holds: f} is transverse to dP, on the interior of ¥ and its area is still
bounded: area f; < A + 1. Note that f; still has nonzero intersection number with .

Consider all components Q1, ..., Q, of fl_l(Sz) C Yo C R? (see Figure 8 for an
illustration). Note that p > 0. Each Q; can be extended to a disk D; C R? by filling
in its inner circles. Let Q} = D;jNXg foreach j =1,..., p. Then any two disks, Dj,
and Dj,, are either disjoint or one disk is contained in the other. The same statement
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holds for the sets Q;.. So, after possibly changing the order of these disks, we can

finda p’ € {1,..., p} such that the subsets Q;,..., Q, are pairwise disjoint and
Q\U---UQ),=0Q7U---UQ,, . Itfollows that f; restricted to Q| U---U Q] has the
same nonzero intersection number with ¢ as f;. So there are indices j € {1,..., p}

such that f1|p/ has nonzero intersection number with . We can then choose an index
J
j €{l,..., p} with this property and such that Q} is minimal, ie f1]g’ has nonzero
J
intersection number with o, but f1]g/, has intersection number zero with o whenever
/ C Ql J
i =g

Let Cy = dD; and observe that f1(Co) C 3S,. Consider the set Q;. \fl_l(Int S3)
and observe that this set contains Cy. Let Q" be the component of Q7 \ S (Int S3)
that contains Cy. Denote by Cy,...,C, C 0Q” all its other boundary circles. These
circles are either inner boundary circles of ¥y and are mapped into d.57 under f; (in
part (a)) or they belong to fl_1 (0S3) and hence are mapped into 053 under fi. So
foreach [ =1,...,q the image f(C;) C 051 U dS3 has distance of at least %L -1
from f(Cq) C 0S,. We can hence apply Lemma 3.9 to Q" equipped with the pullback
/1 (g) and obtain pairwise disjoint, embedded loops y1,. ..,y C Int Q" such that
y1 U---Uyy separates Co from Cy,...,Cy and

A A
Efily) + -+ ly) < 5 =17 < 0.

Every loop yx bounds a topological disk D;{ for k =1,...,n and any two such disks,
D;q and D;Q , are either disjoint or one disk is contained in the other. So, after possibly
changing the order of these disks, we can find a number »n” € {1,...,n} such that
D}, ..., D, are pairwise disjoint and D} U---U D}, = D] U---U D, . Note moreover,
that Cy is disjoint from this union. So, using the separation property of the yx, we
conclude

Ci,....,CqC D{U---UD, =D{U---UD),.

This implies that 9” U D] U---U D;, = D;. The intersection number of f; with o
on (DyU---UDy,) N X is the same as the intersection number on D; N Xy = 07,
which is nonzero. So we can find an index k € {1,...,n’} such that f; |Dl/(mzo has
nonzero intersection number with 0. Set D' = D} and y’ = y.

We now argue that y’ has a point in common with fl_l(Sz) =0 U---UQp. If
not, then D' N f71(S2) S Q} is the disjoint union of some of the Qjs. Similarly
to before, we can adjust the order of these components and find a p” € {1,..., p}
such that O, ..., Q;,,, are pairwise disjoint and D’ N fl_l(Sz) =QjU---U Q;,,,.
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By the minimality property of Q’;, the intersection number of f; with o is zero
on Q,..., Q’p,,. So fi restricted to D’ N f;71(S,) has intersection number zero
with o, contradicting the fact that f; restricted to D’ N X does not. Hence y’ has
to intersect f;'(S) and thus f1(y) NS, # . Since y' C Q" = Q} \ /7 '(Int S3),
we have f1(y’) NIntS3 = &. It follows that f1(y’) N P, # @. This implies that all
points of f7(y’) have distance of at least %L —l—a> %L — 2 from 0P and that
f1(y") C P. Since the intersection number of fi|p/nx, with o is nonzero, fi|,’ has
to be noncontractible in P, but contractible in S. This establishes part (a) of the lemma
with y = fily.

Assume now for the rest of the proof that we are in the setting of part (b). Then
Q} = Dj isadisk and D’ C £(. Moreover, f; is an e—perturbation of the (stable)
area minimizing map fo: Xo ~ D? > M. By [13, Theorem 8.1], f; is an immersion
on Int X(. So we can additionally assume that the perturbation f; is a graph over fj.

Consider the following regions: Let B(P,,1) and B(P,,2) C P\ P’ be the (open)
1— and 2-tubular neighborhoods of P, and let ¥; and X, be the components of
fo_l(B(Pz, 1)) and fo_l(B(Pz, 2)) that contain y’, ie y' C X1 C ¥, C Int Zg. By
[26, Theorem 3], we obtain a bound on the second fundamental form of f(X;) that
only depends on K, namely |4y, (z,)| < K'(K). Moreover, this bound and the bound
on the curvature on B(P,, 1) gives us a curvature bound K” = K”(K) < oo of the
metric f;°(g) on X that only depends on K. Since f; was assumed to be a graph
over fo(X) and a C'—small perturbation of fq, we conclude that

E(foly) =2L(filyr) < 3
if ¢ is small enough depending on these bounds. The loop ¥’ is noncontractible in X,
because otherwise f; |, would be contractible in P. So we can apply Lemma 3.7 to con-
clude that if &g < €, (K"") then there is an embedded loop y” C X that intersects y’, is
homotopic to y’ in X, and that has the following properties: £( fo|,7) < 2L( f1]y7) <
and the geodesic curvature on " in (X1, f;(g)) is bounded by I'"(K"). The loop y”
still bounds a disk D” C ¥ whose area under fq is bounded by area f + 1. Now let

¥ = foly~. Then the geodesic curvature on y in (M, g) is bounded by some constant
[ =T(I''(K"(K)), K'(K)) = T'(K) < 0o. This establishes assertion (b). O

4 The main argument

In this section we will frequently use notions that were introduced in [A]. For example,
for any Ricci flow with surgery M, any time ¢, point x € M(t) and scale ry > 0, we
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set (compare with (2-1) and [A, Definition 3.1])

Pro(x. 1) =sup{r € (0, rp]: sec; > —r~2 on B(x,t,r)}

4.1 The geometry on late, but short time intervals

In the following, we will analyze long-time existent Ricci flows with surgery M as
defined in [A, Section 2]. Using the tools from [A, Sections 3 and 4], we will give a
bound on the curvature and the geometry in regions of the manifold on a time interval
of small, but uniform size. This description is achieved in three steps, the last step and
main result of this subsection being Proposition 4.3.

In the first step, Lemma 4.1, we will bound the curvature by a uniform constant Kz, 1
away from finitely many, pairwise disjoint embedded solid tori Sy (%), ..., Sm (%)
and on a time interval of the form [(1 — )y, o], where ?; is large and 7; a uniform
constant (see assertions (a), (b)). We will moreover find a curvature bound of the form
K'ty ! on those solid tori S;(#y) whose normalized diameter is bounded by some given
constant L (see assertion (c)). Here the normalized diameter is the diameter divided by
té/ % and K’ is a constant that depends on the normalized diameter of Sj (o). We will
moreover show that if a solid torus S;(#y) has large normalized diameter at time ¢,
then it also has large normalized diameter at all times of the interval [(1 — tq)tg, tp], ie
solid tori cannot “grow too fast” (see assertion (d)). The function A; will hereby serve
as a lower bound for the normalized diameter at earlier times. Note that the constant 7,
determining the size of the time interval [(1 — 7q)?, #], does not depend on L or the
normalized diameter of S;(79). We will also construct long collar torus structures
inside each solid torus (see assertion (e)) and show that they become v—collapsed in
at least one direction for any given v > 0 (see assertion (g)), but w—noncollapsed in
a local universal cover (see assertion (f)). Note that v can be chosen independently
of L or the diameter of S; and w is a universal constant, not depending on these
quantities as well. These independences will become important in the subsequent steps.
In the following lemma, the collar torus structures will be the closures of complements
Si(to) \ Wi, where W; C S;(ty) is a solid torus within S;(#). Finally, we mention
that, for technical reasons, we will also prove a version of these statements in which
the analysis takes place in a subset U C M(tg).

Lemma 4.1 (first step) There are a continuous function §: [0, 00) — (0, o0) and con-
stants K| < oo and 1, w, w¥, u# > 0 as well as continuous, nondecreasing functions
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Ay, K: (0,00) = (0,00) with Ay(d) — oo as d — oo and a nonincreasing function
711 (0,00) — (0, 00) such that the following holds:

For every L < oo and v > 0 there are constants Ty = T1(L) < oo and wy =
wi (L, v) > 0 such that:

Let M be a Ricci flow with surgery on the time interval [0, c0) with normalized initial
conditions that is performed by §(t)—precise cutoff. Consider the constant Ty < 0o
and the function w: [Ty, 00) — (0,00) from [A, Proposition 3.16]. Assume that
to = rg > max{7T1,27T,y} and that w(t) < w; forall t € [%IO,ZO]. Assume moreover
that all components of M(ty) are irreducible and not diffeomorphic to spherical space
forms and that all surgeries on the time interval [%to, lo] are trivial.

Let U C M(ty) be a subset with either U = M(ty) or:

e U is a smoothly embedded solid torus (~ S 1w D2?).

e There is a closed subset U’ C U that is diffeomorphic to T* x I with 09U C U’
whose boundary components have time-t, distance of at least 2ry from one
another, and a T*—fibration p: U’ — I such that the fiber through every x € U’
has time-ty diameter < ¥ py, (x, t0).

e All points of dU are w —good at scale ry and time ty (see [A, Definition 4.1]
for the definition of the goodness property).

Then there are sub-Ricci flows with surgery S1,...,Snm C M on the time interval
[(1 — t1)t9, to] such that their final time slices S1(%p), ..., Sm(tp) form a collection of
pairwise disjoint, incompressible solid tori (~ S' x D? ) in Int U . Moreover, there are
subsets W; C Sj(tg) fori =1,...,m such that, foralli =1,...,m:

(a) The pair (Si(to), W;) is diffeomorphic to (S x D?(1), S' x D?(31)).

(b) For all x € U with dist;,(x,U \ (S1(to) U--- U Sp(ty))) < 100r¢, the point
(x, to) survives until time (1 — )ty and for all t € [(1 — t1)tg, to] we have

IRm|(x, 1) < K5 .

(c) We have diamy, S;(tp) > 100ry and if diam, S;(t9) < Lro, then we have the
curvature bound

IRm,| < K (ry ! diamy, S; (1))t on S;(t)
forall t € [(1—1|(ry " diamy, S;(t0))t0, to].

Further, S; is nonsingular on the time interval [(1 — 7 (ry Vdiamy, S;(t))to, to]-
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(d) Forall t €[(1 —1q)tg, 9] we have
diam; S () > ro min{A; (ry ' diamy, S; (%)), L}.

(e) At time tg, the closure of S;(ty) \ W; is a torus structure of width < rq and
length

disty, (0S; (t9), 0W;) = min{diam,, S;(t9) — 2ro, Lro}.

(f) All points of S;(ty) \ W; are locally w—good at scale ry and time t.

(g) For every point x € S;(ty) \ Wi, there is a loop 0 C M(ty) that is based at x, is
incompressible in M(to) and has length £;,(0) < vrg.

(h) In the case in which U = M(ty), we have for all t € [(1 — t{)tg, to]:

* There is a closed subset U], C S;(t) that is diffeomorphic to T2 x I with
aS;(t) C BUZ.’, , Whose boundary components have time-t distance of at least
24/t from each other and a T*—fibration Dit: Ui,,t — I such that the fiber
through every x € Ul.” ; has time-¢ diameter < wp ﬁ(x, t).

e The points on 9S; are w#—good at scale «/t and time ¢ .

The following proof makes use of the decomposition of the thin part Mpin(#o) into
subsets ¥y, V, and V;, as described in Proposition 2.1. Using the results of the
topological analysis of this decomposition from Section 2.3, we will identify the good
components of V7, ¥, and V., which exhibit a collapse along incompressible fibers, and
we will understand their distribution. With the help of Lemma 2.2, [A, Proposition 4.4]
(“bounded curvature around good points™) and [A, Proposition 4.5] (“bounded curvature
at bounded distance from sufficiently collapsed and good regions”), we will then find a
uniform curvature bound on these good components. The bad components of Vi, V;
and V7 are covered by solid tori or they form subsets that are diffeomorphic to 7' 2x1
or Klein? X I and are adjacent to good components. Using [A, Proposition 4.5], we will
extend our uniform curvature bound to the second type of bad components, therefore
establishing uniform curvature control outside of finitely many solid tori S; (¢9). Within
these solid tori, we will apply [A, Proposition 4.5] to obtain a distance-dependent
curvature bound on the collars of the S;(¢y). In order to show that these collars
are long torus structures, we will show that for each i the distance of the boundary
dS;(tp) to V> N S;(ty) becomes arbitrarily large. A comparison geometry argument
will furthermore show that these collars become arbitrarily collapsed in one direction.
Finally, the statement that solid tori of large diameter also have large diameter at slightly
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earlier times will be a consequence of [A, Proposition 4.7] (“controlled diameter growth
of regions whose boundary is sufficiently collapsed and good”).

Proof Observe that it suffices to construct the functions A; and K7 in such a way
that they satisfy all the claimed properties except for continuity, since all properties
stay true after decreasing the values of A; and increasing the values of K.

The function 6(¢) will be assumed to be bounded by the corresponding functions from
[A, Corollary 3.3 and Propositions 3.16, 4.4, 4.5, 4.6 and 4.7]. We also set

= min{wo(min{ul, SEFCL D, K (-, D), . llo}

where wq is the constant from [A, Proposition 2.1], u; is the constant from [A,
Lemma 2.2], and 7 and K, are the functions from [A, Corollary 3.3]. If U = M(%y),
then we set u° = u* and if U is a solid torus, we set p° = min{ul, %}

Next, we make a remark on the constant w”. This constant appears in the conditions
of the lemma in the case in which U is a solid torus and in assertion (h), which holds
in the case U = M(ty). In the following proof, both of these cases will be dealt with
simultaneously. In the case in which U = M(t,), the constant w* will be determined
and will never be used. In the case in which U is a solid torus, w* will be assumed
to be given and all universal constants that are determined in this case may depend
on it. Note that this does not create a circular argument since one could carry out the
following proof first for the case U = M (%), obtaining a set of constants and functions

4-1) {Ki, 11, w, Ay, Ky, 71, Th,wy )

as well as w* and then one could carry out the proof again in the case in which U is
a solid torus, obtaining another set of constants and functions as listed in (4-1). The
final set of constants and functions will then be the minima of the two values obtained
for each 71, w, Ay, r{ , T1 and w; in each case and the maxima of the two values
obtained for each K, K’1 and a; in each case.

We now carry out the main argument. Apply [A, Proposition 3.16] to obtain a decom-
position M(t) = Mijck(¢) U Mpnin(2) for all ¢ € [%lo, to]. Consider for a moment the
case in which U is a solid torus. Since U cannot contain an incompressible torus, none
of the boundary tori of Mpick(fo) can be contained in U. Let T’ C U’ be a T'*—fiber
of p with dist;, (AU, T") = ro. Then diamy, T’ < pu*rg < %ro. Assuming w(fg) < %,
every component of dMpick(fp) has diameter < 11—0”0; see [A, Proposition 3.16(b)].
This implies that if 77 N Mk (fo) # <&, then U is contained in the 2ry—tubular
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neighborhood of Mk (Zo). In this case we have a curvature bound on U on a small
time interval with final time ¢ty — see [A, Proposition 3.16(c)—(d)] —and we are done
by setting m = 0. On the other hand, if 7/ N My;ck(f9) = @ then U is contained
in the 2rg—tubular neighborhood of Mpin(29). We will assume from now on that in
the case in which U is a solid torus, U is contained in a 2ry—tubular neighborhood
of Min(Zo)-

We will now apply Proposition 2.1 with p <— p°. Observe for this that next to each
component of d Mick(%p) there is a torus structure of width < 10w (#y)r¢ and length
2rg inside Mpick(fg). In the case in which U = M(¢y), we apply Proposition 2.1 with
M being the union of Mnin (7o) with these torus structures and g < r 2g(ty). If U
is a solid torus, we apply Proposition 2.1 with M <« U . So either by the assumption
of the lemma or by [A, Proposition 3.16], for sufficiently small w(#y), condition (i) of
Proposition 2.1 is satisfied. Condition (ii) follows from [A, Proposition 3.16(e)] assum-
ing w(fo) < min{swo(u®,7(-.1). K»(-,1)), £5}. Condition (iii) is a consequence
of [A, Corollary 3.3] if tg > T3.3(wo(u°,7(-,1), K5(+,1)),1,2). Note that we can
assume that 73 3 is monotone in the first parameter. Now look at the conclusions
of Proposition 2.1. We first consider the case in which a component M’ of M is
diffeomorphic to an infranilmanifold or a manifold that carries a metric of nonnegative
sectional curvature and we have diam;, M’ < 11°p,,(x,1o) for all x € M’. By the
assumptions of the lemma, M’ is not a spherical space form or a quotient of S! x §2,
so it is either an infranilmanifold or a quotient of 7'3. By Lemma 2.2(v), all points
in M’ are wq(u°)—good at scale ry and time #zy. Thus for large 7o we obtain a
curvature bound on all of M’ at time ¢y and slightly before by [A, Proposition 4.4].
For the rest of the proof, we can exclude these components from M and assume that
we have a decomposition M = V; U V, U V2/ satisfying the properties (al)—(c5) of
Proposition 2.1.

Next, we apply the discussion of Section 2.3 —in particular Proposition 2.11 —to this
decomposition. Consider the set G C M that we obtained there in Definition 2.5.
Claim 1 There are universal constants wy, w] * af >0 and KT, T;* < oo such that
if to > max{T}",2To} and w(t) < w} forall t € [%to,to], then

IRm| < K}t5' on P(x,t,2rg, —(efro)?) forall x € GU Mupick(to) U U,

where the parabolic neighborhood P(x, ty, rg, —(oc]"ro)z) is always nonsingular. More-
over, all points of GU U are w} * _good at scale ry and time t;.

Geometry & Topology, Volume 22 (2018)



Long-time behavior of 3—dimensional Ricci flow, D 1013

Proof If x € G, then x is wq(°)—good at scale ry and time ¢y by Lemma 2.2. If
x € 0U , then x is w*—good at scale ry and time 7. So in these cases, the curvature
bound follows from [A, Proposition 4.5] for sufficiently large ¢y and small w(zy). If
X € Muick(%p), then the curvature bound is a direct consequence of [A, Proposition
3.16(d)]. o

Now consider the set G’ D G as in Definition 2.9. In the next claim, we extend the
curvature control onto G’. Recall that 0G’ C dG U oU .

Claim 2 There are constants w3y, a5 > 0 and K3, T)' < oo such that: If to >
max{T,2To} and w(t) < w} forall t € [110,10], then

IRm| < K315 on P(x,ty, 0510, —(e510)?) forall x € G'U Muick(to) U U,

where the parabolic neighborhood P(x,ty,a5ro, —(a; r0)?) is always nonsingular.

