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The Dirichlet Problem
for constant mean curvature graphs in M x R

ABIGAIL FOLHA
HAROLD ROSENBERG

We study graphs of constant mean curvature H > 0 in M x R for M a Hadamard
surface, ie a complete simply connected surface with curvature bounded above by a
negative constant —a. We find necessary and sufficient conditions for the existence of
these graphs over bounded domains in M, having prescribed boundary data, possibly
infinite.

53A10; 53C42

1 Introduction

Let M be an Hadamard surface, we study graphs in M x R having constant mean
curvature with possible infinite boundary data. We consider domains €2 with piecewise
smooth boundary composed of three families {Ay}, {B;}, {C}. We suppose that
the curvature of the arcs of these families satisfy «(Ay) =2H, k(B;) = —2H and
k(Cm) = 2H . We prescribe boundary values +o0o on each Ay, —oo on each B; and
a continuous function on {Cy,}. The purpose of this paper is to find a smooth function
u: 2 — R, whose graph has constant mean curvature H and boundary data as above.
This will be called the Dirichlet Problem (see Definition 2.5).

In Theorems 2.8 and 2.9 we give necessary and sufficient conditions to solve the
Dirichlet Problem. They depend on the geometry of the domain. Roughly, they relate
the length of the sides {Ay}, {B;}, the curvature H and the length and area of inscribed
polygons (see Definition 2.6).

H Jenkins and J Serrin [7] studied this problem for domains contained in R? and the
curvature i = 0. They gave necessary and sufficient conditions for the existence of a
solution on this domain in terms of the length of the boundary arcs of the domain and of
inscribed polygons. J Spruck [16] worked in domains in R? and mean curvature H > 0;
an important idea introduced in this work was to reflect curves of the family {B;} in
order to get convex curves, with respect to the domain. In this work, we give some
conditions which assure the existence of curves B l* such that the domain bounded by
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B[ U By is convex, and this will enable us to consider a convex domain, changing By
by Bl*; see Section 6. On the other hand, we construct barriers and subsolutions in
order to find a graph having constant mean curvature H and finite continuous boundary
values over the domain £2; see Section 4.

Many authors have studied this problem. Consider H = 0. H Rosenberg considered
the case when M is the sphere [14]. B Nelli and H Rosenberg [11] worked in the
case where M is hyperbolic space. A Pinheiro [12] obtained a similar result for
geodesically convex domains. For hyperbolic space, P Collin and H Rosenberg [1],
L Mazet, M Rodriguez and H Rosenberg [10] studied this question for ideal domains.
Finally, J Gdlvez and H Rosenberg [3] considered M a surface with negative sectional
curvature and solved this problem for unbounded domains. When H # 0, L Hauswirth,
H Rosenberg and J Spruck studied the cases when M is hyperbolic space and the
sphere [5]. A Folha and S Melo generalized this for unbounded domains in hyperbolic
space [2].

The paper is organized as follows. The main Theorems are stated in Section 2. In
Section 3 we give some definitions and preliminary results, we construct the barriers
necessary to assure the continuity of a solution at the boundary. In Section 4 we give
conditions for existence of a solution with continuous bounded boundary values in
a domain 2 C M. We study Flux Formulas in Section 5, which are the necessary
conditions for the existence of a solution to the Dirichlet Problem. In Section 6 we
discuss the existence of a curve B* as in the definition of admissible domain; see
Definition 2.2. We prove the existence of an embedded arc joining any two points p, g
of M, p # ¢, of constant curvature k, 0 < k < 4/a. Finally, in Section 7 we prove
Theorems 2.8 and 2.9.

We would like to thank the referee for making many useful suggestions.

2 Statements of results

We consider a simply connected domain 2 € M, M is a Hadamard surface. We will
give necessary and sufficient conditions for the existence of constant mean curvature
graphs in 2 x R with possible infinite boundary values. These conditions depend on
the geometry of the domain €2, roughly, they involve the area of €2 and the length of
its boundary. We give some definitions in order to state the theorems.

Given a function u: Q2 — R the graph of u, S = {(p,u(p)); p € M}, has constant
mean curvature H with respect to the normal pointing up to S if u satisfies the
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equation

. Vu
(D) div| ——— 2H,
V14| Vu|?
where the divergence and gradient are calculated with respect to the metric of M. If u
satisfies this equation in a domain €2, u is called a solution of (1) in €.

Definition 2.1 Let Q2 be a simply connected bounded domain in M and /#: 2 — R a
smooth function.

(1) The function / is a subsolution in £ of (1) if

. Vh
dlv(—) >2H
V1+]| Vh]?

(2) The function /4 is a supersolution in € of (1) if

<2H

. Vh )
div| ———= | <
(\/1 + | Vh|?

Definition 2.2 (Admissible domain) A bounded domain 2 is an admissible do-
main if it is simply connected and 92 consists of three sets of C>* open arcs
{Ar}, {B1}, {Cn} and its end points, satisfying x(Ax) = 2H; k(B;) = —2H and
k(Cy) = 2H , respectively, (with respect to the interior of €2). We suppose that no two
of the arcs Ax and no two of the arcs B; have a common endpoint. In addition if the
family {B;} is nonempty, we assume that there exists a simply connected domain Q*
whose boundary is formed by replacing each arc B; by B}, where Bl* isa C? arc
joining the end points of B; having K(Bl* ) = 2H with respect to Q*. In addition, we
suppose that in  (or Q* if {B;} # @) there is a bounded subsolution of (1).

Remark 2.3 Proposition 3.2 gives the existence of a bounded subsolution of (1) for H
small enough ( H small in terms of the negative upper bound for the curvature of M).

Remark 2.4 In Section 6 we will give conditions which assure the existence of these
curves BJ.

Definition 2.5 (Dirichlet Problem) Given an admissible domain €2, the Dirichlet
Problem is to find a solution of (1) in €2 which assumes values +o00 on each Ay, —oo
on each B; and assigned continuous data on each of the arcs Cy,.

Geometry & Topology, Volume 16 (2012)
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Definition 2.6 (Admissible polygon) Let €2 be an admissible domain. We say that
‘P is an admissible polygon if P is piecewise smooth consisting of arcs of constant
curvature k = +2H , these arcs are contained in 2 or in the boundary 92 and its
vertices are among the endpoints of the families {4y}, {B;} and {Cy,}.

Definition 2.7 Given an admissible polygon, let

a(P)= > |Akl, BP)=)_ |Bil.

AP B;eP

and let /(P) be the perimeter of P, where |L| denotes the length of the curve L. We
denote Q2p the admissible domain bounded by P.

In the same spirit as H Jenkins and J Serrin [7] we obtain the following theorems.

Theorem 2.8 Let 2 be an admissible domain, with the family {C,,} nonempty. There
is a solution to the Dirichlet Problem, if and only if

) 2a(P) < I(P) +2HA(Qp).
©) 2B(P) < I(P) —2H A(Q2p),

for all admissible polygons P.
If the family {C,,} is empty we have the following theorem.

Theorem 2.9 Let Q be an admissible domain with the family {Cy,} empty. There is
a solution to the Dirichlet problem, if and only if

4) a(0R2) = B(02) +2HA(R),
and for every inscribed polygon P # 0%2,

) 20(P) < [(P) + 2HA(Qp),
©) 2B(P) < I(P) —2HA(Qp).

3 Local barriers

Let y(¢) be a complete geodesic in M with (y/(¢),y’(¢)) =1, t € R. Then

9(s.1) = expy ) (8T (V' (1), (s.1) € B2,

Geometry & Topology, Volume 16 (2012)
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is a parametrization of Ml. Where J denotes the standard rotation of /2, such that
{v, Jv}, v e T,M, is a positive base of 7,M. We note that

(05,05) =1, (05,0;)=0 and (9d;,0;) = G(s,1).
Moreover, since y is a geodesic and |y/(¢)| = 1 for all € R, we have
@) G@0,t) =1 and Gs(0,¢) =0,
where Gy is the derivative of G with respect to .
In this case the induced metric by ¢ in M, is

ds® + G(s,t) dt*.

