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Long-time behavior of 3—dimensional Ricci flow
A: Generalizations of Perelman’s long-time estimates

RICHARD H BAMLER

This is the first of a series of papers on the long-time behavior of 3—dimensional
Ricci flows with surgery. We first fix a notion of Ricci flows with surgery, which will
be used in this and the following three papers. Then we review Perelman’s long-time
estimates and generalize them to the case in which the underlying manifold is allowed
to have a boundary. Eventually, making use of Perelman’s techniques, we prove new
long-time estimates, which hold whenever the metric is sufficiently collapsed.

53C44; 53C23, 57TM50

1 Introduction

In this paper, we first introduce a notion of Ricci flows with surgery, which will be used
throughout the whole series of papers (see Section 2). We will also mention known
existence and extension results for such Ricci flows with surgery. Then we review the
long-time estimates of Perelman [10] using our notion of Ricci flows with surgery (see
Section 3). For future purposes we include in this discussion the case in which the
underlying manifold is allowed to be noncompact or has a boundary. The estimates in
this more general case are of independent interest. Eventually, we derive new long-time
estimates using Perelman’s techniques, which hold under certain collapsing conditions
(see Section 4). Those estimates will be used in Bamler [D].

In the following we will outline the results of this paper. For a shorter summary we
refer to Section 1.2 of Bamler [0], where these results are also explained within the
context of the whole series of papers. All results of this paper will be used to describe
(3—dimensional) Ricci flows with surgery M at large times ¢. For a precise definition
of Ricci flows with surgery, we refer to the subsequent Section 2. In this introduction
we assume for simplicity that M is nonsingular, ie that it is given by a smooth family
of Riemannian metrics (g¢)e[0,00) On @ 3—manifold M that satisfies the Ricci flow
equation d,g; = —2Ricg, .
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776 Richard H Bamler

Our first two results are generalizations of results of Perelman for the case in which
the underlying manifold M is noncompact and/or has a boundary.

Result I (noncollapsedness controls curvature — Proposition 3.2, Section 3.1) This
result is a generalization of a celebrated theorem of Perelman. It roughly states the
following:

For every w > 0 there are constants ¥ = r(w) > 0 and K = K(w) < oo such that
if (xg,%p) € M x[0,00) and 0 < ro <7 /ty, then the following holds: if the time-t,
volume of the time-ty ball B(xq, to, o) is greater than wrg and the time-t, sectional
curvatures are bounded from below by —r; 2 on this ball, then |IRmy, | < Kry 2 on

B(xg, 9, 70).

We will generalize this result to the case in which M is noncompact and/or has a
boundary. It will turn out that if the boundary of M stays sufficiently far away from x¢

on a time interval of the form [zo then the same estimate holds.

2
10 o> ]
Result IT (bounded curvature at bounded distance from noncollapsed regions —
Lemma 3.11, Section 3.1) This result is a generalization of another result of Perelman,
which can be summarized as follows:

For every A < oo there are constants ¥ = 7(A) > 0 and K = K(A) < oo such
that if (xg,%9) € M x[0,00) and 0 < ro < 74/ty, then we can make the following
conclusion: if |Rmyy| < ry 2 on the parabolic neighborhood P(xg, 9, o, rg) =
B(xg,t9,70) X [to — rg,to] and voly, B(xo,ty,ro) > A~ rO, then |Rm;| < Kro on
B(X(), to, Aro).

This result is an ingredient for the proof of Result I.

The next five results characterize the Ricci flow in regions that are collapsed, but that
become noncollapsed when we pass to the universal, or a local cover of M . By this
we mean the following: Consider the universal cover n: M — M of M and the
pull-backs g; = 7*g; of the Riemannian metrics g; on M . Then (gt) 1€[0,00) 18 @
solution to the Ricci flow on M . Let x € M and consider a lift ¥ € M of x. Then
the volume of a ball BM (X,t,r) around X in (M , &) is not smaller than the volume
of the corresponding ball B(x,¢,r) in (M, g;). In fact, the restriction

T[|BM(xt ”: BM(x t,r)— B(x,t,1)
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Long-time behavior of 3—dimensional Ricci flow, A 777

is a surjective local diffeomorphism. Note that the volume of BM (X,t,7r) can be much
larger than that of B(x,¢,r), for example if B(x,1,r) collapses along incompressible
(ie 7y —injective) S'—or T2—fibers. On the other hand, if this collapse occurs along S!-
or T?—fibers that are compressible in M, but incompressible in some subset U C M,
then the volume of B~M (X,t,r) might be comparable to that of B(x,¢,r), but the
volume of the ball BY (¥, ¢,r) around a lift ¥ of x in the universal cover U->U
of U will be much larger. It can be seen that the volume of BY (X', ¢, r) is monotone
in U (with respect to inclusion), the largest volume being achieved if we choose
U = B(x,t,r). We refer to Section 1.2 of [0] for further discussion of collapsing
behaviors within the context of this series of papers.

We will now use the following terminology; for more details see Definition 4.1: For
every point x € M and time ¢ > 0, we first fix a local scale p(x,¢) > 0, which roughly
measures how large the negative sectional curvatures are in a neighborhood around x
(for more details see Definition 3.1). Then we call a point x € M good if it is noncol-
lapsed in the universal cover M of M, ie if the volume of BM (X1, p(x,1)) is larger
than ¢p3(x, ) for some uniform ¢ > 0. If the volume of the ball Bﬁ(i/, t,p(x,t)) is
larger than cp3(x, t) for some subset U C M , then we say that x is good relative to U .
Finally, if x is good relative to U = B(x, ¢, p(x,t)), then we call x locally good.

We can now state the next five results:

Result III (bounded curvature around good points — Proposition 4.4, Section 4.4)
This result can be summarized as follows:

For every w > 0 there are 7 = 7(w) > 0 and K = K(w) < oo such that for every
(x0,%0) € M x[0,00) and 0 < rog < \/ty we have: if VoltoBM(fo,lo, ro) > wrg and
if the time-ty sectional curvatures are bounded from below by —r 2 on B(xq, 19, 70),
then |Rmy,| < Kry? on that ball.

This result will follow from Result I applied to the universal covering flow (]l71 ,81).

Result IV (bounded curvature at bounded distance from sufficiently collapsed and
good regions — Proposition 4.5, Section 4.5) This result can be interpreted as a
variation of Result II in the collapsed case. It reads:

For every A < oo there are constants w = w(A) >0 and K = K(A) < oo such that for
every (xo, to) € M x[0, 00) and 0 <ry < \/ty we have: if |Rmy,| < r0_2 on the parabolic
neighborhood P(xg, tg, ¢, —rg) = B(xg,ty,70) X[to —rg, to], VoltOBM(Sc'O, to, 7o) >
A_lrg and volz, B(xo, ty, ro) < Erg, then |Rmy,| < Kro_2 on B(xg, g, Arg).
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778 Richard H Bamler

Note that we did not need to assume that ro < 74/7y for some 7 = 7(A4) > 0 as
in Result II. This difference will be essential for us. So Result IV is not strictly a
generalization of Result II and does not directly follow from Result II by passing to the
universal cover. Instead, the proof of this result makes use of the fact that B(xg, ¢y, 7o)
is sufficiently collapsed.

Result V (curvature control at points that are good relative to regions whose boundary
is geometrically controlled — Proposition 4.6, Section 4.6) We next consider a subset
U C M and a point xo € U that is good relative to U . We then obtain a generalization
of Result III:

For every w > 0 there are constants 7 = 7(w) > 0 and K = K(w) < oo such that: For

every (xo,%p) € U x[0,00) and 0 < ro <7(w)4/fyp we have: if VoltoBU(%, to. 7o) >

3
0

and if |Rm| < r0_2 on P(x,to,ro,—rg) for all x € U, then |Rmy,| < Kro_2 on
B(xo, 10, 70)-

The idea of the proof will be that under these assumptions the boundary of U stays far

wry and the sectional curvatures are bounded from below by —ry’ 2 on B(x, to, Fo)

enough away from xq for all times of [ty — rg, to] if it is far enough away at time ¢ .
This fact will enable us to localize the arguments in the proof of Result III.

Result VI (controlled diameter growth of regions whose boundary is sufficiently
collapsed and good — Proposition 4.7, Section 4.7) We will next control the diameter
growth of a subset U C M under the Ricci flow, only based on geometric control
around its boundary and a diameter bound at early times. In rough terms, our statement
will be:

For every A < oo there are w = w(A) >0 and A’ = A’(A), K = K(A) < oo such
that: Assume that 0 < ro < /1y and xo € M . Assume that at time to — rg the subset
U has bounded diameter, U C B(xg, ty— rg, Arg), and assume that the boundary of U
stays within controlled distance to xo for some time, so that dU C B(xo, t, Aro) for all
t€lto— rg, to]. Then if voltOBM()"c'o, fo, 7o) > A_lrg, voly, B(xo, ty, ro) < Eré and

2

the sectional curvatures on B(xy, ty, o) are bounded from below by —ry °» we have

U C B(xo.t, A'ro) forall t €[tg—rg . to]. Moreover, [Rm| < Kry? on U x[to—rg, fo].

Result VII (curvature control in large regions that are locally good everywhere —
Proposition 4.8, Section 4.8) In the last result we derive a curvature bound assuming
only local goodness. In order to achieve this bound, we must however assume that the
local goodness holds in a sufficiently large region and also at earlier times:
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Long-time behavior of 3—dimensional Ricci flow, A 779

For all w > 0 there is a constant K = K(w) < oo such that the following holds:
Let xo € U C M and 0 < rg < 4/ty and b > 0 and assume that |[Rm| < ro_z on
P(x, 19, rg, —rg) for all x € dU. Assume moreover that for every t € [ty — rg, to],
X € B(xg,t,b) NU and every 0 < r < rq for which B(x,t,r) C U and the sectional

2

curvatures on B(x,t,r) are bounded from below by —r ™=, we have

vol; BB(x’t’r)()"c", t,r)>wr,

where E(x, t,r) is the universal cover of B(x,t,r) and X' € E(x, t,r) is a lift of
x € B(x,t,r). Then |Rmy,| < Kro_2 on U N B(xg, ty,b—rg).

We refer to [0] for historical remarks and acknowledgements.

Note that in the following all manifolds are always assumed to be orientable and
3—dimensional, unless stated otherwise.

2 Introduction to Ricci flows with surgery

2.1 Definition of Ricci flows with surgery

In this section, we give a precise definition of the Ricci flows with surgery that we
are going to analyze subsequently. We will mainly use the language developed in [1]
here. In a first step, we define Ricci flows with surgery in a very broad sense. After
explaining some useful notions, we will make precise how we assume that the surgeries
are performed. This characterization can be found in Definition 2.11. We have chosen
a phrasing that unifies most of the common constructions of Ricci flows with surgery,
such as those presented in [10; 7; 8; 2; 1]. Hence the main results, [0, Theorems
1.1 and 1.4], proved in [D], can be applied to the Ricci flows with surgery that were
constructed in each of these publications.

Definition 2.1 (Ricci flow with surgery) Consider a time interval / C R. Let
T' <T? <-.. be times in the interior of / that form a possibly infinite subset of R
without accumulation points and that divide I into the intervals

I'=INn(-00,TYHY, I1*=[T',7%, P=[T*T%, ...,

and I5*t1 = I N[T¥, 00) if there are only finitely many 7% and T* is the last such
time, and I' = I if there are no such times. Consider Ricci flows (M! x I!, gl),
(M2 x 12, gtz), ... onmanifolds M!, M2, ..., which may have a boundary, and time
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780 Richard H Bamler

intervals I',1%,... (ie B,gi =-2 Ricgi for each i ). Let Q¢ C M be open sets on
which the metric gi converges smoothly as ¢ /' T' to some Riemannian metric g;,,-
on £2; and let

UlcQ' and ULcM'!

be open subsets such that there are isometries
PRI it ok it .
o' (Ui’glj"t)%(U—li—vngz )’ (q)l)*ngz |U'+ =ng1|U‘_

We assume moreover that we never have U! = Q' = M’ and U j_ = M+ and that
every component of M+ contains a point of U _’|_ Then we call

M= (T (M"xI', gh). (Q"), (UL). (@)

a Ricci flow with surgery on the time interval I and the times T, T2, ... surgery
times.

If t € I', then (M(2),g(t)) = (M" x {t}, gb) is called the time-t slice of M. The
points in M(T%)\ Ui x {T"} are called surgery points. For t = T*, we define the
(presurgery) time T'™ —slice to be (M(T'7), g(T'7)) = (R} x{T'}, ngi)' The points
QF x{T'}\ UL x{T"'} are called presurgery points.

If M has no surgery points, then we call M nonsingular and write M = M x I.

We will often view M in the space-time picture, ie we imagine M as a topological
space | J,eg M) =1J; M i x I'", where the components in the latter union are glued
together via the diffeomorphisms ®*.

The following vocabulary will prove to be useful when dealing with Ricci flows with
surgery:

Definition 2.2 (Ricci flow with surgery, space-time curve) Consider a subinterval
I'cI.Amap y: I' — | J,cp M(t) (also denoted by y: I’ — M) is called a space-
time curve if y(t) € M(t) for all ¢ € I’, the restriction of y to each time subinterval I*
is continuous, and lim; i y(?) € Ul and y(TY) = @i(lim,/T,- y(t)) for all i.

So a space-time curve is a continuous curve in M in the space-time picture that is
parametrized by the time function.

Definition 2.3 (Ricci flow with surgery, points in time) For (x,?) € M, consider a
spatially constant space-time curve y in M that starts or ends in (x, ¢), exists forwards
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or backwards in time for some duration Af € R and that doesn’t hit any (pre)surgery
points except possibly at its endpoints. Then we say that the point (x, ¢) survives until
time t + At and we denote the other endpoint by (x, ¢ + Af).

Observe that this notion also makes sense if (x,¢™) € M is a presurgery point and
At <0.

Note that the point (x,¢ + At) is only defined if (x,7) survives until time ¢ + A¢,
which entails that M is defined at time 7 + A¢. Using the previous definition, we can
define parabolic neighborhoods in M.

Definition 2.4 (Ricci flow with surgery, parabolic neighborhoods) Let (x,?) € M,
r >0 and At € R. Consider the ball B = B(x,t,r) C M(t). For each (x’,7) € B
consider the union / ﬁft of all points (x’,7 + ) € M that are well-defined in the
sense of Definition 2.3 for ¢’ € [0, At] (resp. ¢’ € [At,0]). Define the parabolic
neighborhood P(x.t,r,At) =J,cp Iﬁft. We call P(x,t,r, At) nonsingular if all

points in B(x, ¢, r) survive until time ¢ + Af.
The following notion will be used in Section 4 and in [D]:

Definition 2.5 (sub-Ricci flow with surgery) Consider a Ricci flow with surgery
M= (T, (M x Ii,g’;), (Q), (Ui), (%)) on the time interval I. Let I’ C I be
a subinterval and consider the indices i for which the intervals I'* = I' N I’ are
nonempty. For each such i consider a submanifold M’* C M* of the same dimension
and possibly with boundary. Let g/’ be the restriction of g/ onto M’ x I'" and set
QT =Q'NM" and U =U.NM'" aswell as U} = UL N M'"+1. Assume that
for each i for which I'* and I'**! are nonempty, we have & (U/)) = U j/L’ and let
®'" be the restriction of ®' to U’*.

In the case in which U’! = Q’* = M'% and UJ/ri = Mt for some i, we can combine
the Ricci flows g/ and g/ *! on M'% x I'' and M’**1 x I''*1 to a Ricci flow on
the time interval 7'/ U I’**! and hence remove i from the list of indices.

Then M’ = ((T""), (M"" x I'', g/"), (Q'), (UY), (®')) is a Ricci flow with surgery
in the sense of Definition 2.1.

Assume that for all 7 € I’ the boundary points dM’(¢) C M(¢) (by this we mean all
points in M(#) that don’t lie in the interior of M’(f) or M(t) \ M’(¢)) survive until
any other time of I’ and that dM’(¢) is constant in ¢. Then we call M’ a sub-Ricci
flow with surgery and we write M’ C M.
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We will now characterize three important local, approximate geometries, which we will
frequently be dealing with: e—necks, strong e—necks and (e, E)—caps. The notions
below also make sense for presurgery time slices.

Definition 2.6 (Ricci flow with surgery, e—necks) Let ¢ > 0 and consider a Rie-
mannian manifold (M, g). We call an open subset U C M an e-neck if there is a
diffeomorphism ®: S2 x (—1,1) — U such that there is a A > 0 with

-2
A q)*g_gSZX]Rnc[s—l] <&,

where gg24p is the standard round metric on S x (—%, %) of constant scalar curva-
ture 2.

We say that x € U is a center of U if x € ®(S? x {0}) for such a ®.

If M is a Ricci flow with surgery and (x,?) € M, then we say that (x, ) is a center
of an e—neck if (x,t) is a center of an e—neck in M(?).

Definition 2.7 (Ricci flow with surgery, strong e—necks) Let ¢ > 0 and consider a
Ricci flow with surgery M and a time ¢, . Consider a subset U C M(#;) and assume
that all points of U survive until some time #; < ;. Then the subset U X [t{,%,] C M
is called a strong e—neck if there is a factor A > 0 such that after parabolically rescaling
by A~!, the flow on U x[t1, t,] is e—close to the standard flow on [—a, 0] for a > 1. By
this we mean a = A~2(t,—t;) > 1 and there is a diffeomorphism ®: S?2x (—l l) —-U

e’ ¢
such that

) 2
[AT* D g (A%t +13) — gSZXR(t)”C[€_1](Szx(—l/a,l/s)x[—a,o]) <é.
Here (gg2xRr(?))se(—o0,0] is the standard Ricci flow on S 2 xR that has constant scalar

curvature 2 at time 0 and A~2®*g(A%¢ +1,) denotes the pull-back of the parabolically
rescaled flow on U x [t1, t7].

A point (x,1,) € U x{t,} is called a center of U x[ty, t2] if (x,13) € ®(S?x {0} x{t2})
for such a .

Definition 2.8 (Ricci flow with surgery, (¢, E)—caps) Let e, £ >0 and let (M, g) be
a Riemannian manifold with open subset U C M . Suppose that (diam U)?|Rm]|(y) <
E? forany y € U and E~2|Rm|(y;) < |Rm|(y2) < E?|Rm|(y;) forany y;, v, € U.
Furthermore, assume that U is diffeomorphic to either B or R P3 \ B? and that there
is a compact set K C U such that U \ K is an e—neck.
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Long-time behavior of 3—dimensional Ricci flow, A 783

Then U is called an (g, E)—cap. If x € K for such a K, then we say that x is a center
of U.

Analogously as in Definition 2.6, we define (g, £)—caps in Ricci flows with surgery.

With these concepts at hand we can soon give an exact description of the surgery
process that will be assumed to be carried out at each surgery time. To do this, we first
fix a geometry that models the metric with which we will endow the filling 3—balls
after each surgery.

Definition 2.9 (surgery model) Consider My, = R3 with its natural SO(3)—action
and let ggan be a complete metric on M, such that

(1)  gstan is SO(3)—invariant,
(2) gswan has nonnegative sectional curvature,

(3) (Myan, gsian) is isometric to the standard round S2x (0, 0o) of scalar curvature 2,
outside of some compact subset.

For every r > 0, we denote the r—ball around 0 by M, (7).

Let Dgn > 0 be a positive number such that the compact subset in (3) is contained in
Mtan (Dstan) - Then we call (Msgan, gstan» Dstan) @ surgery model.

Definition 2.10 (p—positive curvature) We say that a Riemannian metric g on a
manifold M has gp—positive curvature for ¢ > 0 if for every point x € M there is an
X > 0 such that sec, > —X and

scaly > —%(p and scaly > 2X(log(2X) —log¢ — 3).

Observe that by [6, Theorem 4.1] this condition is improved by the Ricci flow in
the following sense: if (M, (g¢)se[s,r,]) 15 @ Ricci flow on a compact 3—manifold
with 7o > 0 and gy, is ¢ I_positive, then the curvature of g; is t~!—positive for all
t €y, t1].

Definition 2.11 (Ricci flow with surgery, §(¢)—precise cutoff) Let M be a Ricci flow
with surgery defined on some time interval I C [0, 00), let (Mgan, Estan, Pstan) be @
surgery model and let 6: I — (0, 00) be a function. We say that M is performed by
8(t)—precise cutoff (using the surgery model (Mgun, stan> Dstan) ) if:

(1) For all ¢ > 0 the metric g(¢) is complete and has t~! —positive curvature.
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(2) For every surgery time 77, the subset M(T?)\ U i is a disjoint union
DiUD,U---
of finitely or countably infinitely many smoothly embedded 3—disks.

(3) For every such DJ’: there is an embedding
®%: My (81 (TH)) - M(T")

such that DJ’: - CD; (Mtan(Dstan)) and such that the images <I>§. (Myan (6~ 1(T)))
are pairwise disjoint and there are constants 0 < A; <8(T")~/T! such that

|| gstan — ()\j')_2(cbj‘)*g(Ti)”C[6*1(Tf)](]\,[slan(‘g—l (T1))) < S(Tl)

(4) For every such Dj’: , the points on the boundary of U% in M (T~ corresponding
to BDJ’: are centers of strong 8(7"?)—necks.