Proof We only need to consider the case in which x € G’\G and dist;,(x, dGUIU ) > ry.
Let N be the component of G’ \ G that contains x. Then dN C dG U dU and
B(x, 19, pry(x,%9)) C N. So we can apply Lemma 2.2(ii) and (iv) to conclude that
for any ¥ € N in the universal cover of N we have voly, B(X, to, pry(x, 1)) >
wq (pf’),ofo (x, t9). This implies that x is cw;(u°)—good at any scale r < rq relative
to N for some universal constant ¢ > 0 (see the remarks in [A, Section 4.1]).

Since all points in N survive until time (1 — (a’l“)z)to and all surgeries on [%to, to] are
trivial, we can extend N to a sub-Ricci flow with surgery N’ C M on the time interval
[(1—(e¥)?)to. to). We now apply [A, Proposition 4.6] for rg < ro min{a¥, (K¥)~1/2},
U < N’ and w < ¢w to obtain the desired curvature bound for sufficiently large zy. O

Next, we find a curvature bound in controlled distance to G’, which however deteriorates
with larger distances.

Claim 3 For every A < oo there are constants wy = w3 (A4), a; = a;(A) > 0 and
K3 = K3 (A), T} = T; (A) < oo such that if to > max{T5,2To} and w(t) < w5 for
all t € [3t9.10]. then

IRm| < Kit5' on P(x,ty, Arg, —(e5ro)?) forall x € G’ U Mick(to) U U,

where the parabolic neighborhoods P (x,ty, Arg, —(a; r0)?) are nonsingular.
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Proof The case x € G'U U can be reduced to the case x € dG’ C dG U U . In this
case the claim follows from [A, Proposition 4.5] for 4 <— A + 1 together with Claim 1
and a distance distortion estimate. The case x € Mk (fo) follows directly from [A,
Proposition 3.16(d)]. m|

Now consider the sets G” C G’ and S” C M as introduced in Proposition 2.11. Recall
that S” is a disjoint union of smoothly embedded solid tori. The next claim is rather
geometric. It ensures that there are no components of V5 outside of G” in controlled
distance to G” if w(z) is assumed to be sufficiently small.

Claim 4 Forevery A < oo thereisa w) = w}(A)>0anda T, =T, (A) < oo such
that if to > max{T,", 2Ty} and w(t) < w;(A) forall t € [%ZO, to], then the following
holds:

For every component C" of 8" there is a component C of Vi with C CC"” and C" C 9C.
Moreover, one of the following cases applies:

(a) C~S!'xD?,

(b) C~ T?x I and C is adjacent to a component C' of V, that is diffeomorphic to
S! x D? and that is contained in C" (this implies that 3C \ dC" C dC’), or

(¢) C~T?xI and the boundary components of C have time-ty distance of at least
Arg from each other.

So, in particular, the components of V, that are not contained in G” have time-t,
distance of at least Arq from G" .

Proof By Proposition 2.11(e), we only have to consider the case in which C ~ T2 x I
and C is adjacent to a component C’ of V, on the other side. Observe that then,
again by Proposition 2.11(e), the .S I_fibers of C' N V2 reg are contractible in M(zp).
Assume that the boundary components of C’ have time-7y distance of less than
Arg from each other. Then we can find points xo € dG U U and x; € C' with
disty, (xo, x1) < Aro. Without loss of generality, we can assume that x; € C' N V2 reg
(eg by assuming x; € dC). Let Xp, X1 € ﬂ(to) be lifts of xg,x; in the univer-
sal cover with dists,(Xp,X1) = dists,(xo,x;). Using Claim 1, we can deduce a
lower bound on p,,(xg,%) and hence find a universal constant wT* > 0 such that
voly, B(Xo. to, o) > w]"*rg. Using Claim 3 (applied with A <— 24 + 1), we find a
curvature bound on B(X1, tg, (4 + 1)rg) for large ty. So by volume comparison we

have vols, B(X1, to, pro(x1,%0)) > w;*pfo(xl,lo) for some w3™* = w3*(4) > 0.
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We will now derive a contradiction to the local collapsedness around x; for small
enough w(ty). By Proposition 2.1(c2), there is a universal constant

0<s=s5u’F(-. 1), Kr(-, 1)) < {5
and a subset U, with

B(X1. 10, 35Pro(x1.10)) C Us C B(x1, 1o, Spry(X1.10))

that is diffeomorphic to B2 x S such that the S!—directions are isotopic to the S!—
fibers in C' N V5 1, and hence contractible in M(tp). So, if U, C M(lo) is the lift of
U, that contains X, then the universal covering projection is injective on U,. Hence,

VOlloB(xl s lo, Pro (xl ’ [0)) z VOlto U2 = VOlt() ﬁZ = VOIIOB(gl s lo, %S,Oro (xl ’ Z‘0))

> %553 VOltOB(fl,to,pro(xl,lo)) > %gw;*SSpBO(Xl,to).

Since dists, (x1, Muin(p)) < 2r¢, we obtain a contradiction if we choose wj(4) <
%Ew;*(A)SS . This finishes the proof. O

Next we show that the diameter of each component of §” cannot grow too fast on a
time interval of small but uniform size.

Claim 5 There is a constant o > 0 and for every A < oo there are constants B =
Bi(A), TS = TS(A) < oo and w(A) > 0 such that if to > max{T",2To} and
w(t) <wg forallt € [%to,to], then we have:

Let C be a component of S”. Then there is a unique sub-Ricci flow with surgery
N C M on the time interval [ty — (oe;‘ro)z, to] with C = N (ty) such that the following
holds: if diamy, N(t9) > BZro, then diam; N(t) > Aro for all 1 € [t — (c¥ro)?. fo].

Proof By Claim 1 and the fact that all surgeries on [%to, lo] are trivial, we can extend C
to a sub-Ricci flow with surgery N C M on the time interval [ty — (ai"ro)z, to].

The rest of the claim is a consequence of [A, Proposition 4.7]. Choose x¢ € 9C CGUIU .
7 *
1
is the constant from [A, Proposition 4.7]. Note that by Proposition 2.1(c14) and by
the fact that pu° < llo, we have N (1) C B(xo. fo, 1—10V0)- Using Claim 1, the fact
that T* < (K})™! and distance distortion estimates, this implies dN (1) C B(xo. 1, ro)
for all ¢ € [(1 —t™)tg,t9]. We can now apply [A, Proposition 4.7(d)] with U <~ N,
Fo < Fp, Xo < Xg, W < u/l* and A < A to conclude that if for any 7 € (0, t*]
we have N C B(xg, to— rrg, Arg), then C = N(ty) C B(xog,tg, A’(w’l*, A)rg). This

implies the claim for sufficiently large #yp and small w(#) (depending on A). a

So x¢ is w) —good at scale ry. Let t* = min{(oe’l")z, (KT)_l, ro(u/l*)} where 7
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Note that without loss of generality we can assume that the functions w3 (4), aj(A4),
wj(A), and w3 (A) are nonincreasing and the functions K3 (A4), 75 (4), T, (4),
BZ(A) and T (A) are nondecreasing in A. In the following, we will define the sub-
Ricci flows with surgery S; and the sets W; and show that they satisfy the assertions
(a)—(h). In order to do this, we will denote the components of S” by S7.,..., S, and
choose a subcollection S ;“ yoooy Spoof the S {’ ,..., Sy, in the next paragraph. The
final time slices S (t), . .., Sm(to) will arise from the sets S, ..., S, by removing a
collar neighborhood of diameter < 1.5ry. Fix from now on the constant L and assume
that L > 102.

Assume first that #o > max{7*, T;"(L +2),2To} and w(?) < min{w], w; (L + 2)}
forall 7 € [%to, to]. If d; = ro_1 diam,, S;" < L + 2 for some i, then by Claim 3, all
points in S/ survive until time 7o — (e (d;)ro)* and we have |Rm| < K (d;)t;! on
S/ x[to—(a (di)ro)?, to]. Given the fact that the sets Sy, ..., Sy, are chosen in the way
described above, this establishes the second part of assertion (c) for K'(d) = K (d +2)
and 7;(d) = (a5 (d + 2))2. Moreover, assuming 7; < 7;(102), we can remove all
S/ with diam,, < 102ry and define the sets S},..., S, to be the sets S;" with
diamg, S/ > 102ry. So, by a reapplication of Claim 3 assertion (b) is verified and by
Claim 1 the second part of assertion (h) is true for some small but universal t;. Also,
the first part of assertion (c) holds. Note that by assertion (b) and the fact that the
surgeries on [%to, to] are trivial, we can extend every set S to a sub-Ricci flow with
surgery on the time interval [(1 — t1)%g, #o], which we will in the following also denote
by S} Cc M.

Now assume that also 7o > T,*(L 4 2) and w(r) < wi(L +2) for all ¢ € [31o.10].
For each S} there is a component C; of V; that is contained in S (#p) and that
shares a boundary with it. Consider the cases (a)—(c) from Claim 4. In cases (b)
and (c) we set P; = C;. In case (a), we can apply Proposition 2.1(c1)(«) to find a
torus structure P; C C; such that dC; C dP; and such that diam,, C; \ P; < 11—0”0-
Observe that in all cases, the torus structure P; has width < u°ry < %ro. In
case (c) it has length > (L + 3)rg by Claim 4 and in cases (a) and (b) it has length
> diamy, S/ (to) — diamy (S (to) \ P;i) — %ro > diamy, S/ (t9) — 1—20r0 at time fg.
Chop off P; on both sides such that the new boundary tori have distance of exactly
ro from the corresponding boundary tori of P; and call the result P;. Then define
Si(to) to be the union of P/ with the component of S (#) \ P; whose closure is

diffeomorphic to a solid torus. By assertion (b) we can extend S;(#y) to a sub-Ricci
flow with surgery S; C M on the time interval [(1 — 7q)#g, #p]. Note that in all cases
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the torus structure P; has length > min{Lro, diamy, S;(t9) —2ro} at time #o. We can
hence chop off P; on the side that is contained in the interior of S;(y) and produce a
torus structure P/ of width < %ro and length = min{Lro, diam,, S;(t9) —2ro}. Let
W; be the closure of S;(tg) \ Pl.” . Then assertion (e) holds. Moreover, the first part of
assertion (h) follows from Proposition 2.1(c1). Assertion (a) is clear. Observe also that

diam,, S/ (to) — %ro < diamy, Sj(tp) < diamy, S (t9).

We discuss assertion (f). Let x € Pl.” . By Lemma 2.2(ii)—(iii), we conclude that x is
w1 (u®)—good at scale ry and time #( relative to P;. Since B(x, o, pr,(x,%)) C P;
this implies that x is also locally wq(°)—good at scale rg and time .

Next we establish assertion (d). Observe that choosing t; small enough, we have
at least diam; S;(¢) > 50rq for all ¢ € [(1 — t1)t9, to] by assertion (b) and the fact
that diamy, S;j(#9) > 100rg. Assume now that to > 75 (L) and w(¢) < w (L) for all
te [%to, lo]. By Claim 5 for C = S;(#y) we conclude that for all 4 < L we have: if
diamy, S (tg) > B (A)ro, then diam, S*(t) > Arq for all # € [tg — (a;‘ro)z, to]. So
assertion (d) holds for the function

Ay(d) =sup{fA > 0: B (A+2) <d}U{50}.
Note that A; is monotonically nondecreasing and limy_, o, A1(d) = 0.

Finally, we prove assertion (g). Assume that ¢y > T3* (2L + 10) and that w(?) <
wi (2L + 10) for all ¢ € [%to,to]. Let x € P/ and choose an arbitrary point
Xo € 357 (o). Let X and X¢ be lifts of x and x( in the universal cover M(to)

with distz, (X, Xo) = distz, (X, xo). As in the proof of Claim 4 we have

~ *%_ 3
voly, B(Xo, to, ro) > wi 1

for some universal wi™* > 0. By Claim 3, we have curvature control [Rmy,| <
KL + 10)10_1 on B(x,ty, (L + 5)rg) C B(xg,t, (2L + 10)rg). In particular,
there is a p* = p*(L) > 0 such that p,,(x, %) > p*ro. Without loss of generality,
we can assume that v < min{p*, 1}. Hence, by volume comparison there is some
c¢* = c¢*(L) > 0 such that

vols, B(X, 19, vrg) = v3c* vols, B(X, to, (L + 5)ro)

> v ¢* volyy B(Xo, to, o) > vie*wi*rg.

On the other hand,

VOlt()B(x’ to, VI"()) < VOll‘()B(x’ fo, Pro (X, tO)) < w(ZO)p;’O (XO, t()) < w(l())r(?'

Geometry & Topology, Volume 22 (2018)



1018 Richard H Bamler

Assume first that there is no loop based at x that is noncontractible in M (#y) and has
length < vrg. Then

w(to)rg > voly, B(x, ty, vrg) = voly, B(X, tg, vrg) > v3c*wi*rg.
So, if w(ty) < v3ic*w**, we obtain a contradiction. We conclude that if w(zy) is
sufficiently small depending on L and v, there is a noncontractible loop o C M(#y)
based at x that has length £;,(0) < vro. This implies 0 C P; C S} (tp) and hence o
is even incompressible in M (%y). a

In the second step, Proposition 4.2, we extend the uniform curvature control from
Lemma 4.1(b) further into the regions S;(z9) \ Wi(¢y). The following proposition
will mostly use the same notation as the previous Lemma 4.1 and the assertions of
this proposition will roughly correspond to those of Lemma 4.1. After stating the
proposition, we will explain its most important innovations.

Proposition 4.2 (second step) There are a positive continuous function §: [0, c0) —
(0,00), constants K, < oo and t; > 0, and functions A,, K, ;: (0, 00) — (0, 00)
with ’[é nonincreasing, K’2 and A, nondecreasing and A,(d) — oo as d — oo such
that:

For every L < oo and v > 0 there are constants T, = T(L) < oo and wy =
wy (L, v) > 0 such that:

Let M be a Ricci flow with surgery on the time interval [0, c0) with normalized initial
conditions that is performed by §(t)—precise cutoff. Consider the constant Ty < oo and
the function w: [Ty, o0) — (0, 00) obtained in [A, Proposition 3.16] and assume that

(i) rg =ty = max{4Ty, T>},
(i) w(r) <wy forall t € [+19.10].

(iii) all components of M(ty) are irreducible and not diffeomorphic to spherical
space forms and all surgeries on the time interval [%to, ZO] are trivial.

Then there are sub-Ricci flows with surgery S1,...,S»m C M on the time interval
[(1 — 12)t0, to] such that Sy(ty), ..., Sm(to) is a collection of pairwise disjoint, incom-
pressible solid tori in M(ty) and there are sub-Ricci flows with surgery W; C S; for
i =1,...,m on the time interval [(1 — t)t, to] such that, forall i =1,...,m:

(a) The pair (Si(to), W;(to)) is diffeomorphic to (S' x D*(1), S x D*(3)).
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(b) The set M(ty) \ (Wi(tp) U---U Wy, (o)) is nonsingular on the time interval
[(1 —12)10, to] and

IRm| < Kpt5" on (M(10) \ (Wi(to) U-+-U Win(10))) x [(1 = T2)t0, t0].
(c) If diamy, Si(f9) < Lro, then S; is nonsingular on the time interval
[(1—t)(ry ! diamy, S;))to, o]
and we have the curvature bound
|IRm| < K’z(ro_1 diamy, S,-)ZO_1 on S;(ty) X [(l—fé(ro_l diamy, S,-(to)))to, to].
(d) The set S;(to) \ Int W;(#g) is a torus structure of width < ry and length
disty, (3S; (o), dW; (t9)) = ro min{A,(ry " diamy, Si(9)). L}.

(e) Forevery point x € S;(ty) \ Wi(ty), there is a loop ¢ C M(ty) based at x that
is incompressible in M(ty) and has length {;,(0) < vry.

The most important statement of this proposition is the fact that the uniform curvature
bound in (b) also holds on S;(zy) \ Wi(ty) and on a time interval whose size does
not depend on ry’ ! diamy, S; (o). Since this bound enables us to estimate the metric
distortion of the regions S;(¢y) \ W;(#p) on this time interval, we don’t need to list the
lower diameter estimate from Lemma 4.1(d). We have also omitted the statement from
Lemma 4.1(f) since we won’t make use of it anymore.

Observe that we cannot only establish the curvature bound in assertion (c) on a time
interval of universal size and that the length of the torus structure in (d) cannot be
bounded from below by a constant depending on the diameter of .S; at time (1 — t)7g.
The reason for this has to do with the fact that the geometry on S; could be close to
that of a cigar soliton times S'. In fact, after rescaling by a proper constant, regions
of the cigar soliton of large diameter can shrink rapidly under the Ricci flow. It is the
content of [A, Proposition 4.7], which we have applied in the proof of Lemma 4.1, that
however the opposite behavior cannot occur, ie regions of bounded diameter can not
grow too fast in a short time.

The main idea behind the following proof is quite straightforward: We will choose the
constant 7, in such a way that we can conclude by Lemma 4.1(d) that if a solid torus
S;i(tp) has large normalized diameter at time fg, then S;(¢) also has large normalized
diameter at all times 7 € [(1 —213)tg, tp]. We will then apply Lemma 4.1(f) at all times
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t €[(1 =21p)tp, to] (with U < S;(¢)) and deduce that the points in a collar of S;(¢)
are locally w—good at scale rq or the curvature is bounded there. The desired curvature
bound on S;(¢) \ W;(¢) for all ¢ € [(1—1,)t, to] now follows using [A, Proposition 4.8]
(“curvature control in large regions that are locally good everywhere”).

However, our approach has the following caveat: Whenever we apply Lemma 4.1 at
some time ¢ € [(1 —213)t9, %9], we obtain a new set of solid tori S (¢),...,S,.(t)
within S;(¢). A priori, there is no relation between these solid tori with the ambient
solid torus S;(¢), which we obtained when we applied Lemma 4.1 at time #y. For
example, there could be several S;*(¢), some of those solid tori could be very far away
from dS;(¢) and have small diameter and hence short collar torus structures.

In order to gain more geometric understanding on the location of these solid tori, we will
first show that S;(¢) has long torus collars of width < 2rq for all ¢ € [(1 — 21,)?o, f].
This fact will follow from a continuity argument: We will start at time 7y and observe
the behavior of the long torus structure S;(zy) \ Int W; of width < ry when going
backwards in time. Consider the first (ie maximal) time ¢ € [(1 — 21,)?, fo] at which
this torus structure is destroyed, eg because a region within this torus structure develops
a width that is bigger than some time-dependent threshold between ry and 2ry. Then
there are two cases: in the first case this region is close to the complement of the solid
tori S/ (¢) obtained when applying Lemma 4.1 at time ¢, and in the second case it
has to be close to one of the solid tori W,* obtained by this application. In the first
case, we have a curvature bound around the region at which the width of the torus
structure is too large. So at some slightly later time ¢/ > ¢ this width would be large as
well, contradicting the maximal choice of 7. In the second case, the diameter of the
corresponding S*(¢) can be bounded and W,* has to “cap off” the torus structure in
question. This fact would imply an upper diameter bound on S;(¢) that contradicts the
lower bound from Lemma 4.1(d).