We will deal with graphs over simply connected bounded domains, then in this work,
Q2 denotes a simply connected bounded domain contained in M.

Remark 3.1 € is not assumed to be an admissible domain.

Let © be a simply connected bounded domain in M. Since 2 is a bounded domain,
we can suppose that Q C {(s,#) € M ;s > 0}, where we identify (s,7) € R? with
@(s,t) € M. We will consider functions /#: & — R which do not depend on the
parameter ¢, that is, /(s,¢) = h(s). In this case % is a solution in Q of (1) if

2H = div(v—h) = div(ﬂ)
V1+|Vh|? V1+h?
_( hg ) +Gs hg
S \Vi+m2)s 26 Jiviz
_ hgs(V4+h2) —hgh? Gy hg(1+h2)
T (14h2)32 2G (1+ h2)3/2

_ Gghg(1 4 h3) +2Ghgs
 2G(14h2)32

’

where /g denotes the derivative of & with respect to s. In particular, / is a subsolution
of (1) in Q if

2
® Gshs (14 h5) + 2Ghss )
2G(1 + h})3/2

If hy > 0, (8) is equivalent to

Gs _ 4H(1 + h2)3/2 —2hg
G~ hs(1 4 h2)

©)
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We recall we are supposing that M has curvature bounded above by —a, a > 0.

Proposition 3.2 Let Q C {(s,7);s > 0} be a simply connected bounded domain. For
H < ./a/2, there is a subsolution of (1) in €.

Remark 3.3 The existence of bounded subsolutions and supersolutions is necessary
to show the existence of solutions in a given domain € € M. One can prove that for
each given domain 2 there is a constant d > 0, big enough, such that there are no
graphs over 2 having constant mean curvature H > d.

We will prove a lemma and then we prove the proposition above.

For a > 0, we define H(—a) = {(s,7) € R?} with the metric ds? + cosh?(\/as) dt>
the hyperbolic space having curvature —a.

A similar lemma was proved in [3] for H = 0.

Lemma 3.4 Let Q C {(s,?) € M;s > 0} be a simply connected bounded domain and

let h(s,t) = h(s) be a smooth tunction defined for s > 0. Suppose hs > 0. If h satisfies

4H(1 4 h2)3/2 = 2hy
hs(1+ h?)

then h is a subsolution in 2 of (1).

(10) < 2./atanh (J/as),

Proof The Gaussian curvature of €2 is given by

2
(11) K(s,t):—%(%) —%(%) <-a, (s,1)e,

since the Gaussian curvature of €2 is bounded above by —a.

Using the fact that, if a real function satisfies the equation

(8 (5), () (),

G (o) = z (s0).
Gy _ G
then = > Y s> s,
G G
we conclude by Equations (11) and (7) taking (N?(s) = cosh?(/as) that
Gy _ G
ES > Es =2 /atanh(y/as) VY s>0.
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Taking é(s) = cosh?(4/as) means that we compare the Gaussian Curvature of M
with that of H(—a). So if

4H(1 4 h2)3/2 = 2hy
hs(1+ h?)
then / is a subsolution in Q of (1). a

< 2./atanh (J/as),

Remark 3.5 We just need suppose that 2 C {(s,7);0 <s <sg and ty <t <11}, and
the Gaussian curvature of {(s,7);0 <s <s¢ fo <t <t} is bounded above by —a < 0.

We will prove Proposition 3.2 giving an explicit example; see Spruck [17, Example 1.8].

Proof of Proposition 3.2 We will show that there is a function /(s, t) = A(s) which
is a solution of (1) in H(—a). For G = cosh?(/as), if

- 5 -
Gshs(3+hs)+2Ghss o H < 1 (hs cosh(ﬁs)) s
2G (14 h2)3/2 cosh(y/as) \ (1 +h2)1/2

hscosh(\/as) 2H .

—————~= = —sinh(+/as) + 4,
(i ~ Ja )

so H = \/a/2, we have that 1 = (1/./a) cosh(y/as), is a solution (for A = 0) of (1)

for these equations. Then by Lemma 3.4, i = (1/+/—a) cosh(y/—as) is a subsolution

of (1)in 2. O

3.1 The distance function

Let Q2 be a simply connected bounded domain with an oriented boundary. Let d be the
distance function (with sign) to d2. Fix a point p in the interior of an arc £ C 0€2.
Let E’ a neighborhood of p in E, such that E’ is contained in the interior of E. Let
Q¢ be the largest open set of points ¢ €  which have a unique closest point s € E’. In
[9, Theorem 1] Y Li and L Nirenberg proved if E’ is C k- then the distance function
isin Ck—12(QoUdQ), for k >2, 0 <a < 1.

Letting w = h(d): Q9 — R, where 7: R — R is a smooth function, we have
: Vh(d) ) . ( " )
div| ——— ) = div| —=Vd
(\/1~|—|Vh(a?)|2 V1+ ()2
n ) > n
=(V| — ), Vd )+ ——Ad
< (\/1 + (1')? V1+ ()2
h// h/
=({———-Vd,Vd )+ ——=Ad
<(1 + (h")?)3/2 > VI+ ()2
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and then

(VR ) % i
12 d = — H(x),
(42 lv(\/1+|Vh(d)|2 G+ ?  Jizanr

where H(x) is the curvature of the level set of d passing through x € Q.

We will construct some local barriers. The function used to make the first barrier appears
in Spruck [17] under other hypothesis and the conclusion of the author is different
from our conclusion and application. The second one is in [5], where L Hauswirth,
H Rosenberg and J Spruck made this barrier for another space, but the same holds for
our case.

Lemma 3.6 Let T bea C*>* arcin 0Q, with k(p) >2H for peT andletq eT.
There is a neighborhood A C Q of g, with A =T"Un (where I C T and n is an arc
contained in 2 ), such that there is a subsolution w of (1) in AU dA with w(g) =0,
w(p) <0 for pe (AUIA) —q and w|y = —M , for M > 0 sufficiently large.

Proof Let y be a C>% arc of curvature k(y) > 2H —€,€ > 0 small, such that
y is tangent to I" at ¢, y C (M — Q) and the curvature vector of y at ¢ has the
same direction as that of T" at ¢; see Figure 1. Let d be distance function to y,

q q
r AT R
~"curves equidistantto y -

Figure 1

defined on the convex side of y in a neighborhood of ¢. We know that d is C ¢
inaset {p € M;0=<d(p) <6} for some §; > 0. Let 0 < 5, < §; be sufficiently
small so that if 0 < d(p) < §, then H(p) > 2H — 2¢. We consider the function
h(r) = (e41€/2C))(e™2¢" —1), r €[0,8] and 0 < § <85, where C > 1/A4, A >§/2
will be chosen later. By Equation (12), for w = /i(d) we have

. Vw 2(CeAC—2Cd LAC—2Cd
le( 1+ |Vw|2) = a +ez(AC—2Cd))3/2 + a +e2(AC—2Cd))1/2H(x)
eAC—2Cd e
- (1 + e2(4C—2Cd))3/2 (2C+H(x)(1 + o2(AC~ )))
eAC—2Cd

> (7 AC—2CD)3 (2C +H(x)(1 +e2(AC—2Cd)))'
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e(AC—ZCd) > e(AC—ZCB) and e(AC—ZCd) < eAC

Since , We obtain

\V4 AC—-2CS$§
div( d )z ¢ (2C + H(x)(1 4 £2(AC-2CD)y)

VI+[Vw]2) ~ (14e46)3

0 AC—2C$
> W(zc +H(x)(1 4 £2(AC72CH)y)
0 AC—2C3
> 8637(2C + (2H —2¢)(1 + eZ(AC—zc(s))).
We observe that the function
0 AC—2C3
F(A,8) = 8637(2C +(H —2¢)(1 + 62(AC—2c5)))

for C > 6 H + 6¢ satisfies F(0,0) = é(2C + (2H —2¢)2) > 2H. Then, for (4,8)
sufficiently small F(A4,8) > 2H . So, choosing 4 and § small, we have

. Vw
div| ————=]>2H,
V14 |Vwl?

that is, w is a subsolution.

