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BLOW-UP OF A CRITICAL SOBOLEV NORM FOR ENERGY-SUBCRITICAL
AND ENERGY-SUPERCRITICAL WAVE EQUATIONS

THOMAS DUYCKAERTS AND JIANWEI YANG

We consider a wave equation in three space dimensions, with a power-like nonlinearity which is either
focusing or defocusing. The exponent is greater than 3 (conformally supercritical) and not equal to 5
(not energy-critical). We prove that for any radial solution which does not scatter to a linear solution,
an adapted scale-invariant Sobolev norm goes to infinity at the maximal time of existence. The proof
uses a conserved generalized energy for the radial linear wave equation, new Strichartz estimates adapted
to this generalized energy, and a bound from below of the generalized energy of any nonzero solution
outside wave cones. It relies heavily on the fact that the equation does not have any nontrivial stationary
solution. Our work yields a qualitative improvement on previous results on energy-subcritical and
energy-supercritical wave equations, with a unified proof.

1. Introduction

1A. Motivation and background. Consider the semilinear wave equation in 143 dimensions

(02 — Ayu = t|u*™u, (1-1)
with initial data
u(0,x) =uo(x), 9u(0,x) =ui(x), (1-2)

where x € R3 and ¢ € R. The parameters m > 1 and ¢ € {&1} are fixed. The equation is focusing when
t = 1 and defocusing when « = —1. It has the following scaling invariance: if u(¢, x) is a solution of
(1-1) and A > 0, then A%u()&t, Ax) is also a solution. It is well-posed in the scale-invariant Sobolev space
Hoe = H% (R3) x H* 1 (R?), where sc = 3 — L is the critical Sobolev exponent. Equation (1-1) is
energy-subcritical if s, <1 (equivalently m < 2), energy-critical if s, = 1 (m = 2) and energy-supercritical

if se > 1 (m > 2).

The dynamics of (1-1) depend in a crucial way on the value of m and the sign of .
The energy-critical case m = 2 is particular. The conserved energy

E(i(1) = 3 [ [Vute, ) dx + 5 [ (ot ) dx— 5L / 22 dy

is well-defined in 7£5¢ = H! = H! x L2 When the nonlinearity is defocusing, the conservation of the
energy implies that all solutions are bounded in #!. It was proved in the 90s that all solutions are global
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and scatter to a linear solution in the energy space, i.e., that there exists a solution uy, of the linear wave

equation
(32— A)up, =0, (¢,x) e Rx R, (1-3)
with initial data in 71, such that
im0 = (0 = 0; (1-4)

see [Grillakis 1990; 1992; Ginibre et al. 1992; Shatah and Struwe 1993; 1994; Kapitanski 1994; Ginibre
and Velo 1995; Nakanishi 1999; Bahouri and Shatah 1998]. In the focusing case, there exist solutions
that do not scatter. Indeed, there exist solutions of (1-1) that blow up in finite time with a fype I behavior;
i.e., there are solutions u such that
Jim 7@l = +oo.

where T4 (u) is the maximal time of existence of u. Furthermore, the equation also admits stationary
solutions and more generally traveling waves. It was proved in [Duyckaerts et al. 2013] that any radial
solution that does not scatter and is not a type I blow-up solution decouples asymptotically as a sum
of rescaled stationary solutions and a dispersive term. This includes global nonscattering solutions (see
[Krieger and Schlag 2007; Donninger and Krieger 2013], and also [Martel and Merle 2016; Jendrej 2016]
in higher space dimensions, for examples of such solutions) and solutions that blow up in finite time
but remain bounded in the energy space, called type II blow-up solutions (see, e.g., [Krieger et al. 2009;
Krieger and Schlag 2014a] and, in higher dimensions [Hillairet and Raphaél 2012; Jendrej 2017]).

The case m # 2 is quite different. It is known that stationary solutions do not exist in the critical Sobolev
space, even for focusing nonlinearity, see, e.g., [Joseph and Lundgren 1973; Farina 2007, Theorem 2],
and it is conjectured that any solution that does not satisfy

li (1) 5c = 1-5
HITT(M)”“()”” +00 (1-5)

is global and scatters to a linear solution for positive times. A slightly weaker version of this result was
proved in many works; namely, if the solution does not scatter, then
limsup ([ (t) [ 4sc = +00. (1-6)
t—>Ty (u)
See [Kenig and Merle 2011; Duyckaerts et al. 2014] for the radial case, m > 2, [Shen 2013; Rodriguez
2017] for the radial case, 1 <m < 2, [Killip and Visan 2011] for the defocusing nonradial case, m > 2,
[Dodson and Lawrie 2015] for the radial case, m = 1, and also [Killip et al. 2014] for the nonradial
defocusing case, 1 <m < 2, where (1-6) is proved for finite time blow-up solutions with initial data in
the energy space.
Note that none of the preceding works excludes the existence of a nonscattering solution of (1-1) such
that

limsup [|u(?)|;sc = +oo and  liminf [[s(2)] ;s < 00.
t—>Ty (1) " t—Ty (1) H
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In [Duyckaerts and Roy 2015], this type of solution was ruled out in the case m > 2: for any radial
nonscattering solution of the equation, the critical Sobolev norm goes to infinity as ¢t — T4 (u).