(5) For every DJ’: for which the boundary component of dU’ corresponding to
the sphere 8DJ’- bounds a 3—disk component (D’ ); of M'\ UL (ie a “trivial
surgery”’; see below), the following holds: for every x > 0, there is some #,, < T’
such that for all 7 € (#y, T') there is a (14 x)—Lipschitz map &: (D/)j. — Dj’:
that corresponds to the identity on the boundary.

(6) For every surgery time 7, the components of M(T?~)\ U’ are diffeomorphic
to one of the following manifolds: S2 x I, D3, RP3\ B3, a spherical space
form, S!x S2, RP3#RP3 and (in the noncompact case) S2 x [0, c0), SZ xR,
RP3\ B3.

We will speak of each D} as a surgery and if Dj’: satisfies the property described in (5),

we call it a trivial surgery.

If 6 > 0 is a number, we say that M is performed by §—precise cutoff if this is true
for the constant function §(¢) = §. If M is performed by §(¢)—precise cutoff for some
function 6: I — (0, 00) and if this function is not of essence, then we sometimes also
say that M is performed by precise cutoff.

Note that a Ricci flow with surgery that is performed by precise cutoff may have time
slices that are noncompact or have a boundary. We need to allow for this possibility,
because we later want to analyze universal covers or subsets of Ricci flows with
precise cutoff; such settings will, however, only be considered in this paper. For this
reason, we also need to allow the possibility of countably infinitely many surgeries
in Definition 2.11(2). If, however, a Ricci flow with surgery M that is performed by
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precise cutoff has a time slice M(%) that is closed (ie compact and no boundary), then
all later time slices M(¢) with ¢ > ¢y are closed as well. In particular, if the initial
time slice of M is closed, as it will be assumed for normalized initial conditions (see
Definition 2.12), then so are all time slices.

Observe furthermore that we have phrased the Definition in such a way that if M
is a Ricci flow with surgery that is performed by §(¢)—precise cutoff, then it is also
performed by &’ (z)—precise cutoff whenever &'(¢) > 5(¢) for all 7. Note also that trivial
surgeries don’t change the topology of the component on which they are performed.

We remark that our notion of “4(¢)—precise cutoff” differs slightly from Perelman’s
notion of “§(¢)—cutoff” (cf [10]). For example, in our picture the surgeries have size
< 8(t)+/t, while in Perelman’s construction the size is ~ h(8(t), §2(t)r(t)) < 8(¢)r(¢),
where r(¢) is similar to the function r.(¢) introduced in Proposition 2.15 below.
This difference will not be essential. In fact, every “Ricci flow with §(¢)—cutoff”, as
constructed by Perelman, is a “Ricci flow with surgery that is performed by §(¢)—
precise cutoff”, in the sense of Definition 2.11, for some suitable function &'(¢).

2.2 Existence of Ricci flows with surgery

Ricci flows with surgery and precise cutoff as introduced in Definition 2.11 can indeed
be constructed from any given initial metric. We will make this fact more precise in
this subsection. To simplify things, we restrict the geometries that we want to consider
as initial conditions.

Definition 2.12 (normalized initial conditions) We say that a Riemannian 3-manifold
(M, g) is normalized if

(1) M is compact, orientable and has no boundary,

(2) |Rm| < 1 everywhere, and

(3) volB(x,1) > %a)3 for all x € M, where w3 is the volume of a standard

Euclidean 3-ball.

We say that a Ricci flow with surgery M has normalized initial conditions if M(0) is
normalized.

Any Riemannian metric on a compact and orientable 3—manifold can be rescaled to be
normalized. Next, recall:

Definition 2.13 (x-noncollapsedness) Let M be a Ricci flow with surgery, (x,¢) €
M and «, rg > 0. We say that M is k—noncollapsed in (x,t) on scales less than

Geometry & Topology, Volume 22 (2018)



786 Richard H Bamler

ro > 0 if vol, B(x,t,r) > kr3 forall 0 < r < ry for which

(1) the ball B(x,¢,r) is relatively compact in M(¢) and does not intersect the
boundary dM(z),

(2) the parabolic neighborhood P(x,?,r, —r?) is nonsingular, and
(3) |Rm|<r~2on P(x,t,r,—r?).

We now introduce a notion of canonical neighborhood assumptions, which slightly
differs from the notions found in other sources, but which better suits our purposes.

Definition 2.14 (canonical neighborhood assumptions) Let M be a Ricci flow with
surgery, (x,t) € M, and r,e,n > 0 and E < oo be constants. We say that (x,¢)
satisfies the canonical neighborhood assumptions CNA(r, e, E, n) if one of three cases
occurs: In the first case, [Rm|(x,#) < r~2. In the second case, the following three
properties hold:

(1) (x,1) is a center of a strong e—neck or an (&, E)—cap U C M(?).
If U ~RP3\ B3, then there is a time ¢; < ¢ such that all points on U survive
until time #; and such that flow on U X [¢1, ¢] lifted to its double cover contains
strong e-necks and both lifts of (x,?) are centers of such strong e—necks.

2) |VIRm|7Y2|(x,1) <n~! and |9;|Rm| 7| (x,7) < 7.
(3) vol;B(x,t,r") > n(r")? forall 0 < r’ < |Rm|~Y2(x,1).

Finally, in the third case, property (2) holds and the component of M (z) in which x lies
is closed and the sectional curvatures are positive and E2—pinched on this component,
ie they are contained in an interval of the form (A, E21) for some A > 0 (and hence
that component is diffeomorphic to a spherical space form).

Note that we have added an additional assumption in the case in which U ~ RP3\ B3
to ensure that the canonical neighborhood assumptions are stable when taking covers
of Ricci flows with surgery (compare with Lemma 4.2). We remark that every manifold
that contains a set diffeomorphic to R P3\ B? admits a double cover in which this set
lifts to a set diffeomorphic to S2x (0, 1). So it is possible to verify this extra assumption
if all the other canonical neighborhood assumptions hold in any double cover.

The following proposition gives a characterization of regions of high curvature in a Ricci
flow with surgery that is performed by precise cutoff. The power of this proposition lies
in the fact that none of the parameters depends on the number or the preciseness of the
preceding surgeries. Thus, it provides a tool to perform surgeries in a controlled way
and hence it can be used to construct long-time existent Ricci flows with surgery as
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presented in Proposition 2.16 below. The following proposition also plays an important
role in the long-time analysis of Ricci flows with surgery that are performed by precise
cutoff and will, in particular, be used in Sections 3 and 4 of this paper.

Proposition 2.15 (canonical neighborhood theorem, Ricci flows with surgery) For
every surgery model (Mgan, €stan, Dstan) and every € > 0 there are constants n > 0
and E. < oo and decreasing continuous positive functions r¢, 8¢, k: [0, 00) — ((_), )
such that the following holds:

Let M be a Ricci flow with surgery on some time interval [0, T') that has normalized
initial conditions and that is performed by §.(t)—precise cutotf. Then, for every
tel0,T):

(@) M is k(t)—noncollapsed at scales less than «/t at all points of M(t).
(b) All points of M(¢) satisfy the canonical neighborhood assumptions

CNA(Z&‘(Z)\/Z’ 87 ES? 7_7)

For a proof of this proposition and of Proposition 2.16 see [10, Section 5; 7, Section 771f;
8, Proposition 17.1, Theorem 15.9; 2, Proposition B, Theorem 5.3.1; 1, Theorem 7.5.1].
The following proposition provides us an existence result for Ricci flows with surgery.

Proposition 2.16 Given a surgery model (Mg, €stan, Dstan) » there is a continuous
function §: [0, c0) — (0, 00) such that if §': [0, 00) — (0, 00) is a continuous function
with §'(t) < §(t) forall t €[0,00) and (M, g) is a normalized Riemannian manifold,
then there is a Ricci flow with surgery M defined for times [0, co) with M(0) =(M, g)
and that is performed by §'(t)—precise cutoff. (Observe that we can possibly have
M(t) = @ for large t.)

Moreover, it M is a Ricci flow with surgery on some time interval [0, T') that has
normalized initial conditions and that is performed by §(t)—precise cutoff, then M
can be extended to a Ricci flow on the time interval [0, 00) that is performed by
8’ (t)—precise cutoff on the time interval [T, 00).

We point out that the functions §¢(7), r¢(¢) and k(¢) and the constants  and E, in
Proposition 2.15 as well as the function §(¢) in Proposition 2.16 depend on the choice
of the surgery model.

From now on we will fix a surgery model (Mgtan, €stans Dstan) for the
rest of this and the following three papers and we will not mention this
dependence anymore.

Geometry & Topology, Volume 22 (2018)



788 Richard H Bamler

3 Perelman’s long-time analysis results and certain
generalizations

3.1 Perelman’s long-time curvature estimates

In this subsection, we will review some of Perelman’s long-time analysis results
(see [10]). We will generalize these results to the boundary case and go through most
of their proofs. The most important result of this section will be Proposition 3.2 below.
It will be used in Section 4 of this paper. In addition, many of the lemmas leading to
this proposition will also be used in that section. The boundary case will be important
for us, because we want to analyze Ricci flows in local covers.

The following notation will be used throughout the whole paper:

Definition 3.1 Let (M, g) be a Riemannian manifold and x € M a point. We define
p(x) = sup{r : sec > —r~% on B(x,r)}.

For ro > 0 we furthermore set p,,(x) = min{p(x),ro}. If (M, g) = M(2) is the time
slice of a Ricci flow (with surgery) M, then we often use the notation p(x,?) and

lor()(xvt)'

We also need to use the £—functional as introduced in [9, Section 7]: for any smooth
space-time curve y: [t1,t] = M (#; <t <ty) in a Ricci flow with surgery M, set

5]
3-1) L(y)= t Vi =t (1Y 12(t) + scal(y (') 1)) dt’.

We say that L is based in ty and call L(y) the L—length of y. A curve y thatis a
critical point of £ with respect to variations that fix the endpoints is called L—geodesic.

We now present the main result of this section. Before we do that we introduce the
following convention that we will assume from now on: We will often be dealing with
Ricci flows with surgery M defined on a time interval of the form [ty — rg, to] and
most results require certain canonical neighborhood assumptions to hold on M. For
times that are very close to g — ré this may be problematic, since strong e—necks
might stick out of the time interval. So we will assume from now on that in such a
setting M can be extended backwards to a Ricci flow with surgery M’ D M in which
the required canonical neighborhood assumptions hold on the time interval [fg — rg, to].
In fact, in our applications M will always arise as such a restriction. Note that we
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could also resolve this issue by requiring in the assumptions of each of the following
results that the canonical neighborhood assumptions hold on a slightly smaller time
interval [tg — 0.99r§, to]. In fact, in our applications M will always arise as such a
restriction. Note that we could also resolve this issue by requiring in the assumptions
of each of the following results that the canonical neighborhood assumptions hold on a
slightly smaller time interval [¢fg — 0.99 rg, fo].

Proposition 3.2 ([10, 6.8] in the noncompact case) There is a constant gy > 0
such that, for all w,r,n >0 and E < oo and 1 < A < oo and m > 0, there are
t=t(w,4,E.n), r=7(w,A,E,n), 7 =7F(w,E,n),5 =60 w,A, E,n,m) >0 and
Ky, =Kn(w,A,E,n),Ci =Ci(w,A,E,n), Z=Z(w, A, E,n) < oo such that:

Let rg < %fo and let M be a Ricci flow with surgery (whose time slices are allowed to
have boundary) on the time interval [ty — rg, to] that is performed by & —precise cutoff
and consider a point xo € M(ty). Assume that the canonical neighborhood assumptions
CNA(r /19, €9, E, 1), as described in Definition 2.14, are satisfied on M. We also
assume that the curvature on M is uniformly bounded on compact time intervals which
don’t contain surgery times and that all time slices of M are complete.

In the case in which some time slices of M have nonempty boundary, we assume that:

(i) Forall ty,t; € [to — {5r.to] with 1y < 1, we have: if some x € B(x. to. o)

survives until time t, and y: [t,t;] — M is a space-time curve with endpoint

y(t2) € B(x,t, (A+3)rg) that meets the boundary d M somewhere, then it has
L-length L(y) > Zry (L being based in t, ; see (3-1)).

(ii)) Forall t € [ZO — %ré,zo] we have: if some x € B(xq, g, rg) survives until

time t, then B(x,t,2(A + 3)ro + r /o) does not meet the boundary dM(t).

Now assume that

Gii) 0 <ro <7 /o,
(iv) secs, = —ry> on B(xg,1o,7o), and

3
0"

(v) volz, B(xo, tg. o) = wr
Then |Vk Rm| < Kmro_z_k on B(xg,ty, Arg) for all k < m. In particular, if ry =
p(x0,1) then ro > 7 ./1y.

If, moreover, the surgeries on M are performed by §' —cutoff for some 0 < §' < § with
C18' \/ty < rg, then the parabolic neighborhood P(xg,ty, Arg, —T rg) is nonsingular
and we have |V¥ Rm| < Kkro_z_k on P(xg,ty, Arg, —rrg) for all k > 0.
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The following corollary is a consequence of Propositions 3.2 and 2.15.

Corollary 3.3 (cf [10, 6.8, 7.3]) There is a continuous positive function
8: [0, 00) = (0, 00)

such that, for every w > 0, 1 < A < oo and m > 0, there are constants t = t(w, A),
p=pw), 7r=7r(w,A), ci=ci1(w,A)>0and T =T (w,A,m), Kpy = Kpy(w,A) <00
such that:

Let M be a Ricci flow with surgery on the time interval [0, c0) with normalized initial
conditions (whose time slices are all closed) that is performed by §(t)—precise cutoff.
Lett > T and x € M(t).

(@ If 0 <r < min{p(x,?),7+/t} and vol,B(x,t,r) > wr3, then |Vk Rm| <
Kmr~27% on B(x,1, Ar) for all k < m. Moreover, if all surgeries on the
time interval [t —r2, ] are performed by ¢yrt~'/2 —precise cutoff, then the para-
bolic neighborhood P(x,t, Ar,—tr?) is nonsingular and we have |VK Rm| <
Kir~27% on P(x,t, Ar,—tr?) forall k > 0.

(b) If vol; B(x,t, p(x,t)) > wp3(x,t), then p(x,t) > p+/t and the parabolic neigh-
borhood P(x,t, Ax/t,—tt) is nonsingular, and we have |VK Rm| < Kyt ~1=%/2
on P(x,t, A\/t,—tt) forall k > 0.

In the case 4 = 1, this corollary implies [10, 6.8] and parts of [10, 7.3].

In the following, we will present proofs of Proposition 3.2 and Corollary 3.3. They
require a few rather complicated lemmas, which we will establish first. The proofs
of Proposition 3.2 and Corollary 3.3 can be found at the end of this subsection. Note
that the following arguments will be very similar to those presented in [10; 7] with
small modifications according to the author’s taste. Occasionally, we will omit shorter
arguments and refer to [7]. The main objective in the proofs will be the discussion of
the influence of the boundary. Upon the first reading, it is recommended to skip the
remainder of this subsection. The boundary case of Proposition 3.2, which is the new
result of this subsection, will only be used in Section 4.6.

The following distance distortion estimates will be used frequently throughout this
paper.

Lemma 3.4 (distance distortion estimates) Let (M, (g¢)se[r,,1,]) be a Ricci flow
whose time slices are complete and let x1,x, € M . Then:
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(a) If Ricy < K along some minimizing geodesic between x{ and x, in (M, g;),
then at time t we have d dist;(x, xp)/dt~ > —K dist;(xy,x,) in the bar-
rier sense. Likewise, if Ric; > —K along such a minimizing geodesic, then

d dist; (x1,x,)/dt* < K dist;(x1, x) in the barrier sense.

(b) If, at some time ¢, dist; (xq, x2) > 2r and Ric; < r~2 on B(xy,r)U B(x2,r)
for some r > 0, then d dist;(x1, x)/dt™ > —%r‘l in the barrier sense.

Both statements are also true in a Ricci flow with surgery if we can guarantee that some
minimizing geodesic between x1 and x, doesn’t intersect surgery points. For example,
this condition is satisfied if at time ¢t the surgeries are performed by § —precise cutoff
for some sufficiently small § and if |Rm|(x1,1), |Rm|(x2,7) < 8§72t for a certain
universal ¢ > 0, which depends on the chosen surgery model.

Proof See [7, Section 27; 9, 8.3; 1, Section 2.3]. The very last statement follows from
Definition 2.11(3). m|

‘We will also need:

Lemma 3.5 Let M be a Ricci flow with surgery that satisfies the canonical neigh-
borhood assumptions CNA(r, ¢, E, n) for some r,e, E,n >0, let (x,t) € M and set
0 = |Rm|(x,?).

(@) If Q <r~2, then Rm| <2r~2 on P(x,t, ll—onr, —ll—onrz).

(b) If Q >r~2, then |Rm| <2Q on P(x.1, %nQ‘l/z, —%nQ‘l).

Proof See [10, 4.2; 7, Lemma 70.1; 1, Section 6.2]. O
We now present the first main lemma.

Lemma 3.6 (cf[10,6.3(a)]) Forany 1 <A <oo and w, r, n> 0, there are constants
k=k(w,A,n), 8 =6(4,r,n) >0,Z = Z(A) < oo such that:

Let rg < %fo and let M be a Ricci flow with surgery (whose time slices are allowed to
have boundary) on the time interval [ty — rg, to] that is performed by & —precise cutoff
and consider a point xo € M(ty). Assume that the canonical neighborhood assumptions
CNA(r /19, €, E, n) are satisfied on M for some ¢, n > 0. We also assume that the
curvature on M is uniformly bounded on compact time intervals which don’t contain
surgery times and that all time slices of M are complete.
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Assume that the parabolic neighborhood P(xq, to, ro, —rg) is nonsingular, |Rm| < r;

3

on P(xg.to,rg,—rg) and voly, B(xg. 19, r0) = wry .

In the case in which some time slices of M have nonempty boundary, we assume that:

(i) Every space-time curve y: [t,t9] > M with t € [tg — rg, to) thatends in y(ty) €
B(xg, ty, Arg) and that meets the boundary dM(t") at some time t’ € [t, to] has
L-length L(y) > Zry (based in t ).

(ii) The ball B(xg,ty, (24 + 1)rg + r/1y) does not hit the boundary dM(ty) and
forevery t € [ZO — %r(f, to] the ball B(xo, t, A(1-2(t —t)ro_z)ro + %ro) does
not hit the boundary OM(t).

Then M is k —noncollapsed on scales less than rq at all points in the ball B(xg, ty, Arg).

Proof We follow the lines of [10, 6.3(a)].

We first consider the case in which for some ¢ € [ty — rg, to] the component of M (%)
that contains x is closed and has positive sectional curvature. Then the same is true for
the corresponding component of M (#y) and hence we are done by volume comparison.
So, in the following, we exclude this case and hence the last option in Definition 2.14
of the canonical neighborhood assumptions will not occur.

Let x1 € B(xg, tg, Arg) and 0 < ry < r¢ be such that P(xq, tg, rl,—rlz) is nonsingular
and such that [Rm| < r~ 2 on P(xy,10.71, —rlz). Note that by condition (ii) the ball
B(x1, ty, r1) does not hit the boundary dM(zy).

Claim 1 There is a universal constant ¢ > 0 such that if § < 8¢, then we can restrict
ourselves to the case r| > %r J/1o. By this we mean that if the lemma holds under the
additional restriction that rq > %r% for some k' = «’(w, A, n) > 0, then it also holds
whenever rq < %r% for some k = k(w, A,n) > 0.

1 1
Proof Assume that the lemma holds whenever r; > 5r4/f, but that r; < 5r./fo.

Let 5 > 0 be the supremum over all r;{ > 0 such that the properties above still hold

=2

for! ry « ry,thatis, 0 <r{ <rg, P(xy,1t, r{,—r{z) is nonsingular and |[Rm| < r{

on P(xy.t,7], —r{z). If s < %r /1o, then there are several cases:

(1) The closure of P(xy,1o,s,—s?) hits a surgery point (x’,¢’). By Definition 2.11(3),
there is a neighborhood U C M(t’) of (x’,¢") whose geometry is modeled on the
surgery model on a scale of at least cys for some universal ¢; > 0. Note that,

n this and the following papers we use the notation “a <— b” for “a is replaced by b” or “b is
assigned to a”.
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by Definition 2.11(3) again and the fact that (x’,7’) is a surgery point, we have
B(x',t',c,67's) C U for some universal ¢, > 0. Since by distance distortion es-
timates dist,/(xq,x") < 10dists, (x1,x") < 10s, we find that for § < %cz we have
B(x1 U, %s) C U. Since the standard solution is uniformly noncollapsed, we have
Vol,/B(xl,t’, %s) > k’s3 for some universal k¥’ > 0. Again, by distance distortion
estimates, we have B (x1 N II—OS) C B(x1,1,$). So, together with a volume distortion
estimate, we conclude voly, B(x1, fo, s) > k”s3 for some universal " > 0. By volume
comparison, this implies vol,, B(xy, fo, 1) > Krlg’ for some universal ¥ > 0 (recall that

by our assumptions s > ry).