Having established the existence of long torus collars of S;(¢) for all # €[(1—213)t9, to],
we now have enough geometric control to conclude that whenever we apply Lemma 4.1
at some time ¢ € [(1 —213)1, to], the resulting solid tori S/ (¢) or at least the smaller
solid tori W;* stay far enough away from 9S;(¢). So at every point of S;(¢) within a
certain distance of 0S;(¢) the curvature is either bounded or the w—goodness condition

holds at scale ro. Eventually, we can apply [A, Proposition 4.8].

Proof We will fix several constants and functions that we will use in the course of
the proof. First we choose §(¢) such that it is bounded by the corresponding functions
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from Lemma 4.1 and [A, Proposition 4.8]. Consider moreover the functions A, K /1
and t; from Lemma 4.1 and choose D* < oo such that

D*>100 and A{(D*) > 100.
Define the functions L7, ..., L3(d): [D*, 00) — (1,00) by
Li(d)=1A(d)-10,
L3(d) = 1 min{d -3, L{(d)}.
L3(d) =min{LT(d)—1,L5(d)}.
Ly(d)=L3(d)—1,
Li(d) = %LI(d).
Observe that LT, e, L’; are continuous, monotonically nondecreasing and L?‘(d )— 00

as d — o0o. Using these functions we define
As(d) = {min{L’;(d)l— 1,d—-2} ii Z i g:
Then A,(d) is also nondecreasing and A,(d) — o0 as d — <.
Given the constant L, we pick
L° = L°(L) > max{D*, 10L + 100}.
Finally, using the constants w; and 77 from Lemma 4.1, we assume

wy(L,v) <wy(L°,v) and T,(L,v)>2T;(L° V).

We first apply Lemma 4.1 at time #y <ty with U < M(ty), L < L° and v < v. We
obtain sub-Ricci flows with surgery on the time interval [(1—15 )0, o], which we denote
by Si.....S,, C M, and subsets, which we denote by W/ C S/(to) fori =1,...,m’".
By Lemma 4.1(c), if diam,, S}(t9) < D*rg, then S} is nonsingular on the time interval
[(1 —7;(D*))to. o] and we have a curvature bound there. Now let Sy, ..., Sy, be the
subcollection of the S7, ..., S, , for which d; =ry !diamy, S/(to) > D* and pick the
sets W C Si(tp) accordingly. Consider the torus structures P/ = Int S;(t9) \ W/ of
width <ry and length

romin{d; —2, L°} > romin{A,(d;), L + 1}.
Chop off each P/ on the side that is not adjacent to dS;(#p) producing torus structures

P; of width < ry and length exactly ro min{A,(d;), L}. Set W; =Int S;(¢p) \ Int P;.

Geometry & Topology, Volume 22 (2018)



1022 Richard H Bamler

We will later be able to extend W; to a sub-Ricci flow with surgery on a small but
uniform time interval.

Claim 0 There are universal constants tg‘, w(")‘ > 0 and K(’;‘ < 00 such that:

For all x € M(to) with disty,(x, M(to) \ (S1(t0) U---U S (to))) < 100r¢, the point
(x,to) survives until time (1 — )ty and

IRm|(x,7) < Kitg' forall t € [(1—1)t0, o).

Moreover, assertions (a), (¢), (d) and (e) of this proposition hold.

Proof The first statement is a direct consequence of Lemma 4.1(b)—(c). Here we
assume that tj < min{z;, 7;(D*)} and K§ > max{K, K| (D*)}.

Assertion (a) is clear and (c) is a consequence of Lemma 4.1(c). Assertion (d) follows by
the choice of A, and assertion (e) by Lemma 4.1(g) and the fact that Wl.’ (toy) CW;. O

So it remains to extend the curvature bound from Claim 0 to the subsets S;(z) \ W; on
a uniform time interval. The proof of this fact will involve the application of Lemma 4.1
at times ¢ € [(1 —t)to, o] for U <— S;(¢), L < L° and v < v. By assertion (h) from
the previous application of Lemma 4.1, the extra conditions of Lemma 4.1 in the solid
torus case are satisfied. The remaining conditions hold by the choice of w, and 75.

The desired curvature bound is established in the following Claims 1-5. In Claims
1-3 we will first derive a local goodness bound for points in controlled distance from
9S;(¢) for any ¢ of a uniform time interval. An important tool will hereby be the notion
of “torus collars of length up to” a certain constant as introduced in Definition 3.2. In
Claim 4 we will derive a curvature bound using this local goodness bound together
with [A, Proposition 4.8]. Claim 5 will translate this result into the final form.

In the following, fix some i = 1,...,m and recall that d; = ro_1 diamy, S;(tp) > D*.

* < t¥ such that for all

Claim 1 There are universal constants K ’1“ < oo and 0 < 7 o

t € [(1—1{)to, o] the following holds: Consider numbers
0 <L <min{L*(d;), 4L +2)}, 1<a<2,

and assume that S;(¢) does not have torus collars of width < arq and length up to Zro,
but it has torus collars of width < ary and length up to (Z —Dry ifL>1.

Then |Rm|(x,?) < Ki"to_1 for all x € S;(¢) with dist;(x, 3S;(?)) < (l~, + 10)rg.
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Proof Observe first that in the case L < | we are done by Claim 0 and a sufficiently
small choice of 7{". So assume in the following that L>1.

Assume that 7] < 75 and fix some ¢ € [(1 — 7{)f, Zo]. So we can apply Lemma 4.1
at time ¢ with U < S;(¢) and L < L° and obtain the sub-Ricci flows with surgery
Sf,....8%. C M and the subsets W;* C S;*(¢). Observe that the parameter r = /1
changes only slightly, ie we may assume that for the right choice of " we have
0.9r¢9 <r < ry. Moreover, we assume that r;“ is chosen small enough that

diam, 0.S;(t) < 2diamy, 0.S;(¢) < 2rp.

If dist; (S (2),08(7)) = (L —30)rg for all i* = 1,...,m*, then we are done by
Lemma 4.1(b) applied at time 7. So all we need to do is to assume that there is an
i*e{l,...,m*} with

(4-2) dist, (S5 (1), Si(1)) < (L —30)rg
and derive a contradiction.

Observe that by Lemma 4.1(c) and (e) applied at time ¢ we have dist; (357 (¢), 0W;5) >
min{97r, L°r} > 50ry. So we can choose a point y € S (¢) \ W;% such that

dist; (y, 8S/% (1)) = 3ro.

Then we have at least dist;(y, 0S;(¢)) < (Z —20)r¢ and hence, by our assumption,
there is a set P C S;(¢) that is bounded by 9S;(¢) and a torus T C S;(¢) with y € T
and diam; T < ary < 2r. By the choice of y we have T" C S/ (). This implies

4-3) Si(t) = PUSAL ()
and we conclude, using Lemma 4.1(d) applied at time ¢, that

diam; S/ (¢) + diam; P > diam; S;(¢) > ro min{A,(d;), L°}.
Observe now that, by Lemma 3.3, we know that
(4-4)  diam; P < (L —20+4a)rg < (L —10)rg < ro min{L*(d;), 4(L +2)}.
So using the fact that » < ry, we obtain

diam; S}% (1) > ro(min{A(d;), L°} —min{L](d;). 4(L +2)})
> rmin{A;(d;) — L} (d;), L° —4(L + 2)}.

Geometry & Topology, Volume 22 (2018)



1024 Richard H Bamler

Observe that the right-hand side is larger than 10r. We conclude further using
Lemma 4.1(e) applied at time ¢ that

(4-5)  dist, (W%, 3S; (1)) = dist, (357 (¢), dW;%) = min{diam; S} (t) — 2r, L°r}

> 0.9ro min{A;(d;) — LT(d;) —2, L° —4(L +3), L°}

> romin{L¥(d;) + 1, 4(L +2)} > Lro.
So far we have only used the first assumption, which states that S;(¢) does have
torus collars of width < ary and length up to (Z — 1)rg. We will now show that
in contradiction to the second assumption of the claim, S;(¢) also has torus collars
of width < ary and length up to Zro. So assume that x € S;(¢) with (Z —Dry <
dist; (x, 8S; (1)) < Lry. By (4-3), the diameter bound (4-4) on P and (4-5), we conclude
x € SE(t1)\ Wii. So we can find a set P* C S%(¢) \ Wi that is diffeomorphic to
T2 x I and bounded by 9S% (¢) and a 2—torus T* C S/ (1) \ Wk with x € T* and
diam,; T* <r <ry < ary. Again by (4-4) we find T* N P = &. It follows from
Lemma 3.4 that P U P* is diffeomorphic to 72 x I . This finishes the contradiction
argument and shows that (4-2) does not hold for any i* =1,...,m*. a

Claim 2 There are universal constants 0 < Ty <ty and T, < oo such that if to > T
then at all times t € [(1 —©)to, to] the set S;(t) has torus collars of width < 2ro and
length up to ro min{L3(d;), 2(L +2)}.

Proof Choose 7; < 7] such that exp(2K{ 1)) < 2. By Lemma 4.1(e) we already
know that at time ty, the set S;(¢y) has torus collars of width < rg and length up
to L;rg, where

L; =2min{L}(d;), 2(L 4+ 2)} < min{d; —2, L°}.

Let t* € [(1 — ©3)to. tp] be minimal with the property that for all # € (t*, 1] the set

S;(?) has torus collars of width < exp(2K7t; Y(to —1))ro and length up to
exp(—2KTt0_1 (to—1))Lirg

at time #. We are done if t* = (1 —;)t9. So consider the case 1* > (1 —1))t.

Let ¢ > 0 be a small constant, which we will determine later. It will not be a universal

constant. By the choice of ¢*, we find times #; <t* <, with t, —t; < & such that at

time 7, the set S;(t2) has torus collars of width < exp(2KT#, L(to — t2))r¢ and length

up to exp(—2K7 1y L(to—15))Lirg, but at time ¢; it does not have torus collars of width
< exp(2K715 ! (to —11))ro and length up to exp(—2Ki"tO_1 (to—1t1))Lirg.
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Choose L < exp(—ZK;"to_l(to —t1))L; such that at time ¢; the set S;(¢;) does not
have torus collars of width <exp(2K7 1y Y(to—11))ro and length up to Lro, but it does
have torus collars of width < exp(2K7?, Y(to —t1))ro and length only up to (Z —D)rg
if L> 1. Observe that L < min{L3(d;),4(L +2)} and exp(2K 1y ' (1o —11))ro < 2ry.
So we can apply Claim 1 to conclude that

[Rm|(x, 1) < Kflo_l if x € S;(t;) and dists, (x,9S;(t1)) < (L + 10)ro.

Let Q < oo be an upper bound on the curvature at all surgery points in M on the
time interval [¢q, ?;]. Then all strong §(z)—-necks around surgery points as described in
[A, Definition 2.11(4)] are defined on a time interval of length > 11W —1/2 and the
curvature |Rm| there is bounded from below by > ¢’§72(¢) for some ¢ € [t1,,] and a

universal ¢’ > 0. So if we choose & < ﬁ Q™12 and assume 1, to be large enough, then

we can exclude surgery points of the form (x,7) with dist, (x, 0S;(#1)) < (L + 10)rg
and ¢ € [t1, t;]. Moreover, again by choosing ¢ sufficiently small, we can assume that
curvatures at points that survive until time ¢, cannot grow by more than a factor of 2,
so that we have

(4-6) |Rm|(x,?) <2Kt5" if (x,1) € Si(¢) x [ty 12]
and dist,, (x,3S; (1)) < (L + 10)ro.

(We remark that we could have also excluded surgery points using property (2) of the
canonical neighborhood assumptions in [A, Definition 2.14].)

Now let x € S;(t1) be a point with dist,, (x, 3S;(t1)) < Lro. Then by the curvature
bound we conclude

disty, (x, S (£2)) < exp(RK ¥ty (ta —11)) Lro < exp(—2K 15 (to — 12)) Liro.

So there is a collar P C Sj(z;) that is bounded by 9S;(¢;) and an embedded 2—torus
T C Sj(t;) with x € T and

(4-7) diamy, T < exp(2K 1y ! (to — 12))70.

By Lemma 3.3 we have, under the assumption that ¢ is so small that exp(2KTe)L; <
L;i+1,

(4-8) diam,, P <exp(2K 15 (ty — 1)) Lro + 8ro < (L + 9)ro.
Again by assuming ¢ small, we conclude that the distance distortion on P for times

[t1,1;] is bounded by ro and hence M is nonsingular on P X [t;,?,]. So at time #; the
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set P is still bounded by 9S;(¢;) and T'. Moreover, by (4-6)—(4-8) and a standard
distance distortion estimate, we have

diam;, 7' < exp(ZK;"to_1 (t —ty))diamg, T < exp(zKi‘tO_1 (to —1t1))ro.
We have just shown that S;(#;) does indeed have torus collars of width
< exp(ZKi"lO_1 (to —11))7o
and length up to Zro, contradicting our assumption. a
Claim 3 There are constants 0 < 3 < t5, wy > 0 and K3, T;" < oo such that:
Assume that to > T, . Then, for every t € [(1 — 1)ty to] and every point x € S;(¢)

with dist; (0S; (1), x) < ro min{L3(d;), 2(L + 2)}, either |[Rm|(x,?) < K;‘ZO_I or x is
locally w} —good at scale ro and time ¢ .

Proof Assume that 7 <min{z;, 7], 75} and fix some time 7 €[(1—1;)to, fo]. We will
argue as in the first part of the proof of Claim 1 with L =min{L3(d;),2(L+2)}+1=
min{L}(d;),4(L +2)} and a = 2. Observe hereby that by Claim 2 the set S;(¢) has
torus collars of width < 2r( and length up to

min{L%(d;), 2(L +2)} < min{L3(d;), 2(L +2)}.

So we apply Lemma 4.1 again at time ¢ with U < S;(z) and L < L° and obtain
pairs of subsets (S7(£), W), ..., (Sy« (1), W) of Si(¢). If dist,; (S (), 08 (1)) >
(L —30)rg forall i* =1,...,m*, then we obtain a curvature bound as before using
Lemma 4.1(b). If not, ie if (4-2) is satisfied for some i* = 1,...,m*, then we obtain
from (4-5) that

dist, (W%, 9S;(1)) > ro min{L%(d;). 2(L + 2)}.

This implies that every x € S;(¢) with dist, (3S;(¢), x) <ro min{L3(d;), 2(L +2)} is
either contained in S;(¢) \ (S7(¢) U---U S .(¢)), in which case we obtain a curvature
bound from Lemma 4.1(b), or contained in S () \ W;%, in which case x is locally
w-good at scale  and time ¢ by Lemma 4.1(f). a

Claim 4 There are universal constants K3, T,” < oo and 0 < 7; < r(’; such that if
to > T), then |Rm|(x,1) < Kj';lo_1 forall t € [(1 —1;)t9, 1] and x € S;(t) with

dist; (3S; (), x) < ro min{L}(d;),2(L + 1)}

and none of these points are surgery points.
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Proof We use Claim 3 above and Proposition 4.8 of [A] with U <« S;, ry < rg,
1 o< (t;‘)l/zro, A < K§t3, w < wy and b < romin{L3(d;),2(L + 2)} to
conclude that for all ¢ € [(1 — 3t})t0.%] and x € S;(r) with dist,(3S;(¢),x) <
romin{L3(d;),2(L + 1)} < (b —1)ro we have

IRm|(x, 1) < Kq g(w, Ki¥)(rg 2 + (3ti10) 7).
This implies the claim. a

*

$< ¥ such that if ty > T,

Claim 5 There are constants K3, TS < oo and 0 <t p

then, for all x € S;(ty) for which
disty, (3.S; (), x) < romin{L%(d;), L + 1},

the point (x,to) survives until time (1 —t5)to and for all t € [(1 —)to, o] we have
IRm|(x,?) < K315

Proof This follows by a distance distortion estimate and Claim 4. We just need to
choose 7 < 7 so small that distances don’t shrink by more than a factor of 2 on a time
interval of size < 7{t and in a region in which the curvature is bounded by K77, .o

To conclude the proof of the proposition, we just need to use Claim 5 and observe that the
torus structure Int S;(z9) \ Int W; has width <y and length <romin{L3(d;)—1, L}.
Hence, all its points satisfy the distance bound from Claim 5. So, assuming 7, < 77,
we obtain a curvature bound on the nonsingular neighborhood

(Si (7o) \ Int W;) x [(1 — 12)19, 1o]

and we can extend W; to a sub-Ricci flow with surgery W; C M on the time interval
[(1 —72)20. t0]. a

In the third step, Proposition 4.3, we impose the additional assumption that embedded,
incompressible solid tori in M (#y) have “compressing planar domains” of bounded
area, as produced by [C, Proposition 3.2(a)]. With the help of Lemmas 3.11, 3.6
and 3.5 and Proposition 4.2(e), these compressing domains can be used to pick torus
structures P; C S;(fp) \ W; of arbitrarily good precision whenever the diameters of
the corresponding solid tori S;(#y) are large enough. Each torus structure P; encloses
a solid torus, which is a thickening of the solid torus W; and the final time slice of
a sub-Ricci flow with surgery denoted by U; C M. The remaining assertions of the
following proposition are similar to those of Proposition 4.2, the main difference being
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that the dependences of the involved parameters are rewritten in a way that is more
suitable for the following subsection.

Proposition 4.3 (third step) There are a positive continuous function §: [0, co) —
(0,00) and constants K < oo and t > 0 and for every A < oo there are nonin-
creasing functions D4, K';: (0,2] — (0,00) such that for every n > 0 there are
w3 = ws3(n, A) >0 and T3 = T3(n, A) < oo such that:

Let M be a Ricci flow with surgery on the time interval [0, c0) with normalized
initial conditions that is performed by §(t)—precise cutoff. Consider the constant
Ty < o0, the function w: [Ty, 00) — (0,00) as well as the decomposition M(t) =
Minick (1) U Min(¢) for all t € [Ty, o0) obtained in [A, Proposition 3.16]. Assume that

() r¢=1to>max{4Tp, T3},

(i) w(r) <ws forallt € [te.10].

(iii) all components of M(ty) are irreducible and not diffeomorphic to spherical
space forms and all surgeries on the time interval [%to, to] are trivial,

(iv) for every smoothly embedded, solid torus S C Int Min(to), S ~ S! x D2,
that is incompressible in M(ty) there is a compact, smooth domain ¥ C R?
and a smooth map f: ¥ — S with f(0X) C dS such that f restricted to the
outer boundary circle of ¥ is noncontractible in S and f restricted to all other
boundary circles of X is contractible in S and area;, f < Aty.

