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1116 Dominic Joyce and Sema Salur

1 Introduction

Let (M,g) be a Riemannian 7-manifold whose holonomy group Hol(g) is the
exceptional holonomy group G (or, more generally, a subgroup of G3). Then
M is naturally equipped with a constant 3—form ¢ and 4—form . We call
(M, ¢, g) a Go—manifold. Complete examples of Riemannian 7-manifolds with
holonomy G5 were constructed by Bryant and Salamon [3], and compact ex-
amples by Joyce [7] and Kovalev [I1].

Now ¢ and xp are calibrations on M, in the sense of Harvey and Lawson
[5]. The corresponding calibrated submanifolds in M are called associative 3 -
folds and coassociative 4—folds, respectively. They are distinguished classes of
minimal 3— and 4-submanifolds in (M, g) with a rich structure, that can be
thought of as analogous to complex curves and surfaces in a Calabi—Yau 3—fold.

Harvey and Lawson [3] introduced four types of calibrated geometries. Special
Lagrangian submanifolds of Calabi—Yau manifolds, associative and coassocia-
tive submanifolds of G manifolds and Cayley submanifolds of Spin(7) mani-
folds. Calibrated geometries have been of growing interest over the past few
years and represent one of the most mysterious classes of minimal submanifolds
[12], [13]. A great deal of progress has been made recently in the field of special
Lagrangian submanifolds that arise in mirror symmetry for Calabi—Yau mani-
folds and plays a significant role in string theory, for references see [§]. As one
might expect, another promising direction for future investigation is calibrated
submanifolds in G5 and Spin(7) manifolds. Recently, some progress has been
made in constructing such submanifolds 6l [I'7, 18] and in understanding their
deformations [T}, [T4].

The deformation theory of compact calibrated submanifolds was studied by
McLean [22]. He showed that if C' is a compact coassociative 4—fold in a Ga—
manifold (M, p,g), then the moduli space M¢ of coassociative deformations
of C' is smooth, with dimension b% (C).

This paper proves an analogue of McLean’s theorem for a special class of
noncompact coassociative 4—folds. The situation we are interested in is when
(M, p,g) is an asymptotically cylindrical Go—manifold, that is, it is a noncom-
pact 7-manifold with one end asymptotic to the cylinder X x R on a Calabi—
Yau 3—fold X. The natural class of noncompact coassociative 4—folds in M
are asymptotically cylindrical coassociative 4—folds C, asymptotic at infinity in
M to a cylinder L x R, where L is a special Lagrangian 3—fold in X, with
phase i. Understanding the deformations of such submanifolds when the ambi-
ent (Go—manifold decomposes into connected sum of two pieces will provide the
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Deformations of AC coassociative 4—folds 1117

necessary technical framework towards completing the Floer homology program
for coassociative submanifolds, [13].

In particular, we prove the following theorem.

Theorem 1.1 Let (M, ¢, g) be a Go—manifold asymptotic to X x (R, c0) with
decay rate o < 0, where X is a Calabi—Yau 3—fold. Let C be a coassociative
4-fold in M asymptotic to L x (R',00) for R’ > R with decay rate (3 for
a < B <0, where L is a special Lagrangian 3—fold in X with phase i.

If v < 0 is small enough then the moduli space Mg of asymptotically cylindri-
cal coassociative submanifolds in M close to C', and asymptotic to L x (R',00)
with decay rate ~y, is a smooth manifold of dimension dim V., where V. is the
positive subspace of the image of H2(C,R) in H*(C,R).

The principal analytic tool we shall use to prove this is the theory of weighted
Sobolev spaces on manifolds with ends, developed by Lockhart and McOwen
[15, [16]. The important fact is that elliptic partial differential operators on
exterior forms such as d 4+ d* or d*d 4+ dd* on the noncompact 4-manifold C
are Fredholm operators between appropriate Banach spaces of forms, and we
can describe their kernels and cokernels.

Results similar to Theorem [Tl on the deformations of classes of noncompact
special Lagrangian m—folds were proved by Marshall [19] and Pacini [24] for as-
ymptotically conical special Lagrangian m—folds, and by Joyce [, 9] for special
Lagrangian m—folds with isolated conical singularities. Marshall and Joyce also
use the Lockhart—-McOwen framework, but Pacini uses a different analytical ap-
proach due to Melrose [20, 2I]. Note also that Kovalev [L1] constructs compact
Gs—manifolds by gluing together two noncompact, asymptotically cylindrical
G9—manifolds.

We begin in Section ] with an introduction to Go—manifolds and coassociative
submanifolds, including a sketch of the proof of McLean’s theorem on defor-
mations of compact coassociative 4—folds, and the definitions of asymptotically
cylindrical Go—manifolds and coassociative 4—folds. Section B introduces the
weighted Sobolev spaces of Lockhart and McOwen, and determines the kernel
and cokernel of the elliptic operator d; + d* on C' used in the proof. Finally,
Section H proves Theorem [Tl using Banach space techniques and elliptic reg-
ularity.

Remark 1.2 In [I1], Kovalev constructs asymptotically cylindrical manifolds
X with holonomy SU(3). Then X x S! is an asymptotically cylindrical Ga—
manifold, though with holonomy SU(3) rather than Ga. One can find examples
of asymptotically cylindrical coassociative 4-folds C' in X x S! of two types:
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1118 Dominic Joyce and Sema Salur

(a) C =C"xpt, for C’ an asymptotically cylindrical complex surface in X;
or

(b) C = LxS&", for L an asymptotically cylindrical special Lagrangian 3-fold
in X, with phase q.

Examples of type (a) can be constructed using algebraic geometry: if X = X\ D
for X a Fano 3-fold and D a smooth divisor in X, then we can take C = C'\ D
for C' a smooth divisor in X intersecting D transversely. Examples of type
(b) can be found by choosing the Calabi-Yau 3-fold (X, J,w,Q) to have an
antiholomorphic involution o: X — X with o*(J) = —J, 0*(w) = —w and
0*(Q) = —Q. Then the fixed points L of o are a special Lagrangian 3-fold
with phase i, and each infinite end of L is asymptotically cylindrical.

We can then apply Theorem [Tl to these examples. One can show that if C
is a small deformation of a coassociative 4fold C of type (a) or (b) then C is
also of type (a) or (b) and thus, Theorem [[J] implies analogous results on the
deformation theory of asymptotically cylindrical complex surfaces and special
Lagrangian 3—folds in asymptotically cylindrical Calabi—Yau 3—folds.

2 Introduction to G2 geometry

We now give background material on Ge—manifolds and their coassociative
submanifolds that will be needed later. A good reference on Gy geometry is
Joyce [7, Sections 10-12], and a good reference on calibrated geometry is Harvey
and Lawson [5].

2.1 (Gs—manifolds and coassociative submanifolds

Let (z1,...,x7) be coordinates on R7. Write dx;j. ; for the exterior form
dz; Adx; A--- Adxg on R7. Define a metric go, a 3-form ¢ and a 4-form s
on R” by g():dx%—k---—i—dx%,

o = dxq23 + dx145 + dx167 + dXo46 — dXo57 — dx347 — dx356 and 1)

xpo = dxy567 + dXoger + dxogas + dx1357 — dX1346 — dX1256 — dX1247-

The subgroup of GL(7,R) preserving ¢ is the exceptional Lie group Go. It
also preserves go, *po and the orientation on R7. It is a compact, semisimple,
14-dimensional Lie group, a subgroup of SO(7).

A G5 —structure on a 7-manifold M is a principal subbundle of the frame bundle
of M, with structure group Go2. Each Ga—structure gives rise to a 3—form ¢ and
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a metric g on M, such that every tangent space of M admits an isomorphism
with R” identifying ¢ and ¢ with ¢o and go respectively. By an abuse of
notation, we will refer to (¢, g) as a Ga—structure.

Proposition 2.1 Let M be a 7-manifold and (yp,g) a Ga—structure on M .
Then the following are equivalent:

(i) Hol(g) C Ga, and ¢ is the induced 3—form,
(i) Vo =0 on M, where V is the Levi-Civita connection of g, and
(ili) dp=d*¢ =0 on M.

We call Vg the torsion of the Gay—structure (¢, g), and when Vo = 0 the
Go—structure is torsion-free. A triple (M, p, g) is called a Go—manifold if M is
a 7T-manifold and (p,g) a torsion-free Go—structure on M. If g has holonomy
Hol(g) € Gao, then g is Ricci-flat. For explicit, complete examples of Go—
manifolds see Bryant and Salamon [3], and for compact examples see Joyce [1]
and Kovalev [I1]. Here are the basic definitions in calibrated geometry, due to
Harvey and Lawson [5].

Definition 2.2 Let (M,g) be a Riemannian manifold. An oriented tangent
k-plane V on M is a vector subspace V of some tangent space T,M to M
with dimV = k, equipped with an orientation. If V is an oriented tangent
k—plane on M then g|y is a Euclidean metric on V', so combining g|y with the
orientation on V' gives a natural volume form voly on V', which is a k—form
on V.

Now let ¢ be a closed k—form on M. We say that ¢ is a calibration on M if for
every oriented k—plane V on M we have ¢|y < voly. Here ¢|y = a - voly for
some a € R, and ¢|y < voly if @ < 1. Let N be an oriented submanifold of
M with dimension k. Then each tangent space T, N for x € N is an oriented
tangent k—plane. We call N a calibrated submanifold if |7, Ny = volp, n for
all zeN.