It is interesting to compare the theorems cited above with analogous ones for other equations, and in
particular for the nonlinear Schrédinger equation

i9;v— Av = t|v[*™v. (1-7)

For the defocusing equation (¢ = —1), the fact that the bound of a critical norm implies scattering is
known in the cubic case in three space dimensions [Kenig and Merle 2010] and in energy-supercritical
cases in large space dimensions [Killip and Visan 2010]. Merle and Raphaél [2008] considered the
focusing equation (1-7) with ¢t = 1 and an L? supercritical (i.e., pseudoconformally supercritical), energy
subcritical nonlinearity, that is, 2 < m < 2 when the number of space dimensions is three. This condition
is the analogue of the condition 1 < m < 2 (conformally supercritical and energy subcritical power) for
the wave equation. They proved that if u is radial with initial data in the intersection of H' and the
critical Sobolev space, and if T4 (v) is finite, then

[0l = & og(T4(v) =D

for some constant o > 0. Note that in this case there exists a global, bounded, nonscattering solution.
The space L3™ is scale-invariant and strictly larger than the critical Sobolev space. Analogous results are
known for Navier—Stokes equations; see [Iskauriaza et al. 2003; Kenig and Koch 2011; Seregin 2012;
Gallagher et al. 2013; 2016]. For example, it is proved in [Seregin 2012] that the scale-invariant > norm
of a solution blowing-up in finite time goes to infinity at the blow-up time.

Going back to (1-1) with m # 2, many questions remain open:

e Is it true that all nonscattering solutions of (1-1) satisfy (1-5) in the nonradial case, or if 1 <m < 27

¢ Can one lower the regularity of the scale-invariant norm used in (1-5), as in the case of nonlinear
Schrodinger and Navier—Stokes equations?

¢ Is it possible to give an explicit lower-bound of the critical norm, in the spirit of [Merle and Raphaél
2008]?

In this article, we give a partial answer to the first two questions in the radial case. This is based on a new
well-posedness theory for (1-1), in a scale-invariant weighted Sobolev space £ which is not Hilbertian,
but is related to a conserved quantity of the linear wave equation and is compatible with the finite speed
of propagation.

1B. Strichartz estimates and local well-posedness. Consider the following norm for radial functions

(ug,u1) on R3:
1

o0 m
|(uo, u1)||om = (/ (|r8ru0|m+|ru1|m)dr) ,
0
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and define the space £ as the closure of radial, smooth, compactly supported functions for this norm.
Note that £2 is exactly! ’f-[rlad. The £™ norm was introduced in [Duyckaerts and Roy 2015], in the case
m > 2, as a scale-invariant substitute to the energy norm H! x L2 norm. Let us mention that 7, C L™
if m>2,and L™ C 7.-lrs§d if 1 <m < 2 (see Proposition 2.2 below). It was observed in [Duyckaerts and
Roy 2015] that the £ norm is almost conserved for solutions of the linear wave equation: we will indeed
introduce in Section 2 a conserved quantity (the generalized energy) which is equivalent to this norm. We
first prove Strichartz estimates for the linear wave equation. If 7 is a real interval, we denote by S(/) the

space defined by the norm

oo omt1 W\ T
||f||s<1)=(/1(/0 |f<r,r>|<m+>mrmdr) dt) |

Theorem 1. Let v be a solution of the linear wave equation

Zv—Av=0, (v,0;v))=0=(vo,v1) € L™
Then v € S(R) and
[vlls@ =< Cll(vo, v1)llzm.

Note that Theorem 1 generalizes, in the radial case, the L° L9 Strichartz/Sobolev estimate for finite-
energy solutions of the linear wave equation to the case m # 2. Let us mention that we prove more
general Strichartz estimates, including estimates for the nonhomogeneous wave equation (see Section 2B
for the details). As a consequence, we obtain local well-posedness in £ for (1-1):

Theorem 2. For m > 1, (1-1) is locally well-posed in L™. For any initial data (uo,u1) in L™, there exists
a unique solution u of (1-1), (1-2) defined on a maximal interval of existence I (1) = (T—(u), T+ (1))
such that i € C®(Imax (1), £L™) and for all compact intervals J € Inax (1), we have u € S(J). Furthermore,

Ty(w) <oo = |lullsqo, 7)) = +oo.

We obtain Theorem 1 and the other generalized Strichartz estimates of Section 2B by interpolating
between the known generalized Strichartz estimates of [Ginibre and Velo 1995], see also [Lindblad and
Sogge 1995], in correspondence to the case m = 2, and Strichartz-type estimates obtained by a new method,
based on the continuity of the Hardy—Littlewood maximal function from L! to L}D (see Section 2B).