Then there are closed subsets Py,..., P, C M(ty), sub-Ricci flows with surgery
Uiy,...,Up C M on the time interval [(1 — )¢y, to] and numbers hy, ..., hy €[n,2]
such that the sets Py U U (ty), ..., Pm U Un(ty) are pairwise disjoint and such that,
foralli =1,...,m:

(a) The set U;(to) is a smoothly embedded, incompressible solid torus (~ S! x D?),
P; ~ T? x I and P;, U;(ty) share a torus boundary, ie P; N\ U;(ty) = dU;(ty).
So (P; U Uj(ty), Ui(to)) ~ (S' x D2(1). S x D2(3)).
(b) Forany t €[(1—1)tg,to] and any x € M(t) with dist, (x, M()\Ui=, Ui (1)) <ro.
the point (x, t) is nonsingular and we have
IRm|(x,?) < Kt5 "
In particular, this means that the set M(ty)\ (U; (to)U- - -UUy, (%)) is nonsingular

on the time interval [(1 — t)tg, to] and

IRm| < Kt;' on (M(to) \ (Ui (to) U-+-U Unlto))) x [(1 — )10, fo].
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(¢c) The set P; is an h;—precise torus structure at scale ry and at any time of the
interval [(1 — 1)tg, to].

(d) If hi > n, then
diamy, (P; U Ui (t9)) < D(hi)ro and |Rmy| < K'(hi)ty'  on P; U Ui(to).
Proof We first define the constants K and t, the functions D4 and K;I and the

quantities w3 and 73. Consider the functions A;, K; and ré and the constants K,
and 7, from Proposition 4.2. Choose D* < oo such that A,(D*) > 1000 and set

K = max{K,, K5(D*)} and t=min{r,. 75(D*), 5K, '}

Now fix the constant 4 < oo. Before defining D4 and K, we need to fix a few other
quantities and functions, which will be important in the course of the proof. Using the
constants Lo from Lemma 3.11, V from Lemma 3.5 and £; from Lemma 3.6, we set

Ly= max{zo(min{%'ﬁ(Kz, 1.1).5,(Ky)}. A). 105(Ka, 1, 1))—1}.
Then we define the functions L%*, L%: (0,2] — (0, 00) by
L (h) = max{ L, Lo(min{ {7 (K. 207", 1), 81(K2)}. ),
31+ 500, 10(7(K>. 207", 34) ™! Ax (D).
L*(h) =inf{L*(h"):0 <h” < h}.

Then L% is nonincreasing. Using this function, we define the functions D4 and K 1/4
by
Dy(h) =sup{d > 0: Ax(d) < Ly ()}, Kj(h) = K5(Da(h)).

Observe that D 4(h) is well-defined since L% (h) > A, (1) for all & € (0, 2]. Moreover,
note that D4 and K, are nondecreasing.

Now also fix the constant 7 > 0 and set
L® =max{L%(n)+ 1, D4(n),1000} and v°= min{%, g (Kz)}.
Then we define
w3(n, A) = w2(L°,v°) and  T3(n, 4) = To(L°).
By this choice of w3 and T3, we can apply Proposition 4.2 with L < L° and

v < v° and obtain sub-Ricci flows with surgery Sy, ..., S, C M on the time interval
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[(1—1)t9, to] and subsets W; C Si(¢y). Foreachi =1,...,m set d; = ro_1 diamy, S;.
Then Pl./ = S; \ Int W; are torus structures of width < rqy and length L;rq for

L; = min{A,(d;), L°}.

L; <1000 for some i = 1,...,m, then, by Proposition 4.2(d), A,(d;) < 1000 < L°.
So by monotonicity of A, we have d; < D* and, by Proposition 4.2(c) and the choice

We can assume without loss of generality that L; > 1000 forall i = 1,...,m: If

of T and K, the flow S; is nonsingular on the time interval [(1 — 7)7g, fo] and we have
IRm| < Kzo—l on S;(t9) x [(1 — 7)tg, tp]. Hence we can remove the pair S; and W;
from the list. We summarize:

1000<L; <L° foralli=1,...,m.

Next, we define numbers /; > 0 that will give rise to the /4;. If L; < L 4, then we just
set h; = 2. Observe that, by definition of L%, we then immediately get L; < L% (h;).
In the case in which L; > L4, we choose an 4} € (0, 2] such that the following three
equations are satisfied:

L; > Lo(min{57(K2, 2(h) ™", 111), 51 (K2)}, A),
(4-9) L; > 3(h)™" + 500,

4-10) Li > 10(5(Ka. 20" 10)) ™.

The conditions L; > L4 and L; > 1000 ensure that we can find such an h;. (for
example, we can choose h;. = 2). We can furthermore assume that h;. is so small that,
for any 4" < %h;, at least one of these conditions is not fulfilled. So for any /” < %h;
we have L; < L%*(h") and thus L; < L% (h}). Furthermore, observe that by (4-10)

we have

1 1
1~ -1 1 o
(4'11) 101)(K2,2(h;~) s Eh;) > L_l > F >V,
Lastly, we define

hi = max{h},n}.

So, forall i = 1,...,m for which h; > n, we have L; < L% (h;) = L%(h;). Using
the definition of L; and the inequality L° > L%(n) > L% (h;), we then conclude
that A5 (d;) < L% (h;). Hence d; < D4(h;) and, by Proposition 4.2(c), we have the
curvature bound [Rmy,| < K'(h;)t; U on S;(ty). Since P; U U(ty) will be strictly
contained in Sj(Zg), this establishes assertion (d).
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For the next paragraphs fix i = 1,...,m. We will now construct the sets P; and the
sub-Ricci flows with surgery U; C M. The U; and P; will be a modification of the
sets W; and P;. The torus structure P; will be a subset of P].

First consider the case L; < L 4. Then h; = 2. Recall that the closure of Pl.’ is
a torus structure of width < ry and length L;ry = 10007y at time 7y. So we can
choose a torus structure P; C P/ and such that the pair (P;, P;) is diffeomorphic to
(T? x[-2,2], T? x[—1,1]) of width < r( and length > r( at time o such that P; has
time-#o distance of at least 10ry from 8Pl./ . Note that P; is 1—precise at scale /7o
and time 7y. Next observe that, by Proposition 4.2(b), M is nonsingular on P; and
we have |Rm| < Kzto_l on P/ x[(1—1)ty.1)]. Since P; is far enough away from 0P/
at time #o, any time-fy minimizing geodesic between points in P; is contained in P;.
So we can use a distance distortion estimate to conclude that P; is eX27h j—precise at
1

scale +/fg and at every time ¢ € [(1 _E)ZO’ fo]. Since by assumption K>t < 15, this

implies assertion (c) in the case L; < L 4.

Assume in the following that L; > L. Then we first apply assumption (iv) for
S <« S;(#p) to obtain the domain ¥ and the smooth map f: ¥ — Sj(zy). Next, we
use Lemma 3.11(a) with M < M(ty), S < Si(to), P < P/ and f < f to obtain
aloop y; C P/ that is noncontractible in P/, but contractible in S;(Zo), that has length

Cro(vi) < romin{ 5T (Ka, 2(h) ™", 10)). 51(K>)}

and that has time-¢, distance of at least (%Li —2)ro from 9P]. Let p; € y; be an

arbitrary basepoint. By Proposition 4.2(e), there is a closed loop o; C P/ based at p;
that is noncontractible in S; and has length (see (4-11))

Lo (07) < v°ro < romin{57(K2,2(h)~", 1h}).E1(K2)}.

In particular, y; and o; represent two linearly independent homotopy classes in
i (P]) = Z?. By Lemma 3.6 there is an embedded torus 7; C P! with p; € T;
that is incompressible in P/, separates its two ends and has diameter

diam;, T; < V(K2, 2(h)) ™", 10})ro.

Observe that 7; has distance of at least (3L; — 3)ro > ((h})™! + 100)ro from 0P/
(see (4-9)). We can hence apply Lemma 3.5 and obtain a torus structure P; C Pl./ of
width < 1/}ry and length > 2(h})1ro such that the pair (P}, P;) is diffeomorphic
to (T2 x[-2,2], T? x[—1,1]) and such that P; has time-f, distance of at least 107
from 8Pl.’ . Assertion (c) follows now similarly to the case L; < L A-
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Finally, we let U;(#y) be the closure of the component of S;(#p) \ P; that is diffeomor-
phic to a solid torus. Moreover, we extend U;(#y) to a sub-Ricci flow with surgery
U; C M on the time interval [(1 — t)f,fp]. Then assertions (a) and (b) hold by
construction and assertions (c¢) and (d) were established before. m|

4.2 The geometry on late and long time intervals

In this subsection, we relate the conclusions from Proposition 4.3 applied at each time
of a larger time interval [tg, Zy, ], Where 7, < Lty and L > 1, towards one another and
obtain a geometric description of the flow on this time interval. More specifically, we
will show that if the diameter of one of the solid tori P; U U;(¢,) from Proposition 4.3
applied at time 7, is large, then this solid torus persists and stays large when going
backwards in time until time . At time f¢, we will find a loop y; C P;, noncontractible
in P;, whose length is small and whose geodesic curvature is controlled on the time
interval [tg, #,,] and that bounds a disk /;: D% — M((ty) of area < (A + 1)t at time ¢y.

Proposition 4.4 There is a positive continuous function é: [0, 00) — (0,00) and,
for every L,A < oo and a > 0, there are constants K, = K4(L, A,a), 'y =
I4(L,A), T4 =T4(L, A, @) < o0 and wg = wa(L, A, ) > 0 (observe that I'y does
not depend on « ) such that:

Let M be a Ricci flow with surgery on the time interval [0, 00) with normalized
initial conditions that is performed by §(t)—precise cutoff. Consider the constant
Ty < o0, the function w: [Ty, 00) — (0, 00) as well as the decomposition M(t) =
Minick (2) U Mnin () for all t € [Ty, 00) obtained in [A, Proposition 3.16] and assume
that

1) ty > rg =to > max{4Ty, T4} and t, < Lty,

(i) w(t) <wy forallt €[fto.1o].

(iii) forevery ¢ € [+1o, 1] all components of M(t) are irreducible and not diffeo-
morphic to spherical space forms and all surgeries on the time interval [%to, ta,]
are trivial,

(iv) for every time t € [ty,1,] and every smoothly embedded, solid torus S C
Int Min(¢), S ~ S x D2, that is incompressible in M(t), there is a compact
smooth domain ¥ C R? and a smooth map f: ¥ — S with f(dX) C dS such
that f restricted to the outer boundary circle of X is noncontractible in 0.5
and f restricted to all other boundary circles of X is contractible in S and
area; f < At.
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Then there is a collection of sub-Ricci flows with surgery Uy, ..., U, C M on the
time interval [ty, t,] such that for all t € [ty, ty], the sets U1 (t), ..., Uyn(t) C M(t) are
pairwise disjoint, incompressible, solid tori. Moreover, for eachi = 1,...,m there

is a collar P; C M(ty) \ Int(Uy(tp) U---U Uy (ty)) of Ui(t,) that is ditfeomorphic
to T? x I and nonsingular on the time interval [ty, ,], and there is a smooth map
hi: D* — M(ty) such that the image of the boundary loop y; = h;|yp2 is contained
in P; and such that:

(@) |Rmy, | < Kat;! on M(ty) \ (U; (te) U+ U Un(te)).

(b) L,(yi) <a~/t and diam; 0U; (t) < a+/t forallt € [ty,tp] andi =1,...,m.
() maxcurv, y; < 4t™! forall t €[tg, 1] andalli =1,...,m.

(d) areasy h; <(A+ )ty foralli =1,...,m.

(e) y; is noncontractible in P;.

Proof Let 7 be the constant from Proposition 4.3, assume without loss of generality
that 7 < % and pick N € N minimal with the property that (1 4+ 7)™ty > #,. For
simplicity, we assume in the following that the equality case occurs in this inequality, ie
that #o = (1—1)™1, and that N > 3; if not, we decrease 7 slightly. Subdivide the time
interval [(1 — 7)o, ] by times #; = (1 — )Y *1,, for k = —1,0,1,..., N. Notice
that for k£ = 0 this definition gives us the time ?y, since ty = (1 — 7)V1,. Observe also
that N depends on L.

In the following proof, we will apply Proposition 4.3 at the times ¢y < f; for k =
0,...,N with 4 < A and 1 < n°. Here n° =n°(L, A, «) > 0 is a constant that we
are going to determine in the course of the proof. It will be clear that n° can be chosen
so that it only depends on L, A and «. In order to be able to apply Proposition 4.3, we
assume 7o > 13(n°, A) and w(t) < ws3(n°, A) forall t € [llo, tw]. Then at time #; , for

kA) C M(t), sub-Ricci flows
with surgery Ul-(k) C M on the time interval [fx_1, #x] as well as numbers hl(k) €[n°, 2]
fori=1,...,m® The Pi(k) are hl(k) —precise torus structures at scale /7 at any

each k =0,..., N, Proposition 4.3 provides subsets P;

time of the interval [t;_q, #;] and, using the universal constant K from Proposition 4.3,
we have, for each k =0,..., N,

_ k k
@-12)  [Rm| < K™ on (M) \ (U (6) U+ UU S, (16))) X [tk 1.
Moreover, as described in Proposition 4.3(b) we have the same curvature bound

in a slightly larger region; namely, for any ¢ € [t;_1,#;] and any x € M(¢) with
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Figure 9: Illustration of the decomposition (4-13) of Pl.(k) . The subsets
Pi(ff), ces Pl.(,’j\} + (lightly shaded region) and the complement of the solid tori
Pl.(k) U Ul.(k) (tx) (white region) are nonsingular on the time interval [t;_1, x].
Singularities may occur in the sub-Ricci flow with surgery Ui(k) (dark shaded
region). As explained in (4-12), the curvature bound |Rm| < K¢~! holds on
the lightly shaded and white region. By the remark after (4-12), this bound

extends to the diagonally ruled collar region inside Ui(k) (t) for t €[tx—1, t].

dist; (x, M(t) \ (U1 (t) U---U Up(1))) < +/1, the point (x,) is nonsingular and we
have [Rm|(x,#) < Kt~!. The purpose of this extra bound is purely technical. It will be
needed later in a distance distortion argument, due to the existence of short geodesics
that may leave the domain which is described in (4-12).

Forall k =0,...,N andi = 1,...,m®  we can divide Pl.(k) into N 4+ 2 approxi-
mately equally long torus structures (compare with Figure 9),

k) _ plk) (k)
(4-13) PP =pRyu..uPh) ..

such that if hl(k) <1/2(N + 1), then the Pi(’];.) are 2N hl(k)—precise at scale /7 and
time f; and such that P® and P are adjacent for any j < N 42 and P&

X i,j i,j+1 i,N+2
is adjacent to Ul.( )(tk). Using this subdivision, we define the sub-Ricci flows with
surge V.(k), ..., V%) M on the time interval [f5_, 7] as follows: V5 is the

gery i, IL,N+3 L,j

extension of the subset

k k k
PR U uP® L uUP ) c M)

to the time interval [¢;_1, #x]. Note that VI(I;\,) 3= Ul.(k).

A large part of the following proof will be concerned with the analysis of the spatial
relations of the subsets Pl.(l;) and Vi(];) C M(ty) for different kK =0,..., N. Notice
that these subsets are contained in different time slices and may not survive to a common
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time. So, for example, it may not be possible to state that P; (k 1]) and P,(2 3)2 are “disjoint”

or that “one is contained in the other”, because not all pomts in P, (k 1) C M(tg,) may

survive up to time #, or, vice versa, not all points in Pl(k§)2 C /\/l(tkz) may survive up

to time 7, . In other words, surgeries may interfere with P( ;)1 or P(kZ) between the
times #;, and 7, . Recall that there are no surgery points on the time 1nterval [t—1.tN]

outside the sub-Ricci flows with surgery U, &) So if surgery points interfere with

pk) o pk)
i1,]1 12,]2°

point in P (kl.) or P (k 2‘) that survives up to some point inside U;; *)Our main goal

then even some U (") interferes with it, in the sense that there is a

will be to show that 1f one of the torus structures Pl( ) is sufficiently precise, then
there must be some P (* 1) that is nonsingular on the entire time interval [¢_y,#, = 7]
and none of the Ui(, ' interferes with it. The existence of the torus structure P(k ) will
eventually be established in Claim 3 later (we will even prove a slightly more general
result there). An important objective for the proof of Claim 3 is to rule out a circular
interference pattern between the Pl.(k) and the Ul.(,k/) . For example, it may a priori be
possible that there is a circular chain (k1,i1), ..., (km,im), km+1,im+1) = (k1,1i1)
such that Ui(l’jr’frl) interferes with Pl.(lk’ ) forall / =1,...,m. If this chain consisted of
all pairs (k,i) fork=0,...,N andi =1,... ,m® _ then the assertion of Claim 3
would be false.

As a first step towards Claim 3, let us now look at a more elementary case. As explained
in the last paragraph, the scenario in which some P (k 1) fails to be nonsingular on the
entire time interval [f_1, ,] requires special attentlon As every surgery point on the
time interval [¢_1, {,] is contained in one of the sub-Ricci flows with surgery U; (k")
(recall that the flow is nonsingular away from the U;; (k") ), this scenario is accompanied

1)

by the phenomenon that some point in P(1 j survives forward to some time f,_; or

backward to some time 7z, and ends up in U, (kz)(tkz_ ) or Ui(2 2)(tkz), respectively
(see Figure 10).

In the following Claim 1, we will analyze this phenomenon under the additional
assumptions that j < N 4+ 1 and that all points of P (kl) U P(kl) survive until time

9]+(]k)

ty,—1 (for ky <ky)or ty, (for ky < k;)and don’t 1ntersect any U;;” 7 strictly between

time 7, and time fx,_; or #,. So in this case, it makes sense to say that “P,(lk;),

followed forward or backward in time up to time #;,_; or #, , intersects U, ("2)(11€2 1)

(k1)
P i1,j+1° (k)
in tlme up to time fx,_ Or fx,, has to be almost fully contained in U, *(txy—1) or

U, (k2) (Tk,) - In the case ky < k1, this will lead to a lower diameter bound of Uy, (k2) (k)
and therefore to an upper bound on h( 2 in terms of h,(l 1) . Furthermore, in both cases,

or Uy (k2) (fx,)”. Our expectation is that then followed forward or backward
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o TS OD% 1 1 t @ tD

k) B B )
i,j+2 | P I BV

T+

oA

Tk —11 @ @ @ KD eyt ﬁ Ui(ZkZ) D

Figure 10: Illustration of the settmg in Claim 1: (i) k1 <k», left, and (ii) k» < k1,
right. The subsets P ) and P(2 11) , survive until time #,—1 (if k1 <kz)or #,
(f ko < ky); see the hght gray regions. The light gray regions do not intersect the
interior of any U (,k ) At time tk,—1 (f ki < k) or t, (if ky < ky), the subset
P]EIIC‘; intersects the initial or final time slice of U (k2) (bold outlined reglon) As
demonstrated in the figure, this may entail that the boundary tori of le j and
U *2) intersect in complicated way.

Clalm 1 asserts that the sub-Ricci flow with surgery V( , can be extended
to the time interval [tx, 1, fx,—1] (1f ky < kz) or [tx,, tkl] (1f ko, < ki)—see
the dark gray reglons—and that V1 j)+2 (tky—1) & U,(Zkz)(lkz—l) (if k1 < ko) or
VD (1) G USSP (1) G ey < o).