Calibrated submanifolds are automatically minimal submanifolds (see [B, The-
orem I1.4.2]). There are two natural classes of calibrated submanifolds in Ga—
manifolds.

Definition 2.3 Let (M, y,g) be a Ga—manifold, as above. Then the 3—form
¢ is a calibration on (M,g). We define an associative 3—fold in M to be a
3—submanifold of M calibrated with respect to ¢. Similarly, the Hodge star
x@ of ¢ is a calibration 4—form on (M,g). We define a coassociative 4—fold in
M to be a 4-submanifold of M calibrated with respect to *¢p.
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1120 Dominic Joyce and Sema Salur

McLean [22, Prop. 4.4] gives an alternative description of coassociative 4—folds:

Proposition 2.4 Let (M,p,g) be a Gy—manifold, and C a 4—dimensional
submanifold of M. Then C' admits an orientation making it into a coassociative
4—fold if and only if ¢|c = 0.

2.2 Deformations of compact coassociative 4—folds

Here is the main result in the deformation theory of coassociative 4—folds, proved
by McLean [22], Theorem 4.5]. As our sign conventions for g, *xpo in (II) are
different to McLean’s, we use self-dual 2—forms in place of McLean’s anti-self-
dual 2—forms.

Theorem 2.5 Let (M, p,g) be a Goa—manifold, and C a compact coassociative
4—fold in M. Then the moduli space M¢ of coassociative 4—folds isotopic to
C in M is a smooth manifold of dimension b% (C).

Sketch proof Suppose for simplicity that C is an embedded submanifold.
There is a natural orthogonal decomposition TM |- = TC @ v, where v — C
is the normal bundle of C' in M. There is a natural isomorphism v & AiT*C’,
constructed as follows. Let © € C and V € v,,. Then V liesin T, M, so V-¢|, €
A2TM, and (V- ¢|.)|r,c € A2T;C. Moreover (V - ¢|,.)|7,c actually lies in
A3 T;C, the bundle of self-dual 2-forms on C, and the map V — (V- ¢|.)|r,c
defines an isomorphism v — A%FT*C’.

For small € > 0, write B(v) for the subbundle of v with fibre at  the open ball
about 0 in v|, with radius €. Then the exponential map exp: v — M induces
a diffeomorphism between B.(v) and a small tubular neighbourhood Tc of C' in
M . The isomorphism v = A%_T*C’ gives a diffeomorphism exp: B (AiT*C’) —
Tc. Let m: Te — C' be the obvious projection.

Under this identification, submanifolds C in Tc C M which are C! close to
C' are identified with the graphs FCi of small smooth sections {?F of A%_T*C’
lying in B(A3T*C). For each (2 € C®(B.(A3T*C)) the graph Fezis a 4=
submanifold of B.(A2T*C), and so C = exp(Fci ) is a 4-submanifold of T¢.
We need to know: which 2—forms C_% correspond to coassociative 4—folds C
in Tg?

C is coassociative if ¢lg = 0. Now 7|4: C—>Cisa diffeomorphism, so we
can push ¢|5 down to C, and regard it as a function of Ci. That is, we define

Q: C¥(BALTC)) = C¥(NTC) by Q) = me(@lespirs ))-
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Then the moduli space M is locally isomorphic near C to the set of small
self-dual 2—-forms Ci on C with (,0|exp(I‘C2) = 0, that is, to a neighborhood of 0
+

in Q71(0).
To understand the equation Q(¢%) = 0, note that at € C', Q(¢%)|, depends

on the tangent space to FCi at ¢%|;, and so on (2|, and V(2|,. Thus the
functional form of @ is

Q(Ci)\x = F(m,Ci[x,VCi]x) for x € C,
where F' is a smooth function of its arguments. Hence Q(¢%) = 0 is a nonlinear
first order PDE in (?r. As ¢ is closed, p|c =0, and ng is isotopic to C', we see

that <,0|p<2 is an exact 3—form on T’ ¢2, 80 that Q(¢?) is ezact. The linearization
+
dQ(0) of @ at (2 =0 is
4Q(O)(3) = lim (¢ Q(eB)) = dp.

Therefore Ker(dQ(0)) is the vector space H% of closed self-dual 2—forms 3 on
C', which by Hodge theory is a finite-dimensional vector space isomorphic to
H?(C,R), with dimension b2 (C). This is the Zariski tangent space of M¢ at
C, the infinitesimal deformation space of C' as a coassociative 4—fold.

To complete the proof we must show that M is locally isomorphic to its Zariski
tangent space H%, and so is a smooth manifold of dimension b2 (C'). To do
this rigorously requires some technical analytic machinery, which is passed over
in a few lines in [22] p. 731]. Here is one way to do it.

As @ maps from A%FT*C with fibre R? to A®T*C with fibre R*, it is overde-
termined, and not elliptic. To turn it into an elliptic operator, define

P: C®(B(ALT*C0)) x C®(A'T*C) — C®(A*T*C)

by PG =Q(}) +acth
Then the linearization of P at (0,0) is

dP(0,0): (¢%,¢") = d¢t +d*¢?,
which is elliptic. Since ellipticity is an open condition, P is elliptic near (0,0)
in C®(B(A3T*C)) x C®(A*T*C).
Suppose P(¢2,¢*) = 0. Then Q(¢%) = —d*¢*, so

¢ = —(a"¢h Q(ED)) 1o = —(¢ A(QCE)) 12 = 0,

by integration by parts, since Q(Ci) is exzact. Hence P((?r, ¢*) = 0 if and only

if Q(¢2) =d*¢* = 0. But 4-forms with d*¢* = 0 are constant, and the vector
space of such ¢* is H*(C,R). Thus, P~1(0) = Q~(0) x H*(C,R).

(2)
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1122 Dominic Joyce and Sema Salur

Because C®(A2T*C),C>®(A3T*C) are not Banach spaces, we extend P in (&)
t? ?Lct on Sobolev spaces Lf+2(A1T*C),Lf+2(A3T*C’) for p >4 and [ > 0,
giving

P: LP o (B(AZT*C)) x LY ,(A'T*C) — LY, (A*T*C),

P (¢ o malelng )+t

Then P is a smooth map of Banach manifolds.

Let H? be the vector space of closed and coclosed 3—forms on C, so that H> =

H3(C,R) by Hodge theory, and V., be the Banach subspace of LfH(A?’T*C)

L?—orthogonal to H3. Then one can show that P maps into Vﬁrl, and the
linearization

dP(0,0): LY ,(AXT*C) x LY,

dP(0,0): (¢},¢") —d¢d +d¢!
is then surjective as a map of Banach spaces.

Thus, P: L} 5 (B{(ART*C)) x LT, o (A*T*C) — V} | is a smooth map of Banach
manifolds, with dﬁ(O, 0) surjective. The Implicit Mapping Theorem for Banach
spaces (Theorem EEA)) now implies that P~!(0) is near 0 a smooth submanifold,
locally isomorphic to Ker(dP(0)). But P(Ci,(‘l) = 0 is an elliptic equation
for small Ci,(‘l, and so elliptic regularity implies that solutions (C_%_,C‘l) are

smooth.

Therefore P~1(0) = P~1(0) near 0, and also Ker(dP(0,0)) = Ker(dP(0,0)).
Hence P~%(0) is, near (0,0), a smooth manifold locally isomorphic to the kernel
Ker(dP(0,0)). So from above Q7'(0) is near 0 a smooth manifold locally
isomorphic to Ker(d@(0)). Thus, M¢ is near C' a smooth manifold locally
isomorphic to H_%(C, R). This completes the proof. O

(A'T*C) — VP,

2.3 Asymptotically cylindrical Go—manifolds and coassociative
4—folds

We first define cylindrical and asymptotically cylindrical Ga—manifolds.

Definition 2.6 A Gs—manifold (M, pq, go) is called cylindrical if My = X xR

and (o, go) is compatible with this product structure, that is,
po=ReQ+wAdt and go = gx + dt,

where X is a (connected, compact) Calabi-Yau 3—fold with Kéhler form w,
Riemannian metric gx and holomorphic (3,0)-form §2.
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Definition 2.7 A connected, complete Go—manifold (M, ,g) is called as-
ymptotically cylindrical with decay rate o« if there exists a cylindrical Go—
manifold (Mo, ¢o,g0) with My = X x R as above, a compact subset K C M,
a real number R, and a diffeomorphism ¥: X x (R,00) — M \ K such that
U*(¢p) = po+d¢ for some smooth 2—form € on X x (R, 00) with |[V*¢| = O(e™)
on X X (R,00) for all k& > 0, where V is the Levi-Civita connection of the
cylindrical metric gg.

The point of this is that M has one end modelled on X x (R,0), and as
t — oo in (R,00) the Go-structure (p,g) on M converges to order O(e®)
to the cylindrical Go—structure on X x (R, 00), with all of its derivatives. We
suppose M and X are connected, that is, we allow M to have only one end.

This is because one can use Cheeger—Gromoll splitting theorem [4] to show that
an orientable, connected, asymptotically cylindrical Riemannian manifold with
Ricci-flat metric g can have at most 2 cylindrical ends. In the case when there
are 2 cylindrical ends then there is reduction in the holonomy group Hol(g)
and (M, g) is a cylinder. One can also show that reduction in holonomy can be
obtained by just using the analytic set-up for Fredholm properties of an elliptic
operator on noncompact manifolds, [25].