We also construct a profile decomposition for sequences of functions that are bounded in £, which
is adapted to (1-1), in the spirit of the one of [Bahouri and Gérard 1999] which corresponds to the
case m = 2. This construction is based on a refined Sobolev embedding due to Chamorro [2011]. The
fact that £ is not a Hilbert space yields a new technical difficulty, namely that the usual Pythagorean
expansion of the norm does not seem to be valid and must be replaced by a weaker statement, closer to
Bessel’s inequality than to the Pythagorean theorem. We refer to [Solimini 1995; Jaffard 1999] for other
non-Hilbertian profile decompositions where this type of inequality also appears.

The definition of the space £™ does not involve any fractional derivatives and is technically easier to
handle than the space % with m # 2, where the latter are all defined by norms that are not compatible

I Throughout the article, the index rad denotes the subspace of radial elements of a given space of distributions on R3,
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with finite speed of propagation. We hope that the Strichartz estimates and profile decomposition proved
in this article will find applications for nonlinear wave equations apart from (1-1).

1C. Blow-up of the critical Sobolev norm for the nonlinear equation. Our second result is that the
dichotomy proved in [Duyckaerts and Roy 2015] remains valid in £, as long as m # 2:

Theorem 3. Assume m > 1 and m # 2. Let u be a radial solution of (1-1), (1-2), with (ug,u1) € L™ and
maximal positive time of existence T+. Then one of the following holds:

(D lirnt—)T.;_(u) ”ﬁ(l)”/:’" = +o00.

(2) T+(u) = 400 and u scatters forward in time to a linear solution; i.e., there exists a solution uy. of
(1-3), with initial data L™, such that

lim [ii(t) — i (t)]| o = 0.
t—>+o00

In the energy-supercritical case m > 2, Theorem 3 improves the result of [Duyckaerts and Roy 2015]
since 7% is continuously embedded into £™. In the case 1 < m < 2, we know £™ is continuously
embedded into 7% and Theorem 3 is not strictly stronger than the result of [Shen 2013]. However,
Theorem 3 is also new, since it says that as least some scale-invariant norm of ¥ must go to infinity as ¢
goes to T (u). It is very natural to conjecture that the *¢ norm of the solution also goes to infinity, but
this is still an open question.

Once the Strichartz estimates, well-posed theory and profile decomposition in £™ are known, the proof
of Theorem 3 (sketched in Sections 4, 5 and 6) is very close to the proof of the corresponding result in
[Duyckaerts and Roy 2015], with some simplifications due to the use of the space £™ instead of F%
throughout the proof. As in [loc. cit.], we use the channels of energy method initiated in [Duyckaerts et al.
2011], and the main ingredient of the proof is an exterior energy estimate for radial solutions of the linear
wave equation for the £ -energy, which generalizes the exterior energy estimate used in [Duyckaerts
etal. 2011; 2013; 2014].

According to Theorem 3, there are three potential types of dynamics for (1-1): scattering, finite time
blow-up solutions such that the critical norm goes to infinity at the blow-up time, and global solutions
such that the critical norm goes to infinity as ¢ goes to infinity. Only two of these dynamics are known to
exist: scattering (for both focusing and defocusing nonlinearities) and finite time blow-up (for focusing
nonlinearity only). Indeed, in the focusing case, it is possible to construct blow-up solutions with smooth,
compactly supported initial data using finite speed of propagation and the ordinary differential equation
y” = |y|?™y. Another type of blow-up solution was constructed by C. Collot [2014] for some energy-
supercritical nonlinearity in large space dimension: in this case the scale-invariant Sobolev norms blow
up logarithmically.

It is natural to conjecture that all solutions in £™ are global in the defocusing case. For m < 2,
this follows from conservation of the energy if the data is assumed to be in 7!, and only the case of
low-regularity solution is open. For supercritical nonlinearity m > 2, it is a very delicate issue even for
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smooth initial data, as the recent construction by T. Tao [2016] of a finite time blow-up solution for a
defocusing system? of energy supercritical wave equation suggests.

The existence of global solutions blowing-up at infinity with initial data in £™ (or ) is also
completely open. We refer to [Krieger and Schlag 2014b; Luk et al. 2016, Appendix A] for two different
constructions of global, smooth, nonscattering solutions in the case m = 3. The initial data of these
solutions do not belong either to the critical Sobolev spaces 714 or to the £3 space, but are, however, in
all spaces H, s > %. These constructions and Theorem 3 seem to suggest that any global solution with
initial data decaying sufficiently at infinity actually scatters, but we do not know of any rigorous result in
this direction.

Let us finally mention [Beceanu and Soffer 2017] on (1-1) with supercritical nonlinearity m > 2, where
global existence is proved for a class of outgoing initial data.

The outline of the paper is as follows: in Section 2, we prove the Strichartz estimate for the linear wave
equation and deduce the Cauchy theory for (1-1). In Section 3, we construct the profile decomposition. In
Section 4, we prove the exterior energy property for nonzero solutions of (1-1), which is the core of the
proof of Theorem 3. In Section 5, we introduce the radiation term (i.e., the dispersive part) of a solution
which is bounded in the critical space for a sequence of times. In Section 6, we conclude the proof.