In the proof of Claim 1, the curvature bound [Rm| < Kt~! on the light gray
region is used to show that Pi(il nd P ] +1 remain sufficiently precise up to
time f,—1 OF I, .

ko < ky and k, > ky, we will be able to extend V(k}) , to a sub-Ricci flow with
surgery that is defined up to time #,_; or i, such that V ki ])+2(l ka—1) S Uj(ZkZ)(lkz—l)

V(k‘) o(ty) €U, (kZ)(tkz) In Claim 2, we will use th1s containment relationship to
rule out the feared circular interference relation between the P(k) and the U; Q)

Claim 1 There are a constant n = nj(L,A) > 0 and a nondecreasing function
o =] 1 4 (0,00) — (0,00) that both depend on L and A such that ¢§ (h) < h for
all h > 0 and such that the following holds:

Letky,ky € {l,....,NY withk; # ks, iy €{l,.... m& )} and i, € {1,..., m&}.
Assume that there is some j < N + 1 such that (see Figure 10 for an illustration):
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(1) Ifky < k,, all points in P.(kl.) U Pl(lk;) 1 survive until time fy,_; and

k k
PfI Uy, # 2.

Moreover, we have (Pl(lk}) U Pl(lk;)_,_ Ny, l.(,k/) (txr) = @ forall k' strictly between

ki and ko and all i’ € {1, . m(k/)}

(ii) If ky < ky, all points in P(kl) U Pl(lk;) L survive until time ty, and

PMINU gy, £ 2.

Moreover, we have (Pl(lk;) U P,(lk} )N Ul.(,k )(fk/) =& forall k' strictly between

ky and ky and all i’ € {1,... ,m®&)}.

Then in case (ii) we have (p;"(th)) < max{hgq), o (n°)}.

Moreover, in cases (i) and (ii), assuming hgﬂ) < n}, we can uniquely extend the

sub-Ricci flow with surgery V(k])+2 to the time interval [ty _y, tx,—1] (in case (i)) or
[k, tk,] (in case (ii)). These extensions satisfy V( ) o (try—1) & U,-(sz)(tkz—l) (in

case (i)) or V( l)+2(lkz) c U, (k2) (tk,) (in case (ii)).

The strategy for the proof of this claim will be to use the curvature bound |Rm| < K¢™!
on (and near) (Pl(]k;) U P(kJH) X [ty —1, tk,—1] (oOF (Pl(lk‘]) U P(kj_H) X [ty tk,]) to
show that P(kl) and P( 1) ', 1 Temain sufficiently precise torus structure up to time #x,
(or fx,, respectlvely) We will then compare the boundary torus 0U; k 2)(tk2 1) (or
8Ul(2k2)(tk2)) with the torus structures Pl(klj) and Pl(k;) 4 attime tk2_1 (or 7, ) and
argue that the asserted containment relationship holds. The possibility that the boundary
torus 8Ui(2k2)(lk2_1) (or 8Ul.(2k2)(tk2)) may intersect one of the boundary tori of Pi(llflj.)
in a nontrivial way, will present a slight technical difficulty to us here. Finally, in the
case ky < k1 we can roughly bound the diameter of U, (k2)(tk2) from below by the
length of P;, J)+1 at time f#x, . This bound will in turn imply an upper bound of h(kZ)

in terms of hg‘l).

Proof By (4-12) and the fact that

(k1) (k1) (%)
(PIIuP*) YU =2

for all k' strictly between k; and k, and all i’ € {1,...,m%*"}, we have

€[tk —1sthy—q] i),
@14) [Rm/ <K' on PEVUPHED for al k11, iy 1] n case (i)
b t € [ty 1, ] in case (ii).
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Using the additional comment after (4-12), we can extend the curvature bound in (4-14)
to a slightly larger subset. More specifically, we claim that there is a constant ¢(L) > 0
such that the following holds: if x € M(t,) with disty, (x, PLYUPED. ) < /e,
then (x, 7, ) survives until any time of the interval [fx, _;, fx,—1] (in case (i)) or any time
of the interval [#g, . #,] (in case (ii)) and |Rm|(x, ) < Kt~ forall t € [k, =1+ Thy—1]
or t € [tx,, tk, ], respectively. To see this, choose ¢(L) < % so small that by distance
distortion, any curve of time-7, length less than c¢,/7, has to have length less than

t atany time ¢ € [tg,_q,tk,—1] OF t € [tx,, 1k, ], as long as the curvature along this
/!

curve satisfies the bound [Rmy/| < K for all ¢’ between #;, and ¢.

Now consider a point x € M(t;) with dist;, (x, Pl(lklj) U Pl(1k1])+l) < ¢ /T, . Let

0:[0,1] — M(tx,) be the shortest time-f;, minimizing geodesic between x and
Pl(lk;) U Pl(lkb)_'_ |- Consider some time * € [tg, _1,tk,—1] or t* € [ty,, tx,] with the
property that for all s € [0, 1], the point (o (s), #x,) survives until time ¢* and that for
all 7 € [tg,,1*] or ¢ € [t*, 1], the time-7 length of o is less than /7. So, using the
comment after (4-12), we find that (o (s), ¢) is nonsingular and |[Rm|(c(s), ) < Kt~
forall s €[0,1] and ¢ € [t,,t*] or t € [t*, t,]. By distance distortion and our choice
of ¢, this implies that for all ¢ € [t ,t*] or t € [t*, #;,], the time-7 length of o is even
less than %\/? . This implies that if #* was chosen maximal/minimal with the required
properties, then we must have * = #3,_; or t* =, or t* = t;,_;, depending on

which case we are in, and it proves the claim made after (4-14).

Next, we use the curvature bound in (4-14) and the remark thereafter to show that
there is a function ¢’ = ¢} : (0,00) — (0, 0o], which only depends on L, such that
limy_,o ¢’(h) = 0 and such that the following holds: If ¢ (h(kl)) < 00, then plkv

l1,]
and Pk1) , are still ¢ (h( l)) —precise torus structures at scale ,/f,—; or /T, and

at tlmef t;i:_ 1 Or Iy, (dependlng on whether we are in case (i) or (i1)). We will carry out
the proof only for P; (k 1) in case (i). The other cases follow analogously. First, choose
d in such a way that the time-7,_; distance between the two boundary components
of Pl.(Ik’;.) is equal to d.,/fr,—;. Then there is a time-f;,_; minimizing geodesic
o0: [0, 1] = M(#x,—1) between these boundary components, whose time-f,_; length
is equal to d ,/7j,—; . By minimality, the image of this geodesic has to be contained in
Pl(lk;) So, using distance distortion and (4-14), we find a constant C* = C*(L) < oo
such that the time-#¢, length of o is less than C*d /7, . But if h(kl) <1/2(N +1),
then by construction of P( 1) this distance must be larger than (2N h(kl)) 1\/_1 .
Therefore, we obtain a lower bound on d that goes to infinity as hl(f( D goes to zero.

Next, we bound the time-#;,_; diameters of the cross-sectional tori of Pl.(lklj) from
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above. Let x,y € P( 1) be two points that lie in the same cross-sectional 2—torus.
If h(kl) <1/2(N + 1) then by construction of P(kl.) we know that dist;, (x,y) <
2N h(kl)\/_ Let a [0, 1] — M(#,) be a time- tkl minimizing geodesic between
x and y. If 2N h ) < c, then for all s € [0, 1] the point (o' (s), #x,) survives until
time f,_; and we have |[Rm|(c(s),7) < Kt~! for all s €0, 1] and l € [lkl,lk2 1l
Therefore, by distance distortion, we obtain that dist,, _, (x, y) <C **h J%—l for
some C** = C**(L) < co. So, for sufficiently small hl(f‘l), we can ensure that P,(lk, i

is arbitrarily precise at scale ,/fx,—; and at time #,_;, which proves the existence of
the function ¢’.

)
1,j+2°

which was originally defined on the time interval [tx,_1,#,], to the time 1nterval

Next we show that it is possible to extend the sub-Ricci flow with surgery V(

[T, =15 tk,—1] (in case (i) or [tx,, %, ] (in case (ii)). As the flow is nonsingular on

k k1) k k
(PFYU P e _1.ti,—1] or (PEVUPEFY ) Xy 1,

respectively, we know that the points in the boundary BV( +2 ;) survive on the

entire time interval [tg, 1, tx,—1] or [tg,—1, 1k, ]. Also smce by assumption (iii), all
surgeries on [ fo, tw] are trivial, the boundary 3V jl)_i_z(tkl) remains separating in
M(t) forall t € [ty 1, tk,—1] OF t € [ty,, tx,]. Now deﬁne Vl ;z_z(t) for each such ¢
V(k1 j+2(1) that does not contain Pl( ;)Jrl.
becomes a sub-Ricci flow with surgery on the time interval [, —1, fx,—1]

to be closure of the component of M(¢) \ d
Then 1),
or [fx,. !k, ], which finishes our construction. Observe moreover, that the topology of
Vlgk Jl)+2(t) does not change in time, since by assumption (iii) all surgeries on [%to, tw]
are trivial and M(?) is free of spherical components for all ¢ € [ §Zo. o ]. So for all

t €[ty —1.th,—1] Or t € [tx,, Ix,] we have )~ St x D?.
k1 k2 k2o tky h V(kjlzl-z S'xD?

Our next goal is to show that if h(kl) is small enough, depending on L and A, then we
must have V( ]+2(th/ 1)< U,(sz)(sz/—l) (by “k,/—1” we mean k; in case (i) and
ko —1 in case (ii)). We will first illustrate the idea of our proof using slightly imprecise
language: By assumption, the solid tori U (k2) (txy/—1) and Vl(1 jl)(t;€2 /—1) (notice the
“j” instead of ““ j +2” in the index!) 1ntersect in a point. The diameters of the boundaries
of these solid tori are small compared to the lengths of a collar neighborhoods around
these boundaries, on which the geometry is almost product-like. So up to the addition
or subtraction of a small collar, we may assume that either both solid tori cover a
component of M(#,,—1) or one solid torus is contained in the other. The first case
can be ruled out using [C, Lemma 2.10] and assumption (iii). So in Figure 10, this

means that both solid tori “open up in the same direction”. Next, we show that, up to
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k
S’ U( 2)(tk2/ 1)
k k
0 VD (thy-1) 0 VD S (ty-1)
(k1) (k1)
i1, P111+1

Figure 11: Plcture at time g, /1 1n the case in which 8U(2 2)(tk2/ 1) in-
tersects Pl J . The solid torus U k2) (tky/—1) and its extension S’ by the
collar extension P are outlined in bold The solid torus S, which is bounded
by a cross-sectional torus 7 of P 1]) has a dashed outhne The region
Pl(lklj) P(k L is shaded in light gray and the region V L +2(tk2 /—1) is
shaded in dark gray.

the addition of a small collar neighborhood around its boundary, U; (k 2)(tk2 /—1) must

contain V( (tx,/—1) (notice the “ j +1” instead of ** j " in the 1ndex!), since a slight

1,J+1
extension of U (kZ)(lkz /—1) contains a cross-sectional torus of Pi(lk‘j). The add-on “up
to the addition of a small collar nelghborhood around its boundary” can be removed

if we reduce the solid torus V( L1 (fx,/—1) to the (significantly smaller) solid torus

v kD)
l] }+2([k2/ 1)

Let us now carry out the precise proof: As by assumption U (k2) (fx,/—1) has a point in

1) which is disjoint from AN 5 (th, /_1), it suffices to show that

(k
common with P1 N

k
VI (thyy-1) € U( Dtk /1)

Consider first the case in which JU; (k 2)(lk2 /—1) intersects P(kl) (see Figure 11 for an
illustration). Let 7 C P(kl) be a cross-sectional 2—torus that 1ntersects oU; (k 2)(th /=1)-
If oU (kZ)(tk2 /—1) 18 not fully contained in Pl(kl.), then we can choose 7' to be one
of its boundary tori. The 2—torus 7" bounds a solid torus & C M(fy,/—1), that is,
T =08 and S ~ S! x D?, which is an extension of V( ‘) +1(ky/—1). Therefore, we
have V&V (tky/—1) CS. As Pk g 1% (h(kl)) premse at scale /7, and at

i1,j+2 1]
time 7,1, we find that

(4-15) diamy,,,_, T <¢ (h(kl))‘/tkz/_l.

On the other hand, by Proposition 4.3(c) we know that P; (k2) i 2 —precise at scale /7,
and at time #,/—;. So we can find a collar P C P%kZ), with P ~ T? x I and
aU; (k 2)(tk2 /—1) C P, whose two boundary components have time-fy,/— distance of
at least 110 tky/—1 from one another and whose time-7,,_; diameter is less than
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k
U (11 1)

(k1) (k) (k)

(k1)
I/llj (tkz/—l)

Figure 12: Picture at time fx,/—; in the case in which aU; ( 2)(lk2 /—1) and
(klj) do not intersect. The solid torus U k2) (ty/—1) 18 outlmed 1n bold. The

1,
region pry pk | is shaded in light gray and the region V 2(1k2 /=1)

115J i1,Jj+
is shaded in dark gray.

10, /tx,/—1. Then &’ = PUU, UQ)(tk2 /—1) is diffeomorphic to a solid torus and,
by (4-15), we have dS C Int S’ if h(kl) is sufficiently small. Assume for the remainder
of this paragraph that h( Y is so small that dS C IntS’ holds. If we also had S’ C S,
then the union SU &’ would have no boundary. So it would be a closed component of
M(tg,/—1). Since S and S’ are both diffeomorphic to solid tori, this would contradict
[C, Lemma 2.10] and assumption (iii). So dS’ cannot be fully contained in S. Since
dS is contained in the interior of S’ and hence disjoint from its boundary, this implies
that dS’ is disjoint from S. Since S is connected, we obtain that S C S’. So

k k
(4-16) VI (- €S8 =PUUS (4,-1).

Lastly, note that the time-7,,_; diameter of P is less than 10, /#,,_1, but since
P(kl) |18 ¢ (h(kl)) —precise at scale /f,/—1 and at time #,,_1, the boundary com-

ponents of P( )+1 have time-7,,—; distance of more than (¢’ (h( 1))) 1,/lk2 /—1

from one another This subset separates P( ‘) from V(lk})Jrz(lk2 /_1). So, if hg“)

1

is sufficiently small, then P( [ is far enough away from V(kl) (Tx,/—1) to ensure

1,J+2
that P cannot 1ntersect both of these subsets. Since P 1ntersects P(kl) it must be

disjoint from V( 2 (tr/—1) for sufficiently small h( Y So by (4- 16) We must have

k
1(1 })H(lkz/ 1) C Ui(z 2 (th,/-1)

(k1)

for sufficiently small 4;"'", which is what we wanted to show.

11) (compare

with Figure 12). Since by assumption U. (kZ)(tk ,/—1) intersects P and since Pl(1 1])

is connected, it follows that P (kl) CIntU. (k’)(tk2 /—1). In partlcular this implies that

Second, consider the case in which dUj UQ)(tk2 /—1) does not intersect P(
(k 1)

k
4-17) av - Jl)(zk2 1) € PEY c U (1),
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k k k
(Note that VD (yy—) = PEYU P UV 0,20 Sln]i:e) VD (eyy-1)
and BU k2) (zk2 /—1) are disjoint, we find moreover that either 8U 2 (zk2 /—1) is con-
tained in Vi(kl)(tk7 /—1) or it is disjoint from V(kl)(t;€2 /—1). If

3U,~(2 2 (th,/-1) C V,(l })(tkz/—1),

then using (4-17) we conclude that U (kZ)(lkz /—1) U VIE jl)(t;€2 /—1) does not have
a boundary. So it is equal to a component of M(t,/—1). Since U, (kZ)(l;€2 /—1)
and Vl(l ;)(Zk2 /—1) are both diffeomorphic to solid tori, this would again contradict
[C, Lemma 2.10] and assumption (iii). It follows that dU; (k 2)(1,‘1{2 /—1) s disjoint
from Vl(1 ]‘) (tky/—1)- Since V, i J (tk2 /—1) is connected, it follows from (4-17) that

Vi (sz/— yc U, ( 2)(tkz/ 1). This implies that

k k
V,E })H(lkz/—l) C Vl(l ,)(sz/—l) C Ui(z 2 (th,/-1);

which is what we wanted to prove. This finishes the proof of the second part of the claim.

For the first part of the claim note that we may always choose @1 such that ¢f(n) < ’71
for all n > 0. So we only need to consider the case h k) 1. Moreover, we can
assume that h( 2 5 n°, because otherwise the statement is trivial. Observe now that
U (kZ)(tkz) 1ntersects both P(kl.) and V(kl) +2(tk,), which are separated by P(klj)H,
whose boundary components have tlme lkz distance of at least (¢’ (h(kl))) 1\/72

from one another. So, using Proposition 4.3(d), we find

k — . k k
(¢ (h{FVN ! ik, < diamy, US? (14,) < D) Vi

As limy,_, o ¢'(h) = 0, this bound allows us to choose an appropriate ¢} . O

Consider now the index set I = {(k,i):0<k <N,1<i <m®}. We will write
(k1,i1) < (ky, i») whenever we are in the situation of Claim 1, ie if thereisa j < N +1
such case (i) or (ii) of this claim holds.

In the next claim, we will analyze the situation in which we have a chain (ky,i;),
(ka,i3),... €I of pairs of indices such that each two consecutive pairs satisfy the
assumptions of Claim 1. Under certain additional assumptions, we will then conclude
that only case (ii) of Claim 1 occurs, which implies that ky > k, > --- . Therefore, the
chain under consideration cannot be circular.

Claim 2 There are a constant n5 = 1 (L, A) > 0 and a monotonically nondecreasing
function 95 = @3 ; 4 (0,00) — (0, 00), which both depend on L and A, such that if
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(kl) (k1)
liert Toj i1 i 11+@ )

B (k1)

- : Vn J1+2
1 (k2) (kz)
e ezl ml@ @ 5@7 -
o ! k ‘
| U( 2)(l 2) i
B ‘ (k2) ‘
1 1 1 1 1 112,12+2 3
P (Np m ) 3
s @ 13,313 13313+1@ @ ﬁ @ Uy, ¥ (ty) )
B (k3)
1 13,13+2

L ) @7 0 Uiy ¥ (1) >

Figure 13: Illustration of the assertion of Claim 2. The domains

k1) pk2) (k2) plka)
PPy 32 .. and P;] iz Py 212+1, ... are shaded 1n light gray wher-
ever they are nonsingular and don’t intersect any U . The sub-Ricci

flows with surgery V(kl) V(kZ) ... are shaded in dark gray. The solid
tori U, (kl)(tkl) U/ (kz)(;kz) .. are outlined in bold.

n° < n; then the following holds: If we have a chain

(k1,11) < (ko i2) <+ < (K. im)

such that 0 < ko, ...,k < k; and hg{l) <mni.thenm < N +1 and ky > k, >

- > k. Moreover, there are indices ji,..., jm—1 € {1,..., N + 1} such that the

1)
1>Ji+

forl =1,...,m—1 and such that (see Figure 13 for an illustration)

(k1) (kr+1) _
i,,j[',+z(lk/+1) UIH'IJrl (tr,y,) forl=1,....m—1.