Here are the analogous definitions for coassociative submanifolds.

Definition 2.8 Let (Mg, ¢o,g0) and X be as in Definition ZZ6l A submanifold
Cy of My is called cylindrical if Cy = L x R for some compact submanifold L
in X, not necessarily connected. Cy is coassociative if and only if L is a special
Lagrangian 3—fold with phase i in the Calabi—Yau 3—fold X .

Definition 2.9 Let (My,po0,90), X, (M,¢,g9), K,¥ and « be as in Defini-
tions and 7 and let Cp = L x R be a cylindrical coassociative 4—fold in
My, as in Definition

A connected, complete coassociative 4—fold C in (M, p,g) is called asymptot-
ically cylindrical with decay rate [ for a < § < 0 if there exists a compact
subset K’ C C, a normal vector field v on L x (R',00) for some R’ > R, and
a diffeomorphism ®: L x (R/,00) — C'\ K’ such that the diagram

X x (R/,OO)<—L X (R/,OO)?(C\K/)

exp,

- e

X x (R, ) v (M\ K)

commutes, and |VFv| = O(e?") on L x (R',00) for all k > 0.
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Here we require C' but not L to be connected, that is, we allow C' to have
multiple ends. The point of Definition is to find a good way to say that
a submanifold C' in M is asymptotic to the cylinder Cy in My = X x R as
t — oo in R, to order O(e”*). We do this by writing C' near infinity as the
graph of a normal vector field v to Cy = L xR in My = X x R, and requiring
v and its derivatives to be O(e??).

3 Infinitesimal deformations of C

Let (M, p,g) be an asymptotically cylindrical Go—manifold asymptotic to X x
(R,00), and C an asymptotically cylindrical coassociative 4—fold in M asymp-
totic to L x (R’,00). We wish to study the moduli space M, of asymptotically
cylindrical deformations C of C in M with rate ~v. To do this we modify the
proof of Theorem in Section Bl for the case when C' is compact. There we
modelled M on 15_1(0) for a nonlinear map P between Banach spaces, whose
linearization d]S(O, 0) at 0 was the Fredholm map between Sobolev spaces

d++d*2 Lp

l+2(AiT*C) X Lf+2(A4T*C) — L

LRTTC). ()

Now when C' is not compact, as in the asymptotically cylindrical case, (@)
is not in general Fredholm, and the proof of Theorem fails. To repair it
we use the analytical framework for asymptotically cylindrical manifolds devel-
oped by Lockhart and McOwen in [I5] [16], involving weighted Sobolev spaces
LZ’,Y(A’"T*C’). Roughly speaking, elements of LZW(AT’T*C) are L¥ r—forms on
C which decay like O(e?") on the end L x (R',00). This has the advantage of
building the decay rate ~ into the proof from the outset.

This section will study the weighted analogue of (#),

d++d*2 Lp

l+2,'y(A3-T*C) X Lf+2,'\/(A4T*C) - Lp

L1, (A°TC),  (5)

for small v < 0. It will be shown in Section Hl to be the linearization at 0 of a
nonlinear operator P for which MY, is locally modelled on P~*(0).

Section Bl introduces weighted Sobolev spaces, and the Lockhart—McOwen
theory of elliptic operators between them. Then Sections and compute
the kernel and cokernel of ([Bl) for small v < 0, and Section B4 determines the
set of rates 7 for which (@) is Fredholm.
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3.1 Elliptic operators on asymptotically cylindrical manifolds

We now sketch parts of the theory of analysis on manifolds with cylindrical
ends due to Lockhart and McOwen [I5, [T6]. We begin with some elementary
definitions.

Definition 3.1 Let (C,g) be an asymptotically cylindrical Riemannian man-
ifold. That is, there is a Riemannian cylinder (L x R, gg) with L compact, a
compact subset K’ C C' and a diffeomorphism ®: C'\ K’ — L x (R/,00) such
that

VE(24(9) — g0) = O(e?) forall k>0

for some rate 8 < 0, where V is the Levi-Civita connection of gg on L x R.

Let Ey be a cylindrical vector bundle on L x R, that is, a vector bundle on
L x R invariant under translations in R. Let hg be a smooth family of metrics
on the fibres of Fy and Vg, a connection on Ey preserving hg, with hg, Vg,
invariant under translations in R.

Let FE be a vector bundle on C' equipped with metrics h on the fibres, and
a connection Vg on FE preserving h. We say that E,h, Vg are asymptotic to
Eo, ho, Vg, if there exists an identification ®,(E) = Ey on L x (R’,00) such
that ®.(h) = ho + O(eP!) and @, (V) = Vg, + O(e?!) as t — co. Then we
call E,h, Vg asymptotically cylindrical.

Choose a smooth function p: C' — R such that ®*(p) =t on L x (R, 00).
This prescribes p on C'\ K’, so we only have to extend p over the compact set
K'. For p>1, k>0 and v € R we define the weighted Sobolev space L, L(E)
to be the set of sections s of E that are locally integrable and £ times Weakly
differentiable and for which the norm

k . 1/
Iz, = (2 Lerivisrav)”” ©)
]:

is finite. Then LZ ,Y(E) is a Banach space. Since p is uniquely determined except
on the compact set K’, different choices of p give the same space L%V(E), with
equivalent norms.

For instance, the r—forms E = A"T*C on C with metric g and the Levi—
Civita connection are automatically asymptotically cylindrical, and if C' is an
oriented 4-manifold then the self-dual 2—forms AiT*C’ are also asymptotically
cylindrical. We consider partial differential operators on asymptotically cylin-
drical manifolds.
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Definition 3.2 In the situation of Definition Bl suppose E, F are two as-
ymptotically cylindrical vector bundles on C', asymptotic to cylindrical vector
bundles Ey, Fy on L x R. Let Ay: C®(Ey) — C*(Fp) be a linear partial
differential operator of order k which is cylindrical, that is, invariant under
translations in R.

Suppose A: C*°(E) — C*°(F) is a linear partial differential operator of order
k on C'. We say that A is asymptotic to Ay if under the identifications @, (F) =
Eo, ®.(F) = Fy on L x (R',00) we have ®,(A) = Ay + O(eP') as t — oo for
B < 0. Then we call A an asymptotically cylindrical operator. It is easy to
show that A extends to bounded linear operators

AD LR (B) — LY (F) (7)

forall p>1,1>0 and v € R.

Now suppose A is an elliptic operator. () is Fredholm if and only if 7 does not
lie in a discrete set D4, C R, which we now define.

Definition 3.3 In Definition B2 suppose A and Ag are elliptic operators
on C and L x R, so that E,F have the same fibre dimensions. Extend Ay
to the complexifications Ag: C*®(Ey @r C) — C®(Fy ®r C). Define Dy, to
be the set of v € R such that for some § € R there exists a nonzero section
s € C°(Fy®gC) invariant under translations in R such that Ag(e(7*¥)s) = 0.

Then Lockhart and McOwen prove [16, Theorem 1.1]:

Theorem 3.4 Let (C,g) be a Riemannian manifold asymptotic to (L xR, gg),
and A: C*(E) — C*(F) an elliptic partial differential operator on C' of order
k between vector bundles E,F on C, asymptotic to the cylindrical elliptic
operator Ay : C*®(Ey) — C*(Fp) on L x R. Define Dy, as above.

Then Dy, is a discrete subset of R, and for p > 1, 1l > 0 and v € R, the
extension A§+M: LZ—H,V(E) — L?V(F) is Fredholm if and only if v & Da,.

Suppose v ¢ D4,. Then A} 41, 18 Fredholm, so its kernel Ker(A? +1,) s finite-
dimensional. Let e € Ker(A} +l/¥)' Then by an elliptic regularity result [I5]
Theorem 3.7.2] we have e € LZerW(E) for all m > 0. The weighted Sobolev
Embedding Theorem [I5, Theorem 3.10] then implies that e € Ly, ;(£) for all
r>1, m>0and d >+, and e is smooth. But Ker(AZHW) is invariant under
small changes of v in R\ Dy,, so e € L} E) for all » > 1 and m > 0.
This provesg: ! VP k+mﬁ( )
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Proposition 3.5 For v ¢ Dy, the kernel Ker(AiH ) is independent of p,l,
and is a finite-dimensional vector space of smooth sectlons of E.