Notation. If a and b are two positive quantities we write a < b when there exists a constant C > 0 such
that a < Cb, where the constant will be clear from the context. When the constant depends on some
other quantity M, we emphasize the dependence by writing a Sps b. We will write a & b when we have
both a <h and b < a. We will write a < b or a > b if there exists a sufficiently large constant C > 0
such that Ca < b or a > Cb respectively. We use S(R?) to denote the Schwartz class of functions on the
Euclidean space R¥.

If f is a radial function depending on ¢ and r := | x|, let

-

f=0,0:f) and [flx(t.r)= 0, £3)(rf).
Given s > 0 and n a positive integer, we define
H(R") := H*(R") x H* 7' (R"),

where H* denotes the standard homogeneous Sobolev space. We let Lf) (1, L) be the space of measurable
functions f on I x R3 such that

1 lzra.ze) = (/I ([R () dx)th)p < 0.

Unless specified, the functional spaces (L?, H, etc...) are spaces of functions or distributions on R3
with the Lebesgue measure. On a measurable space (€2, du) where p is positive, the weak L9 quasinorm
of a function f is defined as

Q|

I/ llzg, == iul())k (mixeQ:[f(x)|>A})7.

2The unknown u is R*%-valued.
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We shall also use the weighted Lebesgue norm L4 (R”, @), defined as

1oy = ( [ 10100 dx)’

for some measurable function w(x) as a weight. For g > 1, we use ¢’ = qul to mean its Lebesgue
conjugate.

We denote by Tg the operator
J(R), [x|=R,

£ T = |
SUxD. |x[= R.

Let St.(¢) denote the linear propagator; i.e.,

in (1D
St (wo. wr) = cos (Do + Py, p = A,

If u is a function of ¢ and r, we will denote by F(0,,u) the sum F(d,u) + F(0;u); for example,
|07, ,ul™ = |0;u|™ + |0, u|™.

2. Strichartz estimates and local well-posedness

2A. Preliminaries. For m > 1, we denote by W1 the closure of Coraq for the norm |- |[yy,1.m defined by

400 %
10l = ( /0 |3r(0(r)|mrmdr) |

Proposition 2.1. We have f € W™ if and only if f(r) € Crgd(((), +00)) satisfies the conditions

+o0
/ [rdy f(r)|™ dr < 400, (2-1)
0
lim ri f(r) = Tim. rin f(r) = 0. (2-2)

The proof is given in the Appendix.
We denote by £™ the closure of (C&‘;ad)z for the norm || - ||z,

+o00
(o, u1)llcm := lluollyim + (/ [uq ()| r™ dr) )
0
Then:

Proposition 2.2. (1) If m > 2 and (ug,u1) € H%, then (ug,u1) € L™ and

o, u)llcm < Mo, wa)lse -

) If1l<m<2and (uo, ul) € L™ then (MO, ul) c ’HS(: and

[ (o, u) e < (o, u) | cm.
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(3) If ug € W™, then ug € L3 (R3) and

luollzzm < Nutollyyrm.

4) If up e WY and R > 0, then

+oo +o00
R|MO(R)|m+/;2 |3r(ru0)|m dr %/;e |8ru0|mrm dr,

where the implicit constant does not depend on R.

Proof. For the proofs of properties (1), (3), (4), see [Kenig and Merle 2011, Lemma 3.2; Duyckaerts and
Roy 2015, Lemmas 3.2 and 3.3]. We prove (2) by duality from (1). Assume m € (1,2) and let m’ be the

Lebesgue dual exponent of m. Let (ug,u1) € L™ and ¢, ¢ € C&?ad(R3). Note that

o0 o0
/ 20,100, drz/ 3, (rug)d,(ro)dr.
0 0

By Holder’s inequality and (1),

o0
+‘/ rzulw dr
0

This yields the announced result.

o
f r23ru08r<p dr
0

Let v(¢, x) be a solution to the Cauchy problem
(8% —A)(t,x) =0, (v,0;V)|;=0 = (v, V1), tER, x€R>,

where the initial data is in £™. Define r = |x| and set

1 1 lo|
F(o)=zovo(lo])+ = rvi(r)dr.

2 2 Jo

An explicit computation, using
07 =) (rv) =0
yields
1
v(t,r) = ;(F(t +r)—F(t—r)).

We have

I+t 1) = (8 +3)(rv) =2F (t + 1), [v]-(t,r) = @y —8:)(rv) = 2F (1 = 1).

If (vo,v1) € L™, we define

+00
Em(vo,v1)=/ (18- (rv0) + ror ™ + 18, (rv0) — rua|™) dr,
0
so that

+o0 +o00
Em(ﬁ(t))=/0 }[u]+(t,r)\’”dr+/0 ] (t.7)[" dr.

<o u)lem l(@. Yl o < [0, ) [l (0, Y 11241/ -

O

(2-3)

(2-4)

(2-5)

(2-6)

27
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Proposition 2.3. Assume 1 <m < +o00. Let (vg,v1) € L™ and v(t, 1) be given by (2-3).