Let A be the simply connected domain (decreasing § if necessary) whose boundary
is composed of a subarc of I" which contains ¢ and a subarc of the level curve
{x € Q;d(x) = §}; see Figure 2.

w(g) =0
Figure 2
Let Co = max{1/A,6H + 6¢}. For
ACy
e
M >——(e72C08 1),
2Co (e )
we can choose C > (Cj such that
C
h() = —(e 20— 1) = —M. O

2C

Geometry & Topology, Volume 16 (2012)
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Remark 3.7 Let Q C M be a domain and I' C 9Q be a C>“ arc with k(") > 2H.
Fix a point ¢ € I", and choose a small compact arc I’ C " containing ¢ and an arc n
of a geodesic circle joining the end points of T, such that the domain A bounded by
nUT is contained in €. Then, if f: dA — R is a continuous function with f(¢) =0
and f(p) >0 for p € A —{q} thereis u € C2(A)NC°(AUIA), with

. Vu
le(—) =0<2H
V1+|Vu|?

and u|ya = f . In particular, there is a supersolution w of (1) in A with w(g) =0,
w(p) >0 for p e AUIJA and w|, = M, M > 0. See Pinheiro [12, Theorem 1.2].

Lemma 3.8 Let Q2 be a domain.

() Ifnisa C** arc of 2, with 0 < k(p) < 2a < 2H, for p € n, then for any
interior point p € n, there is a neighborhood A of p in Q2Un and a supersolution
w™ of (1) such that

ow™
(@) = +00
%
for ¢ € nN 0A, where v is the outer conormal.

(i) Ifnisa C*H arc of 32, with k(p) < —2a < —2H for p € 1, then there exists
a subsolution w~ of (1) with

Jw™
dv

for ¢ € nN 0A, where v is the outer conormal.

(q) = —o0

Proof We consider h(r) = —/2r/¢. Let d be the distance function to 1, since
distance function is continuous, we can conclude for d(x) <6, 6 > 0 small that:

(i) For w™ = h(d), by Equation (12),

_ ( Vw ) € H(x)
div = +
1+ Vw2 (2ed +1)3/2 ~ (2ed + 1)1/2

1 €
< 2
= Qed+ )12 ((2ed T +6)

1
< W(Za—i—k) <2H,

for €, d small enough, which proves (i); see Figure 3.
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+
q ag)v — 400 : '?anr
v : : —
> T
U f f
: A
Figure 3
(i) For w™ = —h(d), by Equation (12),
_ ( Vw ) € H(x)
div| — ) =-— -
V1+ |[Vw|? (2ed +1)3/2 (2ed + 1)1/2

1 €
> — 2o —
= (2ed—|—1)1/2( Qed+1) T 6)

> W(Za—k) > 2H,

for € > 0,d > 0 small enough, which proves (ii); see Figure 4. |

q ow™ - o ‘ _
v v : wT
1 f f
Q f —
: %

Figure 4

3.2 Maximum principles

We state a maximum principle, which enables us to compare subsolutions, solutions
and supersolutions of (1). The proof is based on ideas of L Hauswirth, H Rosenberg
and J Spruck [5].

Theorem 3.9 (Maximum Principle) Let 2 be a simply connected bounded domain
in M, with piecewise C? boundary. Let u; and u, be functions defined in @ which
satisfy

di ( Vu1 )>2H>d ( Vu2 )
v ———] > >div| ———=

\/1+|Vu1|2 \/1+|Vu2|2
in Q. Suppose that liminf(u, —u1) > 0 for any approach to 02 with the possible
exception of a finite number of points E ={P;; i =1,...,n} C 9. Then uy > u;
on (2 UdRQ) — E with strict inequality unless u, = u .

Geometry & Topology, Volume 16 (2012)
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Proof Let M, e be positive constants, with M large and € small. We define

M —¢ ifuy —uy>M,
o =qu;—ur—€ ife<u;—u, <M,
0 ifu; —uy, <e.

We have that 0 < ¢ < M, ¢ is Lipschitz, V¢ = Vu; — Vu, in the set where
€ <uy—uy <M and Vg =0 in the set where uy —upy > M or u; —uy <e.

For each i we consider a closed geodesic ball B;(¢) centered at P; of radius € > 0
small. For each €, let Q¢ = Q—(|J; Bi(€)), i =1,...,n, we denote Q¢ =Tc UA,,
where T'e = 922 — (|; Bi(€)) and A = J;(0B;(¢) N Q).

‘We have

\Y v \Y \% \% \%
W W, W W, Wi W,

where W; = V1 4 |Vu; |2, j =1,2. Applying the divergence theorem and the hypoth-
esis ¢ =0 on I'¢, we have

\Y \Y% \Y \Y
/ <v¢,ﬂ—ﬁ>dv+[ <p(div(ﬂ)—div(£)) dv
Qe Wy W . W W,
\Y \Y

=/ diV((p(—u1 __uz)) dv

Q. 441 W,

Vul Vuz >

_ M

/aszE <p< W W

\Y% \Y \Y \Y%
=/ ¢<ﬂ_£,v>dv+/ ¢<ﬂ_£,v>dv
Ac \ W1 W, AW W,

where v is the outer conormal to the d€2,.
The term in the last equality is bounded above by
n
2M ) 1(@Bi(e)).
i=1
where /(dB) is the length of B on M. The second term in the first line is nonnegative

by hypothesis. The first term in the first line does not vanish except if Vo = Vu; —Vu,,
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and the previous lemma assures that this term is nonnegative. From this we have

n
0=< Vo, — ——=)dV <2M [(0B;(¢€)).
_/6<¢Wl W2> CTCH
When € goes to zero, Q¢ goes to Q and 2M > ;_, Vol(B;i(e€)) goes to 0. So the
conclusion is that Vu; = Vu, whenever u; > u,. This implies that u; =u,+a, a>0
in each open component of {u; > u,}. If there is any such nonempty component of this
set, then the maximum principle ensures #1 = u, + a,a > 0 in €2, but this contradicts

the hypothesis liminf(u, —u1) > 0. o

Lemma 3.10 Let A be a domain whose boundary 0A =T Un, T, n are closed sets
and T isa C*“ arc. Let u and w be functions defined in A, u € C2(A)NCY(AUn)
and w € C2(A)NCO(AUIA).

(i) Suppose

di ( Vu )>d' ( Vw )
v —— | > div| —
V 1+ |Vul? V1+|Vw|?

aw—-i-oo
v

in n, v the outer conormal to A in n. Then, if liminf(w —u) > 0 for any
approach to T, then w > u in A.

in A and

(i) Suppose

0 ( Vu )<d, ( Vuw )
| ————— ) <div| ——
V1+|Vu]? V1+|Vw|?

ow
— = 0
v
in n, v the outer conormal to A in 1. Then if liminf(w — u) < 0 for any
approach to I/, then w <u in A.

in A and

Proof (i) If liminf(w —u) > 0 in 5 then the conclusion follows from the maximum
principle. If this is not the case we consider v = w + M, so that v > u in A UJA,
now we translate v down until the first contact point, which is a point of 1 and the
conclusion is that du/dv > 4+o00; see Figure 5(left). This gives us a contradiction.

(i1) Similarly, if lim inf(w—u) <0 in 1 then the conclusion follows from the maximum
principle. If this is not the case we consider v = w — M , so that v <u in AUJA, now
we translate v up until the first contact point, which is a point of 1 and the conclusion
is that du/dv < —oo; see Figure 5(right). This gives us a contradiction. o

Geometry & Topology, Volume 16 (2012)
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r N n ot

Figure 5
The proof of the following lemma uses Lemma 3.10 and the barriers of Lemma 3.8.