When v ¢ Dy, as A} +1 is Fredholm the cokernel

Coker(A7,; ) F) AL (L (E))
of Ak I 18 also finite-dimensional. To understand it, consider the formal ad-
joint A, C>®(F) — C*(E) of A. This is also an asymptotically cylindrical
linear elliptic partial differential operator of order £ on C', with the property
that

<A67f>L2(F) = <€,A*f>L2(E)
for compactly-supported e € C*°(FE) and f € C*(F).
Then for p > 1, 1> 0 and v ¢ Dg4,, the dual operator of (@) is
(A*)q—l,—'y: Lq—l,—»y(F) — L%, -y (E), (8)

where ¢ > 1 is defined by % % = 1. Here we mean that L7, l L(E),
L‘il’_ﬁ/(F) are isomorphic to the Banach space duals of Lk+l,y( ), ( )
and these isomorphisms identify (A*)_l . with the dual linear map to ([ZI)
Now there is a problem with (), as it involves Sobolev spaces with negative
numbers of derivatives —I, —k —[. Such Sobolev spaces exist as spaces of distri-
butions. But we can avoid defining or using these spaces, by the following trick.
We are interested in Ker((A*)?, _7) , as it is dual to Coker (A} 7)’ The elliptic
regularity argument above showing Ker(Ai i ,Y) is independent of [ also holds
for negative differentiability, so we have Ker((A*)‘il’_ﬁ/) = Ker((4")] tm, 7)
for m € Z, and in particular for m > 0. So we deduce:

Proposition 3.6 In Theorem B4l let A* be the formal adjoint of A. Then
for all v ¢ Da,, p,q > 1 with %4—% =1 and l,m > 0 there is a natural
isomorphism

Coker(Aier) = Ker((A*)k+m 7) . 9)

When v ¢ Dy, we see from () that the index of A, o1
ind(4},, ) = dimKer(A} ;) — dimKer((A*)k+m ) (10)

Lockhart and McOwen show [16, Theorem 6.2] that for 7,0 € R\ Dy, with
v < 0 we have

ind(A} ;) —ind(Af,, )= Y d(e), (11)

€ED 4, 7<e<s
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where d(€) > 1 is the dimension of the a vector space of solutions s € C*°(Ey®pr
C) of a prescribed form with Ag(s) = 0.

3.2 d+d* and d*d+dd* on an asymptotically cylindrical manifold

Let (C,g) be an oriented asymptotically cylindrical Riemannian n—manifold
asymptotic to a Riemannian cylinder (L x R, gg), where go = g + dt? and
(L,gr) is a compact oriented Riemannian (n — 1)—manifold. Consider the
asymptotically cylindrical linear elliptic operators

d+d* and d*d+dd*: @j_,C®(A*T*C) — @i, C®(AFT*C). (12)
We shall apply the theory of Section Bl to study the extensions
(Ad+d) o0 Dr_g L, (AFT*C) — Pp_ LY, | (AFT*C), (13)

42" 42,y I+1,y
(A" +dd™),y 0 Do Lo, (AFT*C) — @ LY (AFT*C), (14)

for p>1,1>0 and v € R, and their kernels and cokernels.

Lemma 3.7 We have Ker((d+d*)f+2ﬁ) - Ker((d*d+dd*)f+2ﬁ) forall p > 1,

1 >0 and v € R, and equality holds if v < 0.

Proof Since d*d + dd* = (d + d*)? we have Ker(d + d*) C Ker(d*d 4 dd*)
on any space of twice differentiable forms, giving the inclusion. Suppose v < 0

and x € Ker((d*d + dd*)f+2,w)' Write x = > p_o Xk for xi € LfHW(AkT*C’).

Then xj € Ker((d*d + dd*)f+2,v)’ as d*d + dd* takes k—forms to k—forms.
If v < 0 then each yj lies in LZ(AFT*C), and
[dxel| 32+ d* Xk ]|72 = (dxx, dxi) o +(d" Xk, A*Xk) 12 = Xk, (d¥d+dd*) xp ), =0.

Thus d*xx = dxr = 0, so that x; and hence x lies in Ker((d + d*)lln+2,v)' O
For || close to zero we can say more about the kernels of ([[3) and ([[4).

Proposition 3.8 Suppose p,q > 1, 1,m >0 and v < 0 with £ + 1 =1 and
p g

Ker((d+ d*)f+2,’y) = Ker((d*d + dd*)ﬁrzn), (15)
Ker((d + d*)gn+27_7) = Ker((d*d + dd*)gn+27_7), and (16)

dim Ker((d +d*)f,,, ) = dimKer((d +d*)},, ) + i bF(L).  (17)

Moreover all four kernels consist of smooth closed and coclosed forms.
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Proof As [v,—7] N Daya), = {0},
ind((d +d*)f, 4o ) —ind((d+d*),, ) =235 0%(L). (18)

This is because from ([II), the Lh.s. of ([[¥) is the dimension of the solution
space of (d+ d*)opx =0 on L x R for x independent of ¢ € R. The space of
such x is the direct sum over kK =0,...,n — 1 of the spaces of k—forms n and
(k+1)—forms n Adt for n € C®°(A*T*L) with dn = d*n = 0. By Hodge theory
we deduce ([IJ).

Now d+d* is formally self adjoint, that is, A* = A in the notation of Section Bl
Thus
ind((d + d*)gn+27_7) =— ind((d + d*)f+2,w) =

dim Ker((d + d*)‘,’n+27_7) — dim Ker((d + d*);ln—i-l'y)

by ([[M), and equation (I7) follows from (I8). As [v,—] N D(g=d+ad=), = {0},
the same proof shows that

dimKer((d*d+dd*)f, , ) = dimKer((d*d +dd*),, ) + > 52y (L), (19)

since the solutions of (d*d +dd*)ox = 0 and (d +d*)ox =0 for x on L x R
independent of ¢ coincide. Lemma B proves ([[Hl), and combining this with

(@) and () yields

dim Ker((d + d*)fn+2’_ﬁ/) = dim Ker((d*d + dd*)ZnH’_ﬁ/).

As the right hand side of ([[]) contains the left by Lemma B this implies ([IH]).

It remains to show the four kernels consist of smooth closed and coclosed forms.
Let x lie in one of the kernels, and write x = Y, xx for xx a k—form. Since
(d*d + dd*)x = 0 we have (d*d + dd*)xx = 0, as d*d + dd* takes k—forms to
k—forms. Thus xj lies in the same kernel, so (d + d*)xx = 0 by (&) or (I4).
But dy; and d*x; lie in different vector spaces, so dyr = d*xx = 0 for all k.
Hence dy = d*x = 0, and x is closed and coclosed. Smoothness follows by
elliptic regularity. O

As the forms x in Ker((d +d*)y +2n/) are closed we can map them to de Rham
cohomology H*(C,R) by x +— [x]. We identify the kernel and image of this

map.

Proposition 3.9 Suppose p > 1,120 and v <0 with [y, =] N Dqia), =
[v, =7 N Dgedraar), = {0}. Then the map Ker((d +d*)},, ) — H*(C,R)
given by x— [x] is injective, with image that of the natural map H},(C,R)—

H*(C,R).
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Proof Lockhart [I5, Ex. 0.14] shows that the vector space H?(AFT*C,g)
of closed, coclosed k—forms in L?(AFT*C) on an asymptotically cylindrical
Riemannian manifold (C,g) is isomorphic under x ~— [x] with the image of
HE(C,R) in H*(C,R). Taking the direct sum over k = 0,...,n, this implies
that for [ > 0 the map

Ker((d + d*)l2+2,0) — H*(C,R), X = [X]
is injective, with image that of the natural map HX(C,R) — H*(C,R).
Using Proposition B3, v ¢ Dq4q4+), and v < 0 we have

Ker((d+d")7,,.,) = Ker((d+d")75,) € Ker((d+d*)fs0)-

Therefore x — [x] is injective on Ker((d + d*)? 4o ,Y), with image contained in

that of HX(C,R) — H*(C,R). It remains to show x — [x] is surjective on this
image.

Suppose n € HJ(C,R) lies in the image of HZ%(C,R). Then we may write
n = [¢] for ¢ a smooth, closed, compactly-supported j—form on C. Hence
d*¢ € @iy Lan(AkT*C). We shall show that d*¢ lies in the image of ()
with [ + 1 in place of [. Since v ¢ D(q+dtad+),, as in Section BTl this holds if

and only if (d*¢,&)72 =0 for all £ in Ker((d*d + dd*)grwrl—w)'

But all such £ are closed by Proposition B8, so (d*¢,&)r2 = (¢,dE)2 = 0.

Therefore d*¢ = (d*d + dd*)y for some ) € Lf+3’,y(Aj_1T*C). Hence

(d*d + dd*)(¢ — dy) = d(d*¢ — (d*d + dd*)y) = 0,

and ¢ — di) lies in Ker((d*d +dd*)7,, ), which is Ker((d +d*)7,, ) by ().