(1) Equivalence of energy and £™ norm.
400

+o0o
ool [ 10, Gvodr+ [ lral” dr ~ EnGvo. ).
0 0
(2) Energy conservation. E,, (V) is independent of time. We call E,, the L™ -modified energy for (1-3).
(3) Exterior energy bound. If R > 0, the following holds for all t > 0 or for all t < 0:

400 +00
/ 19, (roo)|™ + Jro1 ™ dr < / 19, (r0) ™ + 13: (r0)|™ dr.
R R+t

Property (2) follows from direct computation, and the formula (2-5). Let us mention that the notation £,
has a slightly different meaning in [Duyckaerts and Roy 2015].

Remark 2.4. Note that

E>(v(1)) = ng |Vu(t, x)|> dx + /W |0;v(t, x)|? dx, (2-8)
which coincides (up to a constant) with the standard energy functional for (2-3). Moreover, from (2-6)
we know for any m € (1, 400), there exists Cy, > 0 such that

Cor 15Ol em < 5@l < Cull5(O) | for all 7. (2-9)

Thus ||v()]|zm enjoys the pseudoconservation law, namely (2-9), and extends the classical energy to the
general case m > 1.

From the conservation of the energy, we deduce the following energy estimate for the equation with a
right-hand side.

Corollary 2.5. Consider the problem
(8$_A)u(l9x)=f(t’x)a (M, 8lu)|l=0=(u0’ul)a t GR’ XER3’ (2_10)

with (ug,u1) € L™ for a fixed m > 1, and f radial. Then we have the following inequality as long as the
right-hand side is finite:

* % +o00 00 %
sup(/0 [|3r(I’M)|m(l)+|at(ru)|m(t)]d}’) EC(||(uo,u1)||£m+/ (/0 |rf(t,,)|mdr) dt)

teR —00 (2_11)
Proof. Write u(t,r) = up(t,r) +un(t, r) with
t o _ —A
) = 500,00, o) = [ IR ) as

The bound for ||uy | zm follows from (2-9) and the conservation of the £ modified energy. Moreover,

t ; —OV—A
liin(t, 7]l om < /0 (S‘“((’ J% ) L

and the estimate on u follows again from (2-9) and the conservation of the £™-modified energy. [

f(s), cos((t —s)vV—A) f(s))
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2B. Strichartz estimates in weighted Sobolev spaces. Let 2 be a measurable subset of R; x (0, +00)
of the form Q = J,cp{t} x J;, where for all ¢, we have J; is a measurable subset of (0, +00). If f is a
measurable function on 2, we let

1 1
m 2m+1
||f||s<m=(/R (/J If(t,r)l(zmH)’”rmdr) dt) .
t

If Q@ =1 x(0,400), where [ is a time interval, we will set S(€2) = S(/) to lighten notation:

+oo Lot
||f||s<1)=(/1 (/0 If(t,r)l(zm“)mr’”dr) dz) 1

In this subsection we prove the following Strichartz estimate:

Proposition 2.6. Let m > 1 and assume v(t, x) is the solution of the Cauchy problem (2-3) with radial
initial data (vg, v1) € L™ Then there exists a constant C such that

Ivlls@) = ClO) ] m. (2-12)
We also have its analogue for the inhomogeneous part:

Proposition 2.7. Let m > 1 and u(t, r) be the solution of (2-10) with 1(0) = (0, 0). Assume
400 400 i
||f||L;L§1(rmd,) Z=/ (/(; | f (@, r)|"r™ dr) dt < oo.
—00

lulls@ < CILF s L grmary: (2-13)

Then we have

We start by proving auxiliary symmetric Strichartz-type estimates in Section 2B1, using the weak
continuity in L! of the Hardy-Littlewood maximal function. In Section 2B2 we will interpolate these
estimates with standard Strichartz inequalities to obtain the key estimates (2-12) and (2-13).

2B1. A family of symmetric Strichartz estimates. With the explicit expression (2-6), we are ready to
deduce a crucial estimate for the linear wave equation (2-3) with v(0) € £L™.

Proposition 2.8. Let v(t, x) = SL(¢)(vo, v1) be a radial solution of (2-3). Then for any m € (1, +00)
and o € (1, 4+00), there is a constant C such that the following a priori estimate is valid:

“+o0 ﬁ
(// |v(t,r)|°‘mr“_2drdt) < C||9(0)||zm. (2-14)
RJO

Proof. We assume v; = 0 first. Then from (2-4) and the fundamental theorem of calculus,

1 t+r
v(t,r) = —/ ds(svo(s)))ds, r=]x|. (2-15)
2r t—r
Let us consider the operator
t+r
T: G(s) > i/ G(s) ds. (2-16)
2r Ji—
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First, it is clear that

sup TG, 1) = [|GllLoom; as)- (2-17)
(t,r)ERXR4

Next, we demonstrate the weak-type estimate
ITGllLg @iy s ra—2aran < CIG L1 g5 as)- (2-18)

or equivalently, there is C > 0 such that for any A > 0 we have

o
// 1 2drdt < C (@) , (2-19)
Ex A

where £ = {(t,r) e Rx R4+ : |TG(t,1)| > A}.
Given this, we have, interpolating between (2-17) and (2-18),