(2) Thereis a point (x’,¢’) in the closure of P(xy, o, s, —s2) with |[Rm|(x’,¢) =s72.
Then let y: [0, /] - M(ty) be a time-#y minimizing geodesic, parametrized by arc-
length, between x; and x’. So the image of y lies in the closure of B(xy,Z,s).
Let x" = y(l — ﬁns) € B(xy,19,5) if [ > llwns and x” = x’ otherwise. Using
distance distortion estimates, we find that dist, (x”, x") < 10dist,, (x”, x") < ll—ons.
By Lemma 3.5 and the canonical neighborhood assumptions CNA(r /7o, €, E, ), we
conclude that [Rm|(x"”,7") > %s‘z >r 2t

Next, we use distance distortion estimates to show that B (x” U, ﬁ r]s) C B(x1,1t,5):
Assume that this inclusion was wrong and pick ¢” € (¢, to] minimal such that we have
B(x", 1", ﬁns) C B(xy,19,s) (note that the inclusion holds for " = t, because
B(x”, fo, ﬁns) C B(x1, 1o, s) and note that the set of all " € (¢, ty] for which the
inclusion holds is closed). We can then use distance distortion estimates to show that
B(x",1", 5g5518) C B(x". 10, 55505) C B(x1.%0.5 — 5551s). Since t” > t', this
contradicts the minimality of 7”.

We can now use the canonical neighborhood assumptions, to conclude that
"ol 1 1 3
voly B(x". ', 555515) > n(390575)

and as in case (1) we obtain that vol;, B(x,f,7r1) > K}’13 for some universal x =
k(n) > 0.

(3) Wehave s =rg. So rg < %r /1o . In this case choose 0 < d < (A + 1)ry maximal
with the property that |Rm| < ro_2 =s"2on B(x1,t9.d). Sod >ry. If d =(A+1)rg,

then
3 w 3

o= Gawin

So by volume comparison and assumption (ii) we obtain a lower volume bound on

vols, B(x1,ty, d) = volsy B(xg,tp, 7o) = wr,

the normalized volume of B(xi,%y,7r1) since rq < rg < d. Assume now that d <
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(A + )rg. Then |Rm|(x’,79) = ry? = 4r~21;" for some (x', 7o) in the closure of
B(x1,10.d). As in case (2), we can find a point (x”, #9) € B(x1,to.d — £51r¢) with
IRm|(x", 9) > 1r52 257!
have vol;, B(x1. 1., d) = voly, B(x", to, £51r0) > 77(11—07770)3- So again by volume

>~ . By the canonical neighborhood assumptions, we

comparison, we find that vols, B(xy, to,r1) > Kr13 for some x = x(n, A) > 0.

Lastly, if s > %r /1o, then the conditions mentioned at the beginning of the proof
hold for some r| > %r V1o. If the assertion of the lemma holds for 7| and some
k" = K'(w, A,n) > 0 then, by volume comparison, it also holds for all r; < r; and
some k = k(w, 4,7n) > 0. a

So assume in the following that r; > %r JTo. We will now set up an L£—geometry
argument. Define, for any ¢ € [ty — rg, to] and y € M(?),

L(y,t)= inf{ﬁ(y) | v: [t,to] > M smooth, y(¢) =y, y(ty) = xl}.

Moreover, set
— 1
L(y,t)=2to—tL(y,t) and £(y,t) = ———=L(y.?).
(.0 o—1L(y.7) (y)zm(y)
Let
D; = { y € M(t) | there is a minimizing £—geodesic y: [t, o] — M \ IM with
y(t) = y and y(#p) = x; that does not hit any surgery points}.
We can then define the reduced volume
17(t) = (1o —t)_”/Z/ e tCD dyol,.
D,
It is shown in [9, 7.1] that V(l) is nondecreasing in ¢.
We will now prove that the quantity £( -,y — rg) is uniformly bounded from above
on B(xg,?,rp) by a constant that only depends on A4 if § is chosen small enough

depending on A4, r and 1. To do this we will use a maximum principle argument
on Dy . The following claim will ensure hereby that extremal points of L lie inside Dy .

Claim 2 Forany A < oo there is a constant §* = §*(A, r, n) > 0 such that, whenever
8 <6* and Z > A, the following holds: Assume that ry > %r Jio. If t €ty — rg, to],
y € M(t) and L(y,t) < Arg, then y € D;, which also implies that (y,t) is not a
surgery point.
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Proof Assume that y € M(¢)\ D; or that (y,?) is a surgery point. Then there is a
space-time curve y: [¢, tg] > M with L(y) < Arq that touches either d M or a surgery
point. The first case is excluded by assumption (i), so ¥ touches a surgery point. We
will now follow the lines of [10, 5.3], [7, Lemma 79.3] or [1, page 92].

First, define
fo
L) = [ Vi (17 P00+ scaly (0. 10) di
t

where scalt (y(2x), tx) = max{scal(y (t«), tx), 0} denotes the nonnegative part. Using
Definition 2.11(1) and Definition 2.10, we can estimate

Lo() < L)+ / Vo die = Arg 4 3 / [ 30,,*
to— r0 0—7Ty
2

2
21()—}"0

Note that for any subinterval [¢]",1]] C [t, to], we have

1
(3-2) Lyl az) = /* Vio =t (|y 1P (1) 4 scaly (v (t4). 1)) dis
4

<Li(y)<(A+3)ro

Assume that y touches a surgery point ()’,¢'). Let # > 0 and D < oo be constants,
whose values will be fixed later in the proof, depending only on A and r. Using
[10, 4.5], [7, Lemma 74.1] or [1, Lemma 7.4.1], and assuming § to be small depending
on 6, D and n, we may find constants ¢ € (0, 1 —6] and A > 0 such that the parabolic
neighborhood

P =P, ', D\, o)?)

is nonsingular and such that, after rescaling by A~2, the Ricci flow on P is &'—
close to a subset of a standard solution on the time interval [0, o] for some suitably
small ¢ > 0. Here, the constant o can be chosen such that one of the following is
true: 0 = 1 — 6@ or no point of B()’,t’, DA) survives past time t’ + oA?. Recall
that a standard solution is a Ricci flow with initial metric (Mg, €stan), bounded
curvature on compact time intervals and complete time slices. Note also that the
proofs for [10, 4.5], [7, Lemma 74.1] or [1, Lemma 7.4.1] still hold in the boundary
case, since by Definition 2.11(3) we have the bound dist, (3", IM(t")) > ¢”’§ 1A for
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some universal constant ¢” > 0. So, for small enough §, depending on D, we have
disty (y', 0M(t')) > DA.

The fact that P is close to a subset of a standard solution implies that

cA™?
(3-3) SCHI(X*, t*) > m for all (X*,t*) e P
and
(3-4) IRm| < CgA™2> on P,

where ¢ > 0 is some universal constant and Cy < 0o is a constant that only depends
on 6. For more details see [10, Section 2], [7, Lemma 63.1] or [1, Theorem 7.3.2]. In
particular, (3-3) implies that scal > cA™2 > ¢/§72¢'~! on P for some universal ¢/ > 0.
Soif § < %«/677', then scal > 4r=2¢'~1 > rl_2 on P. This implies that P is disjoint
from P(xl,to,rl,—rf). So y|[#,z] has to exit P before entering P(xl,to,rl,—rlz).

We will now fix the constants 6 and D. Set

T = (400(A + 10)) 272,
Next, set

2(A+1 2(A+1
9:exp( (A+ O)) and D:ueprCg).

crat T

Note that these constants only depend on A and r.
We first prove that
(3-5) y([to — rrlz, to]) C P(xy, 1, rl,—rlz).

Assume not and let t” € [tg — rrlz, fo] be maximal such that y(t”") & P(x1, to, 71, —rlz).
Then y((t”.1o]) C P(x1.%.r1.—r?). Using the fact that the distance distortion on
P(xy,t9,71, —rlz) is bounded by a factor of 10 and Cauchy—Schwarz, we get

to

LiWlpra) = | Vio—tx |y 2 (1) dis
t”

=i vamm e a) ([ A an) A

to 2 2

1 / rl
= Wl dn) =t
200 Tr] t” 200 rrl

- 2081\/? >2<A+%>r71 ~ <A+§>m> (AJF%)’O’
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Long-time behavior of 3—dimensional Ricci flow, A 797

in contradiction to (3-2). So we have verified (3-5).

Next we consider the case in which y [/ 47 exits P through its final time slice. By
this we mean that y([t',t + oA?]) C P (note that P N M(t' + o A?) is open). This
is only possible if the point y (' + oA?) survives past time ¢/ + oA?, which implies
by our earlier discussion that 0 = 1 — 6. Moreover, due to (3-5), we must have
'+ —60)A<tyg— rrlz. Using (3-3), we can now compute that

t'+oA?
£+(y|[t/’t/+ov)\'2]) 2 A/ ZO - Z* Scal()/ (Z*), t*) dt*
t/

t'+(1-0)A2 A2 /_ 1-6
>/ ¢ dts —crn/_/
t

/ 1= 2(tx — 1) t’)
= e ellogf] > Srv/io/Tllog] > (A + %)ro,
in contradiction to (3-2). So y|[y 4] cannot exit P through its final time slice.

It follows that y exists P through the boundary dB(y’,t’, DA) x [t',t' + oA?]. In
other words, there is some ¢’ € (0,0] C (0, 1 — 6] such that for ¢ =¢' +0’/A?, we
have y([t',t")) C P and y(t") € dB(y',t’, DA). By (3-4), we have [Rm| < CgA 2
on P. So distance elements on P are distorted by a factor of at most exp(Cyg). We
can now estimate

t'+0’)\2 [tr2 t'+0’'A2
_v 1

Ll = Vio=TIYI2, () dits = 2o [y [7(2x) ds
t/
/-2 t'+0'A? 2 /=2
;’ﬂl(/ |V/|t/(l*)dt*) >#(Dk)2
~ exp(2Cy)o’A2\Jy ~ exp(2Cy)A2?
r/tD
A
~ 2exp(2Cy )f>( + )

Hence we obtain another contradiction to (3-2). This finishes the proof of the claim. O
We can now carry out the main argument. Recall that for all ¢ € [ty — "0 ,to] we have

3 -2
scal(-,1) > ~5; > =3ry ",
So
L(-,t)>—6/1g— ro 2Vt —t'dt = —4rg 2 (ty — )%

to—t

Hence, for ¢ € [to — %r&, to] we have

L(-.t):=L(-,0)+2ro/To—1 > rox/Io —1 > 0.
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Let ¢ be a cutoff function that is equal to 1 on (—o0, 55|, equal to co on |15, o0)

and everywhere greater than or equal to 1 and that satisfies

, )" )?
¢

Here C(A4) < oo is a positive constant, which only depends on A. For more details
see [7, Section 28]. Then set, for all ¢ € 7o — %rg, fo] and y € M(1),
h(p.0) = ¢ (ry " diste(xo. ) = A(1 = 2rg > (to = 1)) L(3.1).

So A(-,t) is infinite outside B(xo, t, A(1 —2(ty — t)ro_z)ro + 11—07’0) C M(t)\ aM(t)
(compare with assumption (ii)) and hence it attains a minimum /() at some interior
point y € M(?).

—¢" > (2A4+300)¢' —C(A)p.

Assume first that h(y, 1) < 2rg/to — t exp(C(A) 4+ 100). So
L(y,t) <rgexp(C(A4)+ 100).

Then, by Claim 2, assuming § < §*(exp(C(A4)+ 100), r,n) and Z > exp(C(A4)+100),
we have y € D; and we can compute (cf [10, 6.3; 7, Section 85]) that, in the barrier
sense,

(5= = A)h(r0) = ~C(Ah(r. 1) - (6 + Jfo"—_l)wé-

So, by the maximum principle, we have, in the barrier sense (compare with [7, (85.7)]),

h 50
S (e ) = e 58

g —t il —1
if ho(t) < 2rg+/to —texp(C(A) + 100).
Since )
o(?)
——— 2 fort—ty,
o to_t e or — [

we find that if 21¢(¢t") < 2rg+/to —t’ exp(C(A) + 100) for all ¢’ € [z, ty], then
ho(t) < 2ro~/to — 1 exp(C(A)ry > (to — 1) + 1007y /19 — 1)
< 2rg+/to —t exp(C(A4) + 100).

This implies that the assumption /g(¢) < 2rg+/to —t exp(C(A4) 4+ 100) is actually
satisfied for all ¢ € [ZO — lrg, to] Sowecanfinda y € B(xo, to — rg, 10”0) such
that L(y,to ro) <roexp(C(4) + 100) = C'(A)rg.
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Since, by length distortion estimates, B (xo. % — 372, £570) C B(xo. to. 370), we find

by joining paths that for all x € B(xy, fo, 7o) we have L(x,to— rg) < C"(A)rg. So,
assuming & < §*(C"(A),r,n) and Z > C”(A), we can use Claim 2 to conclude that
P(xq, 19,70, —rg) N M(tg— ré) C Dto_rg and we have

Vito—r2) > v(w, A)

for some constant v(w, A) > 0, which only depends on A and w. This implies a
uniform lower bound on r1_3 vols, B(x1,t9,71) (cf [9,7.3; 7, Theorem 26.2; 1, Lemma
4.2.3)). i

The noncollapsing result from Lemma 3.6 will be applied in Lemma 3.11 below. Before
we continue, we introduce the concept of «—solutions, which will be used as models
for singularities and for regions of high curvature. The definition makes sense in all
dimensions.

Definition 3.7 (k—solution) Let x > 0. An ancient Ricci flow (M, (g7)se(—o00,0]) 18
called a k—solution if:

(1) The curvature is uniformly bounded on M x (—o0, 0].

(2) The metric on every time slice is complete and has nonnegative curvature operator
(ie it has nonnegative sectional curvature in dimension 3).

(3) The scalar curvature at time 0 is positive.
(4) At every point the scalar curvature is nondecreasing in time.

(5) The solution is x —noncollapsed on all scales at all points.

Note that, by Hamilton’s Harnack inequality (see [4]), condition (4) follows from
conditions (1)—(2).

We also mention that there is a universal kg > 0 such that every 3—dimensional «—
solution that is not round (ie isometric to a quotient of a round sphere) is in fact a
ko—solution (cf [9, 11.9; 7, Proposition 50.1]). Typically, «—solutions can be used
to detect strong e—necks or (g, E)—caps or, more generally, to verify the canonical
neighborhood assumptions, as explained in the next lemma:

Lemma 3.8 There is an >0 and for any ¢ > 0 there is an E = E (&) < oo such that for
every orientable 3—dimensional k —solution (M, (g¢)te(—o0,0]) the following holds: For
all r > 0, the canonical neighborhood assumptions CNA(r, ¢, E, n) hold everywhere
on M x (—oo, 0]. More precisely, M is diffeomorphic to a spherical space form and
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has positive, E?—pinched sectional curvatures, or, for any (x,t) € M x (—oo, 0], we
have:

(a) (x,t?) isacenter of a strong e—neck oran (e, E)—cap U C M . If U CRP3\ B3,
then there is a double cover of M such that any lift of (x,t) is the center of a
strong e—neck.

(b) |VIRm|™Y/2|(x,t) <! and |0;|Rm|™!|(x. 1) <n7'.
(¢) vol,B(x,t,r")>nr" forall 0 <r' <|Rm|~Y2(x,1).

Proof See [9, 11.8], [7, Corollary 48.1] or [1, Theorem 5.4.11]. O

The following lemma will enable us to identify «—solutions as limits of Ricci flows
with surgeries under very weak curvature bounds. We first need to coin the following
notion.

Definition 3.9 (convergence of pointed Ricci flows with surgery) Let M* for
a =1,2,... be a sequence of Ricci flows with surgery and let (x%, %) € M* be
basepoints. Furthermore, consider a constant 0 < 7" < oo, a nonsingular Ricci flow
(M, (g7°)re(~1,0)) and a basepoint (x*°,1°°) € M > x (=T,0]. We say that the
pointed Ricci flows with surgery (M%, (x%,t%*)) converge to the pointed Ricci flow
(M, (g7°)re(=T,01- (x*°,12°)) if the following holds: We can find an increasing
sequence of open subsets U% C M °°, open subsets V¥ C M*(t¥), diffeomorphisms
®*: U% — V* and numbers 0 < T% < T such that:

() limgsee T*=T.

2) UgoleO‘:Moo.

(3) For any «, all points of V% survive until time % — T%. In other words, the flow
restricted to V¥ x [t% — T*, t%] is nonsingular.

(4) Denote by (g%)se[soo—Te,s00] the pullbacks g¥ , := (®%)*g*(t* + ¢) for
t € [-T%,0]. Then (g%)se[roco—Tw ro0] converges to (g7°) (o1 s00] locally
in any C"—norm on M *° x (—T,0].

Note that in the case in which all flows M are nonsingular, this notion coincides with
the smooth convergence of Ricci flows as introduced by Hamilton (cf [5]).

Lemma 3.10 There is an &y > 0 such that: Let M®* be a sequence of (3—dimensional)
Ricci flows with surgery on the time intervals [—tg, 0] with T <z, x{f € M%(0)
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Long-time behavior of 3—dimensional Ricci flow, A 801

a sequence of basepoints that survive until time —t%, and a* — oo a sequence of
positive numbers such that for P% = {(x,1) € M : 1 € [-7%,0], dist; (x, x) < a®}
the following conditions hold:

G

—

) The ball B(xg,t,a%) is relatively compact in M®*(t) and does not hit the bound-
ary oM*(t) for all t € [—-7%,0].

(i) |Rm|(x%*,0) <1.
(iii) The curvature on P% is ¢®—positive for some p% — 0.
(iv) All points of P% are k —noncollapsed on scales < a* for some uniform k > 0.

(v) All points of P% satisfy the assumptions CNA(r, g, E,n) for some uniform
r,E,n>0.

(vi) There is a sequence K* — oo such that for every surgery point (x’,t") € P% we
have |Rm|(x’,¢") > K*.

% > 0, a subsequence of the pointed Ricci

Then, whenever t*° = limsup,_,,, T
flows with surgery (M%, (x,0)) converges to some pointed, nonsingular Ricci flow
(M, (g7°) te(~zo0,00> (x5°,0)) on a manifold M > without boundary. Moreover,
this limiting Ricci flow has complete time slices and bounded, nonnegative sectional
curvature. If t* = oo and |[Rm|(x*°,0) > 0, then (M, (g7°)te(—00,0]) i a k—

solution.

Proof We follow the lines of the proofs of [1, Proposition 6.3.1; 10, 4.2; 9, 12.1; 7,
Theorem 52.7].

We first use assumptions (i), (iv) and (v) at time 0 and assumptions (ii) and (iii) to apply
Perelman’s “bounded curvature at bounded distance estimate”. For more details see [10,
4.2, Claim 2], the proof of [7, Lemma 89.2], [7, Lemma 70.2] or [1, Proposition 6.2.4].
In order to carry out this estimate, we need to assume that ¢ is smaller than some
universal constant g > 0. The “bounded curvature at bounded distance estimate” yields
a function K7: [0, 00) — (0, 00) such that for every d > 0 we have

IRm|(-,0) < K¥*(d) on B(x%,0,d) C M?(0)

for large o (depending on d). Using Lemma 3.5(b) and assumption (v), we obtain
functions 73, K73 [0, 00) — (0, 00) such that for all d > 0 we have

IRm| <2K3(d) on P(x§,0,d,—15(d))
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for large o (depending on d). By assumption (vi), this implies that for any ¢ > 0 and
large o, the parabolic neighborhood P(x(,0,d, —75(d)) is nonsingular. So we obtain
uniform bounds on the curvature derivatives on slightly smaller parabolic neighborhoods.
This and assumption (iv) implies that, after passing to a subsequence, the pointed
Riemannian manifolds (M®(0), x{) converge to a complete pointed Riemannian
manifold (M °°, g*°, x3°) in the smooth Cheeger-Gromov sense. In the following, we
will only work with this subsequence.

By assumption (iii), we conclude that (M °°, go) has nonnegative sectional curvature.
Moreover, by assumption (v), we find that any point x € M *° with [Rm|(x) > 2E?r—2
is the center of a 2e—neck or a (2¢, 2 E)—cap. This fact implies that the curvature on
(M®°, goo) is uniformly bounded. For more details see the proof of [7, Theorem 52.7]
(see also step 3 in the proof of [7, Theorem 52.7]), the proof of [1, Proposition 6.3.1]
or the second paragraph on page 34 of [9].

So there is a constant K3 < oo such that for any d > 0 we have
|[Rm|(-,0) < K on B(x§,0,d) C M%(0)

for sufficiently large o (depending on d). Again, by Lemma 3.5 and assumption (v),
we obtain constants 7, > 0 and K} < oo such that for all d > 0 we have

[Rm| < K on P(x§.0.d,—1;)

for sufficiently large « (depending on d). So, again by assumption (vi), for large o«
(depending on d) the parabolic neighborhood P(x{,0,d,—1;) is nonsingular.

Now choose 0 < t* < 7% maximal with the following property, after possibly passing
to a subsequence: for any 0 < t** < 7* there is a constant K.+ < oo such that for
all d > 0 we have

[Rm| < K7« on P(x§,0,d,—t*%)

for large « (depending on 7**

and d). By our previous conclusions, ¥ > z; > 0. It
follows that we can pick sequences d* — oo and 7;* — t* such that the parabolic
neighborhoods P(x(,0,d%, —t,*) are nonsingular. So we can apply Hamilton’s
compactness theorem for (nonsingular) Ricci flows to conclude that the pointed Ricci

flows with surgery (M*, (xJ,0)) subconverge to some nonsingular Ricci flow

(M, (87°) te(—r*,01- (x5°,0))
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with the property that gg° = g°°. Moreover, (M, (g7°);e(—c*,01) has bounded
curvature on compact time intervals, complete time slices and, by assumption (iii),
nonnegative sectional curvature.