As [¢ — dyp] = [¢] = n we have proved the surjectivity we need. O

3.3 d, +d* on a 4-manifold

Now we restrict to dim C' = 4, so that (C, g) is an oriented asymptotically cylin-
drical Riemannian 4-manifold asymptotic to a Riemannian cylinder (L xR, go).
In Section @l we will take C' to be an asymptotically cylindrical coassociative 4—
fold. Consider the asymptotically cylindrical linear elliptic operator

dy +d*: C®(ALT*0) @ C®°(A'T*C) — C®(APT*0).
Here d is the restriction of d to the self-dual 2—forms. We use this notation

to distinguish dy + d* from d + d* in ([[Z). Roughly speaking, d; + d* is a
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quarter of d + d* in (IZ), as it acts on half of the even forms, rather than on
all forms. Its formal adjoint is

d% +d: C¥(A’T*C) — C®(ALT*C) & C®(A'T*C),

where d% is the projection of d* to the self-dual 2-forms. We shall apply the
results of Section to study the extension

Ay +d)] g LYy (NATC) @ LY, (M'TFC) — LY, (A°T*C),  (20)
for p>1,1>0 and v € R. We begin with some algebraic topology.
Suppose for simplicity that C' has no compact connected components, so that
H*(C,R) = HSS(C’,_R) = 0. Then L is a compact, oriented 3-manifold, and
C' is the interior (C)° of a compact, oriented 4-manifold C' with boundary
OC = L. Thus we have a long exact sequence in cohomology:

0—=H%(C) — H°(L) = H(C) — H'(C) — H(L) — HZ(C)
| ey
0~ Hg(C) <= H*(L) <— H*(C) < H,(C) <= H*(L) <— H*(C)
where H*(C) = H¥(C,R) and H*(L) = H*(L,R) are the de Rham cohomology
groups, and HE(C,R) is compactly-supported de Rham cohomology. Let b*(C),
b*(L) and b%,(C) be the corresponding Betti numbers.
By Poincaré duality we have H*(C) = HA*(C)* and H*(L) = H?>7*(L)*, so
that b*(C) = b27%(C) and b*(L) = b3~*(L). Note that () is written so that
each vertically aligned pair of spaces are dual vector spaces, and each vertically
aligned pair of maps are dual linear maps.
Let V C H?(C,R) be the image of the natural map H%(C,R) — H?(C,R).
Taking alternating sums of dimensions in (ZII) shows that
dim V = b2,(C) — b' (L) + b"(C) — b&(C) — b°(L) + b°(C)
=b9(C) + b1 (C) +b*(C) — v*(C) — b (L) — b (L).
Now the cup product U: HZ(C,R)x H?(C,R) — R restricted to H%(C,R)xV
is zero on the product of the kernel of H2(C,R) — H?(C,R) with V. Hence

it pushes forward to a quadratic form U: V x V — R, which is symmetric and
nondegenerate.

Suppose V =V, @ V_ is a decomposition of V into subspaces with U positive
definite on V, and negative definite on V_. Then dim V) and dimV_ are
topological invariants of C, L. That is, they depend only on C' as an oriented
4-manifold, and not on the choice of subspaces V.

We now identify the kernel and cokernel of (d+d*)} 42, D &4) for small v < 0.
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Theorem 3.10 Let (C,g) be an oriented, asymptotically cylindrical Rie-
mannian 4-manifold asymptotic to (L x R, gg), and use the notation of Sec-
tions BJIHZ2 Suppose maX(D(d++d*)0 N (—oo,O)) < v <0, and let p,q > 1
with %—F% =1 and l,m > 0. Then from Section [Zl the operator (dJr—i-d*)erQ’V
of ([U) is Fredholm with

Coker((d4 + d*)f+2ﬁ) =~ Ker((df + d)gn+27_7)*. (22)

The kernel Ker((dJr + d*)ﬁzﬁ) is a vector space of smooth, closed, self-dual

2—forms. The map Ker((dy + d*)ﬁzﬁ) — H?*(C,R), x +— [x] induces an iso-

morphism of Ker((d —|—d*)f+277) with a maximal subspace V. of the subspace

V C H?(C,R) defined above on which the cup product U: V x V — R is
positive definite. Hence

dim Ker((dy +d*)},, ) = dim V4, (23)
which is a topological invariant of C, L from above. Also, Ker((d* —i—d)fn+27_7)

is a vector space of smooth, closed and coclosed 3—forms.

Proof The first part follows immediately from Section Bl As Ker((dy +
d*)f+2ﬁ) and Ker((d%. + d)fn+2’_ﬁ/) depend only on the connected component
of R\ D4, 44+), containing v, we can make |v| smaller if necessary to ensure
that [y, =] N D(a+d+), = [ —] N D(a*d+ad+), = {0}, using the notation of

Section

Suppose (¢2,¢*) € Ker((d++d*)f+2’v). Then d¢2 +d*¢* = 0, so applying * and
noting that (2 = (2 gives d*¢? —d(x¢?) = 0. Hence (d+d*)(—*(*+¢2 +¢*) =
0, that is, the mixed form — (%4 Cer +¢* lies in the kernel of (T3)). Proposition
now implies that Ci and ¢* are smooth, closed and coclosed, and therefore
¢2 and ¢* also lie in the kernel, and Ker((d4 +d*)Y,, ) € Ker((d+d*)},, ),

1+2,7 1+2,7
where (d 4 d*)], , is as in Section

Since H*(C,R) = 0, injectivity in Proposition implies that ¢* = 0. Thus
Ker((dJr + d*)f 4o ﬁ/) is a vector space of smooth, closed, self-dual 2—forms, as

we have to prove. Write H? for the space of 2-forms in Ker((d + d*)? 2 v)‘

Then by Proposition the map H? — H?(C,R), x + [x] is injective with
image that of H2(C,R) in H?(C,R), which is V in the notation above.

Under this isomorphism, the cup product on V is given by

XU = /C‘X/\g: /C(Xa*g)dvg = <X7 *€>L27 (24)
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for x,& € H?. The Hodge star * maps H? = V to itself with 2 = 1. Let
Vi be the +1 eigenspaces of x on V. Then V =V, @& V_, and (24]) implies
that U is positive definite on V; and negative definite on V_. Hence dim V4
is a topological invariant, from above. But Ker((d+ + d*)f 4o, 7) is the self-dual
2-forms in H?. Thus y + [x] induces an isomorphism of Ker((dy + d*)! +277)
with V., as we have to prove.

Finally, suppose (3 € Ker((d"jr + d)fn+2’_ﬁ/), so that di{g’ =d¢® =0. Then

0 = d*(d¢®) + 2d(d% ¢%) = d*d¢® + d(d*¢® — d(+¢?)) = (d*d + dd*)G,

so ¢3 lies in Ker((d*d + dd*)gnﬂ,—w)’ which consists of smooth closed and
coclosed forms by Proposition B8 Thus Ker((d% +d)? ) is a vector space

m+27_»}/
of smooth, closed and coclosed 3—forms. O

We can say more about the cokernel ([22)). Its dimension is

dim Ker ((d% +d)f, 5 ) = (L) = b%(C) +b"(C).

The map Ker((d} + d)gn+27—v) — H3(C,R), x — [x] is surjective, with kernel
of dimension b°(L) — b°(C) +b'(C) — b3(C) > 0, which is the dimension of the
kernel of H3(C,R) — H?(C,R). So we can think of Ker((d} + d)gn+27—v) as a
space of closed and coclosed 3-forms filling out all of H2,(C,R) and H3(C,R).

But we will not need these facts, so we shall not prove them.

3.4 Conditions on the rate v for d, + d* to be Fredholm

Finally we determine the set D(q, 4q+), for the cylindrical operator (dy+d*)o on
L xR, which by Theorem B gives the set of ~ for which (20) is not Fredholm.

Proposition 3.11 Let (C,g) be an oriented, asymptotically cylindrical Rie-
mannian 4-manifold asymptotic to (L x R, go), let p > 1,1 >0 and v € R,
and define (d4 —|—d*)§’+277 as in (Z20). Then (d4 —|—d*)il”+2ﬁ is not Fredholm if and
only if either v = 0, or 72 is a positive eigenvalue of A = d*d on functions on
L, or ~ is an eigenvalue of — *d on coexact 1—forms on L.

Proof Throughout the proof *, d* mean the Hodge star and d* on L, not on
LxR, and dj is d* on L xR. An element of C*°(A2T*(L x R) @ C) invariant
under translations in R may be written uniquely in the form x A dt + xx for
X € C®(T*L ®g C). An element of C*®°(A*T*(L x R) ®g C) invariant under
translations in R may be written uniquely as fdVy Adt for f: L — C smooth,

Geometry € Topology, Volume 9 (2005)



1134 Dominic Joyce and Sema Salur

where dV7, is the volume form on L. By Definition and Theorem B4 (E0)
is not Fredholm if and only if there exist § € R and y, f as above and not both
zero, satisfying

d(eOTO(x Adt + xx)) + di (0T FAVE A dE) = 0. (25)
Expanding (23] yields
0T [dx Adt + (y +i6) (xx) A dt + d(xx) — (xdf) Adt + (v +146) fdVz] =0
on L x R, and separating components with and without dt¢ gives

dx + (v +10)(xx) — (xdf) =0 and d(xx) + (y+1d)fdVy =0,

equations in 2— and 3—forms on L respectively. Applying the Hodge star % on
L shows that (Z5) is equivalent to the two equations

xdy + (y+i0)x —df =0 and d*x—(y+i0)f =0 (26)
in 1-forms and functions on L.

Since x is a 1-form on L which is a compact manifold, one can use Hodge
decomposition and write x = xo D x1 D x2 where Yo is a harmonic 1-form,
x1 = dfi is an exact 1-form, f; € C°°(L) and x2 = d*n is a co-exact 1-form,
n € C®°(A?T*L). Dividing the first equation of ([Z8) into harmonic, exact and
coexact components, the system becomes

(y+id)xo = 0, (y+id)dfi = df, —+dx2 = (y+id)x2, d*df1 = (y+id)f. (27)
The second and fourth equations of ([27) give d*df = (v + i6)%f, and substi-

tuting the third equation into itself gives d*dya = *d * dya = (y +i6)?x2. But
d*x2 = 0 by definition. Thus xq, x1, x2, f satisfy the equations
(d*d 4 dd*)x2 = (v +16)*x2, d*df = (y +1i6)2f.