1
(/ /+00 TG, r)|*™r* 2 dr dt)a < C/ |G(s)|™ ds; (2-20)
RJ0 R
see Theorem 5.3.2 in [Bergh and Lofstrom 1976]. The estimate (2-14) with v = 0 now follows by using
(2-20) with
G(s) = ds(s vo([s]))-
To show (2-19), one observes that on &,

Gl

O<r<——"— and (MG)()> A,

where M denotes the Hardy—Littlewood maximal function. Therefore, we can bound the left-hand side

of (2-19) as follows:
Gl G o
/ZA a2 a’r/ dt 5C(—” ”L‘) , 2-21)
0 {teR|(MG)(1)>A} A

where we have used the weak estimate M : L1(R) — LL (R).
The case vy = 0 follows from the same argument. Indeed, in this case we have

1 t+r
v(t,r)= —/ svi(|s|) ds. (2-22)
2r Ji—y
Letting G(s) = sv1(|s|) and applying (2-20) we are done. O

Let u(t, x) be a solution to the nonhomogeneous Cauchy problem (2-10), where f(¢, x) is radial in
the space variable and locally integrable. If we set

gt.p)=pf( |pl), (2-23)

then we have

1 t pTttr
u(t,r)= 5/ / gt—1,0)dodr. (2-24)
0Jt—r
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After a change of variables, we obtain

1 t+r
u(t.r) =5 f G(t.p) dp, (2-25)
t

—r

with
t
G(t.p) = /0 ¢(s.p—s)ds.

A proof very close to the one of Proposition 2.8 yields symmetric Strichartz estimates for the nonhomo-
geneous equation:

Proposition 2.9. Let u(t, x) be a radial solution of the problem (2-10) with initial data 1 (0) = (0, 0).
Then for anym € (1, +00) and a € (1, +00) there is a constant C such that we have

+o0 ﬁ +o00 %
(// |u(t,r)|°‘mr°‘_2drdt) SC/ (/ Irf@, r|™ dr) dt. (2-26)
rRJo r\Jo

Proof. In view of (2-25), we have
ut.r)| <TGt r),
where 7 is defined as in (2-16) and

~ +Oo
G(p) = / lg(s,p—s)|ds,

—00
with g given by (2-23). Noting that m > 1, we obtain (2-26) by using (2-20) and Minkowski’s inequality. [J

Remark 2.10. Notice that from (2-15) and (2-22), one may deduce the following end-point Strichartz
estimate for linear wave equations in three dimensions with radial initial data

ISL@) (o, v)l 2w, Loo@yy = € (Ivoll g1 w3y + Iv1ll2@3)- (2-27)

where (vg, v1) € I-'Irzd([R3) X erad([R3). In fact, we may assume without loss of generality that (vg, v1)

belongs to the Schwartz class. Then (2-27) follows from (2-15) and (2-22) by using the L?-boundedness
of the Hardy-Littlewood maximal function and integration by parts.

2B2. Proof of the key Strichartz inequality. We prove here Propositions 2.6 and 2.7. Let us first recall
the following classical Strichartz estimates for wave equations; see [Ginibre and Velo 1995].

Theorem 2.11. Consider v(t, x), the solution of the linear Cauchy problem

(9% — A)v = h(t, x), (x,1) e R3x R,
V|r=0 = vo € HI(R?), (2-28)
0:v|s=0 = v1 € L2(R3),

so that

toinlr A
U(t)=SL(f)(UO,v1)+/0 Slrl(t%h(s)a’s.
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Let2 < q,0 < oo and let the following conditions be satisfied:

1,1 _1 1,3 1
sl < = il —
q+a—2’ (q,0) # (2,00), q+0 3
Then there exists C > 0 such that v satisfies the estimate
lvllza @, Lo@3y) < € (Ivoll g1 gy + V1l 2@3) + 12l g L2@w3))- (2-29)

We are now ready to prove Proposition 2.6

Proof. Since (2-12) is classical when m = 2, it suffices to consider below the cases for m > 2 and
1 < m < 2 separately.

If m > 2, we define m™ = 2m and take o = %(Zm + 1). Then we have from (2-14)

+o0o p+o0 . ﬁ
(/ / v, r)r’|*™ r¥2 dr dt) < C||9(0)|| g, (2-30)
—o0 JO
where
_ Sm-=2 2

so that yiam™ + y, = a — 2. Let

8m(2m+1) 8m(2m +1)
- 0=—".
8m2—11m +6 5m—2

Then (2-29) yields

+o0o +oo % é
(/ (/ |v(l,r)ry1|°ry2dr) dz) < Cl50)] 2. (2-31)
—00 0
In view of
16 1-6 1 0 1-9 16 1-6 1
m 2 m*  2m+1 q am* m@m+1) o am*’ S om—1

and the fact that yym(2m + 1) + y» = m, we obtain (2-12) by interpolating (2-30) and (2-31); see
Theorem 5.1.2 in [Bergh and Lofstrom 1976].