Lemma 3.11 Let u be a solution of (1) in a bounded domain 2 C M and let I' C 02
be a compact arc. Suppose m < u < M on I'. Then there is a constant ¢ which
depends only on Q such that for any compact C*® subarc T/ C T,

(i) if k(I'") > —2H, there is a neighborhood A of T’ in D such that u < M + ¢
in A,

(ii) if k(I'") > 2 H with strict inequality except for isolated points, there is a neigh-
borhood A of T in D such that u > m —c¢ in A.

Proof (i) Let I'” be an interior arc of T" sufficiently small so that the arc n joining
its end points satisfies 0 < k(1) < 2H, with respect to the domain A bounded by
I'"Un. We can assume in A there is the supersolution w™ given by Lemma 3.8
so that dw™*/dv = 400 on 1. Lemma 3.10(i) [for w™ replacing w] implies that
u<M —infa{w™}.

(ii) We take a point p where k(p)>2H ,let I'" CT be an arc which contains p. For I'/
small enough there is a curve 7 joining the end points of I'" such that « (1) < —2H with
respect to the domain A bounded by I'" and n. We can suppose A sufficiently small
such that there is a subsolution w™ given by Lemma 3.8 such that dw™/dv = —o0
on 7. Lemma 3.10(ii) [for w™ replacing w] ensures that u > m —sup, w™ in A. O

4 Existence and uniqueness theorem

We state some results found in Spruck [17] and using the barriers in the previous
section and the Perron Method (see Gilbarg and Trudinger [4]) we give the existence of
solutions of (1) in simply connected bounded domains with piecewise C2** boundary.

Theorem 4.1 (Spruck [17]) Let 2 be a bounded domain with C 2 boundary and
k(02) > 2H + €, for some € > 0. Then given a continuous function f: dQ2 — R,
there is a unique solution of (1) u € (C?(Q) N (C*(QUIR))) in Q with ulyg = f.
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Theorem 4.2 (Compactness Theorem) Let {uy,} be a uniformly bounded sequence of
solutions of (1) in a bounded domain 2. Then there is a subsequence which converges
uniformly on compact subsets (in the C k topology, for any k ) to a solution of (1) in 2.

Theorem 4.2 follows from gradient estimates for a solution of (1) at an interior point
p € Q;see [17, Theorem 1.1]. The interior gradient estimates enable us to apply the
Arzeld—Ascoli Theorem and obtain a convergent subsequence on compact subsets in €2;
Schauder theory guarantees that, in fact, the limit of this subsequence is smooth.

We will show that the condition k(d€2) > 2H + € can be removed. First, we need to
give some definitions.

Let Q2 be a domain and f: 022 — R be a continuous function, we consider the set
Sp={ve C2(Q)NC%(QUAIR); v is a subsolution of (1) and v|yg < f}. Let BC Q
be a compact domain having smooth boundary such that «(dB) > 2H (which is
equivalent to k(dB) > 2H + ¢, for some € > 0, since B has compact boundary). For
each v € Sy we define the lifting of v in B as

v(p) if peB,
V(ip) = :
v(p) it peQ—B.
where v is the solution of Equation (1) in B given by Theorem 4.1 with boundary
values vV|yp = v|3B.

Now we are able to prove an existence theorem for domains having C?* boundary
and curvature big enough.

Theorem 4.3 Let Q be a bounded domain with C?® boundary and k(d2) > 2H .
Suppose that there is a bounded subsolution of (1) in 2. Then given a continuous
function f: Q2 — R, there is a unique solution of (1) u € (C%(Q) N (C%(Q U INQ)))
in Q with u|gg = f .

Proof We observe that there is a minimal surface in €2 which assumes boundary
values f'; see Pinheiro [12, Theorem 1.2]. Note that this minimal surface is a super-
solution of (1) in €. Using the Perron Method we will show that there is a solution
of (1) in © and using the barriers of Lemma 3.6 we will show that this solution has
the prescribed boundary values.

We define

U = supv.
Sr

The set Sy is nonempty and the existence of one supersolution and the maximum
principle guarantees that u is well defined. We show that u is in fact a solution in €2.
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Let p € @, let B = Bp(e) be a geodesic ball centered at p having radius €, we
choose € small enough such that B U dB is contained in €2 and x(dB) > 2H . Let
{vn} be a sequence in Sy such that lim, oo vx(p) = u(p), this sequence exists by
definition of u. For each n let V;, be the lifting of v, in B. We observe that {V,,} C S,
Vu(p) — u(p), moreover, since {V,} <u in B, the Compactness Theorem assures that
there is a subsequence of {V}}, still called {V},} which converges to a solution # of (1)
in B uniformly on compact subsets of B. From the definition of u, and {v,} we have
that # <wu and #(p) = u(p). We claim that ¥ = u in B. If this were not the case, we
take a point ¢ € B, such that u(q) > #(q). This implies that there is a function v € S,
with #(g) < v(g). We define another sequence {w,} C Sy as w, = max{v, v,}, and
we consider W, its lifting in B. As before we obtain a subsequence of {W,} which
converges to a solution w of (1) in B, uniformly over compact subsets of B. By
construction, we have # < w < u and #(p) = w(p) = u(p). Since u and w are
solutions of (1) on B, applying the maximum principle, we conclude that # = w in B.
This contradicts the definition of ¥ and shows that # = u in B. As p is an arbitrary
point we have that u is a solution of (1) in €.

Now, we need to show that u|yo = f. As there is a supersolution of (1) in & with
boundary values f, we have by the maximum principle, that u|go < f.

We suppose that f is C2(92). Observe that the constant M in Lemma 3.6 can be
chosen as large as necessary, such that, for a fixed point p € 92,

A wlp)+ f(p)=f(p),
(i) w(g)+ f(p)=—M + f(p) <u(q) for g € QNIA,
(i) w(g) + f(p) < f(q) for g € (L NIA —{p}),

with w defined as in Lemma 3.6; the third condition can be obtained choosing M
large, since f is C? and the function

AC

e — r
h(r,C):Y(e 2Cr )

is decreasing in » and C (the function /1 defines the barrier w; see Lemma 3.6). These
barriers enable us to conclude that the solution u# has the prescribed boundary values f,
if fis C2(0Q).

Now, if f is continuous, we consider a sequence of C2(92) functions { f,} which
converges to f and f,(p) < fut1(p) for p € 9Q and n € N. We proved, that there
is, for each n € N, a solution u, of (1) in €2, such that u,|3q = f,. By the maximum
principle the sequence {u,} is monotonically increasing. Moreover since there is a
minimal surface (supersolution) on 2 having boundary values f, the sequence {u,}
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converges to a solution u of (1). Furthermore, since { f,} converges monotonically
to f, u has boundary values f . a

With this Theorem we can construct an example as in Hauswirth, Rosenberg and
Spruck [5] and extend the result above for domains having piecewise C>% arcs.

Example 4.4 Let I' C 0Q be a C%* arc with x(I') = 2H and p € I' an interior
point. Let A C B,(8) be a convex domain obtained by smoothing the convex domain
bounded by I' and 0B, (), where B, () is the geodesic ball centered at p having
radius § > 0. We consider smooth boundary data f < 0 on dA with f =0 ina
neighborhood of p and f = —M in a neighborhood of 0B, (). Then, if there is some
subsolution of (1) in A, there is a smooth solution w™ of (1) in A with boundary
values f.

Definition 4.5 For p € 9Q we define the outer curvature K (p) to be the supremum
of all (inward) normal curvatures of C? curves passing through p and locally support-
ing €. If no such curve exists we define k(p) to be —oo. Note that k(p) = x(p) at
all regular points of 0€2.

Using Example 4.4 we obtain the next theorem.