When v =0 =0, x =0 and f = 1 are a solution, so (Z0) is not Fredholm.
So suppose v + @0 # 0. Then xo = 0, and x; = 0 if f = 0 by ), so as
X, [ are not both zero either f # 0 or x2 # 0. If f # 0 then (v + )2 is a
nonzero eigenvalue of A = d*d on functions by the last equation of (28, so
§ = 0 as such eigenvalues are positive, and +? is a positive eigenvalue of A as
we want. Conversely, if Af = ~2f for nonzero v, f then y = y~'df satisfies
the equations, so (20) is not Fredholm.

If x2 # 0 then (y +46)? is a nonzero eigenvalue of A = d*d + dd* on coexact
1-forms by the third equation of ([28), so 6 = 0 as above. The third equation
of ([Z) then shows that v is an eigenvalue of — % d on coexact 1-forms on
L. Conversely, taking y2 to be an eigenvector of — % d on coexact 1-forms
with eigenvalue v and x¢9 = x1 = f = 0 solves the equations, so ([Z0) is not
Fredholm. m|
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4 Proof of Theorem [I.1]

We now prove Theorem [l Let (M, p,g) be an asymptotically cylindrical
Go—manifold asymptotic to X x (R,00), R > 0, with decay rate o < 0. Let
C be an asymptotically cylindrical coassociative 4—fold in X asymptotic to
L x (R',00) for R' > R with decay rate 8 for « < 8 < 0. Write go = g|c
for the metric on C, gx for the Calabi—Yau metric on X, and g7, = gx|r for
the metric on L. Then (C,g¢) is an asymptotically cylindrical Riemannian
4-manifold, with rate (3.

Suppose v satisfies 8 < 7 < 0, and (0,7?] contains no eigenvalues of the
Laplacian Ay on functions on L, and [y,0) contains no eigenvalues of the
operator — * d on coexact 1-forms on L. Let p > 4 and [ > 1, and define

(dy +d)] 0 LYy (MATC) @ I, (A'T*C) — L}, (A°T*C)  (29)

as in Section Then Proposition BTl and the conditions on ~ imply that
[v,0) N D4, 4d=), = 0. Hence v ¢ D4, 1a+),, s0 that (dy +d*)f+2ﬁ is Fredholm
by Theorem B4l Also, Theorem B applies to (d4 + d*)P hon

Let vz, be the normal bundle of L in X, regarded as the orthogonal subbundle
to TL in TX|r, and expy: v, — X the exponential map. For r > 0, write
B, (vp) for the subbundle of vy, with fibre at = the open ball about 0 in vy |, with
radius 7. Then for small € > 0, there is a tubular neighbourhood Ty, of L in X
such that exp;: Ba(vp) — T is a diffeomorphism. Also, v, xR — LR is the
normal bundle to L X R in X x R with exponential map exp; xid: vy xR —
X x R. Then T x R is a tubular neighborhood of L x R in X x R, and
expy, xid: Ba(vr) x R — T, X R is a diffeomorphism.

Let K,R, ¥: X x(R,00) > M\K,and K/,R' > R, ®: Lx(R',00) - C\K’,
and the normal vector field v on L x (R/,00) be as in Section EZ3, so that (B
commutes. Then v is a section of vy, x (R',00) — L x (R',00), decaying at rate
O(eP"). Therefore making K’ and R’ larger if necessary, we can suppose the
graph of v lies in Bc(vy) X (R, 0).

Write 7: B(vp) x (R',00) — L x (R’,00) for the natural projection. Define
E: Be(vp) x (R,00) = M by E: w ¥[(expy, xid) (0| +w)].  (30)

Here w is a point in B.(vr) X (R’,00), in the fibre over 7(w) € L x (R',00).
Thus v\ﬂ(w) is a point in the same fibre, which is a ball of radius € in a vector
space.

Hence v[w(w) 4w lies in the open ball of radius 2¢ in the same vector space, that
is, in the fibre of Bac(v) x (R',00) over m(w). Therefore (exp;, Xid)(v|x(w) +w)
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is well-defined and lies in Ty, x (R’,00) C X x (R/,00), and Z(w) is well-defined.
Since expy, xid: Ba(vr) x R — T, x R and ¥: X x (R,00) — M \ K are
diffeomorphisms, we see that = is a diffeomorphism with its image.

Identify L x (R',00) with the zero section in Be(vy) x (R',00). Then as (B
commutes we see that Z|;, (r/ o) = ®. Let v¢ be the normal bundle of C' in
M, which we regard not as the orthogonal subbundle to T'C' in T M|, but
rather as the quotient bundle TM|c/TC. Define an isomorphism { between
the vector bundles vy, x (R',00) and ®*(v¢) over L x (R/,00) as follows.

As E is a diffeomorphism with its image, d=: T(B¢(v) x (R',00)) — E*(TM)
is an isomorphism. Restricting this to the zero section L x (R/,00) and noting
that Z[1x(r,00) = ®, we see that

=[x (r,00) 0 T(Be(vr) x (B',00)) | x(r,00) — ©*(TM) (31)
is an isomorphism. As ®: L x (R',00) — C'\ K’ is a diffeomorphism,
d®: T(L x (R',0)) — ®*(TN) (32)

is an isomorphism. But (B2) is the restriction of ([BIl) to a vector subbundle.
Quotienting (BIl) by ([B2) gives an isomorphism
T(BE(VL) X (R/a OO)) ‘LX(R’,oo)
T(L x (I, ))
— O (TM)/®*(TN) = ®*(TM/TN) = ®*(vc). (33)
Now choose a small ¢ > 0, a tubular neighborhood T¢ of C' in M, and a
diffeomorphism ©: By (veo) — To satisfying the conditions:

£ =dE|px(r,00): VL X (R, 00) =

(i) Olg=id¢: C — C, where C C B (vc) is the zero section.

(ii) By (i), d®|¢: T'(Be(ve))|c — TM|c is an isomorphism, which restricts
to the identity on the subbundles T'C' of each side. Hence it induces an
isomorphism dO|¢: ve = T(B(vc))|c/TC — TM|c/TC = ve. This
isomorphism is the identity map.

(iii) € is small enough that £*(Be(ve)) C Be(vr) x (R',00) C v x (R, 00),
and © o { =E on £*(By(ve)).

Notice that (iii) determines © and T¢ uniquely on By (ve)|c\ g, and by con-
struction here it satisfies (i) and (ii). Thus, it remains only to choose T and ©
satisfying (i), (ii) over the compact set K’ C C, which is possible by standard
differential topology.

The point of all this is that we have chosen a local identification © between
ve and M near C' that is compatible in a nice way with the asymptotic iden-
tifications ®, ¥ of C, M with L x R and X x R. Using O, submanifolds C
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of M close to C' are identified with small sections s of v¢, and importantly,
the asymptotic convergence of C to C, and so to L x R, is reflected in the
asymptotic convergence of s to 0.

As in the proof of Theorem 5 the map V +— (V- ¢|;)|1,c defines an isomor-
phism vg — AiT *C. (Note that since ¢|c = 0, this map is well-defined for
V € T,M/T,C, rather than just for V € T, M orthogonal to T,,C'.) We now
identify ve with A2T*C, and regard © as amap ©: By (AXT*C) — T C M.

Write L7\, (Be (A2T*C)) for the subset of (2 € Lil”+2ﬁ(A%rT*C’) which are

sections of By (AXT*C), that is, |¢(3| < € on C. Since Lfﬂﬁ — C° by
Sobolev embedding this is an open condition on Ci, so LY (Ber(A%rT*C)) is

l+277
an open subset of the Banach space Lf+2’7(AiT*C).

Define Q: Ly, (Be(AFT*C)) — {3-forms on C} by Q(¢Z) = (© 0 ¢2)*(¢).
That is, we regard the section C_2|_ as a map C' — Bez(Aﬁ_T*C), so O o Ci isa
map C — Tc C M, and thus (O o (?r)*(go) is a 3—form on C. The point of this
definition is that if ng is the graph of C_% in Ber(AiT*C) and C = @(Fﬁ) its
image in M, then C is coassociative if and only if ¢|5 = 0, which holds if and
only if Q((?r) =0. So Q~'(0) parametrizes coassociative 4-folds C close to C.

We now consider which class of 3—forms () maps to.
Proposition 4.1 Q: Lﬁrz,y(BE/(AiT*C’)) — Lfﬂ,y(A?’T*C’) is a smooth
map of Banach manifolds. The linearization of @ at 0 is dQ(0): Cer — d(_%.

Proof As in the proof of Theorem B0, the functional form of @ is
Qe = F(2,¢2,, VEE,) forzeC,

where F' is a smooth function of its arguments. Since p > 4 and [ > 1 we have
Lﬁrzﬁ(Aﬁ_T*C) — C’%(Aﬁ_T*C) by Sobolev embedding. General arguments
then show that locally Q(¢2) is LY

I+1°
To show Q(¢?) lies in LY Jrl’,Y(A?’T*C), we must know something of the asymp-
totic behavior of F at infinity. Essentially Q(¢?) is the restriction to I'(¢2) of
the 3-form ©*(¢p) on Bo(A2T*C). Using the identifications ®: L' x (R'oc0) —
C\ K’ and &: v x (R',00) — ®*(A2T*C) over C \ K', by (iii) above this
3—form becomes =*(¢) on B(vr) x (R, 00).