(k L
sub-Ricci flow with surgery V; , can be extended to the time interval [, ,, Ik,]

Lastly, @3 (hgim)) < maX{hgﬂ), n°}.

The idea of the proof of Claim 2 will be to apply Claim 1 for each consecutive pair
(kp,i;) < (kj41,i741). The strict containment relationship asserted in Claim 1, together
with the fact that the solid tori Ul.(/k/) (tx+) are pairwise disjoint for each &/, will imply
that the sequence k1, k,,... cannot reverse its monotonicity. Since k; > k,, this
means that the sequence must remain decreasing. Note that Claim 1 can only be applied
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if the corresponding preciseness parameter hlglk’ ) is small enough. This bound will
follow from iteratively applying the asserted inequality in Claim 1 under an inductive
assumption. The inequality at the end of Claim 2 then follows similarly.

Proof Set n; = §0T(N)(77>1k) and @3 (h) = (p;"(N) (h), where n7 and @ are taken from
Claim 1 and the upper index in parentheses indicates multiple application.

Without loss of generality, we can assume that m < N + 2, because otherwise we can
shorten the given chain to size N 4 2. We will first show the claim without the last
line, by induction on m. Additionally, we will show that

(4-18) plkm) < EN=mHD) ()

Im

if m < N + 1. For m =1 there is nothing to show. Assume that the induction

hypothesis holds for m — 1, ie that we can extend the sub-Ricci flows with surgery
y.k1) 7ALOE
/142777 Vim—2,jm—2

4, to the appropriate time intervals so that they satisfy the
inclusion property above, that ky > ky > - --> k;,;,—; and that hl(’];"“_l) satisfies inequality

(4-18) above with m replaced by m —1.

So hgﬁ":‘) < <pi“(N_m+2)(n’l") < 5} and we conclude by Claim 1 that there is a
Jm—1 such that we can extend the sub-Ricci flow with surgery Vl’(f’_"l_ ]‘.I)M_l 4, tothe
time interval [fg, . f, ] or [tk, ,—1.%,,—1] depending on whether k;, < kj,—1 or
km > k;,—1 and we have

(4-19) Vi) st 1) S U™ (th, ).

imfl:jmfl‘f'z m

(Here we again use the notation k,,/_; = kp if ki < kpp—y and kg = kpyp—yq if
km—l > km )

We now show in the next two paragraphs that we must have k;;, < k;;,—1: Assume by

contradiction that k,;, > k,,—1 (see Figure 14 for an illustration). Then Viffz’r}i_l 42
is defined on [tg, ,—1.%,,—1] and we have m > 3 and thereisan / € {1,...,m—2}
such that k; 1 + 1 < k;, < k;. We first show that

(k1+1) (km—1)
(4_20) I/}lJr]i:.}l+l (lkl+1) C I/im—la}ln—l+2(lk/+l)'
Observe here that the sub-Ricci flow with surgery Viifinl—]l.zq_l 4, 1s defined at time

Ik, 4, Since kjyq < k. Choose / +1 </* <m —1 minimal with the property that

(ki) (km—1)
il*’jl*+2(tkl*) C I/imjjl9jm—1'|‘2([kl*)'
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k
Ui( l)(tk[)
1 (kl) O (kz) @
Qp,,,], D
----------- s S S
[krn“ Ulf,nM)(t ,n) ‘ 3 ! i .,,.....--"':‘
...... s A N S S
o G Ont) -
km—1) | il | |
mml Jm—1+2 3 3 3 3 3 EV(kl)
Lo ip,jj+2
ki) plkisr) D Do D 1'
 : 41:J141 4 15J141+1 | P L :
0 - >
= b i P (k) 1+1 ;
¥ L . Varipre Ui Gaed)
i . R - o -
vt ) 0 U0 A 0 verPw, >

(ky—1) (km—1)
P’m 1:Jm Il)lm 1:/m—1+1

F1gure 14 Ilustration of the case in which k,, > k;,,—; . The subsets Pl(/’;z/
and P ’ 41 are shaded in light gray wherever the flow i 1s nonsmgular and
dlS_]Olnt from the U, ") The sub-Ricci flows with surgery V p j , 1+, are shaded
in dark gray, except for V( Tl j’)n 42 in order to avoid overlap The solid
tori U (kl’)(tk ,) are outhned in bold. The objects involving k,, are dotted,
since their locatlon in space-time is being contradicted. Note that there may
be several time steps between 41 and f, . This is indicated by the white
omission and the vertical dots. The light/dark gray regions below this omission

may not necessarily correspond to the light/dark gray above the omission.

This is possible, since the inclusion trivially holds for /* = m — 1. Then, by the
induction assumption,

(kpx—1) (ky+) (kyx (km—1)
@21 V&) ) U ) v o v ).

Now, if [* > 141, then k;«_1 < kj+1 < kmu — 1, so both sub-Ricci flows with surgery,
(ky*—1) (km—1) . . .
PN S, and Vlm’”1 2> Are defined on the time interval [t , k. _,]. Since

at every surgery time of the 1nterval [?k,+ - tk,«_, ] the topology of the time slice does

not change, we conclude that the containment relationship of the left- and right-hand

sides in (4-21) is preserved on [tk , tx,, ,]. This implies that if /* >/ + 1, then

(kyx—1) (km—1)
I/il*—lajl*—l"'z(l(k/*_l) C I/lm 1>Jm— 1+2(Zk/*—1)’

in contradiction to the minimal choice of /*. So /* =/ 4+ 1 and (4-20) holds.
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Similarly to in (4-21), we can use (4-20) to conclude that

(k1) (k141) (ki41)
(-22) V"I’J{l"‘z(tklﬂ) CUini Pty C Vi1+1,}1+1+2(tk1+1)
(km—1)
= I/im—ls}in—1+2(tk1+1)'

Again, similarly to as argued after (4-21), the containment relationship of the left- and
right-hand sides of (4-22) is preserved on the time interval [t ,,_,]. So

(k]) (k _1)
Vil,jl-i-Z(tkm—l) c VimTl,jm_l+2(tkm_1)-

Combining this with (4-19) yields

(kp) (kim—1) (km)
Vg2 W) C Vi "0 2 ) & Uy ™ ()

Since both sub-Ricci flows with surgery, Vlfkjll) 4, and UiE,I:M)’ are defined on the time
interval [tg, ., ], this containment relationship is preserved up to time #,, :

k o
(4-23) VI ) S UE (1),

We will now consider the two cases ky, = k; and k,, < k; — 1 separately (recall that
kiv1+1=<kyu <kj). Inthe case k,, = k;, we obtain

km km ki
Ul @, € VI 1k, S UL (1,

which is impossible as the solid tori U l(k’”)(tkm), ey U,ﬁ,liﬁ;)n (tk,,) C M(ty,) are pair-
wise disjoint. It remains to consider the case in which k,, < k;—1. In this case observe

that (4-23) implies that

(kr) (kr) (km)
WV, 1o lte,) C Vo () S U™ (k)

As 8Vl§k1’]) 42 (tk,,) is contained in the nonsingular space-time region

(k1) (k1)
(Pilajl J Pil,;'z-i-l) X [tk1+1 N/t

this implies that Ul.(n]:’”)(tkm) intersects this region. But since kj, lies strictly between
ki1 and ky, this contradicts the definition of the relation (kj,i;) < (kj41,i741). So
indeed we have k;, < k;,_1.

To finish the induction, we can now apply case (ii) of Claim 1 to conclude from (4-18)
for m — 1 that

km k;n— o N— +2
gF () < maxih om0 0¥ )y < maxte} NP ). 0F (1))

1

N— 2
< @rN=mED) (xy
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k
\ ( l)(l )

wi I IR
ot [T

1 I ] I D

(k1)
ll,jl+2

fon )

(kj4+1)
@ @ ll+1 (tkl-l-l)D:

t @Pac )@ @Pl(fmpl(f?*ﬂ V. 0 @ U (o) D

Figure 15: Illustratlon of the proof of Claim 3 for the case k’ > k* = k,,. The
reg1ons P; & 1), .. P Y N+2 are shaded in light gray. The solid tori U(k Nter),
U(k )(tkn) and U 1A )(tkw) are outlined in bold dots. The sub-Ricci ﬂows with
surgery V(k}? Y V,m'”l,}zn 1 +2 are shaded in dark gray and the solid tori
U; (k 1)(zk ),. Ul(’ﬁm)(tkm) are outlined in bold.

This implies (4-18) for m, by the monotonicity of ¢, and finishes the induction. In
particular, we obtain that ky > ky > --- > ky,, which implies that m < N + 1.

For the last line in the claim, we can use Claim 1 to conclude

km N km N— kn— °
goz(h( ))_(pl( )(h( ))< *( 1)(max{h( 1),<Pik(7) )})

Im—1

<max{<p*(N 1)(h(km 1)) n }

<max{<pi"( 2)(max{h(km 2),¢T(77°)})v770}

Im—2

*(N— 2)( (km—z)) %)

= max{<p Im—2
< max{p; M RED) %) < maxinFY ey =

With the help of Claim 2, we can finally derive the existence of regions P( ) that are
nonsingular on [f_, f¢].

Claim 3 Assume that n° < 3. If there are indices (k,i) € I such that h(k) <n5, then
there are indices (k*,i*) € I with k* <k such that the following holds: The set P(k )
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is nonsingular on [t_1, t;] and we can extend V( ) to a sub-Ricci flow with surgery on
the time interval [t_1,t;]. Moreover, P( ) N U(k Ntr)) = @ forall (k',i") € I with
k' < k and we have U® (1) ¢ VI, )(zk) Lastly, 3 (h% ) < max(h®, 7°}.

The idea of the proof is to look at a maximal chain (kq,i1) = (k,i) < (kp,i3) <-+- <
(km,im), starting with (k,7), and set (k*,i*) = (km,im). Then (k*,i*) £ (k’,i’)
for any (k’,i’) € I with k" < k. Looking back at the definition of the relation <, this
means roughly that for any j* =1,..., N + 1 the subset P(k*)* is nonsingular on

[t_1,2] or Pl(f )*+1 o)
P(k ) became singular at some time, then P;i ;' would become singular at least one
tlme step earlier than P(f 1), so P (f 3) would become singular at least one time step
)

, and so on. However, there are only at most N time steps, but N + 1
subsets P (k ) for which we can draw this conclusion. So this process would have to

becomes s1ngu1ar at least one time step earher than P( ) . So if

earlier than P(* 2

terminate too early, giving us the desired contradiction. Note that, for technical reasons,
the following proof uses a minimality argument in lieu of an induction argument. The
underlying principle will, however, be the same as laid out in this explanation.

Proof Consider a maximal chain as in Claim 2 with (kq,i1) = (k,i) and k», ..., kn,
<k and set (k*,i*) = (km,im). By Claim 2, we have ki > k) > --- > k;, and
we obtain indices ji,..., jm—1 € {l,..., N + 1} together with extensions of the
flows V&V V( i le)n | +2 that satlsfy the inclusion property mentioned above.

i1,j1+2° —1
Moreover, ¢; (h( )) < max{hl(k), n°}, which establishes the last part of the claim.

Assume now that P(* 1) is singular on the time interval [z_;, #x]. Then we can find
some k' < k such that P( ) is nonsingular on [ty , tgr—1] Gf k" > k™) or on [/, ty+]
(if k" <k™) and there is an 1ndex i’e{1,...,m%)} such that P(k )ﬂU(k )(lk _)ED
Gf k' > k*) or Pl.(f’? N Ul.(,k/) (tr) # @ (1f k' <k*). Let us now consider all triples
(k”,*i”,j*) of indices with (k”,i")ye I, k" <k and j* €{l1,..., N + 2} for which

(k™)
Pi*,j*

is nonsingular on [ty tx»—1] (Gif k" > k™) or on [tgr, tj+] Gf k” < k*) and
{Pl.(f;)* NUS ) £ @ it k7 > k*,
PEL Ul @y #£o i K <k
(Note that we have exchanged the 1 for j*. So (k/,i’, 1) is one of these triples.) We
can assume that we have picked (k”,i”, j*) amongst all these triples of indices, such
that j* 4 |k™ — k”| is minimal and amongst such triples of indices for which this
number is the same, we can assume that |[k* — k”| is minimal.
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Now observe that by maximality of (K, ;) with respect to < we must have (k*,i*) £
(k”,i"”). So either j* = N +2 or j* < N + 1, and there are indices (k”’,i"") € I
with k" strictly between k™ and k” such that the following holds: The set P(k )* 1
is nonsingular on the time interval [fg«,fxv_1] (if k” > k™) or on [tkm,tk*] Gf
k" < k*) and we have (P(kj) U P(k**_H) N Ul(,fim)(tkw ) # @ Gt k" >k*)or
(P(k DU P(k Joe L Ul(,f‘, “WNitgm) #+ @ (if k" < k*). But the latter possibility implies
that we could replace the triple (k”,i”, j*) by either (K", i"”, j*) or (K"",i"”, j*+1),
contradicting its minimality. So j* = N + 2. However, the triple (k’,i’, 1) would
make j* + |k* —k’| smaller than the triple (k”,i”, N + 2). This yields the desired
contradiction and shows that P(f 1) is nonsingular on the time interval [z_;, ] as well
as the fact that P(k ' U(k )(tk ) = @ for all (k’,i") € I with k’ < k. Moreover,
it follows that the sub Ricci flow with surgery V(k ) can be extended to the time

interval [f_q, #].

We finally show by induction that U (ki )(fk,) C V(k )(lk,) for all / = .., 1. This

implies the claim for / = 1. The statement is clear for | = m, so assume that [ <m
k

an(cllcthat it holds for / 4+ 1. By leum 2 we have V,E ],+2(lk,+1) Ul§+’l+1)(l 1) C

Vis 5" (tk,,) - The relationship V; i +2(t kit l) - V (tkl 1) remains preserved up

to t1me lg, - So Ulgkl)(tkl) C kajl,)+2(tk1) V* 2)(tk1) finishing the induction. O

We can now finish the proof of the proposition. Assume in the following that 7° < 7.
Apply Claim 3 for k = N . So forevery i € {1,...,m™N )} for which h(N) <n5,we
can find indices (k/",i) € I such that the followmg holds: ’ is nonsingular on the
time interval [7_1, 7,] and P( ) NnU; G )(tk/) @ for all mdlces (k’ /') € I. Moreover,
we can extend V(k ) to the t1me interval [tg, ¢,] and we have U. (k)(tw) - V(k )(l ).
Using (4-12), we obtaln that

(4-24) IRm;| < K=' on P( ') forall 7 € [r_y, 1]

and by Shi’s estimates there is a universal K 1 > K such that for all ¢ € [tg, 7] we have
|VRm| < Ky 1=3/2 atall points of Pi(f’ "? that have time-# distance of at least /7 away
from 8P ’ Using the curvature bohnd (4-24) and a distance distortion estimate, we
find a functlon ¢" =] : (0,00) = (0, 0o] with lim,_, ¢ ¢ (1) =0, which depends only
on L, such that whenever ¢” (h( ")) < oo there is a subset P/C P (k; 1) in such a way that
(P( , P/) is diffeomorphic to (T'>x[~2,2], T2 x[~1, 1]) and such that the following
holds for any t € [ty.1o]: The subset P/ has time-¢ distance from 8P(>£C i) at least

i _l(h( )ﬁ and P/ is a ¢” (h(k ) )—pre01se torus structure at scale ﬁ and time ¢.
Us1ng Clalm 3, we find that there i is a constant 774 = 774(L A, a) >0 with 774 <nj3 such
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that, assuming 7° < iy, the following holds: For all 7 € {1, ... ,mMNY with hlgN) <n
and all ¢ € [tg, ], the set P; is a min{a, 110} —precise torus structure at scale /7 and
time # and P/ has time- ¢ distance of at least 104/t from 8P(* 1) Moreover, at time 7,
the torus structure P( ) is even L (mm{e LKy, aO(A Ky)}, A)—premse Here
Lo and & are the Constants from Lemma 3.11. Let us now fix n° =n°(L, 4,) >0
such that n° < ny for the remainder of the proof.

Next, we address the issue that there is a small gap between each sub-Ricci flow with
surgery V( ) and P/: For each i € {1,. ., mM™MY with h(N) <, we let U/ be

)

the umon of V( 5" with the closure of the component of P(k ) \ P/ that is adjacent

to V.(k

l

We now pick a subcollection of the U/, ..., U ,/n (v that are pairwise disjoint at time 7.
If U} (o) N U] (o) # @, then by the fact that P/ and P; are 110 —precise and [C,
Lemma 2.10] we have U; (1) C P, UU], (tw) or Uj (t») C P{ UU] (te). In the first
case we remove the index i; from the list and in the second case we remove i, (if both
cases hold, then we remove either 7y or i;). We can repeat this process until we arrive
at a collection Uy, ..., U, whose time-#, slices are pairwise disjoint. This implies
that the time-¢ slices are pairwise disjoint as well for any ¢ € [tg, t,]. Let Py,..., Py
be the corresponding collection of torus structures. Observe that at each step of this
process, the set | J; U/(t») \ |U; P; does not decrease. Thus U (f») U+ -+ U Up(tw) D
U; U/ (t») \U; P}. We conclude that every point of M(t,) \ (U, (tw) U---UUpn(te))
that does not belong to M(#,) \ (U, (M) (ty)U---U Urgz( Z)V) (t»)) is either contained in
some U; N )(ta,) for which h( ) > 7} or it is contained in some U].’ (t»), in which
case it must belong to | J; P/. So assertion (a) holds for K4 = max{K, K'(n})} (see
Proposition 4.3(c)). The second part of assertion (b) holds by the choice of r)z.

It remains to construct the loops y; C P; and the maps /;: D?* — M(ty) so that
assertions (b)—(e) hold. Fix i =1, ..., m. By the choice of nj we know that [Rmy,| <
Kity! and |V Rmy,| < Kyt 32 in a time- /7y neighborhood of size /7o around P;.
We can hence apply Lemma 3.11(a)—~(b) with o <— min{e L&« (4, K1)}, A< A,
K<« K, P« P; and § < P; UU;. Observe hereby that m, of the component of
M(tp) that contains Pi* vanishes due to assumption (iii) and [C, Proposition 2.3]. We
hence obtain a loop y;: S! — P; of length £;,(y;) < e LKy that is noncontractible
in P;, bounds by a disk 4;: D> — M(ty) of time-t, area areas, h; < Aty and whose
geodesic curvatures at time fy are bounded by f(K l)to_ 1 2 So assertions (d) and (e)
hold and the first part of (b) follows by a distance distortion estimate. For (d) observe
that |Rm| < K7~ ! and |VRm| < K1¢73/2 on y; for all ¢ € [to, to]. a
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4.3 Proof of the first main result

We will finally show that the general picture as described in Proposition 4.4 is impossible
on a long time interval, ie that for an appropriate choice of the parameters L, 4 and «
we must have m = 0. This fact will imply a curvature bound on the final time slice
M(t,) and hence establish [0, Theorem 1.1].