If 1 <m <2, we set

. m+1 82m +1) 2(m—1)
m =-—, 0= —, 9=—’
2 3m+5 m(3—m)
82m+1) 82m+1)
=, oO=—,
10—m 3m—2
3m—2 3m—2 6m
71 V2=

Tem2llm+4  Cm+D)Gm+4) 3m+4°

One can verify that (2-30) and (2-31) along with the interpolation relations as in the first case remain
valid. O
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Using the same argument as above and (2-26), we obtain Proposition 2.7.

We conclude this subsection with some additional Strichartz-type estimates that will be useful in the
construction of the profile decomposition in Section 3 and follow from Proposition 2.8 and (2-27).

Proposition 2.12. Assume m > 2 and v(t, x) is the solution of the Cauchy problem (2-3) with radial
initial data (vy, v1) € L™ Let

4 2m(m —1)(m + 2)

b
m24+3m—2

_ 2m(m—1)(m+2)
N m—2 )

’

Then there exists a constant C such that

+00 oo 5 \a
(/ (/ |v(t,r)|brmdr) dt) < C||3(0) || zm. (2-32)
—00 0

Proof. Indeed, from (2-14), we have

+00 p+o00 m
( / / lo(z, r)2mm+2)m gy dt) < C||15(0)]| p2m. (2-33)
—o0 JO

Interpolating (2-33) with (2-27), we are done. O
The choice of (a, b) above is not suitable in the case m < 2, where we will use the following estimates:

Proposition 2.13. Assume 1 <m <2 and v(t, x) is the solution of the Cauchy problem (2-3) with radial
initial data (vg,vy) € L™ Let
m(m+2)(3—m) b m(m+2)(3—m)
a = s =
m2—m+2 2(2—m)

Then there exists a constant C such that

+o00 +o00 % a
(/ (/ lo(t, r)Pr™ dr) dt) < C||5(0)||zm. (2-34)
—00 0

Proof. Let m* = mT'H From (2-14), we have

+o00 p4o00 N W
(/ / lo(e, r)|™ 2 pm gy dt) < C[BO) | pn- (2-35)
—00 JO

Interpolating (2-35) with (2-27), we are done. O
Remark 2.14. In both propositions, we have m <a <2m + 1 < % < 00.

Remark 2.15. The interpolations we used in the above two propositions are based on the complex method.
In fact, we used Theorems 5.1.1 and 5.1.2 in [Bergh and Lofstrom 1976].

Remark 2.16. Notice that when m = 2, we have (a, b) = (2, 0co) coincides with the end-point Strichartz
estimate (2-27).
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2C. Local well-posedness. Consider here the Cauchy problem for the nonlinear wave equations (1-1),
(1-2), with (ug,u1) € L™, m > 1. In this subsection, we prove the following small-data well-posedness
statement, which implies Theorem 2:

Proposition 2.17. There exists 6o > 0 such that if 0 € I C R is an interval and
[SL(@) (o, u1)llsa) =3 < o, (2-36)
then there exists a unique solution u € S(I) to the Cauchy problem (1-1), (1-2) for t € I such that
u e CO%I,L™). Moreover,
lullsry <26 (2-37)

and we have
sup [ ()| cm < Con (o, ur) [ om + 82" F1). (2-38)

tel

Remark 2.18. From the assumption on the initial data and the Strichartz-type inequality (2-12), we see
that for each (ug,u1) € £™ and § > 0, there is an interval I = I(ug, 11, §) such that (2-36) holds. Using
this observation and standard arguments, it is easy to construct from Proposition 2.17 a maximal solution
of (1-1), (1-2) that satisfies the conclusion of Theorem 2.

Proof. Let Cy be the constant in the estimates (2-12) and (2-13) . Consider
X={vonRxR?| v x)=0(,|x]). lvllscry < 26},
where
e m P _pE2 1
0<8<min(Cy 7~'277-1,27r=1(pCo)~7-T), p=2m+1.

Define
Usin(t —s)v/—A

e [v]>™v(s) ds. (2-39)

Pugur) (V) = SL() (o, u1) + l/(;
If v, w € X, we have from (2-13)

1D o) W) lsry < 6+ Co(26)7 <26,
and by the Holder inequality

-1 -1
| P0.1e1) (®) = g0y W) | 1y < 20 Co (10115 + Iw G ) Il —wllisry
<4pCo(28)" v —wllsy
<v-wlsu
for all v, w € X. Thus, there exists a unique fixed point u € X such that
u = @uo’ul (M).

Note that (2-37) follows from the construction and (2-38) follows from the energy estimates and (2-37). O
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2D. Exterior long-time perturbation theory. We conclude this section by a long-time perturbation theory
result for (1-1) with initial data in £™. Taking into account the finite speed of propagation, we will give
a statement that works as well when the estimates are restricted to the exterior {r > A + |¢|} of a wave
cone. This generalization will be very useful when using the channels of energy arguments.