But the asymptotic conditions on ®, ¥ and v imply that Z*(¢) is the sum of a
translation-invariant 3—form on B(vr) x R, the pullback of the cylindrical Go

Geometry € Topology, Volume 9 (2005)



1138 Dominic Joyce and Sema Salur

form g on X x R, and an error term which decays at rate O(e’!), with all
its derivatives. As 3 < v < 0, it is not difficult to see from this that ¢ maps
to Lf +1W(A3T*C). Smoothness of () holds by general principles. Finally, the
linearization of @ is d, by the calculation of McLean alluded to in Theorem
As the calculation is local, it does not matter that we are on a noncompact

manifold C. D

Next we show that the image of () consists of exact 3—forms. Notice that we lose
one degree of differentiability: although the image of @ lies in L? . W(A?’T*C),

we claim only that it lies in the exact 3—forms in L ,Y(A?’T*C).

Proposition 4.2

Q (Lf+2,’y(B5/ (A?FT*C))) < d(Lf—i-l,'y

(A’T*C)) C Ly (A°T*C).

Proof Consider the restriction of the 3—form ¢ to the tubular neighborhood
T of C. As ¢ is closed, and T retracts onto C', and ¢|c = 0, we see that
¢|r. is ezact. Thus we may write ¢|r., = df for § € C®°(A*T*T¢). Since
¢|c = 0 we may choose f|c = 0. Also, as ¢ is asymptotic to O(e?!) with all
its derivatives to a translation-invariant 3—form ¢y on X x R, we may take 6
to be asymptotic to O(e’) with all its derivatives to a translation-invariant
2—form on 17, x R.

The proof of Proposition Bl now shows that the map (2 — (0 0¢2)*(f) maps
Liln+2,~/ (Ba(ALT*C)) — Liln+1,«,(A2T*C)- But

Q(¢2) = (00} (p) = (0 ¢})*(d0) = d[(© o 3)*(9)],
so Q(¢?) € d(Lf+1’V(A2T*C)) for (2 € LfHW(BE/(Aﬁ_T*C)). D
As in the proof of Theorem EH we augment @ by a space of 4forms on C to
make it elliptic. Define

P: Ly (Ba(NATC)) x LY,

by P(.¢h = Q) +d7¢h
Proposition EETlimplies that the linearization dP(0,0) of P at 0 is the Fredholm
operator (dy+d*)? ., of (). Define C to be the image of (d+d*)’,, .. Then

142,y I+2yy
C is a Banach subspace of LY , (A3T*C), since (dy +d*)P, , _ is Fredholm. We

(A*'T*C) — LP

l +M(A3T*C)

I+1,y I+2,y
show P maps into C.
Proposition 4.3 P maps Lj ,_ (Bs(A1T*C)) x Ly, (A*T*C) — C.
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Proof Let (¢%,¢%) € Lir?ﬁ (Be(ALT*0)) x Lf+2’V(A4T*C’) so that P(¢2,¢%)
= Q(Ci) + d*¢* lies in Lﬁlﬁ(A?’T*C’). We must show it lies in C. Since

Y & D(d, +d+),, from Section Bl this holds if and only if
QU +d"¢"x) =0  forall y € Ker((d} +d)f0,), (34)

where%—l—%:landm}O.

By Theorem B0, Ker((d% +d)Z, +2’_ﬁ/) consists of closed and coclosed 3—forms

X . By Proposition we have Q(¢2) =dA for \ € Lf+1’7(A2T*C). So

<Q(C—2|—) + d*C47X>L2 = <d)‘7X>L2 + <d*C47X>L2 = <)‘7d*X>L2 + <<47dX>L2 =0

for x € Ker((dj_ +d)L +27—’7) , as x is closed and coclosed, and the inner products
and integration by parts are valid because of the matching of rates v, —y and
LP L9 with % + % = 1. So (B4) holds, and P maps into C. O

We now apply the Implicit Mapping Theorem for Banach spaces, [d, Theo-
rem 1.2.5].

Theorem 4.4 Let A,B and C be Banach spaces, and U,) open neighbor-
hoods of 0 in A and B. Suppose that the function P: U xV — C is smooth
with P(0,0) =0, and that dPg)|g: B — C is an isomorphism of B,C as vec-
tor and topological spaces. Then there exists a connected open neighbourhood
U CU of 0in A and a unique smooth map G: U'" — V such that G(0) =0
and P(x,G(z)) =0 for all x € U'.

Define A to be Ker((d4 +d*)f+2,'y) , and B to be the subspace of Lf+2ﬁ(AiT*C)
®LP

I Jr2’,Y(A‘lT*C) which is L?-orthogonal to A. As A is finite-dimensional and

the L? inner product is continuous on L7, «/(AiT*C) oLy, 7(A4T*C), both

A, B are Banach spaces, and A®B = Lfﬂrzﬁ(Aﬁ_T*C’)EBLJIDJFZN(A‘*T*C’). Choose
open neighborhoods U,V of 0 in A, B such that U xV C L (BE/(AiT*C)) X

142,y
Ljyy, (MT*C).

Let P,C be as above. Then by Propositions BTl and B3, P: U4 x V — C is a
smooth map of Banach manifolds with P(0,0) = 0, and linearization dP(0,0) =
(d+ + d*)?+2,w: A& B — C. By definition A is the kernel and C is the image

p . . . .
of (d4 + C_l*)l-i-zf\/' .Hence @P(o,o)’B- B — C is an 1somor.ph.1sm o.f vector spaces,
and as it is a continuous linear map of Banach spaces, it is an isomorphism of

topological spaces by the Open Mapping Theorem.

Thus Theorem B4 applies, and gives a connected open neighborhood U’ of 0
in U, and a smooth map G: U’ — V such that G(0) =0 and P(z,G(z)) =0.
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Moreover P~1(0) coincides with {(z,G(z)) : € U’} near (0,0), and so is
smooth, finite-dimensional and locally isomorphic to A = Ker((d+ +d*)7 Yo, ﬁ/) .

Lemma 4.5 P~1(0) = Q~1(0) x {0}.

Proof Clearly @~ 1(0) x {0} € P~1(0). Suppose (¢2,¢*) € P71(0), so that
Q(¢%) + d*¢* = 0. We shall show that ¢(* = 0, so that Q(¢?) = 0, and
thus P~1(0) € @7'(0) x {0}. By Proposition 2 we have Q(¢%) = d\ for

A€ Lf+177(A2T*C'), so d\ = —d*¢*. Hence

A ¢ |72 = (d*¢h,d*¢Y) = —(d*¢h dA) o = —(¢* dN\) , =0,

where the inner products and integration by parts are valid as Lf ton L3.
Thus Q({?F) =d*¢* =0. But d*¢* =2 V(¢* as ¢* is a 4-form, so (? is constant.

Since also ¢* — 0 near infinity in C, we have ¢* = 0. O

Combining this with the previous description of P~!(0) shows that Q~*(0) is
smooth, finite-dimensional and locally isomorphic to Ker((d4+d*)? 42 V) . Next

we show that Q~1(0) is independent of I, and so consists of smooth solutions.

Proposition 4.6 If (3 € Q7'(0) then ¢? € L? (A2ZT*C) for all m > 1.

m+2,y
Proof Let m > 1 and (¢3,¢*) € L} o (Ba(AZT*C)) x L} o (A'T*C),
so that P(¢%,¢%) = Q(¢%) + d*¢* lies in L%HW(A?’T*C). Write V for the

Levi—Civita connection of go on C. We shall apply the V-Laplacian Ao =
g%bVaVb to P(¢%,¢?), using the index notation. Writing @ in terms of F as
in Proposition EEl, we have

Ac[P(CE, (M) = g8V Vo [F (2,32, V)] + Acd ¢t (35)

We shall expand (B3) in terms of the derivatives of F' by the chain rule, using the
following notation. Write F' = F(z,y,z). Write V*F for the derivative of F
‘in the  direction’ using V. That is, (V*F)(2/,y/,2') = V(F(z,y(z), 2(2)) |,
where y(x),z(z) satisfy y(2') = ¢/, 2(2') = 2/ and (Vy)(z') = (Vz)(2) = 0.
Write 0YF' and 9% F for the partial derivatives of F' in the y, z directions. That
is, with = held constant the domains A2T*C and T;C ® A2T;C of y,z and
the range AT C of F are vector spaces, so the map (y,z) — F(z,y,2) is a
smooth map between vector spaces, and has well-defined partial derivatives.

Then expanding ([BH) gives
Ac[P(CE.¢D] = Le2 (63,¢Y) + B(x, ¢, VL VAR, (36)
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where LCi is the linear third-order operator for 0 < n < m + 1 given by
Lez: L5 (AYT"C @ A'T*C) — LY (APTC),
L2 (63,6Y)]e = (FF)(@, (Flay VG I2) - AcVE e + Acd™eYs,
and F(z, C_%, VC_%, V%i) is the ‘error term’ given by
E(z,¢}, V(2 VACE) = (0VF)(2,y,2) - AcCt + g8 (VaViF)(2,y. 2)
+9& (VEQVF)(x,y,2) - V(i + g8 (VIO F)(2,y, 2) - ViV 2
+9&(OYVEF) (2,y,2) - Vi + g& (00 F)(2,y, 2) - (ValF @ Vi(F)
+g& (007 F)(1,y,2) - (Va(T @ VuVCE) + g& (O°VEF) (2,9, 2) - VaV (T
+gE (07O F) (x,y, 2)-(VaV (G 0V(3)
+g& (0707 F) (2, y, 2)-(Va VG @OVV ).
Here in 1) and (BY)) we have used ‘ -’ to denote various natural bilinear prod-
ucts, and in (BY) we write y = C42r|r and z = VC_%|I in the arguments of F'.
The point is that B0) splits Ac[P(¢%,¢?)] up into the piece Le2 (¢2,¢*) con-
taining all the third derivative terms of CJQF, ¢*, plus a term E(x, C?F, V{?F, V2Ci)

depending only on C_% up to second derivatives. Furthermore, we may write
LCi ({?F, ¢*) as a linear operator LCi applied to (Ci, ¢*), where the coefficients

(37)

(38)

of LCi depend on {?F only up to first derivatives.