Next we show that (M *°, (g7°);e(—c*,0]) has uniformly bounded curvature. In the
case in which t* = o0, this fact follows from Hamilton’s Harnack inequality (cf [4]),
which implies that the scalar curvature is pointwise nondecreasing along the flow. In
the case in which t* < oo, we can argue as in step 4 of the proof of [7, Theorem 52.7].
See also the proof of [1, Proposition 6.3.1] or the third paragraph on page 34 of [9]. For
these proofs the following statement, which follows from assumption (v), is important:
any (x,t) € M® x (—t*,0] with [Rm|(x,#) > 2r~2 is the center of a 2e—neck or a
(2¢,2 E)—cap.

So it follows that, after passing to a subsequence once again, there is a uniform constant

K;“ < oo such that for all 0 < t** < t* and all d > 0 we have

IRm| < K on P(x§,0,d,—t**

* and d ). Now assume that 7 < t°°. Then,

using Lemma 3.5(b) and assumption (v), we can find some 77 with t* < 7 <t

for sufficiently large o (depending on t*

and some K§ < oo such that for any d > 0 we have
[Rm| < K{ on P(x{.0.d,—75)

for sufficiently large o (depending on d). This, however, contradicts the choice of t*.
So we conclude that indeed 7* = 7°.

It remains to consider the case in which 7% = oo and |Rm|(x®°,0) > 0. Note that
in this case (M, (g7°)re(—00,0]) 18 an ancient solution with uniformly bounded,
nonnegative sectional curvature and complete time slices. Since |Rm|(x°°,0) > 0,
we must have scal(x®°,¢) > 0 for some ¢ < 0. So, by the strong maximum principle,
we have scal(-,0) > 0 everywhere on M °°. The fact that the scalar curvature is
pointwise nondecreasing in time follows from Hamilton’s Harnack inequality (cf [4])
and the fact that (M *°, (g7°) e(~o00,0]) is kK —noncollapsed on all scales at all points is
a consequence of assumption (iv). |

‘We now state the second main lemma.

Lemma 3.11 (cf [10, 6.3(b)-(c)]) There are constants ng, &9 > 0 and for every
¢ € (0, gg] there is a constant Eg = Eq(g) < oo such that:
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Forany 1 < A < o0, w,r >0, n € (0,n] and E > E there are constants
K = Kw,A,E,n),Z = Z(A) <oo and p = p(w,A,e,E,n), ¥ =7(4,w, E,n),
6 =06(w,A,r,e, E,n) > 0 such that:

Let rg < %lo and let M be a Ricci flow with surgery (whose time slices are allowed to
have boundary) on the time interval [ty — rg, to] that is performed by § —precise cutoff
and consider a point xo € M(ty). Assume that the canonical neighborhood assumptions
CNA(r /1y, &, E, 1) hold on M. We also assume that the curvature on M is uniformly
bounded on compact time intervals that don’t contain surgery times and that all time
slices of M are complete.

Assume that the parabolic neighborhood P (xy, tg, I'o, —rg) is nonsingular, [Rm| <rg 2

3

on P(xg,tg, 1o, —rg) and voly, B(xg, %o, r0) = wry .

In the case in which some time slices of M have nonempty boundary, we assume that:
(i) Every space-time curve y: [t;,t,] — M with t, € [to — ll—org, to] and y(t,) €

B(xg, 1, (A + 1)ry) that meets the boundary oM somewhere, has L(y) > Zrg
(based in 15 ).

(i) Forallt e [lo — %rg, to], the ball B(xg,t,2(A + 3)ro + r/ty) does not meet
the boundary doM(t).
Then:

(a) Every point x € B(xq, ty, Ary) satisfies the canonical neighborhood assumptions
CNA(ﬁVO’ 8’ E’ T]) °

(b) Ifrg <¥./fo, then [Rm| < Kry? on B(xg. 1o, Aro).
It is important in this lemma that p, unlike §, may not depend on .

Proof The proof follows the lines of [10, 6.3(b)—(c)].

Let ¢ be the constant from Lemma 3.10. Choose g and Eg = E((¢) to be strictly
less/larger than the constants 7 and E(¢) in Lemma 3.8. By choosing p small and
K large enough, we can again exclude the case in which for some time ¢ < ¢ the
component of M(¢) that contains x has positive, E2—pinched sectional curvatures.

We first establish part (a). Assume that, given some small p, there is a point x €
B(xg, ty, Arg) such that (x,79) does not satisfy the canonical neighborhood assump-
tions CNA(prog, &, E, 1), ie we have |[Rm|(x, #y) > ,?)'_zro_2 and (x, tp) does not satisfy
the assumptions (1)—(3) in Definition 2.14. Set, for 7 € [ty — rg, fo] and X € M(7),
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Piy= {(y, HeM:te[i—p2Rm\(X,0),7], y € M),
dist; (xg, y) < dist;(xg, X) + %,?)'_1 IRm|~/2(x, t_)}.

We will now use a point-picking process to find a particular (X,7) € M with ¢ €
[t0 — %rg,lo] and ¥ € B(xo.7, (A + 3)ro): First set (X,7) = (x,1f9). Let 7 =
IRm|~Y2(x,7) < pro. If every (x',1') € Px ; satisfies the canonical neighborhood
assumptions CNA(%@, & E, n), then we stop. If not, we replace (X, ) by such a
counterexample and start over. In every step of this algorithm, ¢ decreases by at least
a factor of %, which implies that the algorithm has to terminate after a finite number of
steps since after a finite number of steps we have g < r /7y and we can make use of the
canonical neighborhood assumptions CNA(r /%9, €, E, 1) from the assumptions of the
lemma. So the algorithm yields an (X,7) € M and a § = |Rm|~"/2(X, 7) < pro such that
(X, 1) does not satisfy the canonical neighborhood assumptions CNA(g, ¢, E, 1), but
all points in Py ;7 satisfy the canonical neighborhood assumptions CNA(%@ & E, n).
By convergence of the geometric series, we conclude 7 — % p2q% e [ZO — ll—org, to] and
dist7 (xp, X) < (4 + %)ro. Moreover, for all (x',¢') € Py 7 we have disty (xg,x') <
(A + Dry.

We now claim that there is a constant p = p(w, 4, &, E, n) > 0 such that assertion (a)
holds for Z(A) = Z3.6(10(A + 1)) and

§=8(w, A,r,e, E,n) = min{83 6(10(4 + 1), 7, 1), 7%},

where Z3 ¢ and d3 ¢ are the constants from Lemma 3.6. Assume that this was wrong,
ie that for fixed parameters w, A, ¢, E and n, there is no such constant p. Then
we can find a sequence p% — 0 and a sequence of counterexamples M%, ¢, rf,
xg and r% that satisfy the assumptions of the lemma for Z = Z(4) and §% =
S(w, A,r*%, e, E,n), but for which there are points x% € B(xy,§, Ar§) such that
(x%, &) doesn’t satisfy the canonical neighborhood assumptions CNA(p*r¢', ¢, E, ).
Note that by assumption, the point (x%,7F) satisfies the canonical neighborhood
assumptions CNA(V“\/I_“, e, E,n). So we must have p%rf > r*,/ty > r%rg and

hence r% — 0 for & — 00. By the choice of § this implies that §*/r* — 0 for « — oc.

First, let (X%,7%) and g% be the point and the constant obtained by the algorithm two
paragraphs earlier. We now apply Lemma 3.6 with

roe%rg‘, X0 < Xx§. t0<—te[t_°‘—21—0(,?5°‘)_2(c7°‘)2,t_“],

w<cw, A<10(4+1), r<r%,
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where ¢ > 0 is a universal constant, which arises from volume comparison and distortion
estimates on P(xg, 1, rg, —r) and which has the property that Vol B(xo ,t, ﬁ’"o ) >
cw(llo 0) We conclude that any (x',1') € M* with 1’ € [1* — 35(7%)72(q%)?, %]
and x" € B(x§.t', (A + 1)r§) is k—noncollapsed for some uniform « > 0 on scales
less than %rg‘. This implies that the points on Px« 7o are k—noncollapsed on scales

1 .«
less than 1070 -

Observe that the assumption on §* and Definition 2.11(3) imply that there is a universal
constant ¢’ > 0 such that for every surgery point (x’,#') € M® with ¢ < 1§ we have

o —2
(3-6) |Rm|(x’,z/)>c’(8°‘)_zl/_1=c/(f—a) r*/th2
8 s
EC'(r—a) (Vi)™ > (—a) @)

Here we have again made use of the inequality g% > r%./t,, which follows from the
fact that the point (X%, %) satisfies the assumptions CNA(r%,/t%, ¢, E,n), but not
CNA(g%, €, E, n). Recall moreover, that the factor (§%/r%)™2? — 0o as o — 00.

. P - . . . 2
So, for large «, the point (x%,7%) is not a surgery_pomt. Pick 0 < t* < 0(,0“)
maximal such that the point ¥* survives until time 7% — t%(g%)? and such that

dist (x§, ¥) < distz (x§, ¥*) + +(P)7'q* forall t € (i —t*(7%)*. %]
This implies
(3-7) B(x*.1, 5(*)'q%) C Pxaju forall 1 € [i%—%(g¥)>, 1*].

By passing to a subsequence, we may assume that the limit Too = limg—so0 7% € [0, 00]
exists. So, after parabolically rescaling by (g%)~!, the Ricci flows with surgery M%
restricted to the time interval [f% — % (7%)?2, 7%] and based at X* satisfy the assumptions
of Lemma 3.10 for some sequence a* — oo (we also need to make use of assumption
(ii) here). Hence, again after passing to a subsequence, these flows subconverge to
some nonsingular Ricci flow on My X (—7s0, 0] of bounded curvature.

The previous conclusion has the following implication: there is a uniform constant
4 < D < oo such that, whenever 0 < 7/ < 75 or T/ = 0, we have

(3-8) |[Rm|(X%,7) < D(g%)~2 forall t € [f% —7/(q%)*, 1]

for large o (in the case to = O the statement holds for D = 4).
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Assume first that 7oc < 00. Observe that by (3-7) the point (x%,¢) satisfies the
canonical neighborhood assumptions CNA(%(T", s E, n) for all ¢ € [1* — t%(g%)?, 1%].
This implies (cf Definition 2.14(2)) that
(3-9) |Rm|(X*,7) <4@*) 2 <D@*)"* or [0Rm|”"|(x% 1) <n”!

for all ¢ € [1% — t%(q%)?, 1*].
We now use (3-8) for t/ = max{to — /4D, 0} and integrate the derivative bound
of (3-9) from 7% — 7/(g%)? backwards in time to any ¢ € [f* — t%(g%)%, 1% — v/ (q%)?]
for large o. Note that for large « and any such ¢, we have ¢ — (f% — t%(g%)?) <

(n/4D + (1% — 150))(@%)? < 2-(n/4D)(g%)*. So we obtain that for large o we have
(compare with Lemma 3.5)

IRm|(X%,1) <2D(@%) "% forall t €[f* —t%(@%)*, %]
In particular, it follows from (3-6) that for large o none of the points (x*,¢) for ¢ €
[1% —7%(g%)?, %] are surgery points. So (X%,7%) even survives past time % —t%(g%)?.
Next, we use the following consequence of the canonical neighborhood assumptions
CNA(37%. ¢, E, ), which hold on Px ;:
IRm|(x,7) <4@*) > <D@*)* or |VIRm|[™/?|(x,t) <y
forall ¢ € [* —t%(7%)*.1%] and x € B(X*.1, (7*)"'q°).

Integrating these assumptions as in the proof of Lemma 3.5 yields that for large «

IRm| < 16D(@*) ™2 on B(X%,¢, LpD™V2g%) for all ¢ € [f* — c*(7*)2,1%].

Note that here we have used the fact that %(ﬁ“)_l > %nD_l/ 2 for large «. By distance
distortion estimates (Lemma 3.4(b)) and (3-6), we then obtain that, for large o and
some universal constant C < 0o,

% dist (x&, ¥ > —~C ' VD@~ forall 1 €[/ — t*(@@*)2 .

Integrating this estimate yields that for large o
dist, (xZ, X%) < distza (x§, ¥*) + Cn~ ' * VDg® forall ¢ €[1* —t%(@%)%, 7.

Since Cn~!

D < 11—6(,?)"")_1 for large o, this implies that for large o
dist (x3, X¥) < distze (xJ, X%) + 1= (7*)"'q* forall ¢ € [[* — % (g%)*,1"].

This fact, however, contradicts the definition of t%.
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So it follows that T, = co. Hence, after parabolically rescaling by (7%)~!, the Ricci
flows with surgery M restricted to the time interval [f* — t%(g%)?, %] and based at
X% subconverge to a k—solution My, X (—00, 0]. Using Lemma 3.8, we finally obtain
a contradiction to the assumption that the points (X%, %) do not satisfy the canonical

neighborhood assumptions CNA(¢%, ¢, E, n).

Part (b) follows exactly the same way as in [10, 6.3]. See also [7, Lemma 70.2; 1,
Proposition 6.2.4]. The boundary dM (zy) does not create any issues since it is far
enough away from xg. a

We now prepare for the proof of the next main result, Lemma 3.15. We believe that we
have to modify the result in [10, 6.5] as follows to make its proof work.

Lemma 3.12 [10, 6.5] Forall w > 0 there exist Ty = t1o(w) > 0 and Ko = Ko(w) <
oo such that:

Let M be a Ricci flow with surgery with complete time slices that is defined on the
time interval [—t, 0] and let xo € M(0). Assume that (xg,0) survives until time —t,
that for all t € (—t,0] the ball B(xy,t, 1) does not intersect any surgery points or the
boundary dM(t), that sec > —1 on Ute[—r,o] B(xg,t,1) N P(x9,0,1,—7) and that
volg B(x¢,0,1) > w. Then:

(@) |Rm| < Kot~ !in P(xo,O, %,—%r).

(b) All points in B(xo,—7, 1) survive until time 0 and B(xo,—7, %) C B(xo.0.1).

() vol_; B(xo,—7, %) > %w(%)3.

Proof See [7, Lemma 82.1] for a proof of the first part and the proof of [7, Corollary
45.1(b)] for the third. The second part follows from the lower bound on the sectional
curvature. O

Lemma 3.13 [10, 6.6] For any w > 0 there is a 6y = 6y(w) > 0 such that: Let
(M, g) be a Riemannian 3-manifold and B(x, 1) C M aball of volume at least w that
is relatively compact and does not meet the boundary of M . Assume that sec > —1
on B(x,1). Then there exists a ball B(y,0y) C B(x,1), such that every subball
B(z,r) C B(y, 8y) of any radius r has volume at least %r3.

Proof See [7, Lemma 83.1]. m|

Geometry & Topology, Volume 22 (2018)



Long-time behavior of 3—dimensional Ricci flow, A 809

Lemma 3.14 For any K < oo there is an ¥ = ¥ (K) < oo such that: Let ro < 7./t
and %lo <t <ty. Assume that (M, g) is a Riemannian manifold of t~' —positive
curvature and |Rm| < Krg 2 on M. Then the sectional curvature is bounded from

. 1,2
below: sec = —3ry .
Proof The claim is clear for ry = 1. The rest follows from rescaling. a

Lemma 3.15 [10, 6.4] There is a constant ¢y > 0 such that for all r,n > 0 and
E < oo there are constants t =t(n, E), 7 =7v(n, E),§ =6(r,n,E) >0 and K = K(E),
Ci=Ci(E), Z=Z(n, E) < oo such that:

Let r(f < %to and let M be a Ricci flow with surgery (whose time slices are allowed to
have boundary) on the time interval [ty — rg, to] that is performed by &' —precise cutoff
for some 0 < § < § and consider a point xy € M(ty). Assume that the canonical
neighborhood assumptions CNA(r /1y, €9, E, 1) hold on M. We also assume that the
curvature on M is uniformly bounded on compact time intervals that don’t contain
surgery times and that all time slices of M are complete.

In the case in which some time slices of M have nonempty boundary, we assume that:

%ré,to] we have: if some x € B(xg, to, ry) survives

(i) Forallt; <t € [l() —
until time t, and y: [t,t;] — M is a space-time curve with endpoint y (t;) €
B(x,t,,3ry) that meets the boundary d M somewhere, then L(y) > Zry (where

L is based in 1 ).

(i) Forall t € [ty — 15r0.1o| we have: if some x € B(xq,1o,ro) survives until
time t, then B(x,t,5rg + r\/ty) does not meet the boundary dM(t).

Now assume that

(i) C18'/To <ro <T/1o,
(iv) sec > —ry? on B(xg.fo,ro) and

3

1
(V) VOI[OB(-XO’ fo, V()) z Er() :

Then the parabolic neighborhood P (xg.to, §ro. —7r2) is nonsingular and we have

[IRm| < Kro_2 on P(xo,to, %ro,—rrg).

Proof Before we start with the main argument, we first discuss the case in which
ro < r./to: We first show that for a universal K’ = K'(E) < oo and sufficiently
small but universal gy, we can guarantee that |Rm| < %K’ o 2 on B(xo, to, %ro). The
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constant K’ and the smallness of the constant &, will be determined in the course of this
paragraph. Assume the assumption was wrong, ie there is a point x € B(xo, fo, 3 1 )
such that O = |Rm|(x, y) > IK/ ~2. By the canonical neighborhood assumptions
CNA(r /19, €0, E, 1), we know that (x, 1) is either a center of a strong gy—neck or
of an (gg, E)—cap or M(ty) has positive E?—pinched curvature (here we assumed
that K’ > 2). The latter case cannot occur by assumption (v), for large enough K’, so
assume that (x, ) is a center of a strong gg—neck or an (&g, £)—cap. In both of these
cases there is a y € M(tp) with distz, (x, y) < EQ~1/2 guch that (. 10) is a center of
an gg—neck and E~2Q < [Rm|(y, ) < E2Q. Assuming K’ > 72E?, we conclude
that ye B (xo, to, %ro). Since eg—necks are sufficiently collapsed for small enough &g,
we can make the following conclusion: for every w > 0 there is an 86 = sg(w) >0 and
a D = D(w) < oo such that if &g < &}, then voly, B(y,to, DOQ~/2) <wD3Q73/2.
By assumption (v) and by volume comparison, there is a universal constant wg > 0
such that vols, B(y. tp,d) > wod? forall 0 <d < lro Assume now that g¢ < 86(11)0)
and K’ > 8D?(wq). Then we obtaln a COIltI'adICtIOIl for d = D(wo)Q~1/2 < —ro So
we indeed have |Rm| < EK 'r 0 on B(xo, to, Z 0). Next, by Lemma 3.5, assumption
(iii) and the fact that at every surgery point (x’, ) we have (compare with (3-6))

IRm|(x",¢") > '8 727V > /67271 > 672 1>cC2

we conclude that there is a v/ = ©/(1, E) > 0 such that if C; = C;(E) = ¢/~ 1/2K’1/2,

then P(xo, to, % —T rg) is nonsingular and |Rm| < K/ro_2 on P(xo, to, % —T rg).

Now we return to the general case, allowing ro > r \/fo. We will first fix some constants:
Let g9, C; be the constants from the last paragraph. Without loss of generality, we may
assume that g¢ is smaller than the corresponding constant from Lemma 3.11. Next
assume that the constants r, 5, E have already been chosen. Consider the constants
70,3.12 and K0’3_12 from Lemma 312, 90’3.13 from Lemma 313, K3.1 1, 73_1 1, Z3_11
and &3 11 from Lemma 3.11 and 73 14 from Lemma 3.14 and set

v =min{t’, 370,3.12(5) - 700}

K =max{K', Ko 3.12(%)7 "'},

0o = min{760,3.13(30)- 10}

r* =90m1n{rl/2,K l/z,m},

F =07 K (1502017 E ),
Z=Z310")™,
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Long-time behavior of 3—dimensional Ricci flow, A 811

F=min{F311({5.20%) 7", E. n). F3.14(K)},

8 et mln{cl_leol"’ 83.11(%’2(1/'*)_17}/’ 8(), E’ T]),C/I/Z(K*)_l/zl’}

Here ¢’ is again the constant from (3-6).

We now claim that the conclusion of the lemma holds with this choice of the constants ,
7,8, K, C; and Z and for any 0 < 8’ < §. Assume not, ie that P(xo, 10, %ro, —frg)
is singular or we don’t have |Rm| < Kro_2 on P(xo, 10, %ro, —frg). We now carry
out a point-picking process. In the first step set x, = X, fy =t and ry = ro. If there
are x¢, ¢5 and r{/, such that

(1)t €ty —2t(rg)*. )],

(2) the point x; survives until time #; and for all ¢ € (¢], £]] there are no surgery
points in B(xy.t, 7)) and B(xy.t,r)) NOM(t) = &,

(3) sec=—(ry)~ on Urerrg.eq0 B0 170

" AEV/ N
@) X EB(XO,ZO,ZrO),

5) l"(/)/ = 90}’6 > C18I\/ t,
1
(6) vol,(/)/B(xg g 1) = 75 (rg)? and
(7) we don’t have [Rm| < K(r])™2 on P(x}.t].4ry.—7(r])?) or the parabolic
neighborhood P(xg 14 %r(’)’ —t(ry 2) is singular,
then we replace the triple (x;.#,.7y) by (xg.¢J.r() and repeat. If not, we stop the
process. Observe that here and in the rest of the proof the parabolic neighborhoods are
not assumed to be nonsingular unless otherwise noted (compare with Definition 2.4).
2

By the smallness of 7, we have #; > to — %ro at every step of this process. So by

condition (5) this process always has to terminate after a finite number of steps.