Theorem 4.6 (Existence Theorem) Let 2 be a domain with piecewise C? boundary.
Suppose that k(p) > 2H, ¥ p € 02, except for a finite set E of exceptional corner
points of 2. We suppose that there is a bounded subsolution of (1) in Q and we
prescribe continuous boundary data f. If E = & there is a unique solution of (1) in
taking arbitrarily assigned continuous boundary data on Q2. If E # &, then there is a
unique solution of (1) in 2 taking on arbitrarily assigned continuous boundary data on
0Q—F.

Proof We suppose that £ = &. We approximate €2 by smooth (convex) domains
@, C Q satistying xk(0€2,) > 2H by rounding each corner point of 9€2. We extend the
boundary data f to a minimal solution in 2. Let f; be the restriction of this extension
to d$2,, observe that { f,} converges uniformly to /. Then, Theorem 4.3 gives a
unique smooth solution u, in Q, with u, = f, in 02, and each u, is uniformly
bounded independent of n ( since the minimal solution is a supersolution for (1)). Thus
by the Compactness Theorem, a subsequence of u, converges uniformly on compact
subsets to a solution u# of (1) in 2.

It remains to show that ¥ = f in dQ2. We fix p € 0Q2; g € 02, with dist(p,q) < 4.
Given € we choose § > 0 such that | f,(x) — f4(q¢)| < € and | f,(q¢) — f(p)| < €
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if dist(x;¢g) <& and n is large. Now consider an arc of constant curvature 2H that
supports 32, at ¢ and let —w(x) = w™ and w(x) = w™ be the lower and upper
barriers in A given by Example 4.4 with M = 2sup |u,|. Then by the maximum
principle,
w(x)—3€ Suy(x)— f(p) < —w(x)+ 3e.

This enables us to conclude that # is continuous in Q2 U Jd2 and u = f in 92.

If E # &, the compactness of 02 and the continuity of f imply that f is bounded.
So the slice Mx {d}, d >sup,eyq | /(p)| is a bounded supersolution. By hypothesis
there is a bounded subsolution. Then we apply the Perron method and we obtain a

solution of (1) in 2. Moreover, except for the points in E, the solution assumes the
boundary data, since the barriers in the previous case hold in dQ2 — E'. a

5 Flux formula

Let u € C2(Q)NCH(QUAIRN) be a solution of (1) in a domain Q. Integrating (1)
over 2 we have

Vu Vu
2HAQ) = | divl — | = —— V),
) /sz lv( 1+|V|2) /asz< 1+ |Vu|? v>

where A(£2) is the area of €2 and v is the outer conormal. The integral on the right side

is called the flux of u across 0S2. Let I be a subarc of 02, if u is not differentiable
on I' we can define the flux of u across I' as follows; see [5].

Definition 5.1 Choose Y to be an embedded smooth curve in €2 so that I'UY bounds
a simply connected domain A~y . We then define the flux of u across I" to be

F,(T)=2HA(Avy)— A<%, v>ds.

The last integral is well defined, and F,(I") does not depend on the choice of Y.
The lemmas below can be found in Nelli and Rosenberg [11].

Lemma 5.2 Let u be a solution of (1) in 2, a simply connected bounded domain and
I" bea C! compact curve in Q U dS2. Then

Fu(3Q) = 2HA(RQ),
| Fu(D)] = [T.
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Lemma 5.3 Let Q be adomainand I C 3Q2 be a compact piecewise C? arc satisfying
k(p) = 2H forall p eT'. Let u be a solution of (1) in & which is continuous on T".
Then

| Fu(D)] < I

Lemma 5.4 Let Q be a domain and ' C 92 be a compact piecewise C? arc, let u
be a solution of (1) in 2.

(1) If u tends to +o00 on I', we have k(I') = 2H and
F(T) =T,
(ii) If u tends to —oo on I', we have x(I') = —2H and

Fy(T') = _|F|-

Proof We will prove (i), the other case is similar. We know that stable surfaces
having constant mean curvature H have bounded second fundamental form at points a
fixed positive distance from their boundary; see Rosenberg, Souam and Toubiana [15].
This implies a stable surface is a graph of bounded geometry over the §—geodesic
disc(in exponential coordinates) centered at the origin of the tangent space at ¢ (the
fixed distance from the boundary) and § does not depend on ¢. Graphs having mean
curvature H are stable, so we can apply the curvature estimates here.

Let p € I" and let p, — p be a sequence of points in 2. Since u tends to +oo,
the curvature estimates guarantees the existence of a § > 0 (independent of #) such
that a neighborhood of each (py,u(py)) in the graph of u, is a graph (in geodesic
coordinates) over a disk of radius § centered at the origin of 7(,, u(p,)) G («), where
T p.u(pn)) G (u) is the tangent plane of G (u) at (pn, u(pn)) and G(u) is the graph of u.
We translate these graphs to the point (p,,0) and we denote these translated graphs
by Gy, (8). Let N((pn,u(pn))) be the unit normal vector to G(u) at (pu,u(pn)),
after passing to a subsequence, we have N ((pn, u(pn))) = Noo. Let I1 be the plane
orthogonal to N, Whose origin is p. Each G, (6) is a graph of a function with height
and slope uniformly bounded. For n large, G, (§) is a graph over a disk of radius §’
centered at p (the origin of IT), 0 <& <§. Since these graphs have height and slope
uniformly bounded, they converge to a graph G, (') defined over a disk of radius &’
centered at the origin of IT.

We want to show that N, is a horizontal vector and that x(I") = 2H.

We suppose that N is not a horizontal vector. This implies that IT is not a vertical
plane, so the projection of G,(8") has points inside € U 0Q2 and outside € U 92 this
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contradicts the fact that G,(8’) is a limit of vertical graphs over Q. This shows that
Noo is a horizontal vector, so we have the equality

Vu
fr< VI+[Vuz’ v> Tl
We will show that k(") = 2H . Let L be a curve tangent to I" at p with (L) =2H,
with respect to No. Note that the surface L x R has curvature H and is tangent
at p to the graph G,(8’), which also has mean curvature H. Their mean curvature
vectors point to the same side, by choices of N((pn,u(pr))) and L. We need to show
that G,(8") C (L xR). Since G,(8’) is tangent to L xR at p, if G,(8’) is on one
side of L x R, by the maximum principle, we have that G,(8") C (L x R). If this is
not the case, G,(8') N (L xR) is composed of k curves passing through p, k > 2,
meeting transversely at p. So in a neighborhood of p these curves separate G,(8’) in
2k components and the adjacent components lie in alternate sides of L x R. Moreover
the curvature vector alternates from pointing down to pointing up when one goes from
the one component to the another. So for n large, this implies that the mean curvature
vector to Gp, (8) points down and up. Consequently the normal vector to Gp, (6)
points down and up, this gives us a contradiction since G, () is a graph. Since the
sequence {p,} and p are arbitrary we have that L CI" and k(p) =2H for peT'. O

Lemma 5.5 Let Q be a domain and T’ C dQ be a compact piecewise C? arc, let {u,}
be a sequence of solutions of (1) in €2 with each u, continuous on I".

(i) If the sequence diverges to +oo uniformly on compact subsets of I" while
remaining uniformly bounded on compact subsets of €2, we have

lim F,,(T)=|T|.
n—o0

(ii) If the sequence diverges to —oo uniformly on compact subsets of I' while
remaining uniformly bounded on compact subsets of €2, we have

Tim_F, (1) = —|T'.