As a preparation, we first prove that after some large time, all time slices are irreducible
and all surgeries are trivial (see also [19, Proposition 18.9]).

Proposition 4.5 Let M be a Ricci flow with surgery and precise cutoff whose time
slices are closed manifolds and that is defined on the time interval [T, oo) with T > 0.
Then there is some Ty € [T, 00) such that all surgeries on [T, 00) are trivial and we
can find a sub-Ricci flow with surgery M’ C M on the time interval [T, oo) that is
performed by precise cutoff (and whose time slices have no boundary) such that: For all
t €[T1, 00) the complement M(t)\ M'(t) consists of a disjoint union of spheres and all
components of M'(t) are irreducible and not diffeomorphic to spherical space forms.

Moreover, if there is a time T* > T such that M’ is nonsingular on [T*, 00), then there
is also a time T** > T™* such that M is nonsingular on [T **, o0) and M’ (t) = M(t)
forall t € [T**, 00).

Proof Let M = ((T'),(M' x I'),(g}), (i), (UL)) (see [A, Definition 2.1]). By
[A, Definition 2.11], for any surgery time 7", the topological manifold M’ can be
obtained from M’T! by possibly adding spherical space forms or copies of S! x S?2
to the components of M (#,) and then performing connected sums between some of
those components. So every component of M+ that is not diffeomorphic to a sphere
forms the building block of a component of M that is also not diffeomorphic to a
sphere. This fact enables us to choose M’ C M such that for every ¢ € [T, 00) the set
M’ (t) is the union of all components of M(¢) that are not diffeomorphic to spheres.

By the existence and uniqueness of the prime decomposition (see eg [14, Theorem 1.5])
and the conclusion above, there are only finitely many times when the topology of
M'’(t) changes by more than the removal of components that are diffeomorphic to
spherical space forms or S! x S2. Choose T| [T, o) larger than those times. So the
number of components of M’(¢) is nonincreasing in ¢ for ¢ € [T, 00). We can hence
choose Ty € [T, 00) such that the number of components of M’ (¢) remains constant
for ¢ € [Ty, 00). This implies that the topology of M’(¢) is constant on [T, 00). Note
moreover that all surgeries on [T}, 00) are trivial on M’ and hence also on M.
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By finite-time extinction of spherical components (see [22; 8]), we conclude that
M'(t) cannot have components that are diffeomorphic to spherical space forms for
any ¢ € [T,00). Next, assume that M’(T}) was not irreducible. Then, by [C,
Proposition 2.3], we have m,(N) # 0 for some component N of M’(T;). We can
thus use [B, Proposition 2.1] to obtain a contradiction.

The last part of the proposition follows again from finite-time extinction. a

We can finally finish the proof of the main result [0, Theorem 1.1], which provides a
curvature bound for large times and states that surgeries eventually stop occurring if the
cutoff is performed sufficiently precise. In the case in which the underlying manifold
is not covered by a torus bundle over a circle, we will obtain this result by ruling
out the existence of the loops y; obtained from Proposition 4.4 (with the appropriate
parameters) using the minimal disk argument from [B, Proposition 2.2]. In the case in
which the underlying manifold is covered by a torus bundle over a circle, we will not
be able to construct the “compressing planar domains” as needed in assumption (iv) of
Proposition 4.4. Note that [C, Proposition 3.2(a)], which produces such compressing
domains, requires the underlying manifold to not be covered by such a torus bundle
over a circle. In this case, however, we can use a different and more basic argument,
which makes use of [C, Proposition 3.2(b)].

Proof of [0, Theorem 1.1] Let the function §(¢) be the minimum of the functions
given in Proposition 4.4 and [A, Proposition 3.16, Corollary 3.3 and Proposition 4.4].

Consider the constant T} < oo and the sub-Ricci flow with surgery M’ C M from
Proposition 4.5 defined on the time interval [0, o0). Recall that all components of
all time slices of M’ at or after time T} are irreducible and not diffeomorphic to
spherical space forms and that all surgeries of M’ at or after time 77 are trivial.
Moreover, all time slices M’ (¢) for t > T are diffeomorphic to one another. By the last
statement of Proposition 4.5, it suffices to establish the desired curvature bound and the
finiteness of the surgeries on M’. Now choose a sub-Ricci flow with surgery M* C M
defined on the time interval [T, 00) whose time slices M*(¢) are all connected, closed
components of M(z). Since the choice of M™* was arbitrary, it suffices to establish
the curvature bound and the finiteness of the surgeries on M* instead of M.

Next, we apply [A, Proposition 3.16] to M and consider the time T{ < 0o, the function
w: [Ty, 00) — (0, 00) as well as the decomposition M (1) = Mpick () U Minin(t) for
all t € [Ty, o0). Set T, = max{Ty, T1}.
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Now let M = M*(T,) and
Mhyp = Mapick(T2) NM*(T2),  Mseit = Mapin(T2) N M*(T).

So M = My, U Ms.ir. This decomposition can be refined to a geometric decom-
position of M since, by the results of [20] or [15], which led to the resolution of
the geometrization conjecture (essentially their statement is Proposition 2.1 plus a
topological discussion), we know that Msgejr is a graph manifold (see [C, Definition 2.7]
and the subsequent discussion). So there are pairwise disjoint, embedded, incompress-
ible 2—tori T, 1*, R k* C Msjr that cut M into hyperbolic and Seifert pieces in
such a way that the union of the closures of the hyperbolic pieces is exactly Myyp.
Moreover, by construction, no two hyperbolic components in this decomposition are
adjacent to one another. We are hence in a position to apply [C, Proposition 3.2],
which yields a simplicial complex V' and either a continuous map fo: V — M with
Jo(0V) C OMseif = 0Myyp that is a smooth immersion on 0V (if M is not covered
by a 72-bundle over a circle) or a sequence of continuous maps fi, f»,...: V. — M
(if M iscoveredbya T 2_bundle over a circle).

Next, we apply [B, Proposition 5.5] to obtain a constant Ay < co and (not necessarily
continuous) families of piecewise smooth maps

Jor: Vo>M*@) or fie fags.i Vo> M) forall t € [Ty, 00)

with fo.1,lap = folaw such that fo |3 moves by the ambient isotopies of [A,
Proposition 3.16], f5 is homotopic to f, in space-time — restricting to said isotopies
on dV if n =0 —and such that, forn =0 orall n > 1,

(4-25) lim supt_1 area; fn; < Ao.-

t—00

Note that the constant Ay can be chosen independently of n because the upper bound
in [B, Proposition 5.5] only depends on the topology of V if dV = &, which is
always true in the case in which M is covered by a T'2—bundle over a circle. We now
distinguish the cases in which M is or is not covered by a 7'?>—bundle over a circle.

Case1 (M isnot covered by a T2 —bundle over a circle) Choose T3 > T» such that
area; fo; < (Ao + 1)t forall ¢ > T3. It now follows from [C, Proposition 3.2] that for
every ¢t > T3 and every smoothly embedded solid torus S' C Int M, (2) N M™*(¢) that
is incompressible in M*(¢) there is a compact smooth domain ¥ C R? and a smooth
map h: ¥ — S such that #2(dX) C 95 and such that / restricted to only the exterior
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boundary circle of X is noncontractible in S and such that
area; h < C area; fo; < C(Aop + 1)t.

Here, the constant C' only depends on the topology of the manifold M.

Next set FEREY,

A=C(dy+1), L:(H—?) ,
and consider the constant I'y = I'4(L, A) from Proposition 4.4. Set
_m
T
and choose Ty = T4(L, A, @) and wy(L, A, @) according to this proposition. Now
choose T* > max{4T3, T4} such that w(z) < wy forall ¢ € [%T*, oo) and consider
times 7, > LT* and ty = L~ '¢,. Observe that M* is defined on the whole time
interval [%lo, tw] and that condition (iv) of Proposition 4.4 holds assuming additionally
that S C M™*(¢). We can then apply Proposition 4.4 to the sub-Ricci flow with
surgery M™* with the parameters L, A, @ (note that this is not strictly the statement

o

of Proposition 4.4, but the constructions in the proofs of Propositions 4.3 and 4.4 can
be carried out separately on every component of M). We then obtain sub-Ricci flows
with surgery Uy, ..., U, C M*, outside of which we have a curvature bound, and
maps hy,...,hm: D? — M*(ty) with areas, h; < (A + 1)tg whose boundary loops
¥i = hilsp2 have length < a+/f and geodesic curvature bounded by T4z~ at all times
t €[tg, tw]. Assume that m > 1. Since o'y = 7w < 27, we obtain a contradiction by
[B, Proposition 2.2]:

A+1

4
——— | to =Lty = 1t,.
4(2n—ar4)) 0T T e

ta,<(1+

So m = 0 and thus we have |Rm;, | < K41aj1 on M(ty).

We have shown that if M is not covered by a 7'?—bundle over a circle, then |Rm;| <
K4t™! on M*(t) for all + > LT*. So, in particular, M* does not develop any
singularities past time LT*.

Case 2 (M is covered by a T 2_bundle over a circle) In this case consider the
families of piecewise smooth maps fi;, f2.,... and observe that the constant Ag in

(4-25) is independent of n. Also, in the present case, M™(t) C Min(2) forall t > T,
by the uniqueness of the geometric decomposition of M.

Now let ¥ and K, be the functions from [A, Corollary 3.3] and p; the constant from
Lemma 2.2. Set u = min{ U1, 11—0} and consider the constants
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wo = wo (i, 7(+, 1), K2(+, 1)),
0<sy=s2(u,7(+, 1), Kr(-, 1)) <51 =s51(. 7(+, 1), K2(+, 1)) < %’

from Proposition 2.1. Choose T3 > T, such that w(t) < wg for all ¢+ > T3. Fix
such a time 7. We can hence apply Proposition 2.1 to M*(¢) and conclude that there
are two cases: either diam; M™*(¢) < pp sz(x,1) for all x € M*(t) and M*(¢) is
diffeomorphic to an infranilmanifold or a manifold that carries a metric of nonnegative
sectional curvature, or we obtain a decomposition M*(¢) = V; U V, U V] satisfying
assertions (a)—(c) of this proposition.

Let us first consider the second case in which we have a decomposition of the form
M*(t) =V, UV, UV, . We will now analyze this decomposition further, using the tools
of Section 2.3 (observe that we are in case A of that subsection). As in Definition 2.5
let G C M*(t) be the union of all components of V, whose generic S!fiber is
incompressible in M*(¢) and all components of V; or V, whose generic fibers are
incompressible tori. Then by Lemma 2.6 we have dG C V,NG. Moreover, by Lemma 2.7
there is a disjoint union of finitely many embedded solid tori S C M™(¢) such that
M*(t) =GUS. So we can make the following conclusion: either G = M™*(¢) or there is
a component C C V5 such that the S!—fibers on CN V3 reg are incompressible in M*(¢).

Let x € G be an arbitrary point and recall the notation (see the beginning of Section 4)
Pro(x,t) =sup{r € (0,rp] : sec; > —r~2 on B(x,t,r)}.

Consider the universal cover M*(r) of M*(¢) and choose a lift ¥ € M*(r) of x.
Then by Lemma 2.2 there is a constant w; = w; (@) > 0 such that

(4-26) vol B(X, pyr(x, t)) > wl,ofﬁ(x, 7).

In other words, x is wq—good at scale Jt (compare with [A, Definition 4.1]). Con-
sider now the constants 7y = T(w;,1), K = K(wy) and p = p(w;) from [A,
Proposition 4.4]. Assuming that we have picked ¢ such that # > T4, we conclude that

|IRm|(x,7) < Kt~! and py(x. 1) > p/t forall x €.

Consider first the case in which G # M™*(¢). In this case there is a component C C V,NG
such that the S!—fibers on CN V3 req are incompressible in M* (7). Pick x € CN V3 .
By Proposition 2.1(c2) there are an open subset U C M™*(¢) with

B(x,l, %szpﬁ(x)) CU C B(x,t,520 s;(x))
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that is diffeomorphic to B? x S, vector fields X7, X> on U and a smooth map
p: U — R? such that we have dp(X;) = 8/0x; and |(X;, Xj) — 8| < % for all
i, j =1,2. Moreover, p: U ~ B> x S' — p(U) corresponds to the projection to
the first factor and the S!—fibers coming from the second factor are isotopic to the
S1_fibers in C N V2 ree and hence incompressible in M™(¢). It then follows easily that
p is 2-Lipschitz and that By = B(p(x), %szpﬁ(x)) C pU).

Now recall the maps fi;, f2,s,...: V — M™*(t) from the beginning of the proof.
By [C, Proposition 3.2], we know that, for each n > 1, the map f, intersects each
S!_fiber on U at least n times. In other words, fn_’tl (p~'(»)) contains at least n
elements for each y € By C p(U). Since p is 2-Lipschitz, we find that
nnsgpfﬁ(x, t) s%ﬁz

Jng =~ By=—"7"7-—">
area area n

z.

So it follows that, for 100
n>——(4o+1),
550

we have area; f,; > (Ao + 1)¢. This however contradicts (4-25) for large ¢.

So there is some constant Ts < oo such that whenever ¢ > T, then G = M™*(¢) and
hence |Rm;| < Kt~! on M*(¢). As before, this implies that there are no surgeries
on M* past time Ts. This concludes the case in which we have a decomposition of
the form M*(¢) = VUV, U V.

Lastly, it remains to discuss the case in which diam; M* () < up ﬁ(x,t) for all
X € M*(¢t) and in which M*(¢) is diffeomorphic to an infranilmanifold or a manifold
that carries a metric of nonnegative sectional curvature. Since M*(¢) is covered by a
T2 -bundle over a circle, it must be diffeomorphic to an infranilmanifold or the quotient
of a torus. Similarly as before, we can now apply part (v) of Lemma 2.2 to show that
(4-26) holds for all X € ﬂ*(t). By the same reasoning as presented after (4-26), this
implies that we have |[Rm;| < Kt~! on M*(¢) for K = K(wy) if t > Ty = Ty(wq, 1).
So, as before, it follows that there are no surgeries past some time 75 < co. This
finishes the proof. a

4.4 Behavior of the geometry for large times

In the following, we will prove [0, Theorem 1.4], which describes the behavior of
the geometry of a Ricci flow with surgery M as ¢ — oo in more detail. Most of the
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characterizations of this behavior will follow from proofs leading to [0, Theorem 1.1].
We will refer to these proofs in the following and discuss their geometric implications.

Note that, in virtue of [0, Theorem 1.1], it suffices to restrict our attention to nonsingular
Ricci flows (g¢) se[0,00) On connected, orientable manifolds M  that satisfy the curvature
bound |Rm;| < Ct~!. We will sometimes denote these Ricci flows by M to stay in
line with our previous notions. Note that M(¢) = (M, g;) for any ¢ € [0, 00). For the
remainder of this subsection we fix such a Ricci flow M. By [0, Corollary 1.3], M
is irreducible and not diffeomorphic to a spherical space form. The curvature bound
implies:

Lemma 4.6 There are constants Cy, Cs, ... such that |V"Rm;| < Cyut~™/271 for
allt €[l,00) and all m > 1.

Proof This follows from the curvature bound [Rm;| < Ct~! and Shi’s estimates. O

Lemma 4.7 There is a constant p > 0 such that pﬁ(x, t) > p/t for all (x,t) €
M x[1,00).

Proof This follows from the definition of o, (x, 7). a

We first apply [A, Proposition 3.16] to M to obtain the time T < oo, the function
w: [Tp, 00) = (0,00), with lim; o w(t) = 0, as well as the decomposition M =
M(t) = Mupick (1) U Mpin (2) for all ¢ € [Ty, 0o). Note that by [A, Proposition 3.16(e)],
we have for all £ > T and x € Min(¢) that

vol; B(x, 1, pyi(x.1)) < w(t)pf/;(x, 1) < w(t)t3/2.

By the previous lemma and volume comparison, we hence obtain, after possibly

adjusting w(z):

Lemma 4.8 Forall t > Ty and x € Myn(t) we have

vol, B(x,t, /1) < w(t)t3/2.

So the thin part collapses at the uniform scale /t, with a two-sided curvature bound.
This more controlled collapsing behavior enables us to improve and simplify the
characterization of Proposition 2.1, using the theory of Cheeger, Fukaya and Gromov [7]
instead of the theory of Morgan and Tian [20]. We will, however, use the language of
Proposition 2.1 to describe the collapsing behavior.
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Proposition 4.9 Given M, there is a function
e: [Ty, 00) — (0, 00)

with lim; .~ £(t) = 0 and for every u > 0 there are constants a = a(u) > 0 and
Ty = Ty () = To such that, for any t € [T}, 00), there is a metric g; such that g} is
(14 ) —bilipschitz to g;, |9 (g} — g¢)|g, < pt™™/?
the following properties hold:

for 0 <m < u~! and such that

There are two cases. In the first case, Muin(1) = M, M is a quotient of the 3—torus T3
or the nilmanifold, diam;, M < j+/t and g/ is flat or a quotient of a left-invariant metric.
In the second case, we can find finitely many embedded 2 —tori EiTJ C Int Min(¢) that
are pairwise disjoint, as well as closed subsets Vi, Va ;, V;* C Muin(t) such that:

(@) Muin(t) = V1, UV, UV and the interiors of the sets Vi ;, Vo ; and V;* are
pairwise disjoint and Vy 4, V, ; and V,;* are separated by the EiT’t.

(b) Every component of dMun(?) is adjacent to a component of V1 ;.

(¢) The components of Vi, are diffeomorphic to T 2% I,Klein>?X I, a T?-bundle
over a circle or the union of two copies of Klein?> X I along their T*—boundary.
In the last two cases, Vi, = M.

(d) Theset V3 carries a Seifert fibration py, ,: Va  — Xy, ,, where Xy, , is a pos-
sibly disconnected orbifold with cone singularities. The fibration is compatible
with the boundary tori of V5 ;.

(e) Each component of V* is diffeomorphic to the solid torus S U'x D? and adjacent
to a component of Vi ;.

We can furthermore characterize the geometric properties of Vi ; and V, ; as follows:

(f) If C is a component of V; ;, then:

(f1) If C ~ T? x I, then there is a diffeomorphism ®: T? x I — C such that
®* g/ is invariant under the T?—action on the first factor. Moreover, the
orbits of this action have diameter < (1 +/t.

(f2) If C ~ Klein® X I, then the assertions of item (f1) hold for the double cover
C that is diffeomorphic to T? x I .

(f3) If C = M is diffeomorphic to a T?—bundle over a circle, then there is
a bundle projection p: M — S' and in a fibered neighborhood of every
T2 —fiber there is a fiberwise T*—action on M that is isometric with respect
to g;. Moreover, the fibers of p have diameter < wA/t.
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(f4) If C = M is diffeomorphic to the union of two copies of Klein?> X I along
their T2 —boundary, then there is a double cover M of M that satisfies the
assertions of item (f3).

(g) All components of Vi, that are not equal to components of Muin(t) have
diameter > =1 /1.