Observe that, by the smallness of 7 and 6y, distance distortion estimates and condi-
tion (3), we have in every step of this process

P(xg.1q 75 =15(r¢)?) € P(x5, 15,70~ 75(r0)).

So these parabolic neighborhoods for each step are nested and we have for the final
triple (xy. 5. 7g)

P(xé, l(/), V(/), —%(V(/))z) - P(X(),l(), ro, —%(1’0)2).

So the triple (x;. ), 7) satisfies assumptions (i) and (ii) of the lemma. By conditions
(3) and (6), also assumptions (iv) and (v) are satisfied. Moreover, we have (r(’))2 < %t(’)

Geometry & Topology, Volume 22 (2018)



812 Richard H Bamler

and by condition (5) we have after the first step C;6’ \/% <1y =< Ooro < mVo <

%7«/10 <7+/t}. So the triple (x;.#;.7,) also satisfies assumption (iii) of the lemma.
However, by condition (7), the assertion of the lemma fails for the triple (x;.#;.7;).
Note also that the Ricci flow with surgery M restricted to [t) — (r)?. 15] satisfies the

canonical neighborhood assumptions CNA(r /1y, €0, E, ). Thus, after passing to this

restriction and the triple (x;,#;.7,), we may assume, without loss of generality, that

Xo = xo, ty = to and ro = r), and add to our assumptions that whenever we find x(/)’ s

0

ty and r({ satisfying the assumptions (1)-(6) above, then the opposite of assumption
(7) holds (and hence we have curvature control on P(xg 1y 1 (’)/ —(rg) )). By the
discussion at the beginning of this proof and the fact that T < 7/, K > K’, we must

have ro > r\/l.
Now let T < 27 be maximal with the property that

2

e the point xo survives until time 7o —Trg,

e forall 1 € (¢ —?rg,

> _p2 _
* sec>—ry~ on Ute[to_”g,to] B(xg,t,19).

to], there are no surgery points in B(xg,,79),

Note that by assumption (ii), we have B(xq,,79) NdM(¢) =@ forall ¢ €ty —?rg, to].
If 7 = 27, then the assertion of the lemma follows using Lemma 3.12.

So assume now T < 2t. We will derive a curvature bound at times [fg — ?rg, to],
which implies a better lower bound on the sectional curvature and hence contradicts
the maximality of T. Fix for a moment ¢ € [fg — ?rg, tp]. By Lemma 3.12 we first
conclude VOltB(X(), z, %ro) > %(%)3;”3. Hence, using Lemma 3.13, we can find a
ball B(y,t,0qr) C B(xo, t, %ro) such that vol; B(y,t, Oprg) > 11—093;’3 and such that
every subball of B(y,1, 0prg) has volume ratio of at least 11—0. Moreover, by the choice
of 8, we have Oyrg > Ogr \/tog = C18./tg = C18'\/to. So the triple (v, 1, Ogrg) satisfies
the assumptions (1)—(6) above and hence, by choice of the triple (xq, ty, o), we find
that the parabolic neighborhood P( V., %901’0, -7 93 rg) is nonsingular and

|IRm| < K90_2r0_2 on P(y, ,4901’0, —16 ro)

This implies that [Rm| < (r*rg) ™2 on P(y,t,r*rg, —(r*rg)?). Recall that by Lemma
3.13 we have VoltB(y t,r ro) > 10(r*ro)3. Applying Lemma 3.11(b) for xo < y,

to<—t, ro<r*rg, w< A< A*=2(*)", E< E, n<nand r < r yields

10’

IRm|(-,7) < K*rg> on B(y,t,2r) forall ¢ €[ty —7rd, to).
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Long-time behavior of 3—dimensional Ricci flow, A 813

Observe here that by the choice of Z and assumptions (i)—(ii) of this lemma, the
assumptions (i)—(ii) of Lemma 3.11 are satisfied. We conclude that

(3-10) IRm|(-,2) < K*ry > on B(xo,t,1) forall ¢ €[ty —7rg, t].

By Lemma 3.14 and the choice of 7, this curvature bound implies sec > —%ro_ 2

B(xg,t,19) forall 1 €[ty — ?rg, to]. We now argue that even for ¢ = ¢, —?rg there are
no surgery points in B(xg, 7, rg): By (3-6), the choice of § and the fact that ro > r /7o,

on

we find that at any such surgery point (z,7) we have
IRm|(z,7) > ¢'§727 > K*r 7271 > K*r 72150 > K*rg 2,

in contradiction to (3-10). This also implies that the point xq survives until some time
that is strictly smaller than 7y — ?rg and that B(xo,?, ) does not contain surgery
points or meet the boundary for times which are strictly smaller than 7y — ?rg. This
contradicts the maximality of T and hence finishes the proof. a

Proof of Proposition 3.2 Let g9 be smaller than the corresponding constants from
Lemmas 3.11 and 3.15. By Lemma 3.13 we can find a ball B(y,ty, 0g(w)ry) C
B(xg, 19, r9) with vol,y B(y,to, 6o(w)ro) > 11—0(90r0)3. So we can apply Lemma 3.15
with tg <o, Xo < ¥, ro < Oorg, €0 < €9, E < E, n<n and r < r and obtain
that if § < 83.15(r, 1, E), if the surgeries on M are performed by §' —cutoff for some

0 < §’ < § for which
C1,3.15(E)8 1o < boro,

if Z> Z315(n, E) and if ro < 73.15(n, E)\/fy, then the parabolic neighborhood
P(y, 10, %90;'0, —13.15(7, E)@grg) is nonsingular and

IRm| < K3.15(E)05%rg > on P(y.to. 20oro. —13.150375)-

Now choose r* = r*(w,n, E) € (0, 1a5) so small that P(y,,r*rg, —(r*ro)?) C

P(y. 1, 36070, —13.1503r3) for all 1 €[ty — (r*ro)?. fo] and |Rm| < (r*rg)~? there.
By volume comparison and distortion estimates and the conclusion of Lemma 3.13, we
find that vol; B(y, t,7*ro) > c(r*ro)? forall 1 € [to—(r*r¢)?, to] and for some universal
constant ¢ > 0. We can then invoke Lemma 3.11(b) with ty < € [to — (r*r0)?, to],
X0 <V, Fo<71*rg, w<—c, A< (A+2)r*)"!, r<r, n<nand E < E and
obtain that if § <83 11(c, (A+2)r*) "', r,e0. E,0), Z>Z311((A+2)(r*)"") and
ro <73.11((A+2)(r*) ", ¢, E.n) /1o, then

(3-11) IRm| < Kry? on B(y,t,(A+2)rg) forall ¢ € [tg— (r*ro)?, to]
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for K=Ks11(c, (A+2)(r*)™L, E, n)(r*)™2 < 0o. Fix § for the rest of this paragraph.
We now argue that there is a constant C; = Cy(w, 4, , E) < 0o such that the following
holds: If the surgeries on M are even performed by 8’ —precise cutoff for some 0 <8’ <§
for which C168"\/fy < ro, then there are no surgery points in B(y,, (A + 2)rg) for all
t € [to— (r*rg)?, to]. Similarly to in (3-6), at every surgery point (z, )

IRm|(z,7) > ¢'8'2t7 ! > C’S/_Zto_1 > C/Clzro_z,

which contradicts (3-11) if C; > ¢'~"/2K'/2 Sowecanfinda r = t(w, 4,7, E) > 0
such that for all ¢ € [tg — 27 rg, to] the points in B(y, to, (A + 1.5)ry) survive until
time ¢ and

B(y,t9, (A4 1.5)r9) C B(y,t, (A +2)ry).

Hence P(y,ty, (A + 1.5)rg, —2rr§) is nonsingular and we have |Rm| < Kro_2 on
P(xo. 1, (A+0.5)rg, —2tr3) C P(p,to(A + 1.5)ro, —27rZ). The higher-derivative
estimates follow from Shi’s estimates on P(xq, tg, (4 + 0.5)rg, —27 rg). Fix C; for
the rest of the proof. Note that C; can be chosen independently of §. So we may
decrease § depending on C; and r and assume that C16 < r.

It remains to consider the case C18./fy > r¢, which implies ro < r/fy. Let Q =
[Rm|(xg, #). In the next paragraph we show that Qrg is bounded by a constant, which
only depends on w, E and 7.

For the next two paragraphs fix w, E and 1 and assume that Qrg > 1. Using the same
reasoning as in the proof of Lemma 3.11(b) (compare with the “bounded curvature at
bounded distance”-estimate in [10, 4.2, Claim 2], see also the proof of [7, Lemma 89.2],
[7, Lemma 70.2] or [1, Proposition 6.2.4]) we can conclude that [Rm| > K} (Qrg)r;y?
on B(xg, 1y, 19) if Qrg > So and rg < 7*(Qr§)\/% for some constant Sy < oo and
some functions K7,7*: [0, 00) — (0, 00) with KT (s) — oo and s — oo, which only
depend on w, E and n (we remark that for this argument the basepoint has to be chosen
atapoint x” € B(xo, to, o) with ry > <|Rm|(x", 19) < K} (Qrg)ry?). So there is some
S1 = S1(w, E,n) < oo such that if Qr(f > Sy and ro < 7*(S1)+/%o, then all points
on B(xg,y, o) are centers of strong e—necks or (g, E£)—caps, whose cross-sectional
2—spheres have diameter at most C(K ;"(Qrg))_l/ 2ro, where C < oo is a universal
constant. These necks and caps can be glued together to give long tubes as described
in [1, Proposition 5.4.7] or [7, Section 58] and we conclude that vol,, B(xg, ?, 7o) <
w*(Qrg)rg for some function w*: [0, 00) — (0, 00) with w*(s) — 0 as s — 0o. Now
choose S, =S, (w, E, n) < oo large enough that w*(S,) < w. Then by assumption (v)
we get Qrg < S, assuming 7 < 7¥(S3).
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Again, by the same reasoning as before (this time, we choose the basepoint to be
(x0,1)), we obtain the estimate |Rm| < K;‘ro_ 2 on B(xo,ty, (A + 1)rg) for some
universal constant K3 = K3 (w, A4, E,n) < oo if ro < 7**(w, 4, E,n)/fy. Let
T > 0 be maximal such that the parabolic neighborhood P(xg, ty, (4 + 1)rg, —?rg)
is nonsingular. By Lemma 3.5, we conclude that there is a constant o > 0 such that
|IRm| < 2[(;‘r0_2 on P(xg,?, (A + 1)ro, — min{T, ro}rg). If T > 19, then we can
deduce curvature derivative bounds on B(xg, #y, Arg) by Shi’s estimates. On the other
hand, if T < 7, then by assuming & to be sufficiently small depending on m2, we can
use Definition 2.11(3) to conclude that |V Rm| < Cyry 2=k for all k < m on initial
time slice of P(xg,ty, (4 + 1)rg, —?rg). So by a modified version of Shi’s estimates
(see [3, Section 14.4]), we obtain a bound on r§+k|Vk Rm| in B(xq, ty, Arg) for
all k <m.

Finally, we consider the case ro = p(x¢, ). Applying the proposition with 4 < 1
yields |Rm| < Kro_2 on B(xg,ty,r9) for some K = K(w, E,n) < co. So by
Lemma 3.14, if we had ro < 73.14(K) /%o, then sec > —%ro_z on B(xg, ty, o), which
would contradict the choice of rg. m|

Proof of Corollary 3.3 Let ¢¢ be the constant from Proposition 3.2. Observe that
by Proposition 2.15 there are constants 7 > 0 and £, < oo and decreasing, contin-
uous, positive functions rg,, 8¢, [0, oo)_—> (0, 00) such that if §(¢) < J¢,(¢) for all
t €[0, 00), then every point (x, #) € M satisfies the canonical neighborhood assumptions
CNA(rg, (1)1, €0, Ey,n). Now consider the constant §3 5 = 832 (r, w, 4, E, n,m)
from Proposition 3.2. We can assume that it depends on its parameters , w and A4 in a
monotone way, ie 83, (r',w’, A’, E,n,m’') <83,(r,w, A, E,np,m) if r' <r, w' <w,
A"> A and m’ > m. Assume now that, for all ¢ > 0,

(3'12) S(I) < min{83.2(%1'80(2t)’ t_lvta E&‘(p’_?v [t])a (_88()([)? t_l}'

Let w, A and m be given. Choose T = T(w, A,m) < oo such that 277! < w,
%T>Aand %T>m.

Consider the point x, the time ¢ > T and the scale r from part (a) of the corollary. We
may assume 7 < =, so that 12 < %t. The flow M satisfies the canonical neighborhood
assumptions CNA(3r¢,(1)+/1. €0, Egy. 1) on [t — r2,1]. Moreover, by (3-12), the
surgeries on [t —r2, 7] are performed by 83.2(57¢,(1).2:7 1, 31, Egy. 1. [51])—precise
cutoff. By the choice of T" and the monotonicity of §3 ,, this implies that the surgeries
on [t —r2,¢] are performed by 53_2(%1'80 (1), w, A, Egy. 1 m)-precise cutoff. So we
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can apply Proposition 3.2 with xog < x, tg <« t, ro<7r, r < %gso(t), W<~ w,
A<« A, E < E,, n<n and m < m to conclude that if r <735(w, 4, E¢,, N)V/1,
then |VKRm| < Km,3,2(z;),A,E60, nr~2k on B(x,t, Ar) for all k < m. If the
surgeries on [t —r?2,t] are performe(_i by Cl_’31'2(w, A, Ego,g)rl_l/z—precise cutoff,
then the second part of Proposition 3.2 gives us that P(x,t, Ar, =13 2(w, 4, E¢,. 7))
is nonsingular and |V* Rm| < Knjsa(w, A, Eg, n)r—27% there for all k < m. This
establishes assertion (a). -

For part (b) we argue as follows: If p(x, 1) <7 /7, then by our discussion in the last para-
graph for r = p(x, ) and Proposition 3.2, we obtain r = p(x,1) > 3.2(w, Egy, N) /1.
So, in general, we have p(x,t) > p+/t for p = p(w) = min{7,73,} and we can
apply assertion (a) with 7 <— p+/7 and A4 < Ap~! to deduce a curvature bound on
P(x,t, A\/t,—tp>t). For this application it is important that all surgeries on [t — ¢, {]
are performed by ¢ p—precise cutoff. This is certainly the case for sufficiently large
T = T(w, A), because for large ¢ we have §(¢) <t~ ! < ¢;p. a

3.2 The thick-thin decomposition

We now describe how, in the long-time picture, Ricci flows with surgery decompose
the manifold into a thick and a thin part. In this process, the thick part approaches a
hyperbolic metric while the thin part collapses at local scales. Compare this proposition
with [10, 7.3] and [7, Proposition 90.1].

Proposition 3.16 There is a function §: [0, 00) — (0, 00) such that, given a Ricci
flow with surgery M with normalized initial conditions that is performed by §(t)—
precise cutoff and defined on the interval [0, 00), we can find a constant Ty < oo, a
function w: [Ty, 00) — (0, 00) with w(t) — 0 as t — oo and a collection of orientable,
complete, finite volume hyperbolic (ie of constant sectional curvature —1 ) manifolds
(HY, gnyp,1), - - - (Hy, gnypk) such that:

There are finitely many embedded 2—tori T, ..., Tn,s C M(t) for t € [Ty, 0o) that
move by isotopies and don’t hit any surgery points and that separate M(t) into two
(possibly empty) closed subsets Mpick (t), Munin () C M(t) such that:
(a) Mick(?) does not contain surgery points for any t € [T, 00).
(b) The T, are incompressible in M(t) and diam; Tj ; < w(t)+/7.
(¢) The topology of Muick(¢) stays constant in t and Myek(¢) is a disjoint union
of components H 4, ..., Hy ; C Muick(?) such that the interior of each H;; is
diffeomorphic to H; .
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(d)

(e

We can find an embedded cross-sectional torus Tj’ ¢+ inside each cusp of each H],
at a distance of at least w™!(¢) from a fixed base point, which moves by isotopy
and speed at most w(l)l_l/ 2 such that the following holds: Chop off the ends of
the H; along the T} , and call the remaining open manifolds H;',. Then there
are smooth families of diffeomorphisms W; ;: Hi/ / , — H;, which become closer
and closer to being isometries, ie

1
“ 4_Z‘I’:tg(l) — &hyp,i ) < w(t)

Cclw=l®]( H/,
and which move slower and slower in time, ie
suptl/2|8,\11,-,,| <w(t) forallt>Ty andi=1,..., k.
H{,
Moreover, the sectional curvatures on a w™ ! (t)«/t —tubular neighborhood of
Muick(¢) lie in the interval (%(—% — w(t)), %(—% + w(t))) forall t > Ty.
And, for every 2—torus Tj; for j = 1,...,m and all t > Ty, there are neigh-
borhoods Pj; C Mmin(t) with T ; C P; . that have the following properties:
Pj~T?x1, Pj; hasa T?fibration over an interval whose fibers have time-t

diameter < w(t)+/, one of these fibers is Tj ; and the boundary components of
P;j ; have time-t distance of at least w_l(l)ﬁ from Tj ;.

A large neighborhood of the part M, (t) is better and better collapsed, ie for
every t > Ty and x € M(t) with

dist; (X, Munin (1)) < w™ (1)1
we have

VoltB(x,t,pﬁ(x,t)) < w(l)pfﬁ(x,t).

4 Long-time estimates under the presence of collapse

In the following we derive more specialized estimates using the methods and results

presented in the previous section. Those statements will be used in [D].

4.1 The goodness property

The following notion will become important for us.
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Definition 4.1 (goodness) Let (M, g) be a Riemannian 3—manifold (possibly with
boundary), ro > 0 and consider the function p,,: M — (0, 00) from Definition 3.1.
Let w > 0 be a constant and x € M be a point.

(1) Let X be a lift of x in the universal cover M of M. Then x € M is called
w—good at scale rg if vol B(X, pry(x)) > w,oﬁo (x). Here B(X, pr,(x)) denotes
the oy, (x)-ball in the universal cover M of M.

(2) Let U C M be an open subset and assume that x € U. Assume now that X is a
lift of x in the universal cover U of U. Then x is called w—good at scale rg
relative to U if either B(x, p,(x)) Z U or vol B(X, pr,(x)) > wpfo (x), where
now B(X, pr,(x)) denotes the p,,(x)—ball in U.

(3) The point x is called locally w—good at scale ry if it is w—good at scale rg
relative to B(x, pr,(x)).

Observe that the choice of the lift X of x is not essential. We remark that the property
“w-—good” implies the properties “w—good relative to a subset U™ and “locally w—
good”. The opposite implication, however, is generally false: Consider for example a
smoothly embedded solid torus S € M, S ~ S! x D?, and a collar neighborhood U
of S in S,ie U C S, U~ T?x(0,100) and S C dU, such that the geometry on
U is close to a product geometry 72 x (0, 100) in which the 72 —factor is very small.
Then for some w > 0 all points of U are w—good relative to U as well as locally
w—good, but none of the points of U are w-good (see [0, Figure 2] for an illustration).

We also remark that by volume comparison there is a universal constant ¢ > 0 such
that if x € M is w—good at scale r¢ > 0 for some w > 0, then x is also cw-good at
any scale ry <rp.

4.2 Universal covers of Ricci flows with surgery

In the following subsections we will need to carry out Perelman’s methods in the
universal covering flow Mofa given Ricci flow with surgery M. In the case in which
M is nonsingular, M is just the universal cover of the underlying manifold equipped
with the pullback of the time-dependent metric. In the general case, the existence of
M is established by the following lemma.

Lemma 4.2 Let M be a Ricci flow with surgery on a time interval I C [0, co) that
is performed by precise cutoff. Then there is a Ricci flow with surgery M (called the
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universal covering flow) that is performed by precise cutoff and a family of Riemannian
coverings ;" /W(t) — M(t) that are locally constant in time away from surgery points
such that the components of all time slices M(t) are simply connected, ie M(t) is the
disjoint union of components that are isometric to the universal cover of M(t).

Moreover, if M is performed by §(t)—precise cutoff for some 6: I — (0, 00), then
so is M. If all time slices of M are complete, then the same is true for M. If the
curvature on M is bounded on compact time intervals that don’t contain surgery times,
then this property also holds on M.

Proof Recall that M = ((T), (M’ x I, g}), ('), (Ui), (®')), where each g! is
a Ricci flow on the 3—manifold M defined for times 7. We can lift each of these
flows to the universal cover M, é of M via the natural projections né: M 5 — M and
obtain families of metrics g ,, which still satisfy the Ricci flow equation. If M" is
disconnected, then we define M, 5 to be the disjoint union of the universal covers of the
components of M.