Proof Let p €' and let {p,} be a sequence in 2, with p, — p. After passing to
a subsequence, we can choose § > 0 independent of 7, such that a neighborhood of
(pn,un(pr)) in the graph of u, is a graph (in geodesic coordinates) over a disk of
radius § centered at the origin of T\, u(p,))G(un), here T(p, 1. (p,))G(Un) denotes
the tangent plane to G(uy) at (py, un(pn))and G(u,) denotes the graph of u,. As in
Lemma 5.4 the conclusion is that (after passing to a subsequence) N, (py) = Noo and
Noo is a horizontal vector, where N, (¢) is the normal vector to the graph of u, at the
point g . a
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Lemma 5.6 Let Q be a domain and I’ C 92 be a compact piecewise C? arc and let
{un} be a sequence of solutions of (1) in Q with each u, continuous on I".
(1) If k(") =2H and the sequence diverges to —oo uniformly on compact subsets
of Q while remaining uniformly bounded on compact subsets of I', we have

Tim_F, (1) =T,

(ii) Ifx(T") =—2H and the sequence diverges to +o0 uniformly on compact subsets
of 2 while remaining uniformly bounded on compact subsets of I", we have

Jim_F, () = —|T.

Proof (i) Let p € I' and let p, — p be a sequence of points in 2. Suppose
{uy} diverges to —oo in 2 and remains uniformly bounded on I'. After passing to
a subsequence, we can assume that the distance from (p,, u,(pn)) to the boundary
of G(up) is bigger than a fixed constant. Then, curvature estimates guarantees the
existence of a § > 0 (independent of n) such that a neighborhood of each (py, un(pn))
in the graph of u,, is a graph (in geodesic coordinates) over a disk of radius § centered
at the origin of T, 4,(p,))G(un). We translate these graphs to the point (py,0)
and we denote these graphs translated by G,(8). Let N((pn,un(pn))) be the unit
normal vector to G(u,) at (p,,un(pn)), after passing to a subsequence, we have
N((pn,un(pn))) =& Noo- Let T1I be the plane orthogonal to N, whose origin is p.
Each G,(8) is a graph of a function with height and slope uniformly bounded. For n
large, G,(8) is a graph over a disk of radius §’ centered at p (the origin of IT),
0 <4’ < 4. Since these graphs have height and slope uniformly bounded, they converge
to a graph G,(8) defined over a disk of radius ' centered at the origin of IT.

The vector N is horizontal, if not, IT would not be a vertical plane, so the projection
of Gp(8’) would have points outside Q which is a contradiction with the fact that
Gp(8') is the limit of graphs over 2. Moreover, since {u,} diverges to —oo in Q and
is bounded in I', we have the equality

lim F,, (') =|T|.
n—>o0
Case (ii) is similar. m|

Theorem 5.7 (Monotone convergence theorem) Let {u,} be a monotonically in-
creasing or decreasing sequence of solutions of (1) in a bounded domain 2. If the
sequence is bounded at a single point p € €2, there exists a neighborhood U C Q2 of p,
such that {u,} converges to a solution of (1) in U . The convergence is uniform on
compact subsets of U and the divergence is uniform on compact subsets of V. =Q—U .
If V is nonempty, dV consists of arcs of curvature £2 H and parts of 0S2. These arcs
are convex to U for increasing sequences and concave to U for decreasing sequences.
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Refer to Jenkins and Serrin [6, Theorems 6.1 and 6.2] and Hauswirth, Rosenberg and
Spruck [5, Theorem 6.2] for a proof of Theorem 5.7.

6 The curve B*

In this section, we will prove that given two points p, g in M there is a convex domain
bounded by two smooth arcs joining p, ¢ having the same constant prescribed curvature
for any constant less than /a, if the sectional curvature of M is less than —a, a > 0.

The manifold M is oriented by {v, J(v)}, v a unit vector at p and J(v) rotation of v
by 7/2. We say that the curve C(p, v, k) has curvature ¥ > 0 at p if the curvature
vector of C(p, v, k) has length « at p and near p, C(p, v, k) is in the sector from v
to J(v). When C(p, v, k) is not in this sector, we say the curvature of C(p, v,«) at p
is —«; see Figure 6.

J(v)

Figure 6

Let TI}M be the set of vectors in the tangent space of M at p having norm 1. We know
there is a unique curve, denoted by C(p, v, k) starting at p € M, having v € Tle as
tangent at p, and having constant curvature x« at each point. Denote by C(p, v, —«)
the unique curve having curvature — at each point.

In fact, in the discussion that follows we need not distinguish between C(p, v, k) and
C(p,v,—xk).

Claim 6.1 The curvature of geodesic circles centered at p is larger than /a.

Proof Let C,(¢) be the geodesic circle centered at p having radius r > 0. We denote
the geodesic curvature of C, at C,(f) by «g(C,(¢)). The geodesic curvature of C;
satisfies the equation (see Labourie [8, Propositions 3.1.1 and 3.2.1])

0
5, ke (Cr () = —K(C (1)) — kg (Cr (1)),
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where K(C,(t)) is the sectional curvature of M at C,(¢). Since K < —a,
0
EKg(Cr () >a— K;(Cr (1)),

ad
ke (Cr(0) + k2(Cr (1)) > a.

‘We observe that

 (Jacotn(v/ar)) = a~ (acoth(v/ar))*

and we conclude

kg (Cr (1)) > /acoth(v/ar) = V/a. O
Claim 6.2 The curve C(p,v,k), for 0 < k < \/a, is embedded.

Proof Suppose C(p, v, k) is not embedded. Let n C C(p, v, k) be a Jordan curve,
smooth except at one point g € 1, a point of self-intersection of C(p, v, k). Consider
r =sup{ro > 0;n N C,(q) # @}. At a point z of intersection n N Cr(q), Cr(q) is
tangent to 1 and locally on the concave side of 1, where C,(¢q) is the geodesic circle
centered at ¢ having radius r. This contradicts k < /a. a

Claim 6.3 Let C, be the geodesic circle centered at p having radius r > 0. If
C,NC(p,v,k) # 2, then C(p, v, k) intersects C, transversally, when 0 < k < /a.

Proof Letge C,NC(p,v, k). Suppose that C(p, v, k) is tangent to C, at ¢, we
will obtain a contradiction. There are three possibilities, either C(p, v, k) is inside
the disc D, bounded by C;, in a neighborhood of ¢, or C(p, v, k) is outside D, in a
neighborhood of ¢ or C(p, v, k) has points inside and outside D, in a neighborhood
of ¢q.

If C(p,v,k) is inside D, in a neighborhood of ¢ and is tangent to C, at ¢, then the
curvature vector of C, and C(p, v, k) at ¢ have the same direction and C(p, v, k) is
above C, with respect to the curvature vector; see Figure 7(left). On the other hand,
the curvature of C, is greater than the curvature of C(p, v, k), a contradiction.

If C(p,v,k) is outside D, in a neighborhood ¢, we can consider the compact arc 7
contained in C(p,v,x) joining p to ¢. As n is compact and is outside D, in a
neighborhood of ¢, there is a point ¢’ € n such that the distance from p to any point
in 1 is smaller than or equal to the distance from p to ¢’; see Figure 7(middle). This
implies that n(so C(p, v, k)) is tangent to C,s, ¥’ > r and is inside D,/, where C,~ is
the geodesic circle centered at p passing through ¢’ and D, the disc bounded by C,.
This is impossible.
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Figure 7

Finally, if C(p, v, k) has points inside and outside D, in a neighborhood ¢ and is
tangent to C, at ¢, we consider the compact arc 1 contained in C(p, v, k) joining p
to ¢; see Figure 7(right). If 1 is not inside D, it is possible to find a point ¢’ so that
the distance from p to any point in 7 is smaller than or equal to the distance from
p to ¢, and the contradiction is obtained as in the second case. If 7 is inside D,
the curvature vector of n and C, at ¢ have the same direction, and 7 is above C,,
this contradicts the comparison principle at the boundary, since the curvature of C, is
larger than the curvature of C(p, v, k). a

Claim 6.4 The intersection C(p,vy,«) N C(p, vg, k) is the point p, when vy # vg,

0<k<4a.

Proof Suppose that C(p,vi,x)NC(p,vg,k) # . Let g€ C(p,v1, k)N C(p, vy, k)
such that the compact arcs 1; contained in C(p, v;,x), i =0, 1, joining p to g satisfy
n1Nno={p,q}. Let A be the domain bounded by n; Ung, suppose that n; is convex
and ng is concave with respect to A.