The operator LCi is essentially Ac(dy + d*), and so is a linear third-order
elliptic operator. Note that we allow 0 < n < m + 1 in ([Bd). The reason
for this is that the coefficients of LCi depend on CJQF, V{?F, and so lie in LP 41
locally. So the maximum regularity we can expect for Lfi (53,54) is LV 1o
forcing n <m + 1.

The most obvious value for n in [B7) is n = m — 1, as then the domain of LC«%

is the space L, +2,, Containing (Ci, ¢*). However, our next lemma is an elliptic

reqularity result for Lfi when n = m. This is because we will use it to increase

the regularity of (¢%,¢?) from L? to L

M2, M43,y by ‘bootstrapping’.

Lemma 4.7 There exists A > 0 such that if (£2,¢%) € LQW(A%FT*C’EBA‘J‘T*C')

with Lez (62,6%) € Lh,(AST*C) then (¢2,¢") € LF 5 (AXT*C & A'T*C),

and

€€, <AL € e + 1€, ) (9)
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Proof If LCi were a smooth, asymptotically cylindrical elliptic operator the

lemma would follow from Lockhart and McOwen [15, Theorem 3.7.2], [16, Equa-
tion (2.4)]. We have to deal with the fact that the coefficients of Le2 depend

on (?r, VC_%, and so are only LP 41 locally rather than smooth. Unfortunately,
Lockhart and McOwen’s proof [I6, p420] is not very informative, saying only
that (BY) is established ‘by standard parametric techniques’.

Local results of this form are proved by Morrey |23, Section 6.2]. Supposing only
that the coefficients of the third-order elliptic operator LCi are C"™, Morrey [23,

Theorem 6.2.5] implies that if (¢2,¢%) is locally L% and LCi (€2,¢%) is locally

Lh, then (&3,¢€%) is locally LP 5. Also, 23, Theorem 6.2.6] proves a local
interior estimate of the form (BY), where A > 0 depends on m,p, the domains
involved, C"™ bounds on the coefficients of LCi , and a modulus of continuity

for their m'™ derivatives.

Such a modulus of continuity is provided by a Holder C%® bound for the m™
derivatives, for o € (0,1). Thus, we can prove local estimates of the form (B9)
provided we have local C"™“ bounds for the coefficients of LCi , which follow

from local C™*1* bounds for (3. Now ¢} € LP ., (AZT*C) and p > 4,
so the Sobolev Embedding Theorem shows that L? 4o embeds in cmtla for

a =1—4/p. Therefore we do have C"® control on the coefficients of LCi ,
and can show that LCi is asymptotic in a weighted Holder C7"“ sense to a
cylindrical operator. So ([BY) holds as in [I6], and the lemma is proved. O

Suppose now that (2 € Q7'(0). Then for m =1 > 1 we have ((%,0) €
LY o (Ba(ALT*C)) x LY, o (M'T*C), with P(¢},0) = 0. So (BB) gives
L2 (63,0) = —B(x, (3, VR, VACR). (40)

As (3 € Lfn+2ﬁ(A%rT*C') we see from (BY)) and the asymptotic behavior of F
that the right hand side of @) lies in L%, o(A3T*C). LemmaBwith (£2,¢%) =
(¢2,0) then shows that (2 € L’T’n+3’,y(A%rT*C’). So we have increased the regu-
larity of (2 by one derivative. By induction we have (2 € L, to (A2ZT*C) for
m=1,1+1,1+2,..., and Proposition B8l is proved. O

Now let Mg be the moduli space of asymptotically cylindrical coassociative
submanifolds in M close to C, and asymptotic to L x (R/,00) with decay rate
7, as in Theorem [l Define a map S: Q~1(0) — {4-submanifolds of M} by
S’ Ci — @(Féi)’ where FCi is the graph of Ci in Ber(A%rT*C’) as above.
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Proposition 4.8 S is a homeomorphism from Q~'(0) to a neighborhood of
C in MY,

Proof First we must show that S maps Q7 H0) — M. Let (3 € 9_1(0),
and set C' = S(¢?). Then (©0¢3)*(p) = Q(¢3) =0, s0 ¢z =0 as C is the
image of the map © o C_2|_: C — M. Hence C is coassociative. Proposition

and Sobolev Embedding shows that Ci is smooth, so C is a smooth submanifold
of M.

To show C is asymptotically cylindrical with rate -, note that © o C_2|_: C—C
is a diffeomorphism. Define K/ = © o ¢2(K') and ®: Lx (R, 0)— C\K' by
d=00 (?r o ®. Then K’ is compact, and D is a diffeomorphism. Now C?F is
a section of A2T*C =~ v, so ®*(¢2) is a section of ®*(v¢) over L x (R/,00).
Pulling back by the isomorphism & gives a section £* o <I>*(§J2r) of the vector
bundle v, x (R',00) over L x (R/,00).

Now the normal vector field v on L x (R/,00) making ([Bl) commute is also a
section of v, x (R/,00). Define ¥ = v+£* 0 ®*(¢2). Then ¥ is a section of L x
(R',00), and the definition of = in ([B0) and part (iii) of the definition of © after
(B3) show that (B]) commutes with C, K', ®, v replaced by C, K, ®,v. Therefore
by Definition X9, C' is asymptotically cylindrical with rate ~ if ‘Vkm =0(e")
on L x (R',00) for all k> 0.

As C is asymptotically cylindrical with rate § < v we have ‘Vkv‘ = O(eP) for
all k> 0. Proposition EEf] and Sobolev Embedding for weighted spaces, which
holds as in Lockhart [I5, Theorem 3.10] and Bartnik [2, Theorem 1.2], then
imply that |Vk§?r‘ = 0(e’) on C for all k > 0, where p is as in Definition Bl
Therefore VF(£*0®*(¢2)) = O(e™) on L x (R',00), as ®*(p) =¢, and &, ® are
asymptotically cylindrical. As § < v this gives |Vk1~)| = O(eM) for all k >0,
and C is asymptotically cylindrical with weight 7. Hence S maps Q~!(0) —

Next we reverse the argument. Suppose C is close to C in ./\/l'(yj As 5,0
are C! close there exists a unique smooth section ¢ of By (A2T*C) such
that © o (?r: C —Cisa diffeomorphism. Since ¢|5 = 0 we have Q(C?F) =
(©0¢2)*(p) = 0. Let C have data K, ®, ¥ as in Definition 2 The argument
above shows that U = v+£*0®*(¢2). But |VFuv| = O(e?) and |V*5| = O(e™)
for all k¥ > 0. Subtracting implies that |Vk§?r| = 0(e?) on C for all k > 0.

We need to show that (2 € Lﬁzﬁ(Be/(A%_T*C’)). The estimate |VkC_2|_‘ =

O(e") for k > 0 does not prove this, however it does imply that Ci lies in
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L}, - (Bo(ALT*C)) for any 7' > ~. Hence (% lies in Q'~1(0), where Q' is Q

defined with rate +/'.

Choose 7' > v such that [v,7'] N D, +a+), = #. Then Q~(0) € Q'~(0),
and from above Q71(0), Q71(0) are smooth, finite-dimensional and locally
isomorphic to Ker((d4 + d*)ﬁ_zﬁ/), Ker((d4+ + d*)f+2,’y’) respectively. But as
(7,71 N Dq, +a+), = O these kernels are equal, so Q~'(0) and Q'~'(0) coincide

near 0. Thus if C is close enough to C' in MY, then (% lies in Q~1(0), as we
want.

To show S is a homeomorphism requires us to specify the topology on Mg,
which we have not done. The natural way to define a topology on a space of
submanifolds is to identify submanifolds C' near C with sections of the normal
bundle vo to C, and induce the topology from some Banach norm on a space
of sections of vc. In our case, this just means that the topology on M/, is
induced from some choice of Banach norm on sections (?r of AiT*C’, say the
C% topology.

But since Q~1(0) with its Lion,

dimensional vector space Ker((dJr +d*)

topology is locally homeomorphic to the finite-

P
1+2,y

C_2|_ gives the same topology on Mg, as all Banach norms give the same topology
on a finite-dimensional space. So S is a local homeomorphism. O

) , any choice of topology on sections

As from above Q~1(0) is smooth, finite-dimensional and locally isomorphic to

Ker ((d+ +d*)P o, V) , Theorem B.T0 and Proposition EE§ now prove Theorem [LT]

Remark 4.9 In a forthcoming paper, we study the deformation space of
asymptotically cylindrical coassociative submanifolds with moving boundary.
Similarly to the setting here, we work with an asymptotically cylindrical Go—
manifold M with a Calabi—Yau boundary X at infinity. We also assume that
the boundary of the coassociative submanifold at infinity is a special Lagrangian
submanifold of X and is allowed to move. The details of this construction will
appear in [20].
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