We will now assemble the flows (]\26 x I, §6 ;) to aRicci flow with surgery M. Each
time slice M(¢) of the resulting flow will be composed of a (possibly infinite) number
of copies of components of (]\2 é L;g'f),t) if £ € I'. If there are no surgery times in 7, ie
I =1",then we set M = (-, (Mol,gf'é,t), -,+,-) and we are done. Assume now that
there are surgery times. For any i let M’ be the restriction of M to the time interval
IN(—o0, TP and if T~ is the last surgery time, set M’ = M. By induction, we can
assume that M! already exists and we only need to prove that we can extend this flow
to a Ricci flow with surgery MI*!, which is the universal covering flow of M!*1 . In
order to do this, it suffices to construct the objects (M +! x 111 gitly Qi Ui,
@' and the projection 7it!: At — ppitt

Fix i and consider (]\Zi x I, g%y from M and the projection 7’ M — M cor-
responding to m; for t € I'. Denote by Qf c M the preimage of Q! and by
Ul c Q the preimage of U’ under 7/ and let ﬁé 4+ C 1\25“ be the preimage of
U jr under né“ . Recall that by Definition 2.11(6) the subset U. i < M is bounded
by pairwise disjoint, embedded 2—spheres. So for every point p € U, the natural
map 71 (UL, p) — 71 (M, p) is an injection. Consider now the set (7(;.’Jr C Mé"'l.
Recall that by Definition 2.11(2) the complement of U j_ in M'*1 is a collection of
pairwise disjoint, embedded 3—disks. So the complement of (75, 4 in ]\25“ is still
a collection of pairwise disjoint, embedded 3—disks and hence the preimage of each

component of U j’L under né is simply connected. The map (®%)~! oné“: ﬁé L Ut

Geometry & Topology, Volume 22 (2018)



820 Richard H Bamler

is a covering map. Consider a component C4 of l”]‘éj 4 and a component C— of
Ul with né+1(C+) = ®(7'(C-)). Since C4 is simply connected, we find a lift
$e, o i Cr— UL of (@) Tomi e, : €y — UL C M such that ¢}, o (C4)=C-
and 7 o ¢ci2+,c_ = (®)7 o n(’;+1|C+. Since UY — M is m;—injective, the map
$¢. c_ must be injective.

We can now construct M+, For every component C_ of Ul there is a (unique)
component Cy =C4(C-) of 17(;"_1_ such that né“ (Cy) =D (n'(C_)). Let Mé“ Ccy)
be the component of M, é“ that contains C4 (observe that C4 is the only component
of ﬁé 4+ in Mé“ (C+)). Now define M1 to be the disjoint union of all components
]\7&“ (C+(C-)), where C— runs through all components of Ul . The set U jr is the
disjoint union of all the C4 (C—) and the diffeomorphism @’ is defined to be the inverse
of ¢f. (c_)c, oneach C_. We also define the projection 7/*!: Mitt 5 Mt
corresponding to 7, for ¢ € I+, to be equal to 7 T': Mt — MIT! restricted to
]\75“ (C+(C-)) for every component C— of Ui, Finally, we set §§+1 = (71”+1)”‘g§Jrl
for all ¢ € I**!. This finishes the proof. a

4.3 Quotients of necks

Before we discuss the main results of this section, we need to establish the following
lemma, which asserts that sufficiently precise e—necks cannot have arbitrarily small
quotients.

Lemma 4.3 There are constants gy, Wy > 0 such that the following is true: Let
(M, g) be a (possibly open) Riemannian manifold and ¢ < g ; assume that xo € M
is a center of an e—neck and that 0 < r < |Rm|_1/2(x). Consider a local isometry
7. (M,g)—> (M’,g') (ie n*g’ = g) such that (M) C M’ is not compact (ie (M)

is not a closed manifold) and let x{, = m(xo) € M’. Then volg' B(x{,r) > Wor>.

Proof We may assume without loss of generality that the scale A in Definition 2.6
is equal to 1 (and hence r < 1.1 for small ¢), that M is an e—neck and that 7 is
surjective. So, we can make the identification M = S2 x (=1, 1) with xo € S x {0}
and assume that ||g — gg2xRr [l ore—1) < €. If & is small enough, there is a smooth unit
vector field X on M, pointing in the direction of the eigenspace of Ric associated
to the smallest eigenvalue, which is unique up to sign. For any yq, y, € M with
m(y1) = m(y2), we have dn(X,,) = £dm(X,,). So by possibly passing to a 2—fold
cover of M’, we can assume that d7(X) = X’ for some smooth vector field X’ on

Geometry & Topology, Volume 22 (2018)



Long-time behavior of 3—dimensional Ricci flow, A 821

M’ (passing to a 2—fold cover may change the constant g by a factor of 2). Moreover,
by possibly passing to another 2—fold cover, we can assume that M’ is orientable. Let
¥ C M be the embedded 2—sphere corresponding to S2 x {0}. If & is small enough,
the trajectories of X cross X exactly once and transversely. Finally, let Uy C M be
the open set corresponding to S2 x (—30, 30) and assume that ! > 100.

We will first show by contradiction that 7 restricted to the ball B(xg, 1) is injective.
So assume that there are two distinct points yq, y, € B(xg, 1) with 7w (y1) = 7w ()).
Consider a geodesic segment ¥ between y; and xg and lift its projection w oy starting
from y,. This produces a point x| € M with w(xo) = 7 (x;) and dist(xg, x1) < 2.

We now show that we can construct an isometric local deck transformation
p:Uy—>U; C M,

that is, a smooth map that satisfies 7 o = 7 and ¢*g = g with ¢(x¢) = x;. Fix
some point p € Uy. We can find a piecewise smooth curve y: [0, 1] = M of length
less than 40 such that y(0) = x¢ and y(1) = p. Moreover, any two such curves are
homotopic relative endpoints to one another, through curves of length less than 50. Now
consider the projection 7 o y: [0, 1] — M’. Observe that (¥ (0)) = w(xo) = w(x1).
So, since B(x,40) C B(xg,42) is relatively compact in M, we can lift 7 oy to
acurve y*: [0, 1] > M with y*(0) = x;. Then mw oy = 7 o y™* and, in particular,

n(y*(1)) =x(y(1)) = =(p).

We now argue that *(1) only depends on p and not on the choice of y. Consider
a homotopy H: [0,1] x[0,1] = M between yy = H(-,0) and y; = H(-,1), two
curves [0, 1] - M . Assume that for all s € [0, 1], the curve H(-,s) has length less
than 50 and H(0,s) = xo and H(l,s) = p. Then wo H: [0, 1] x[0,1] — M’ can be
lifted to a homotopy H™*: [0, 1] x [0, 1] = M such that 7 o H = r o H* and such that
H*(0,s) = x; forall s €][0, 1]. Note that in order to carry out this lift, it is important
that B(xy, 50) C B(xo, 52) is relatively compact in M . The curves y; := H*(-,0)
and y; := H*(-,1) are lifts of w 0yp and 7 o y; with y(0) = y;"(0) = x;. Since
moH*(1,s)=moH(1,s)=nr(p) is constant in s, it follows that H*(1, s) is constant
in s and hence y; (1) = H(1,0) = H(1,1) = y;(1). This shows that the point y*(1)
in the previous paragraph does not depend on the choice of y*. So we can define
o(p) :=y*(1). Letting p vary over Uy defines a map ¢: Uy — M with mrop = 7.

In order to show that ¢ is smooth and isometric, it remains to show that ¢ is continuous.
Fix some point p € Uy and let y: [0, 1] — M be a curve between xy and p of length
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[ < 40. Let moreover, y*: [0,1] — M be a lift of y at x;. Choose 0 < d < 40—1.
Then every point ¢ € B(p, d) can be reached from xg, by first following y and then
following a geodesic between p and ¢ . The length of the resulting curve y': [0, 1]— M
is less than 40. Let y"*: [0, 1] — M be alift of w o)’ at x;. Note that y'* arises from
concatenating y* with a curve of length less than d. So ¢(g) = y’*(1) has distance
less than d from ¢(p) = y*(1). This finishes the proof of the continuity of ¢.

Since m o @ = 7, the map ¢ preserves orientation and the vector field X'. Now for any
x € X define ¢’(x) to be the unique intersection point of the X —trajectory passing
through ¢(x) with ¥. Then ¢’: ¥ — X is bijective, continuous and orientation-
preserving. Hence it has a fixed point zy € X.

Note that for sufficiently small ¢ we have

dist(z9., ¢(z0)) = dist(zo, xo) + dist(xo, ¢(x0)) + dist(¢(x0), ¢(z0))
< 2dist(zg, xo) + dist(xg, x1) <7+ 2 < 10.

Now let z; = (p(k) (zo) € U; as long as this is defined. Those points all lie on the
trajectory through zo and have consecutive distance dist(zg, ¢(zg)) < 10. Hence, there
is a point zx, € U; whose distance to zg is contained in the interval [10, 20]. This
implies that ¥/ = ¢*0)(X) is disjoint from 2.

Forevery x € X let ox: (ax, bx) — M be the trajectory of the vector field X through x.
That is,

or(s) = X(o(s)) forall s € (ax,by) and 0x(0) = x.

Here ay < by are chosen such that (ay, byx) is the maximal domain of o, . Since every
such trajectory intersects X’ exactly once, we can find a function S: ¥ — R such
that for all x € X we have S(x) € (ax,bx) and 0x(S(x)) € ¥’. Since T and ¥’ are
disjoint, S' vanishes nowhere. By transversality, we find that S is smooth. Since X
and X’ are disjoint, the function S is never zero. It follows that the map

SZx[0,1]— M, (x,5) > ox(s-S(x)),

is a smooth embedding. Denote its image by P C M. Then P is compact and
dP = X U Y. Moreover, the vector field X points inwards on ¥ and outwards on X’
or vice versa. Since 7(X) =n(X’), rop =7 on ¥ and dn(X|x) =dn(X|y), it
follows that 77 (P) = 7 (P), where P is the (closed) manifold that arises from P by
identifying each x € ¥ with ¢(x) € &' and 7: P — M’ is an open map. It follows
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that 7(P) C M’ is equal to a closed component of M’. So n(M) = 7 (P), which
contradicts our assumptions.

So 7| B(x,,1) is indeed injective. This implies that for all » <1 we have VOlg/B(X(/), r)y=
volg B(xo,r) > cr? for some universal ¢ > 0. This finishes the proof. m|

4.4 Bounded curvature around good points

We start by presenting a simple generalization of Corollary 3.3 and consequence of
Proposition 3.2 that exhibits the flavor of the subsequent results. We point out that the
following proposition is also a consequence of the far more general Proposition 4.5
below.

Proposition 4.4 There is a continuous positive function §: [0,00) — (0, 00) such that
for any w, 0 >0 thereare t = t(w), p=p(w) >0 and K = K(w), T =T (w,0) <00
such that:

Let M be a Ricci flow with surgery on the time interval [0, co) with normalized initial
conditions that is performed by §(t)—precise cutoff. Let ty > T be a time, xo € M(ty)
a point and ry > 0, and assume that

(i) 01 <ro < ./to,

(i) xo is w—good at scale ry and time t.

Then we have p(xg,ty) > r; := min{p\/to, o} and the parabolic neighborhood
P(xo,to,rl,—trlz) is nonsingular and |Rm| < Kr0_2 on P(xg,ty, rl,—trlz).

Proof The proof is very similar to that of Corollary 3.3. Let &y be the constant from
Proposition 3.2 and E¢,, n and rg,, 8¢, [0, 00) = (0, 00) the constants and decreasing
functions from Propositic_)n 2.15. Consider the constant 83, = 83.,(r, w, 4, E, n,m)
from Proposition 3.2 and assume again that it satisfies the same monotonicity prop-
erty as explained in the beginning of the proof of Corollary 3.3. We now choose
d8: [0, 00) — (0, 00) such that for all £ > 0

8(t) <min{83.2(3re,(20). 17" 1, Ey.1.0)., 850 (1), 17}

Consider now the Ricci flow with surgery M. Since 6(f) < §¢,(f), we get by
Proposition 2.15 that every point (x,7) € M with ¢ € [%to, to] satisfies the canonical
neighborhood assumptions CNA(% I'eo(t0) /70, €0, E¢, 17) . This implies that also every

Geometry & Topology, Volume 22 (2018)



824 Richard H Bamler

point (x,?) € M in the universal covering flow (see Lemma 4.2) with 7 € [%lo, to]
satisfies the same assumptions CNA(%QO (t0)/T0- €0, E¢y» 1_7).

Next, we choose T = T (w, ) < oo such that
T > max{25_1w_1, 2C1,3.29_1},

where Cy 32 = Cy3.2(cw, 1, Eg, 7) is the constant from Proposition 3.2 and ¢ was
defined at the end of Section 4.1.

Assume that 7o > T . By the choice of §(¢) and T, the surgeries on M restricted to
the time interval [%to, to] are performed by 8(%to)—precise cutoff, where

8(310) < 83.2(3re0(t0). 215 " 1. Ec.1.0) < 83.2(57e0(t0). Cw, 1, Egy. 7. 0).

Moreover, M has complete time slices without boundary and the curvature on M is
uniformly bounded on compact time intervals that don’t contain surgery points. Let
To € M(to) be alift of xo € M(zg). Set rp = min{pro (x0,120),73.24/10, %%}, where
732 =r32(cw, 1, Eg), 1) is the constant from Proposition 3.2. Then sec,, > —r2_2 on
B(Xy,ty,7rp) and voltoé (Xo,20,72) > 5wr23 . We now apply Proposition 3.2 to M with
Xo < Xo, lo<tg, Fo<1T2, T <—%r80(t0), w<cw, A< 1, E< Eg,, n<nand
m <— 0. Then we obtain that if r, = p(x¢, ), then r, > 73 2 (cw, E¢,, 1) /0. This im-
plies that p(xg, fp) > min{min{?g,.z, 73.2, %}\/t_ , ro} and hence the first claim for p=
min{73 5,732, %} Note that with this choice of p, we have ry = min{p\/%. 7o} < r>.

Next, observe that by the choice of 7" we have

Ci1,3.28(%20) /1o < C1,3.2(%T)_1 07 rg <.

So by the second part of Proposition 3.2, we obtain that the parabolic neighbor-
hood P(Xy, 1,72, —13.2(Cw, 1, an,g)rzz) is nonsingular and that we have |Rm| <
Ko sa(cw, 1, Eg,, g)rz_ 2 there. This implies the second claim since r; < r;. a

4.5 Bounded curvature at bounded distance from sufficiently collapsed
and good regions

We now extend the curvature bound from Proposition 4.4 to balls of larger radii Arg. It
is crucial here that by assuming sufficient collapsedness around the basepoint (depending
on A), we don’t have to impose an assumption of the form ro < 7(w, A)4/%p as in

/2

Proposition 3.2. So the quantity Aroz, 172 can indeed be chosen arbitrarily large.
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Proposition 4.5 There is a continuous positive function 6: [0,00) — (0,00) such that
forany w, 0 >0 and 1 < A < oo there are T = T(w), p = p(w, A), w = w(w,A) >0
and K(w, A), T(w, A,0) < oo such that:

Let M be a Ricci flow with surgery on the time interval [0, co) with normalized initial
conditions that is performed by §(t)—precise cutoff and let tg > T . Choose x¢ € M(ty)
and r¢ > 0 and assume that

(1) 01t <ro < /1o,
(i) xo is w—good at scale ry and time ¢,

cee — 3
(iii) voly, B(xo, to,ro) < Wry .

Then |Rm| < Kr0_2 on B = Ute[to_”g’to] B(xg,t, Arg) and there are no surgery
points on B.

In particular, if rg > p(xg,ty), then p(xg,ty) > pa/to and the curvature estimate
becomes |Rm| < K1

Proof We first set up an argument in the spirit of the proof of Corollary 3.3. Choose
€0 > 0 to be smaller than the corresponding constant in Lemma 3.11 and the constant g
in Lemma 4.3. By Proposition 2.15 there are decreasing continuous positive functions
T'eos 8501 [0, 00) = (0, 00) such thatif §(¢) < J¢,(¢) for all # € [0, c0), then every point
(x,1) € M satisfies the canonical neighborhood assumptions CNA (7 ¢, (7) Vi g0, E.n)
for any constants 0 < n <7, Eg, < E < oo. Without loss of generality, we can
assume that £ > E0,3_11(85) and 1 < n9,3.11, where E¢ 311 and 7n9,3.1; are the
constants from Lemma 3.11. Consider the constant 83 11(w’, A", 1, g9, E,n) and
assume that it depends on its parameters w’, A’ and r’ in a monotone way, ie
S311(w”, A", 1" g9, E,n) <83.11(w’, A", 1, &9, E, n) whenever w”’ <w’, A” > A’

and r” <r’. Let 844 be the constant from Proposition 4.4 and assume that, for all 7 > 0,

S(I) < min{83.ll(t % 6()(2t) eo, E, 77) Eo(t)’ 84.40)’ t_l}-

By Proposition 4.4, and for large enough 7' depending on w and 6, we have p(xg, tg) >
r1 = min{py 4(w)+/to, 1o} and |Rm| < K4,4(w)r0_2 on the nonsingular parabolic
neighborhood P (xg, ty, 1, —T4.4 (w)rlz) . In particular, this shows how the last assertion
of the proposition follows from the first one.

It remains to prove the first assertion. Consider the constants 74 4(w) and K4 4(w)
from Proposition 4.4 and set

y = y(w) = 15 min{l, 7}"2(w), K, }/*(w)}.
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Consider the universal covering flow M of M as described in Lemma 4.2 and let
To € M(to) be a lift of xq. By the choice of y we have

IRm| < (yro)™% on P(Xo,t,yroe, —(yre)?) forall ¢ €[ty — (yro)?, to]

and vol; B(Xg,t, yro) > ll—OEw (yro)? for all such . We now argue that, for sufficiently
large T, depending on w, A, we can apply Lemma 3.11(a) with M <« M, X < xo,
to <t elto—(yro) tol, ro < yro, w < %Ew, A<~y 1 A+1), r < %zgo(lo),
n<1, e<¢gg and E < E. First, choose T = T (w, 4, §) large enough that 27! <
T5¢w and 37 >y~ ! (A +1). Observe that for all (x',1') € M with 1’ € [ 319,10 ] the
canonical neighborhood assumptions CNA(% re(to), €0, E, n) hold. So these canonical
neighborhood assumptions also hold for all (x’,¢") € M with ¢’ € [%to, to]. Moreover,

by the choice of T, we have

8(t") < 83.11(F5cw. ¥~ (A +1), 3rey(t0). £0. E. 1)
forall ¢’ € [%to, to]. So Lemma 3.11(a) can be applied and we conclude that for any
1 €[to — (yro)?. 0] the points in B(Xo. 1, (4 + 1)ro) C M(t) satisfy the assumptions
CNA(yp3.1170.€0. E.7n). Here p3 11 = ,‘53.11(1—105111, y N A +1),80. E.n).

Set t = t(w) = y*(w) and K = 2 max{ﬁ;zll, E?}. So, if |Rm|(x,?) > Kr0_2 for
some ¢ € [ty — ‘U’g, to] and x € B(Xy,t, (A + 1)rg), then

(4-1) |VIRm|™V2|(x, 1) < 5!

and (x, 1) is a center of a strong gg—neck or an (&g, £)—cap or the component of M (¢)
in which x lies has positive, E2—pinched sectional curvatures. In the last case we
are done, since K > E2. So assume that (x, ) is a center of a strong gy—neck or an
(&9, E)—cap.

Fix some ¢ € [to—rrg, fo]. Let a < A be maximal with the property that [Rm; | < Krg 2
on B(Xg,t,arg). If a = A, we are done, so assume a < A. By (4-1), we can conclude
(compare also with Lemma 3.5) that

4-2) IRm,| <4Kry2 on B(Ro.t,arg + nK~12rp).

By the choice of a we can find a point X; € /\71([) of time-¢ distance exactly ary from
Xo with |[Rm|(X1,1) = Kro_z. So (X1,1) is a center of an gg—neck or an (&g, E)—cap
in M(1).

Let x; € M(¢) be the projection of X;. By (4-2) and volume comparison, we can
crudely estimate that for some constant C = C(w, 4) < oo, which only depends on w
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and A, and some universal constant C’ < 0o,
(4-3) VO]tB(Xl, t, %HK_I/ZV()) < VOltB(X(), t,arg + an_l/ZV())

< C(A, K) vol; B(xo.1, £570)

< C'C(A, K) voly, B(xg, 19, ro)

<C'C(w, A)wry.
If (X1,1) is a center of an gg—neck, then we obtain a contradiction using Lemma 4.3
assuming w is chosen small enough that C'C(w, A)w < w0(§n1<—1/2)3 (here g is
the constant from Lemma 4.3). So assume for the rest of the proof that (X, ¢) is a center
of an (g9, E)—cap U C M(r). Let K C U be a compact subset such that ¥; € K and
U\ K is an gg—neck and let y € U be a center of this neck. By Definition 2.8 we have
y_2r0_2 < E_ZKrO_2 <|Rm| < EZKVO_Z on U. So Xy €U and hence the minimizing
geodesic segment between X and X; passes through the whole gg—neck U \ K. So
for sufficiently small g¢ we have dist; (X, ¥) < dist;(Xg, X1) = arg. In particular, for
the projection y of y we find B(y, t, %nE‘1 K_l/zro) C B(xo, t,arg+ %nK_l/zro).
Now again, using Lemma 4.3 and (4-3), we conclude

To(AnET K™12)%r3 <vol, B(y, 1, \nET K™ V21g) < C'C(w, A)iwrd.
This yields a contradiction for sufficiently small w, depending on w and 4.