Consider a smooth function ¢: [0, 1] = T, M, such that, ¢(0) = vy, ¢(1) = v; for
t€[0,1]and C(p, p(t), k)N A # &; see Figure 8. Since the intersection of C(p, vy, k)
and C(p, vy, k) is transverse, for each ¢ €0, 1] there is a point ¢ () € n1 NC(p, (1), k).
Observe that ¢(0) = g and ¢(¢) tends to p, when ¢ tends to 1. Let 5;, the compact
arc in C(p, ¢(t), k) joining p to ¢(7).

Now we consider a variation of n; by equidistant curves. Let 11(s), s € [0, 1] be a
parametrization of 1. The variation of 1; by equidistant curves is given by

(5.£) €[0,1]x[0,1] = expy, (5 EN(11(5))).

where N (n1(s)) is the normal vector to 7y at nq(s) having the same direction as the
curvature vector of 7y at n;(s). For each £ €0, 1], let né(s) := eXpy, (s) EN (M1 (5))).
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C(p,vy,k)

C(p,vg, k)

Figure 8

The formula of first variation of curvature (see [8, Propositions 3.1.1 and 3.2.1])

ad

3 (e () = KOF () + kg (1 (9)),
where K (nf(s)) is the sectional curvature of M at 7 (s) and /c; (7% (5)) is the geodesic
curvature of né at né(s). Since K < —a and 0 < K; (né(s)) < a, we have

d
3
—( s)) <0,
35 )
so the geodesic curvature of nf(s) is smaller that the geodesic curvature of 7°(s) =
1n1(s). On the other hand 7 is tangent to some curve 7; in the convex side of 7;,
a contradiction, since kg (1) > kg 1%). a

Claim 6.5 The intersection C(p,v,x) N C, is nonempty for every r > 0 and
0 < k < /a, where C, is the geodesic circle centered at p having radius .

Proof Suppose that the set A = {r € (0, +00); C(p,v,k) N C, # I} (for a fixed
vV E TPIM) is bounded above. Let rg be the supremum of A. By Claim 6.3, ro € A.
Let ng € N be such that 1/n < ry. For n € N, n > ng, there exists a point ¢, €
C(p,v,k)NCy, for some ro—1/n <r <ry. The sequence {¢g,} is in a compact set of
M, so after passing to a subsequence, we can assume that {g,} converges to some point
q € Cy,. Let 0, be a small connected arc of length 26 contained in C(p, v, k), such
that g, € n, and n, —{qn} are two arcs having length §. Since {¢g,} converges to ¢
and C(p, v, k) is embedded, the sequence of arcs {n,} converges to a arc 1 having ¢
as an interior point. Moreover, since all arcs 7, are inside D,, (the disc bounded
by C;, ), the arc 7 is tangent to Cy, at g, this contradicts Claim 6.3. a

We fix r € (0, +00), and we define the function f;: TPIM — Cp by fr(v) =
C(p,v,k)NCp, where C, is the geodesic circle centered at p having radius r.
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Claim 6.6 The function f, defined above is continuous, if 0 < kK < \/a.

Proof We take a sequence of vectors {v,}, such that v, — v € TPIM. We want to
prove that

(13) lim S () = /(0.

Let gn = fr(vy) and 6, be the angle between C, and C(p, vy, k). We will show that
6, >60>0. Let n, be acompact arcin C(p, vy, k) of length 26 containing ¢, such that
nn — {qgn} are two arcs having length §. If some subsequence (again denoted by {6,})
of {6,} converges to 0, we could find a subsequence of {¢,} (denoted by {¢,}), such
that {g,} converges to ¢ and {n,} converges to a arc 7. Since {0,} converges to 0,
the limit arc 7 is tangent to C, at ¢. This contradicts Claim 6.3.

This bound on the angles implies a bound for the lengths of C(p, vy, k) N D, , where
D, is the disc bounded by C, . Then,

lim  fy(vy) = n_liffoo{C(P, Un, k)N G} = n_l)if_il_loo{c(l)’ Un, k) N D} NCr = f(v).

n——+o00
O

Definition 6.7 The stability operator for the curves C(p,v,k) is L = —A —«k? — K,
where K is the sectional curvature of M. We say that C(p, v, k) is stable (in the
strong sense) if for any function u with compact support in C(p, v, k) we have that

/ —ulAu—u*k? —u’K > 0.
C(p,v,k)

Claim 6.8 The curves C(p, v, k) are stable for 0 < x < \/a.

Proof We observe that

/ —uAu—uzlcz—uzKZ/ —uAu—uz(\/E)z—tha:/ —ulAu>0.
C(p,v.x) C(p,v.x) C(p,v.x)

So each curve C(p, v, k) is stable. a
Claim 6.9 The image I = f; (Tp1 M) is an open set on C, .

Proof Let ¢ = f,(v) and n be the compact arc in C(p, v, k) joining p to g. The
stability of C(p, v, k), Claim 6.8, enables us to apply the Implicit Function Theorem
and conclude that there are neighborhoods V of p and U of ¢ in M, such that for
each p’ € V and ¢’ € U there is a curve (varying continuously with p’ and ¢’) having
curvature k joining p’ to ¢’. So for every point ¢’ € U N C,, there is a curve having
curvature k joining p to ¢’, which implies ¢’ = f,(v'), for some v’ € TPIM. For
details, see Rosenberg [13, Theorem 4.2]. O
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Proposition 6.10 The map f, is a homeomorphism.

Proof By Claim 6.6 f, is continuous, so f; (Tp1 M) is compact. On the other hand,
Claim 6.9 guarantees that f, (T pl M) is open and is not empty by Claim 6.5. The
connectedness of C, implies that f, (7, pl M) = C,. The injectivity of f, follows from
Claim 6.4, so f, is homeomorphism. |

7 The main theorems
We now prove the main theorems of this work. We have constructed all the necessary
tools to prove these theorems. The proofs are similar to the proofs found in Spruck [16].

Proposition 7.1 Let ©2 be an admissible domain such that the family {B;} is empty,
k(Cp) > 2H and the assigned boundary data f on the arcs {Cp,} bounded below.
Then there is a solution to the Dirichlet Problem if and only if

20(P) <I(P)+2HA(Qp)
for all admissible polygons P.
Proof Let {u,} be a sequence of solutions of (1) in Q2 defined by
_ {n on J; Ak,
min{n, f} on {J,, Cn.

By the maximum principle the sequence {u,} is monotone increasing, we need to show
that the divergence set is empty. Observe that by Lemma 3.11 there is a neighborhood
of each arc C,, which is contained in the convergence domain. Denoting by 9V =
P =Up(Axr NP)U (P —Jy Ax) and applying the flux formula on P,

2HA(V) = nlggo Fy, (P)
= limy—oo Fun (Uk(Ak NP)) + limy o Fun (P— Uk Ak)

<a(P)—1(P—Ui 4x))
=2a(P)—I(P).