(h) The Seifert fibers on V, ; are orbits of an isometric S 1 _action on V>, and
the map py, ,: Vo — Xy, , is a submersion with respect to g} onto a smooth
orbifold metric g} on Ty, , whose curvature is bounded by a~'(u)t~!. The
Seifert fibers have diameter < &(t)/t. Moreover, on V,,; the metric g} is
(14&(r))-bilipschitz to g; and 0™ (g} — g/)|g, < e()t™™2 for0<m < p~'.

(i) The area of every component of (Xy, ,, g{/) is > a(u)t and for every x € Xy, ,
for which Bgr(x, /1) C Int Sy, , we have as well areagr Bgr(x, +/1) > a(p)t.
Furthermore, the boundary circles of (Zy, ,, g;) have diameter > a(pu)~/t.

(j) The second fundamental form of the T?—fibers on V>.+ and the geodesic curva-
tures of the Seifert fibers on V, ;, with respect to g} and g;, are bounded from
above by a~ ' (u)t~/2.

€ components o ave diameter < [L~/1.
(k) Th p f V* have di NG

Proof We first apply [7, Theorem 1.7] with sufficiently small ¢ = e(u) to obtain a
(0+/t, k)-round metric g} that is sufficiently regular. In (1.3.3) of [7] this regularity is
expressed in terms of bounds on the derivatives of the curvature of g}. In our case, we
actually obtain a bound of the form [0 (g} — g¢)|g, < ut™™2 for 0<m<pu~'+1,
since by Lemma 4.6 the metric 1~ !g; is already “A-regular” and we can omit the
application of Abresch’s theorem, [7, Theorem 1.12]; see also [7, Proposition 7.21]. We
furthermore obtain a nilpotent Killing structure 91; for g} whose orbits are compact
and have diameter < %,uﬁ Here p = p() > 0,k = k(i) < oo are uniform in ¢.
If 91; has only one single orbit that fills out M, then M is diffeomorphic to a finite
quotient of a nilpotent Lie group and diam, M < j1+/7, so we are done.

So consider from now on the case in which the orbits of 91, are 0—, 1— or 2—dimensional.
We first discuss the local geometry of g; around each orbit. Let p € M and denote
by Op,; the orbit of N; through p. Then there is a subset V,; C M containing
B(p,t, py/t) C Vps, a Lie group Hp, that acts isometrically and faithfully on a
normal cover 7 ;: (171,,,, 27) = (Vp.t, g¢) such that the group of deck transformations
is represented by a discrete subgroup A ; C Hp; and such that the following holds:
H,; consists of < k many components, its identity component N, ; is nilpotent
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and Hp; is generated by N, and A, ;. Moreover, the injectivity radius at every
lift € Vy, of pis > py/7. Let Op, C V. be the orbit of such a lift 5 under
Hp ;. Then Oy, = m(0p,) and Op , ~ Hp/ Staby (p). Here Staby, ,(p) denotes
the stabilizer subgroup of p, which is isomorphic to a subgroup of SO(3). Since

SO(3) is not nilpotent and has no 2—dimensional subgroups, Stabg (p) is either 0— or

1 -dimensional and hence dim O, ; < dim H),; < dim O, ; + 1. We can then describe

the local geometry around O, depending on its dimension, as follows:

(1

2

3)

If Op; is 0—dimensional, then H,; N Ap; = {1} and hence [A, | < k. So
B(p.t, p/1) > c(u)p313/% for some ¢ = ¢(u) > 0.

If Op, is 1-dimensional, then it must be a circle and H,, must be 1— or
2—dimensional.

If Hp; is 1-dimensional, then consider the finite cover mp,: (I7p,,,§,) —
(Vp.z. g}) corresponding to the subgroup Ap,; N Np ;. The group Ny, acts
isometrically on (Vp,t, g:) and the orbits of this action are the circles of a
smooth S!—fibration on V. This S!—fibration induces a Seifert fibration
on V), via the covering projection map 7, , and the action of N, on Vj,
induces an isometric action of Np; on V}, ;. Any orbit Op ; C Vp s is a union of
Seifert fibers. The area of any r—ball, r < /7, that is compactly contained in the
base space of this Seifert fibration is > a’(j)r? for some a’ = a’(i) > 0 (this
area bound is a consequence of Lemma 8.5 and (8.7) in [7]). The area bound
implies that the rotational velocity of the local Killing field K corresponding
to an infinitesimal generator of Nj, is bounded along O, ;. In other words,
VK| < C'(u)t™"2K on 0, for some C’ = C'(j1) < 0o. So the geodesic
curvature on O, ; is bounded by C” (w)t~'/2 and the curvature of the base
space is bounded by C”(u)t~!, for some C” = C” () < oo (the latter bound
follows by O’Neill’s formula).

If Hp; is 2—dimensional, then there is a neighborhood U of O, that is
diffeomorphic to the solid torus S x D? and that has the property that U \ Op,t
is the union of 2—dimensional orbits O,/ ;. This neighborhood can be chosen to
contain an a” (1) v/t —neighborhood of O, for some a” = a”(u) > 0.

If O, is 2—dimensional, then it must be a 2—torus or a Klein bottle Klein? and
Ny is isomorphic to a quotient of R? or the Poincaré group of isometries of R2.
Moreover, all orbits of 91, on V), ; are 1—or 2—dimensional and all orbits of 1,
in a neighborhood of O, ; are 2—dimensional (this follows from (1.5.2) in [7]).
If all orbits Oy ; at distance < r < \/t are 2—dimensional, then the second
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fundamental form on O, is < C’(u)r~! for some C' = C’(u) < oo (this
bound is a consequence of Remark 8.6 in [7] and the following conclusions).

If Op is a 2—torus, then so are the orbits in a neighborhood of it.

If Op,; is a Klein bottle, then when we pass to the cover corresponding to the
finite index subgroup A, N Ny, this orbit lifts to a 2—torus. So there is a
neighborhood U C V,,; of O, that is diffeomorphic to Klein? X I with the
property that U \ Op; is the union of orbits O, , that are 2—tori.

Using this local characterization, we can now describe the global structure of Min ().
Let X1, C M be the union of all 1-dimensional orbits and X, ; C M the union of all
2—dimensional orbits. By item (0) of the previous list, we have Muin (1) C X1, U X3,
for sufficiently large ¢ (depending on ). We first consider components C of X ;
that do not contain a ball of radius 11—0 ,0\/? . By item (2) in the previous list, we can
extend the Killing structure 91; to a Killing structure 91 on C, whose generic orbits
are 2—dimensional. Using Jacobi field comparison, we find that the orbits of this new
Killing structure are bounded by 2 - % p~/t = j14/t in diameter (assuming p to be
sufficiently small). So we may assume from now on that each component of X ;
contains a ball of radius % /1.

Next, we consider the isolated orbits of X ; that are adjacent to X, ;. Around these
orbits, we choose pairwise disjoint solid tori of diameter < /,L\/E within Mg, (7)
that are unions of this orbits and orbits which are 2—tori. We may assume that these
solid tori contain an r()+/t neighborhood of each isolated S!—orbit for a uniform
r =r(u) > 0. Denote the union of these solid tori by V;*'. Choose V| s to be the
closure of X5, \ V;*" and V] , to be the closure of Xy, \ (V] , U V). Then the
decomposition Mnin(t) = V| Y V2/,t U V;* satisfies assertions (a)—(f), (j), (k) and
the first parts of (h) and (i) whenever ¢ > T'(u). For the second part of (i), consider
a 2—torus orbit Op; C Vi, close to Vi, NV, ;. By item (2) of the previous list,
we conclude that a collar neighborhood of V; ; of uniform size has a T2 —symmetry.
The second part of (i) now follows from the lower area bound on the base space of
the Seifert fibration on this collar. Moreover, there is a constant Cyx = Cyx (1) < 00
such that the Seifert fibers of V2’ t have diameter < Cyw(t)+/7 (this bound is again a
consequence of Remark 8.6 in [7] and the following conclusions, or it follows from
the earlier bound |VK| < C’'t~1/2 on a local Killing field K).

Consider now a component C of Vl/ , that is not a component of Mpin(7) and that
has diameter < u~!/t. Then C is diffeomorphic to 72 x I or Klein? X I. By [C,

Geometry & Topology, Volume 22 (2018)



1062 Richard H Bamler

Lemmas 2.10 and 2.11], C has to be adjacent to a component C; of V, ¢ onat least
one end. Using the Killing structure 91;, the Seifert fibration on C; can be extended
to a Seifert fibration on C UCy. If C is adjacent to a component of V;*’ on the other
end, then this fibration induces an isometric S'—action on this component. We now
establish the following:

Claim For sufficiently large ¢, depending on ., we have the following picture: If C is
adjacent to another component C, of V; ;, then the Seifert fibers on C and C, coincide
on their intersection. If C is adjacent to a component of V,;*', then the orbits of the
S _action on this component form a Seifert fibration. Moreover, there is a constant
a = a(p) > 0 such that the area bound of assertion (i) holds for the base spaces of these
Seifert fibrations.

Proof Assume that the claim was wrong. Then we can find sequences f; — oo,
Ck and C; x of counterexamples. Choose basepoints xj € Cx and consider the sequence
(M, 1, ! g;k , X;) of pointed Riemannian manifolds. After passing to a subsequence,
we may assume that this sequence converges to a complete pointed metric space
(Xoo> doos Xoo). Since xi stays in bounded distance towards Cy x with respect to
the metric I 1 g;k, the limit space (X, dso, Xco) has to be 2—dimensional. By [21,
Theorem 1.1] the limit (Xoo, doo, Xoo) is @ smooth 2—dimensional orbifold. Since the
diameters of the Seifert fibers on V ;, are < Cyw(?), the sequence (M, ;- 1 g’tk , Xk)
collapses along these fibers and hence also along the newly constructed S!—fibers
or orbits. This proves that the Seifert fibration on Cy ; is compatible with the Seifert
fibrations on adjacent components of V, , or that it can be extended to a Seifert
fibration on an adjacent component of V.

So the only remaining possibility for the C; and C;  to be counterexamples to the
claim is that the areas of the base spaces of these Seifert fibrations converge to zero
locally somewhere on B(xy,t, 2~ ' /f). This is however impossible since the
orbifold (Xeo, deo) is noncollapsed on B(xoo, 207 1) C Xoo O

Now let V; ; be equal to Vl/,t minus the components of diameter < =1 +/f and Vo
be equal to the union of V, ; with these components and the components of V;*' that
are adjacent to such components. Finally, let V;* be the union of all components of
V¥ that are adjacent to V7 ;. So we have established all assertions, except for the
better bound on g} — g, in assertion (h). To obtain this bound we need to replace g}
locally by the average of the metric g; under the S!-action on V>,+ and interpolate
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using a cutoff function. The bound on the derivatives follows from the fact that
|3m(g;_gt)|g, </Ll_1/2 f0r0§m</j,_1_|_1. -

We can finally prove the second main result [0, Theorem 1.4].

Proof of [0, Theorem 1.4(a)] By the resolution of the geometrization conjecture we
have Muick(¢) = M for large ¢. So, by [A, Proposition 3.16], the metric %1_1 g can
be approximated by a hyperbolic metric with better and better precision as ¢ — 00.
The pointwise convergence of %t‘l g follows from the stability of compact hyperbolic
metrics (see [28, Theorem 4] or [1]). O

Proof of [0, Theorem 1.4(b)-(d)] Assume first that z~!/2 diam,; My is bounded for
large ¢. Then we can use [17, Theorem 1.2] to deduce that the universal covers
(]\20, t715,,X) of (My,t~'g,, x) smoothly converge to the flat metric or to a left-
invariant metric on the nilmanifold or solmanifold, depending on whether we are
in case (b), (c) or (d). In case (d) we are then done. In case (b), we argue as
follows: Since (ﬂo,l_lgt,i) smoothly converges to a flat metric, we find that
lim/— o0 t[RM(+, 1) | Loo(atry) = 0. So lim/—eo ¢~ /2 diam; My = 0. Hence, by
Proposition 4.9, g; is &(¢)-bilipschitz close to a flat metric g} on M, for large 7, where
lim; o £(¢) = 0. By [25, Theorem 1.2] there is some positive time 7y < co such that
for any ¢ >ty > T}, there is a diffeomorphism ®,, ;: My — M{ with the property that
g: is &' (to)-bilipschitz to ®F ,g4,, where lim; o0 £'(t) = 0. So (Mo, g¢) converges
to a unique flat torus in the smooth Cheeger—Gromov sense as ¢ — oo. The pointwise
convergence of the metric g; follows now by the stability results of [12, Theorem 3.7]
or [16]. The diameter bound in case (c) follows from the fact that in the left-invariant
Ricci flow on the nilmanifold distances grow like o(t'/9).

So assume for the rest of the proof that 172 diam; M, becomes unbounded as ¢ — o0.
We now argue similarly to in the second case of the proof of [0, Theorem 1.1]. By the res-
olution of the geometrization conjecture we have Mpin(¢) = My for large ¢. Since M|
is the quotient of a torus bundle over a circle, we can apply [C, Proposition 3.2(b)] and
obtain a simplicial complex V and a sequence of continuous maps f1, f2,...: V— M,
with the properties indicated there. Next, we apply [B, Proposition 5.5] to obtain families
of piecewise smooth maps fi;, f2+,...: V — My, homotopic to the maps f1, f2,...,
such that

4-27) limsup ! area, Jnr < AV),

—>00
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where A(V') only depends on V. Now fix some small and arbitrary constant @ > 0
and consider the decomposition Mo = V; ;U V>, U V,* and the metric g; from
Proposition 4.9 for large ¢. Assume that V5 ; is nonempty. Note that V; < V; , U V}*
and V, < V,, satisfy the topological characterizations of Proposition 2.1. So we
can apply the discussion of Section 2.3, in particular Lemma 2.7, and find a good
component C of V, ; (ie a component whose Seifert fibers are incompressible in Mj).
Consider the submersion py, ,|c: (C. g}) = (p1,,(C). &) C (Zys,1. &) restricted to
this component. By Proposition 4.9(i), the area of the base space (py,,(C), gy) is
> a(u)t. So since, for every n, the image of f, ; intersects each Seifert fiber of C at
least n times, we obtain

area; fp; > %areag; Jng > %na(,u)t.

So if we pick 7 > 2(4 + 1)a~ (i), then we obtain that area, fy,; > (A + 1)¢ for
large 7, in contradiction to (4-27). It follows that V, ; = & and hence V; ; = M for
t = T (u). This proves the desired result for some function e(¢) satisfying ¢ > 7T (e(¢))
and lim;— () = 0. O

Proof of [0, Theorem 1.4(e)] We first apply [C, Proposition 3.2(a)] to (Mg, Mnin(7p))
and obtain a simplicial complex V' and a continuous map fo: V — My with fo(dV) C
0Muin(?). Next, [B, Proposition 5.5] yields a family of piecewise smooth maps
Jfi: V= My, t €[Ty, oo) with the following properties: fr,|ap = folav» fT, is homo-
topic to fo relative 0V, f;|9p moves by the ambient isotopies of [A, Proposition 3.16],
/¢ is homotopic to fq in space-time and

1

limsup?™ " area; f; < A < oo.

—>o0

For the rest of the proof we will always assume ¢ to be large enough in order to
guarantee ¢~ !area; f; < A+ 1.

Let 1* > 0 be some small constant, whose value we will determine in the course of the
proof, depending on w. Apply Proposition 4.9 for large ¢ with u <— pu* and consider
the decomposition Min(¢) = V1, UV, , U V,;*. By the discussion of Section 2.3 —
see especially Lemma 2.7 (setting Vi <— V3, U V;* and V, < V, ;)—we find that
there are two cases: either all components of V; ; or V, ; are good and V;* = & or
there is a component P ~ T2 x I of V1, each of whose boundary components bounds
a solid torus on one side. We will now show that the latter case cannot occur. The
argument, which we will carry out in the next two paragraphs, will be similar to the
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first case of the proof of [0, Theorem 1.1]: If there was such a P, then we could find a
short geodesic loop inside P of controlled geodesic curvature that bounds a disk of
bounded area. By the curvature bound, this loop stays geometrically controlled on a
longer time interval, contradicting Hamilton’s minimal disk argument.

Consider such a component P ~ T 2 x I and choose a solid torus S C Minin(2),
such that (S, S \ Int P) is diffeomorphic to (S1 x D?(1),S! x Dz(%)) By [C,
Proposition 3.2(a)] there is a compact, smooth domain ¥ C R? and a smooth map
h: ¥ — S with h(dX) C S such that / restricted to only the outer boundary circle
of ¥ is noncontractible in dS and such that area; 7 < C(4 4+ 1)t. Here C < oo is a
constant that only depends on the topology of M.

Next, choose K = max{Cy, C;} such that |[Rm;| < Kt~ and |[VRm,| < Kt~3/% on
My and consider the constants &g = o (C(A+2), K) and = f‘(K) from Lemma 3.11.
By the uniform bounds on the curvature and its derivatives (see Lemma 4.6), we can pick
constants I” = T"(T(K), A) < 0o, B = B(K, A) < oo with the following properties:
If y: S — M, is aloop whose geodesic curvature is bounded by f’(K )t_l/ 2 attime ¢,
then it is bounded by I'#'~! at all times 1" € [z, (1 + ﬁC(A + 2))4l]. Moreover,
£y (y) < BL;(y) for all such times . Choose

. T o

o= mm{ﬁ, ao}
and observe that none of the constants in this paragraph depend on ©*. So we may
assume that pu* < %Zal (¢, C(A+2)), where EO is the constant from Lemma 3.11.
Then, by Proposition 4.9(f)—(g) the subset P is a torus structure of width < Zo_l Jt
and length > ZO V/t. By Lemma 3.11(b) there is a map /g: D? — M, with areahy <
(C(A+1)+ 1)t < C(A+ 2)t, whose boundary loop Yy = hg|yp2 has time-7 length
< a4/t and time-¢ geodesic curvature < I't~!/2. So on the time interval [z, (1 +
%C 4+ 2)n)4t] the geodesic curvature of yq is bounded by T"’ t~Y/2 and its length
is bounded by Bat!/2 < (r/T")t/2. Using [B, Proposition 2.2], we now obtain a
contradiction.

We have shown that V;* = & and that all components of V ; and V> ; are good. We now
denote the components of Vi ; by Ey;,..., Em, s, the components of Mpick(?) by

Mi;,..., Mp; and the components of V,; by M, 1;,..., My, ;. Furthermore, let
Xp+1,ts---» 2k, be the corresponding components of Xy, , and ppi1,s---5 Pk,
the projections of M4 1,,..., My, ; onto those components. Then assertions (el)—

(e3), (e5)—(e7) and the first part of (e8) hold.
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Since the components of V, ; are good, we can use [C, Proposition 3.2(b)] to deduce
that every Seifert fiber of V5 ; intersects the image of f;. This implies that the area
of the base of the Seifert fibration, (Xy, ,,g7), is bounded by (4 + 1)¢. So also
the second part of assertion (e7) holds. The diameter bound in assertion (e4) is a
consequence of the lower area bound of balls in (Xy, ,, g7), Proposition 4.9(i), and
assertion (e7).

Assertion (e9) is a consequence of the proof of [2]. a
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