It remains to show that there are no surgery points on B. To see this, observe that
[Rm| < K9_2l_1 on B, but by (3-6) we have
IRm|(x,1) > /§2(0) ' = /§2(3T) 15 ' = L/ T?r g2

at every surgery point (x,7) € M for some universal ¢’ > 0. So choosing T large
enough, depending on w, A and 6, yields the desired result. a

4.6 Curvature control at points that are good relative to regions whose
boundary is geometrically controlled

Next, we generalize Proposition 4.4 to points that are good relative to some open set U .
In order to do this, we need to assume that the metric around the boundary of U is
sufficiently controlled on a time interval of uniform size.

Proposition 4.6 There is a continuous positive function §: [0,00) — (0,00) such that,

for any w, 6 > 0 there are « = a(w) > 0 and K = K(w), T = T(w,0) < oo such
that:
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Let M be a Ricci flow with surgery on the time interval [0, c0) with normalized initial
conditions that is performed by §(t)—precise cutoff and let ty > T . Let 0 < ro < \/to
and consider a sub-Ricci flow with surgery U C M (see Definition 2.5) on the time
interval [ty — rg, to], whose time slices U(t) are closed subsets of M(t). Finally, let
xo € U(ty) be a point and assume that

(i) 019 <ro < /1o,

(ii) forall x € dU(typ), the parabo]ic neighborhood P(x, ty, 2rg, —rg) is nonsingular
and we have [Rm| <r 2 there,

(ili) x¢ is w—good at scale r( relative to the interior of U(ty) at time t.

Then the parabolic neighborhood P (xy,ty,aFro, — r2) is nonsingular and we have
IRm| < Kry? there.

Proof The idea of the proof will be to apply Proposition 3.2 to the universal covering
flow U of U (see Lemma 4.2). So our main task will be to verify assumptions (i) and
(ii) of that proposition. Besides that, the proof essentially follows along the lines of the
proof of Proposition 4.4.

We first choose the function §(¢). Let gg > 0 be the constant from Proposition 3.2 and
consider the constants E,,  and the functions 8¢, (¢), r ¢, (¢) from Proposition 2.15. So
if 6(t) <8g,(¢) forall # > O,_then M satisfies the canonical neighborhood assumptions
CNA(reg, (1)V/1, €0, Eey» 7). Without loss of generality, we assume that r, () — 0 as
t — oo. Similarly to in the proof of Proposition 4.4 or Corollary 3.3, we assume that

(4-4) 8(t) <min{83.2(3re,(20), 17" 1, Ey.1.0), 8ey (1), 17, 1},

where §3 5 is the constant in Proposition 3.2, which we assume to satisfy the before-
mentioned monotonicity property. Furthermore, we assume that 7 = T'(w, 0) is large

enough that 27! < 2w and such that 1., () < 109 min{l, E 1 g0} forall t > 1 T

We now present the main argument. By assumption (ii), we can consider the case in
which B(xg, to, ro) C U(ty). Our goal will be to apply Proposition 3.2 in the universal
covering flow UofU (see Lemma 4.2) at a lift (Xg,19) € U (to) of (xo,1%) € U(ty).
We first check that all points (x, ) € U with ¢ € [to — % 3, to] satisfy the canonical
neighborhood assumptions CNA( reo(t0) /70, €0, Eg, 1 ) To do this, consider first
apoint (x,1) e U C M with t € [lo — 2r0,to] C [ 10, to]. By the previous conclu-
sion, (x,1) satisfies the desired canonical neighborhood assumptions in M. We now
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argue that (x,?) satisfies those canonical neighborhood assumptions also in U . If
IRm|~Y/2(x, ) > 11, (t0) /7o, then there is nothing to show. So assume that

@5)  [Rm|7V2(x,0) < Jrey(t0)Vio < 550 min{l, El s0} /7o
Em(maX{l,E‘go,Q,So_l})

(the second inequality holds by the choice of 7). Then, in particular, [Rm|(x,?) > rg’ 2
which implies by assumption (ii) that (x,1) & P(x’, 19, 2ro, —rg) for all x" € dU(1o)
and hence B(x., £5r0) C U(t) (recall from Definition 2.5 that the boundary dU (') is
constant in time). The point (x,?) is a center of a strong eo—neck or an (g9, E¢,)—cap
in M. The time-¢ slice of this strong eo—neck or (g9, E¢,)—cap is contained in the
ball (compare with (4-5))

B(x t, max{E80,2801}|Rm|_1/2(x t)) C B(x t, 1Oro) cU@).

Moreover, if (x,?) is the center of a strong gg—neck, then parabolic domain of this
strong neck can be chosen such that its initial time is larger than 7 — 2|Rm|~!(x,7) >
to — ;rg — %"o >t — rg So (x,t) in fact satisfies the canonical neighborhood
assumptions CNA( reo(t0) /70, €0, Ee s 1 ) in U . It follows that all points (x,¢) € U

with ¢ € [ZO - ro , to] satisfy those canonical neighborhood assumptions in U .

Let Xo € U (to) be alift of xg € U(ty). Note that all surgeries on U in the time interval
[to — %r&, to] are performed by 5 » (% Ieo(f0), cw, 1, Egy, 1, 0) —precise cutoff (here we
have used (4-4) and 2T~ ! <Zw). So, if r; < min{p(xo, 1), %ro, r3a(cw,1, Ego,g)ro} ,
where 73, is the constant from Proposition 3.2, then the first paragraph of the assump-
tions and assumptions (iii)—(v) of Proposition 3.2 are satisfied for M <« U , to <1y,
Xo < Xo, Fo<T11, W<—cw, A<1, re%zgo(to), E<«E.,n<nandm<«0. We
will now argue that assumptions (i) and (ii) are satisfied for the right choice of ri, ie we
will show that there is a constant f = B(w) > 0 (depending only on w) such that these
assumptions hold whenever r; < min{p(xo, 1), min{%, B.r3.2(cw, 1, Eg,, 1_7)}r0}.

Consider first assumption (ii). Since B(xg, fg, 7o) C U(Zy), we have
disty, (x0,dU(t)) = ro.

Let x € B(Xy, to, ,Bro) be a point that survives until some time ¢ € [to — 1 ﬂz o to]
Then disty, (x, a0 (1)) > ro for g <3 1 and we conclude, using dlstance distortion
estimates and assumption (ii) of this proposmon, that dist; (x, U () > 20r0. So
assumption (ii) of Proposition 3.2 holds if 8 < 2_(1)0'
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Assumption (i) of Proposition 3.2 requires more work. Set Z = Z3 »(cw, 1, E¢,, 1).
Let 1,1 € [Z - lloﬂzrg, to], with #; < t,, and consider some point x € B(X, tg, ,3}’_0)
that survives until time ¢, and a space-time curve y: [{1,%,] — M with endpoint
y(t;) € B(x,t,4Brp) and that meets the boundary dU . We want to show that for a
sufficiently small choice of 8 we have L£(y) > ZBrq. Similarly to in the last paragraph,
we conclude that dist,, (x, a0 (1)) > %ro if < % and that dist,, (y (¢2), U (o)) > %ro
if B< W%O' So assume from now on that 8 < ﬁ' Now let

P = U P(x l(), V(), g)

x'€dU (t9)

be a parabolic collar neighborhood of U . Recall that P is nonsingular and |Rm| <
ro_ on P. Since dist,,(y(2), 8U(to)) > ro, we have ()/(12) 1) ¢ P and we can
find a time interval [t{, 5] C [t1,1,] such that y(1)) € 8U(t1), y([t].1,)) C P and

disty, (¥ (25). AU’ (ty) = Lyo. Then we can estimate, using the ¢~ ! —positive curvature

2,2

condition and the fact that 1, — ] < 10 o

%)
awzf,ﬁ;ﬁm«m%% W>/fﬁ;ﬂV@hW—mo

Substituting s = té —¢ and setting s7 = ) —¢] yields

2 7 / 2 1 o
[ vE=ivaga=1 7|4
1 0

2
! —sz)’ ds
to

2 |

0 > ro
32ty —1] ~ 32P

1 .. 5
> 5y dist (/(13). 7 (1) =

Thus

L) > (4050,3 _ﬁ>r°'

For sufficiently small B, depending only on w, the right-hand side is larger than Zfry.
So we have verified all assumptions of Proposition 3.2.

We can finally apply Proposition 3.2 with the parameters mentioned before and with ry =
min{p(xo. ). min{3. B.73.2(Cw, 1, Eg,.n)}ro}. We first obtain that if r; = p(xo. fo).
then r; > 73 5(cw, 1, E¢,, n) /%0, Where 73 5 is the constant from Proposition 3.2. This
implies that we always have ry > riro, where 7{ =7 (w) = mln{ ,B. 730,73 2} Let
us now assume that 7= T'(w, 0) is large enough that §(¢) < 7y 9C1,31.2(cw, 1, Egy, 1)
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for all ¢ € [319,19]. Here Cy 3., is the constant from Proposition 3.2. Then, for

all ¢ € [%to,to], we have C; 3.28(t)\/to <710/tg < F1ro < r1. So by the last part

of Proposition 3.2, the parabolic neighborhood P(Xy, %, r;. —13.2(cw, 1, Eg,, g)rlz)

is nonsingular and we have [Rm| < Ko 32(cw, 1, E¢y, n)r{ 2 there. This implies the
e~ 1)2 -

result for @ = a(w) = min{ry, 7,5 }. O

4.7 Controlled diameter growth of regions whose boundary is sufficiently
collapsed and good

In this subsection we show that if a region U in a Ricci flow with surgery has bounded
diameter at some time #{, then we can bound its curvature and diameter from above
at some slightly later time #, > ¢; if the geometry around the boundary dU satisfies
certain collapsedness and goodness assumptions. The important point is hereby that the
size of the time interval [¢1,#;] does not depend on the diameter of U at time #;. We
are able to guarantee this independence by imposing a collapsedness condition, which
depends on the diameter of U at time #; . Note that the opposite statement is most likely
wrong, namely a bound on the diameter of U at time #; does not necessarily imply a
bound on the diameter at earlier times t, < t;, even under very strong collapsedness
assumptions. For example, if we consider a parabolic rescaling of the cigar soliton,
with a very small scaling factor, then the diameter of a region around its tip contracts
arbitrarily fast under the Ricci flow. The statement of the following proposition is that,
in certain settings, diameters, however, cannot “expand too fast”.

The idea of the following proof is that, by an L£—geometry argument similar to
Lemma 3.6, we can deduce a x—noncollapsedness result where the constant k only
depends on the diameter of U at time t;. Then an argument similar to the one in
the proof of Lemma 3.11(b) will help us derive more uniform canonical neighbor-
hood assumptions on U and finally an argument similar to the one in the proof of
Proposition 4.5 will yield a curvature bound on U .

Proposition 4.7 There is a continuous positive function §: [0,00) — (0, 00) and for
every w > 0 there is a 19 = to(w) > 0 such that for all 6 > 0 and A < oo there are con-
stants k = k(w,A), p=p(w,A), w=w(w,A4) >0 and K = K(w,A), A’ = A" (w, A),
T =T (w,A,0) < oo such that:

Let M be a Ricci flow with surgery on the time interval [0, co) with normalized initial
conditions that is performed by §(t)—precise cutoff and let ty > T. Let t € (0, 7¢]
and rg > 0, and consider a sub-Ricci flow with surgery U C M on the time interval
[to — ‘U’g, to]. Let xo € U(#y) be a point that survives until time ty — rrg . Assume that
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(i) 01t <ro =< 1o,
(i) xo is w—good at scale ry and time ¢,

3
0°

(iv) 0U(t) C B(xo.t, Aro) forall 1 € [tg—trd. 1],
(v) Uty — rrg) C B(xg,ty— rrg, Argp).

(iii) vols, B(xq. 1o, 70) < Wr,

Consider the universal covering flow M of M, as described in Lemma 4.2, and let
U C M be the sub-Ricci flow with surgery for which U(t) € M(1) is the preimage of
U(t) under the universal covering projection 1;: M(t) > M(t) forall € [to—T r(f, to].
Then:

(a) Forallt ety — ‘L'l’g,
in M.

(b) There are universal constants > 0, E < oo and 0 < ¢ <&y (where &g is the

to] all points of U (t) are k —noncollapsed on scales < rg

constant from Lemma 4.3), which don’t depend on w, 8, A or M, such that for
every t € [ty — rrg, to] the points in U(1) satisfy the canonical neighborhood
assumptions CNA(pro, €, E, n) in M.

(c) There are no surgery points in U , ie the Ricci flow with surgery U is nonsingular
and we can write U = U(to) x [to — tr¢ . 1], and we have |Rm| < Kry% on
Ulto) x [to — Trg . fo].

(d) U(t) C B(xo.t, A'ro) forall t € [tg—trd. to).

Proof Let ¢ =min{€y, g0,3.3}, Where &g 3.g is the constant from Lemma 3.8. Consider
the functions §,(¢) and r.(¢) and the constants E and n from Proposition 2.15 and the
function 84.5(¢) from Proposition 4.5. Without loss of éenerality, we may assume that
re(t) — 0 as t — oo. Furthermore, let &y be the constant from Claim 1 and §*(A, r, 1)
the function from Claim 2 in the proof of Lemma 3.6. We can assume without loss of
generality that §* is monotone in the sense that §*(A’,r’, n) < §*(A, r,n) whenever
A’ > A and ' <r. Assume now that, for all 7 > 0,

8(t) < min{8* (1, §re(20),n), 8:(t), 84.5(0), 17" re(21), 8o, £71/2).

We note that then, by Proposition 2.15, the flows M and M satisfy the canonical
neighborhood assumptions CNA(r¢(¢)v/1, &, E,, 1) at any time 7.

Set 7o(w) =min{3 74 5(w), 1} and assume W < Wy 5(w,24) and T > Ty 5(w, 24, 6),
where t4 5, Wy4.5 and T4 5 are the constants from Proposition 4.5. Then, by Proposition
4.5, there is a constant 0 < v/ = 7/(w, A) < to(w) such that the parabolic neighborhood
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P(xg,ty— rrg, Arg, —1 r2) is nonsingular and
(4-6) IRm| < K} (w, A)rg? on P(xq,to— 11, Arg, —7'rd)

and such that the distance distortion on P(xq, tg — rrg, Arg, —1' rg) can be controlled
by a factor of 2, ie U(t) C B(xg,t,2Arg) forall t € [tg — (t + r/)rg, to — rrg] (note
that since the previous parabolic neighborhood is nonsingular, we can extend U to the
time interval [ty — (z + 1’ )r0 ,t0]). Moreover, we obtain the bound

47  |Rm|< K} (w, A)ry* on B= g B(xg.1,2A4rg)
te[to—(r+r’)r§,t0]
and we can assume that there are no surgery points in B.

Proof of assertion (a) We follow a modified version of the proof of Lemma 3.6. Let
t1 €lto— rro,to] X1 € U(tl) CM(ZI) and 0 <ry <rg besuchthat P(Xy,t;,rq,—r )C
M is nonsingular and |Rm| < r 2on P(X1.t1,11, -, 2y,

We first explain that, for sufficiently large 7', we can restrict ourselves to the case
ry > %Lg (1) /1] = %Le (fo)+/1o. Compare this statement with Claim 1 in the proof
of Lemma 3.6 (applied to M). As in the proof of this claim, we choose s > 0 to be
the supremum over all 0 < r; < ro that satisfy the properties above, meaning that
|[Rm| < 7% on the nonsmgular parabolic neighborhood P (X, 11,71, —r{z). Consider
first the case in which s < 5 re(t1) /11 . Then we can argue as in cases (1)—(2) of the
proof of this claim. Note that case (3) does not occur since we can assume that for large
enough T we have s < lr re(t1) /1y < 0.4/ty < ro. So it remains to consider the case
s > 1re(t1)/fi. We can then replace rq by some r] € (3r¢(11)+/f1.s). If we can
prove the assertion for r; replaced by rl , then, by Volume comparison, the assertion
also holds for the original r; after reducing x by some uniform factor.

Let x; € M(t;) be the projection of X;. Consider the functions L and L and the
family of domains D; on M based in (xy,?;) (see the proof of Lemma 3.6 for more
details). Our first goal will be to show that L (xo. o — (z + 37’ )rg) < Csro for some
universal C3 = C3(w, 4, 7) < co. An important tool will hereby be the following
claim, which is analogous to Claim 2 in the proof of Lemma 3.6:

Claim For any A < oo thereisa T* = T*(A) < oo such that Whenever to>T%,

then the following holds: If t € [to— (t + T/)rg.11), x € M(t), r1 > ¢ s(lo)\/% and
L(x,t) < Arg, then x € Dy and (x,t) is not a surgery point. Even more generally,
there is a minimizing £—geodesic between (x1,t;) and (x,t) and any such minimizing
L—geodesic does not meet surgery points.

Geometry & Topology, Volume 22 (2018)



834 Richard H Bamler

Proof This follows by the choice of § in (4-7) along with Claim 2 in the proof of
Lemma 3.6 (applied to M) for T*(A) = A. O

In contrast to the proof of Lemma 3.6, we don’t need to localize the function L.So
we will only make use of the inequality

(4-8) (50— A)E(x.1) 2 =6,

which holds on Dy in the barrier sense (cf [9, 7.1]). We will now apply a maximum
principle argument to (4-8) to show that the following holds: infy; () L(-,1)<6(t;—1)
forall z € [lo—rrg, t1) orthereisat € [lo—rrg, 11) such that infy gy L(-,1)<6(t;—1).
Assume that neither of these cases occurs. Since L(xq,) ~ const(t; —1)% as t — 4,
there is some ¢’ € [to—frg, t1) that infy(y L(-, ) <6(ty—t) forall £ €[¢/, ;). Choose
v > 0 small enough that infyg () L(-,t)> (64 v)(t; —1) forall ¢ €[ty — trg, t'] and
choose 1* €[ty — rrg, t'] minimal with the property that infy;y L( -, ) < (6+v) (¢ —1)
for all ¢ € (t*,1;). We argue that then also

(4-9) (i]r(lf)l_,(-,l) <(64+v)(t; —1) forall t e[t*, 1).
t

Choose t*" € (t*, t1) such that there is no surgery time in (¢*,¢*']. So M restricted
to [¢*,1*'] is a nonsingular Ricci flow and hence L is continuous on this restriction
(see for example [7, Lemma 78.3(2)]). It follows that infy () Z( -, t) is continuous on
[t*,1*'], proving (4-9).

So L(-,t*) attains its minimum at an interior point x* € U(¢*). This implies that
AL(x*,t*)>0. Since L(x*,t*) < (6 + v)(t; —t*), we have

L(X*,f*) <(B4+v)t; —t* <dry.

Hence by the claim, assuming 7" > T*(4), we conclude x* € D;+ and (x*,7*) isnota
surgery point. By the assumption on #*, we must then have * =ty—1 rg or L(x*,t*)=
(6+v)(t; —t*) and OL(x*,t*)/dt < —6— v, which, however, contradicts (4-8). So
infy () L(-,t) <(64v)(t; —t) holds for all v>0 and # € [t —rrg, t1) and, by letting
v go to zero, we obtain a contradiction.

Consider now the case in which there is a ¢ € [tg — rrg, 11) such that infyg; () L(-,1)<
6(ty —t). Let x € dU(¢) such that L(x,?) <6(t;—1t),ie L(x,t) <3/f; —1 <3r¢. By
concatenating an £—geodesic between (x1,?;) and (x,¢) with a constant space-time
curve on the time interval [tg — rrg, t], we conclude, using (4-7), assumption (iv) and
the fact that T <79 <1,
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t
L(x,to—trd) < L(x,t) + CIK’I"ro_zf Vi —t'dt’' <3rg+ C1 K ro.
to—trg

Here C; < o0 is a universal constant. Thus, in both cases (ie in the case in which the
infimum of L can be controlled on the boundary of U as well as in the case in which
it can be controlled everywhere on U ), we can find some point y € U(ty — rrg) such
that L(y,ty — rrg) < Cyrg for some constant C, = Co(w, A) < co. Observe that
by (v) we have y € B(x, 1y — rrg, Arg). So by extending an L£—geodesic between
(x1,%1) and (y, 19 — rrg) by a time- (fp—t rg) geodesic segment, we can conclude,
using (4-6), that there is a constant C3 = C3(w, 4,1") = C3(w, A) < oo such that
L(X(), to— (‘L’ + %‘L’/)Vg) < Csry.

By the claim, assuming 7 > T*(C3), we find that there is a smooth minimizing
L—geodesic y between (xq,#;) and (xo, to — (‘L’ + %r/ )r&) that does not hit any
surgery points. We now lift y to an L£-—geodesic ¥ in M starting from (X1, ?;)
and going backwards in time. If there are no surgery times on the time interval
[lo — (‘[ + %r/ ) rg, H ] , then this is trivial. If there are, then let 77 be the last surgery time
that is < ¢#; and lift y on the time interval [T*, ¢1] to M(T"). Note that y(T*) € U},
so we can use the diffeomorphism @' from Definition 2.1 to determine the limit
lim, »pi ¥ (¢). Starting from this limit point, we can lift y on the interval [Ti=1, T
or [to— (r + %r’)ré), T') and continue the process until we reach time o — (r + %r’)ré .
Let Xo = )7([0 —(t+ %f’)ré) € /\7!(10 —(t+ %r’)rg) be the initial point of 7. Then
Xo is alift of x( and, by (4-7) and assumption (ii), there is a v = v{(w) > 0 such that

= 2 3
Vol ety B(Xo.10 — (v + T')ry, ro) > vyrgy.