This contradicts the hypothesis. a

Proposition 7.2 Let Q2 be an admissible domain with the family {A} empty, and
k(Cy) > 2H and the assigned boundary data f on the arcs C,;, bounded above. Then
there is a solution to the Dirichlet Problem if and only if

2B(P) <I(P)—2HA(2p)
for all admissible polygons P.
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Proof Let {u,} be a sequence of solutions of (1) in Q defined by

_]-n on | J; B/,
" max{—n, f} on |J,, Cm

By the maximum principle the sequence {u} is monotone decreasing. We need to show
that the divergence set is empty. Observe that by Lemma 3.11 there is a neighborhood
of each arc C,,;, which is contained in the convergence domain, moreover in the domain
bounded by B; U B/ the sequence is unbounded, and assumes the value —oc in B;.
As in Proposition 7.1, we denote by dV =P = J;(B;NP)U (P —J; B;). Then
applying the flux formula on P,

2HAV) = lim Fy, (P)
= limy— oo Fy, (U[(Bl NP)) + limy— o0 Fy, (P — Ul By)

> —B(P)+1(P—Uy Br))
==2B(P) +1(P),

which contradicts the hypothesis. a

Example 7.3 Let y be a C>% arc of curvature 2H and p,q two points in y whose
distance is § with § > 0 small compared with H. Let A; and A, be compact C*%
arcs of curvature 2 H orthogonal to ¢ at p and g respectively. We assume that the
length of A; and A, is € with € small compared with §. Let CfL and C2+ be two
arcs of geodesic circles joining the end points of A; and A,, such that the domain A™
bounded by 41, A5, C + C2+ is convex (see Figure 9(left)), for § small we can suppose
these arcs C1+ and Cz’l have curvature greater than 2 H. By the choice of € and §, if
there is some inscribed polygon, the inequality of Proposition 7.1 is satisfied. Then
there is a solution in AT with boundary values 4+00 on A, A, and M on C1+ , C2Jr ,
M € R, M > 0. Similarly, we can consider C 2% gres By, B, of curvature —2H
orthogonal to y at p, g respectively, and C|~, C, arcs of geodesic circles joining the
end points of B;, B, which are convex with respect to the domain A~ bounded by
By, By, C7, C; (see Figure 9(right)). If the lengths of By, B, are small compared
with § and § is small compared with H , the hypothesis of Proposition 7.2 is satisfied, so
there is a solution in A™ with boundary values —oo on By, By and —M on C7,C; .

Remark 7.4 With these barriers, Propositions 7.1 and 7.2 are valid under the weaker
hypothesis «(Cp,) > 2H.

We now prove the main theorems.
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Figure 9

Proof of Theorem 2.8 We consider the sequence {u,} defined by

n  on (J; Ak,
up=q-n on |J; B,
fn on Um Cm»

where f; is the truncation of f above by n and below by —n.

Consider u* and u~ the functions defined by

400 on \Jg Ak, 0 on | Jy Ak,
Uy =40 on |, Bf, wu-=q-00 on |J; By,
max{f,0} on (J,, Cn. min{ /,0} on |,, Cn.

The function u_ exists by Remark 7.4, observe that k(Ay) = 2H and Ay is counting
now in the family C,,. In order to show that the function u4 exists, we have to
verify the condition of Proposition 7.1. We denote by P the polygon obtained from a
polygon P by removing the arcs B; and attachirlg the arcs Bl* . If the condition of
Proposition 7.1 is not verified for some polygon P we would have

20(P) > [(P) + 2HA(Q 5)

=I(P)-B(P)+ Y |Bj|+2HAQp)+2HAQp—2p)
I;B,CP

>20(P)—B(P)+ > |Bf|+2HAQp—Qp).
I;B;CP

Since 201(13) = 2u(P), we obtain

(14) 0>—B(P)+ > |Bf|+2HAQp—Qp).
I;B,CP
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On the other hand, since the domain A; bounded by B; U Bl* is convex, by Theorem 4.6
there is a solution on A; having continuous boundary values and the flux formulas
give us (see Lemma 5.3)

2HA(A;) > —|Bf|—|Byl.
Then
(15) 2HAQp—Qp)>—-B(P)— Y B
I;B;,CP
Adding (14) and (15) we obtain
0> —-2B8(P).
So, in fact, the condition of Proposition 7.1 holds.

By the maximum principle, #~ < u, <u™ in Q. Then by the Compactness Theorem
there is a subsequence of {u,} which converges to a solution of (1) in Q. By the
definition of each uy, u has boundary values +oco on each arc 4y, —oo on each arc By
and f on the family {Cy,}.

Conversely, if there is a solution to the Dirichlet problem,
2HA(Qp) = Fu(P)
= Z Fu(Ar) + Z Fu(By) + Z Fu(Cm)

AreP B;eP CneP
<a(P)=B(P)+ Y |Cnl
Cn€eP
= —2B(P) +(P),

(the strict inequality follows from Lemma 5.3), which shows (3). Equation (2) is
similar. a

Proof of Theorem 2.9 For each n, let u, be the solution on Q*, given by
n on Jg Ak,
un =
0 on {J; B}
For each ¢ e R, 0 < ¢ < n fixed, we define the set
Se =1{p € Q% un(p) —uo(p) > c},
Re=1{p € Q% un(p)—uo(p) <c}.

These sets depend on 7, but we will omit this in the notation. Let S’ and R’ be the
components of S and R, which contain 4; and B, respectively. The maximum
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principle assures that S = |_J; Sé and R, = J; Ri. If ¢ is sufficiently close to n, the
sets S I will be distinct and disjoint. We define j(n) as the infimum of the constants ¢
such that S/ I are distinct and disjoint. The sets S;L are distinct and disjoint, and there
are indices i, j,i # j, such that (S’ uas! W) N (SJ U 8S{L) # . This implies that
given any i, there is a j such that R;L and RJ are disjoint.

We consider the solutions
y +00 on A;, . 0 on (g 4x) U B},
L = =
0 on (Ug 4x) U (U, B)) —oo on ;s Br.

The solution u’+ exists since using the hypothesis of the theorem we can verify that the
conditions on Proposition 7.1 and Remark 7.4 hold (the argument is the same which
we use to show that the solution u_ exists in the proof of Theorem 2.8). In order to
show that the solution u!, exists, we need verify the conditions of Proposition 7.2 and
Remark 7.4. We denote by ¢ Q; the domain bounded by (Ug Ax) U (B)U (Ul# By).

The quantl‘ues related to €; will be denoted with a tilde. We take some admissible
domain P on Q,, soif P =0

2B8(P) = 2BP —2|Bi| < [(P) —2HA(RQ) —2|B;| < (P) —2HA(RQ).

We have to verify the conditions for polygons P which contain the domain A bounded
by B; U B}. We consider P the polygon obtained from P by deleting the domain A
and adding the arc B;. Then,

28(P) =2B(P) + 2| B;| < [(P)—2HA(p).

0, 2B(P) <1(P)+ |Bi| - |B}| - 2HA(Q5) + 2HA(A) - 2| By
<I(P)—2HA(Q35).
The last inequality follows from the flux formulas applied to A (A is a convex domain,
so there are solutions having continuous boundary values).
We define )
ut(p) = max{u’y (p)} for p € Q¥
1
u_(p) = min{u’ (p)} for peQ.
l

We are assuming that there is some subsolution of (1) in *, then, by the maximum
principle, u!, > —N, N > 0 for all i. We consider the sequence of solutions {vy},
Up = up — u(n). We will show that if M = supg« |ug| + N,

vp=u_—M in Q.
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We suppose that v, > ug at p € Q. So, u, —ug > pu(n) at p,then p € S’ , for some i.
By the maximum principle, applied to the domain S?,, we have

Un Euﬁr+N+sup{uo}§u++M at p.
Si
On the other hand, suppose that v, <ug at p. Then uy —ug < u(n) at p,so p € RL
for some 7. Let ] = j (i) such that RL N R,JL = . By the maximum principle applied
to the domain R),, we have

vn > ul —sup{ug} = u_—M at p.
R,
Then the sequence {v,} is uniformly bounded, so it is convergent. Let v,, — u. We
have to show that # has the desired boundary values.

We observe that (1) — 0o, otherwise, we can extract a subsequence of {{(n)} which
converges to some value @ < co. By the definition of v, the limit ¥ would have
boundary values +oo on the arcs 4; and —u on the arcs B. Applying the flux
formulas we obtain that this condition can not occur. So, u# assumes the boundary
values as prescribed.

Conversely, if such a solution u exists, we have

2HAQ) = Fu(3Q) = ) FulAr) + ) Fu(B)) = a(P)— B(P),
k ]

which shows Equation (4). The other conditions are similar to the conditions done in
Theorem 2.8. a
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