We consider now the functions L™ and £ , the domains Dfﬁ and the reduced volume
VM(t) in M based in (X1.1). By concatenating ¥ with time- (to—(r—k%r’)roz)
geodesic segments, we conclude, using the curvature bound in (4-7), that there is some
C4 = C4(w, A) < 00 such that

Lﬂ(x, to—(t+1)rd) < Cyrg forall x € B(Fo, 10— (z +7)rg, ro).
Again, using the claim and assuming 7' > T*(Cy), we conclude that

B(Fo.to—(t+ )8 r) C DN Lo

So, together with the inequality #; — (fo — (t + T/)r§) = %r/ rg, this implies that there
is some v, = vy (w, A) > 0 such that

Mty — (r + 7)r2) > vs.
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This implies the noncollapsedness in (X1,#;) as in the end of the proof of Lemma 3.6
(see also [9, 7.3; 7, Theorem 26.2; 1, Lemma 4.2.3]).

Proof of assertion (b) The proof of this part follows along the lines of the proof of
Lemma 3.11(a). The main difference is, however, that instead of invoking Lemma 3.6
for the noncollapsing statement, we make use of assertion (a) of this proposition.

Observe that by (4-7), (ii) and basic volume comparison, we can choose k =k (w, A) >0
such that the xk—noncollapsedness from (a) even holds for all ¢ € [tg — (t + T’ )roz, to].

Let w and A be given and let £ = max{E,, E33(¢)} and n = min{n, 3 s}, where
E. and 7 are the constants from Proposition 2.15 and E3 g(g), n3.g are the constants
from Lemma 3.8.

1/2 e there

Assume first that the statement is false for some small 0 < p < (K})~
is a time ¢ € [ty — rrg, tp] and a point X € U(¢) such that (x, t) does not satisfy
the canonical neighborhood assumptions CNA(prg, &, E, ) in M. In particular,

~ ~2 -2
|IRm[(X,7) = p~“ry .

We now use a point picking argument to find a time 7 € [fo—t rg, to] and a point X € U (7)
that also doesn’t satisfy the canonical neighborhood assumptions CNA(prg, &, E, n) in
M and that additionally satisfies the following condition: Set § = |Rm|~/2(X, 1) < pro.
Then for any ¢’ € [to — (t + ')r§. 1], all pomts in U (') satisfy the canonical neigh-
borhood assumptions CNA(zq, & E, 17) in M. The point (X,7) can be obtained as
follows: First set (X,7) = (%,7) and § = [Rm|~Y/2(X,7) < pro. If (X,7) satisfies the
desired properties, then we stop. Otherwise, we find another time ¢’ € [fo— (7 + 7’ )r , 1]
and point X’ € U(#’) such that (X’,7") does not satisfy the canonical neighborhood
assumptions CNA( 59,8 E, r)) in M. Since we have assumed that 72> KT, *, and
due to (4-7), we actually have 7’ € [ty — rro , to]. We can now replace (X,7) by (x )
and repeat the process. This process has to come to a close, since in every step we
decrease ¢ by a factor of 2 and M satisﬁes the canonical neighborhood assumptions
CNA( re(to) V1o, €, Ee, ) n [0 — Trg.fo]. So we obtain (X,7) with the desired
properties. We furthermore conclude from (4-7) that

(4-10) dist; (X, 0U (7)) > 2Ar.

We now assume that there are no uniform constants o and 7' such that assertion
(b) holds. Then, for some given w and A, we can find a sequence p% — 0 and a
sequence of counterexamples MY, U t"‘, r(‘)", %, 0% and xg‘ with tg‘ — o0 and
1§ > Tay(w, 4,0%) (here Ty is the constant for which assertion (a) holds) such that
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there are times % € [1§ —t%(rg )2, t] and points X% € U® (%) that do not satisfy the
canonical neighborhood assumptions CNA(p*r ¢, &, E, 1) in M. By the last paragraph,
we find times 7% € [t§ —t*(r&)?, 1] and points X* € U (i) such that (¥%,7%) does
not satisfy the canonical neighborhood assumptions CNA(¢%, ¢, E,n) in M with
7% = [Rm|~V/2(x*,7%) < p%rg, but for any ¢’ € [1* — (% + /) (rg)?, ], all points
in U () satisfy the canonical neighborhood assumptions CNA(%@“, e E, r)) in M.

Recall that by Proposition 2.15 we must have

7% > 1) ()2 = 1r (3 )2

Let (x’,#') € M® be a surgery point with ¢’ € [1& —7%(r&)?, 12]. Then, as in (3-6), we
have, by the choice of §,

@-11) Rm|(x", ") >§72(¢) ' = t'r 2 Q0) = 318 2 () = 1 (6> (@) 2

and hence (g%)?|Rm|(x’,?’) > c’(t“‘)2 — 00. So, as in the proof of Lemma 3.11(a),
we conclude, using Lemma 3.5, that there is a constant ¢ > 0 such that for large
o the parabolic neighborhood P (X%, 7%, cq%, —c(g®)?) is nonsingular and we have
|IRm| < 8(g%) ™2 there.

Again, as in the proof of Lemma 3.11(a), we choose 7, > 0 maximal with the property
that 7% — 7 (g%)? = t& — (t* 4+ v')(r$)?* and such that the point (X%, 7*) survives until
time 7% — ¢} (7%)%. After passing to a subsequence, we may assume that the limit
15 =limg— 0 75 €[0, 00] exists. By the conclusion in the previous paragraph, we must
have t% > ¢ > 0. Recall that by (4-10) we have dist« (X%, 8(7“(1_"‘)) >2Ar§ . By (4-7)
and a distance distortion estimate in B, we obtain that dist; (X%, dU*(¢)) > brg for all
t e[t*—1}(q%)?, 1*] and some b = b(w, A) > 0 (actually we can choose b = b(w) > 0).
So for every a < oo we have dist; (dU (1), X%) > ag® for all ¢ € [1% — ¥ (g%)?. 1%
whenever « is sufficiently large.

So by assertion (a) of this proposition and the choice of (X%, %), there is a uniform
constant ¥ > 0 such that: For all ¢ < oo and for sufficiently large « (depending on a)
we have that for all # € [{* — 7}(g%)?,7%] the points in the ball B(X%,1,ag®) are

«—noncollapsed on scales < ry and satisfy the canonical neighborhood assumptions
CNA( q%. ¢, E, 17) Therefore, we can follow the reasoning of the proof of Lemma
3.11(a) and apply Lemma 3.10 to the flows M restricted to [/* — 7% (g%)?, 7] and
parabolically rescaled by (7%)~!. We conclude that, after passing to a subsequence,
we have convergence to a nonsingular Ricci flow on the time interval (—tZ,, 0], which

*%

has bounded curvature. So there is a K < oo such that for all 0 < ** < 73,
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and for large « (depending on T**) we have (7%)?[Rm|(xX%,1) < K3 for all ¢ €
[f% — r**(g%)?, *]. Using Lemma 3.5 and (4-11), we can find a constant ¢” > 0 such
that for large « the point (X%, 7%) survives until time 7% — (¢** + 2¢”)(7%)? and we
have (g%)*|Rm|(X%, 1) <2K3 forall 1 € [f* — (t** +2¢") (%)% 1*]. If t, < o0, we
may choose 1% —¢” < t** < t%, and conclude that for large o the point (X%, 7%)
survives until time 7% — (¢, + ¢”)(7%)* and we have (g%)*|Rm|(X%,¢) < 2K for all
t€i*—(z% + ") (@%)?, i*]. Since for large o

= (0 + @ 21— T 0 = (el + NP > 1§ — (2 + T,

this gives us a contradiction to the choice of the 7. So t, = oo and again Lemma 3.10
yields that the pointed Ricci flows with surgery (M, (X%, %)) subconverge to a x—
solution after parabolically rescaling by (g%)~!. Using Lemma 3.8, this yields a
contradiction to the assumption that the points (X%, 7%) don’t satisfy the canonical
neighborhood assumptions CNA(g%, ¢, E, n).

Proof of assertion (c) The proof is similar to the proof of Proposition 4.5. However,
instead of using Lemma 3.11(a), we will invoke the canonical neighborhood assumptions
from assertion (b), which are independent of the distance to xy. Choose E and 7
according to assertion (b) and set K = max{p~?(w, A), E?K}(w, A), E*}. In the
following we may assume without loss of generality that 4 > 10.

Note first that by (4-7) we have |Rm| < Kr 2 on U(ty — fr(f). Consider a time
1 €[to— rr(;", to] with the property that U restricted to [tg — rré, t1] is nonsingular
and for which

(4-12) IRm| <2Kry? on U(¢) forall t €[ty —trd, 1]
We will then show that we actually have
(4-13) IRm| < Krg? on U(¢) forall t € [tg—1rd, 1]

if w is chosen small enough depending on w and A. This fact and the observation
that for every surgery point (x’,¢") we have

Rm|(x",1") > /§72(t) '~ = ¢ = '0%19 152
will then imply assertion (c) for sufficiently large 7', depending on K and 6.

So assume that U restricted to [ty — rrg, t1] is nonsingular and that (4-12) holds. It
suffices to prove the curvature bound in (4-13) for ¢ = ¢;, because otherwise we may
replace 7 by ¢. Assume that there was a point x; € U(ty) with |[Rm|(xy, ) > Kry 2.
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Then x1 € B(xg, t1,2Arg) by (4-7). So by assumption (iv) we have
(4-14) dist, (x1,0U(t1)) > Ary.

Using (4-12), the distance distortion estimates from Lemma 3.4(a) and assumption (v)
we conclude that

disty, (x1, AU (1)) < e*EKro (1=10+7r3) gy 261, 0U(tg — 1)) < €K%0 241,

to—1r,

So
(4-15) dist;, (xg.,x1) < (24e*E™ 4+ A)rg.

Let X; € ﬁ(tl) - /\71(11) be a lift of x;. By assertion (b) we know that (Xi,?#)
satisfies the canonical neighborhood assumptions CNA(prg, €9, E, n) in M. Since
IRm|(¥1,#1) > Kry2 > (pro)~2, the point (%1, ) has a canonical neighborhood in M.
Note that [Rm|(Xy,71) = Kry > = E2Kry? and by (4-7) we have |Rm|(Xo, 1) <
Kfro_2 for any lift of Xy in M(t;). So the very last case in Definition 2.14 (the
canonical neighborhood assumptions) cannot occur. Therefore, (X1, #1) is the center of
an e-neck or an (g, E)—cap. In the first case set X, = X; and in the second case let
%, € M(t;) be the center of an e—neck that bounds this cap. So in either case (X;, 1)
is the center of an e—neck in M(z;) and

disty, (F1, %2) < E[Rm|™"/2(%,, 1) < EK~"/?rg <1,
E2Kry? < [Rm|(%a, 1) < 2Kry 2.

(For the last inequality, we have used (4-12) and the fact that X, € U (t1), which follows
from (4-14), assuming without loss of generality that A > 1.) Let x, € M(¢;) be the
projection of X,. We can then apply Lemma 4.3 and conclude that

(4-16) voly, B(x2, A K™V 2rg) > @o - LK™3/21.
Next, note that by (4-15) and the conclusion in the previous paragraph we have
(4-17) dist;, (xq. X2) < (24e*K70 4+ A 4 1)r,.

Also, using (4-14) and assuming without loss of generality that A > 2, we find that
B(xz, t1, %K‘l/zro) C U(ty). Observe that by (iv) any minimizing geodesic in M (¢)
connecting xo with a point in U(¢1) is contained in B(xg, t1,2A4rg) UU(¢1) and recall
that by (4-7) and (4-12) we have

(4-18) IRm| <2Kry? on B(xog,t,2A4r0) UU(t).
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Lastly, by (4-7) and distance and volume distortion estimates, there are uniform con-
stants 0 < 8 = B(w, 4) <1 and C; = Cy(w, A) < oo, which only depend on w
and A, such that

(4—19) VOltl B(X(), t, ﬂr()) < C1 VOltOB(.X(), to, V()).

We now apply volume comparison to deduce a lower bound on vol;, B(xg, 1, Br¢). To
do this, observe that, due to assumption (iv), every minimizing geodesic that connects
Xxo with a point in U(#;) has to lie within B(xg, t1,2Arg)UU(¢1). Moreover, by (4-17),

B(x2,t1, 1 K71219) € B(xo, 11, 2A4e* K™ 4 A+ 2)r).

So, using the curvature bound (4-18), volume comparison along minimizing geodesics
between xo and points in B(x,t;, 1K ~1/214) and, using (4-16), we find

ca(w, A)B?
(24e4K70 + 4 +2)3

> cp(w, A)es(w, A)wg - %K_yzrg.

voly, B(xo, t1, Bro) > Vol,IB(xz,tl, %K_l/zro)

Here ¢y = c3(w, A), ¢c3 = c3(w, A) > 0 are uniform constants, which only depend on
w and A4. Together with (4-19) and assumption (iii), this yields

cr(w, A)es(w, Ao - LK (w, A)rg < Cr(w, A)wrg.
So for small enough w, depending only on w and A, we obtain a contradiction.

Thus with this choice of w, the bound (4-12) does indeed imply the bound (4-13). As
mentioned before, this implication proves the desired result.

Proof of assertion (d) Assertion (d) follows from assertion (c) by a distance distortion
estimate or from (4-15) in the previous proof. O

4.8 Curvature control in large regions that are locally good everywhere

We will now show that if we only have local goodness control within some distance to
some geometrically controlled region and if we can guarantee this control on a time
interval of uniform size, then we can deduce a curvature bound, which is independent
of this distance.

In this section, we will use the following notation: Let U C M be a sub-Ricci flow
with surgery of M, ¢ be a time for which U(¢) is defined and d > 0. Then we write
BY U, t,d) = B(dU(t),t,d) N U(¢) for the time-¢ d —tubular neighborhood around
dU(¢) in U(t). The parabolic neighborhood PY (dU, ¢, d, At) is defined similarly.
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Proposition 4.8 There is a continuous positive function §: [0, 00) — (0, co) such that
for every w, 8 > 0 and A < oo there are constants K = K(w,A),T(w,A4,0) < oo
such that the following holds:

Let M be a Ricci flow with surgery on the time interval [0, c0) that is performed
by §(t)—precise cutoff and whose time slices are closed and let ty > T . Consider a
sub-Ricci flow with surgery U C M on the time interval [ty — rlz, to]. Let r1,r9,b >0
be constants such that

() 0t <r 5705% to,
(i) forall x € dU(ty) we have |Rm| < Ar{? on P(x,to,r,—r}),
(iii) foreveryt € [ty — rlz, to] and x € BY(dU, t,b), the point x is locally w—good
at scale ro and time ¢ or |Rm|(x,7) < Ar[2.

Then for every t € (ty — rlz, to] and x € BY(dU, ¢, b) we have
IRm|(x, 1) < K((b—dist;(QU(t), x)) 2+ (t —to +r{) ).

Proof Let §(¢) be an arbitrary function that goes to zero as ¢ — oo. Then for
sufficiently large ¢ (depending on w, A and 6), we can use Definition 2.11(3) and
volume comparison to conclude that no surgery point of M(z) is locally w-good at
scale ro and the curvature at every surgery point satisfies [Rm| > Ar~ 2. So we can
assume in the following that there are no surgery points in the space-time neighborhood

B= |J BY0U.Lb).
te(to—ri o)
Consider the function

£ (1) = [Rm|(x, 1) ((b —dist, (U (t), X)) "2 + (t — to + rf)—l)‘1

on B. Since B is free of surgery points, we find that [Rm| and hence f is bounded
on B (by a nonuniversal constant).

In the following, we will bound the supremum H of f. Choose some (x1,#;) € B
where this supremum is attained up to a factor of 2, ie f(x,71) > %H and set
Q = rZ|Rm|(xy, ;). Observe that

(4-20) Q>f(x1,ll)>%H.

Now if H <max{2,2A4}, then we are done, assuming K > max{2,24}. So assume in
the following that H > max{2,2A}. This implies, in particular, that Q > f(x1,t;) >
%H > max{l, A} and hence by assumption (iii) that the point x is locally w-good at
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scale ro and time #;. Moreover, by assumption (ii),
4-21) (x1,t1) & P(x,t9,r1,—r%) forall x € dU(ty).
Set dy = dist;, (0U(t1),x1), a = rl_l(b —d7) and observe that
(4-22) Qa*> f(x;.t1)>1H>1 and Q(t; —to+r{)r; > > f(x1.t1) > S H.
So, for all ¢ > %(ll —1to+ r12) + 1 —r12 and x € BU(BU,I, diy + larl), we have
(4-23) |IRm|(x,1) < H((b—distt(aU(t) NP4+ —to+rH)7)

<H@a *ri24+4t —to+r3)™ N < 160r;?

For a moment fix some arbitrary x € BU(BU, t1,dy + %arl) and choose Af > 0
maximal with the property that 1; —A¢ > %(tl —to—l—r12) —|—t0—r12 and dist, (dU(¢), x) <
d;+ %arl for all ¢ € (t; — At, t1]. We will now estimate the distance distortion between
x and any point xg € dU using Lemma 3.4(b). Using (4-23) we find that for all ¢ €
[t —At,t1] we have |[Rm| < 16Qr1_ on B(x, t, %arl)ﬂU(Z) C BU(E)U,t, dy +%ar1).
Moreover, by (4-22), we have —Q 1/ 2 < %arl. By assumption (ii) and distance
distortion estimates, we can also find a uniform 0 < 8 = (4) < % such that for all
t €ty —At,tq] and all y € dU(¢) we have B(y,t,Br1) C B(y,t,r1) and |Rm| <
,8_2;’1_2 on B(y,t,Bry). So, forall ¢ € [t; — At, 1], we have
|Rm| < (mln{ o 1/2 ,3}) < on B(xop,t, ,Brl)UB(x t, mm{ o 1/2 ﬂ}rl)

and thus Lemma 3.4(b) yields

jdlstt(xo,x)> —C (min{g 0~ 172 B} ! i

for some universal constant C < oo. This implies that for all ¢ € [t; — At, t1] we have
dist; (xg, x) < ds, (x0,x) + C(min{%Q_l/z, ﬁ})_lrl_l(tl —1)
for all ¢ € [t; — At, t;]. Letting x¢ vary over oU yields
dist, (QU(t), x) < dq + ar1 + C(mm{ o~ 1/2 ,3}) 1(t1 —1).
So, by the definition of A¢ and using (4-22) and (4-20), we obtain (recall Q > %H >1)
Lar,
C(min{3 01124}

1/2
> ¢ min{a Q™% af, HO™! }”1
>cmin{Hl/zQ_l,Hl/zQ_l/2,HQ_I}rlz=CHI/2Q_1”12

Athin{ 1,%(z1—z0+r12)}
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for some universal ¢’ > 0 and some ¢ =c(A) > 0. Note that x € BY (3U, 11, dy + gary)
was chosen arbitrarily. So by the choice of Az, we find that for any such x and any
t et —cH1/2Q_1r12,tl] we have

(4-24) dist; (U (¢),x) < d; + %arl <d]+ %arl.
Moreover, by (4-23), we conclude that
IRm| < 16Qr7% on P'= PY(3U, 4, dy + Lar,,—cH'>Q7'r}).
So, in particular, P’ does not contain surgery points. Moreover, by (4-24), we have
P C U BY(0U.t,dy + Lary).
telti—cHY/2Q-1r2 1]

By the ¢~ —positivity of the curvature on M, we have sec > —F(er_zto)er_2 on P/,
where F: [0, 00) — [0, 00) is a decreasing function that goes to zero on the open end.
Since F(er_zto) < F(4Q) < F(H), we have the bound sec > —F(H)er_2 on P’.
Next, using (4-21) and using the constant 0 < 8 = 8(A) < | from before, we get that
dist;, (OU(t1), x1) > Bry. Then
P(xl,tl,min{ﬂ, %a}rl,—cHl/zQ_lrlz) Cc P.

Define S: (0,00) — (0,00) by S(x) = min{F_l/z(x), %xl/z, %ﬂxl/z,cl/le/“}.
Then S(x) — o0 as x — oo and we find, using (4-22) and (4-20), that

%a > %HI/ZQ_I/Z > S(H)Q_l/z,

8> %,BHI/ZQ_I/z > S(H)Q_l/z,
This yields the bound

Hl/2Q-l > SZ(H)Q_I.

sec > —S_Z(H)er_2 on P(xl,tl,S(H)Q_l/zrl,—SZ(H)Q_IVIZ).
In particular, py,(x1,11) > S(H) Q_1/2r1 (observe that S(H)Q_1/2r1 < Bri <rp).
So, by property (iii), we conclude that for r = S(H)Q~'/2r; we have
3

Voltlg(}?l,tl,r) > cwr”,

where B (X1,11,r) denotes the universal cover of the ball B(xy,t;,r). We can now

lift the flow on P(xq,1;,7, —r2) to this universal cover, rescale it parabolically by r1

and use Lemma 3.12 to obtain

0ri% = Rm|(x1,11) < Ko,3.12(Cw) 75 5 1, @w)r ™2 = Ko3.1270,3.1,8 > (H) Q7.
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Here Ko 3.12, 70,3.12 are the constants from Lemma 3.12. The last inequality implies

S?(H) < Ko3.127; 3 15 Which in turn implies that H is bounded by some universal
constant Hy = Hy(w, A) < oo. This finishes the proof. |
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