Lemma 2.19. Let M > 0. There exist epg > 0, Cpy > 0 with the following properties. Let T € (0, +o<],
u,i € S0, T)) such that u,u € C°([0, T), L™). Assume that u is a solution of (1-1), (1-2) on [0, T')

and that®
07 — Atl = 1Lr> (Aie)) 381" + e

- - . (2-40)
Upr=0 = (to,u1),
where e € LYL™(r™ dr), A € RU{—00}. Let
Ry(t) = SL(t)((uo,u1) — (to, i1)).
Assume
l#lsre,1), r=a+ithep <M, (2-41)
T +o00 %
/ (/ |re|™ dr) dt + | RL|seef0,7), r=(a+1th 1)) =€ = eM- (2-42)
0 A+t +

Then u(t) =1u(t) + RyL(¢) + €(t) with

l€llseto, 7y, r=(a+Iehsp + sup / |rdz,re|™dr < Cpe.
te[0,T) J(A+1t))+

In the lemma, we have set (4 + |t])+ = max(0, A + |¢]). By convention, if 4 = —o0, this quantity
equals O for all . Note that the case A = —oo corresponds to the usual long-time perturbation theory
statement;* see, e.g., [Tao and Visan 2005].

Sketch of the proof. We let, for t € [0, T),

Fo0 Gt
&) = (/ le(t, r)|@meDmm dr) ,
(

A+l
~ +oo QT
o= ([, e )T
A+ 4
+oo G
R(r) = (/ |RL(t,r)|@mHDm pm dr) :
A+ 4

By the assumptions (2-41), (2-42),

Ll 2m+10,7) =M, ||RlL2m+10,7) < &

3in the sense that 7 satisfies the usual integral equation
4Traditionally the “linear part” of the solution Ry (¢) is incorporated into #. For convenience we preferred to distinguish
between these two components.
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Since

(07 — A)e = (ju*™u — |a*") + e,

we obtain by (2-11), Strichartz estimates and finite speed of propagation that for all 6 € [0, T),

+o00 L
sup [(/( [rd;,rel™ dr) + |E@) || m + ||€(f)||L2m+1]

1€[0,0] A+t +
0 +o0 ) ) m
SC/ (/ [a|“" i — |u|"u|" + le|™)r™ dr) dt.

0 (A+|r|)+(| | ) (2-43)

NS

‘We have

0 +o00 m
/ (/ |e|mrmdr) dt <e
0 \J(A+|zD+
and, using Holder’s inequality

6 400 %
/ (/ |24 — |u[*™u|" ™ dr) dt
0 (A+tD+

7]
< / (€(1) + R@) @)™ +R(1)>™ + (1)) di
0

0

EO)U@)>m dt)

6
< (IR )+ IR )+ [ OB ar 4 [

0
<C (IIGII,{Z%I(O,@) +e2m M2 /0 €()ii(r)>" dt).

Collecting the above, we obtain, for all 8 € [0, T),

0
€l 2m+1(0,6) < C (s +eMH L MM e €175 6+ /0 E(1)U(r)*" dt).

This is a Gronwall-type inequality classical in this context. Using, e.g., Lemma 8.1 in [Fang et al. 2011],
we deduce that for all 8 € [0, T),

€]l L2m+1(0.0) < C(e+ ™" + M e + ||€||i’§1nﬂl(0’9))d>(CM2m),

where ®(s) = 2I'(3 4 2s), and I is the usual Gamma function. Using a standard bootstrap argument, we
deduce, assuming that ¢ < gps for some small gpy,

|| €||L2m+1 (0,6) <Cype,

and going back to (2-43) and the computations that follow this inequality, we obtain also the desired
bound on the £ norm of €. O
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3. Profile decomposition
3A. Linear profile decomposition. The main result of this section is the following:

Theorem 3.1. Let (uy,»)n be a sequence of radial solutions of (1-3) such that (iiy,,5(0)), is bounded in L™.
Then there exists a subsequence of (Urn)n (still denoted by (uy,n)n) and, for all j > 1, a solution U]f
of (1-3) with initial data (Uj, Ulj) in L™ and sequences (Ajn)n € (0,00)N, (¢j.n)n € RY such that the
following properties hold:

¢ Pseudo-orthogonality. For all j, k > 1, one has

Ajn i Aen |t =t nl _

i #k = lim . 3-1

J# o Akn  Ajn Ajn oo -1

e Weak convergence. Forall j > 1,

7 1 iyl
(Aj,nuL,n (tj,n’ Aj,n ')» Aj,n 8tuL,n (tj,na Aj,n : )) rg\o (U s U1 )» (3-2)
weakly in L™,
¢ Bessel-type inequality. Forall J > 1,
J .
lim Ep(uon.u1n) = Y Em(U (0)) = 0. (3-3)
n—00 —
J:
¢ Vanishing in the dispersive norm.
. . J _ )
Jim, Jm s =0 @9
In the above, we have taken
J .
wy (£, x) =uLa(t,x) =Y U, (. ). (3-5)
j=1
; 1 ft—t; X
UL],n(t’x) = 1 UL ( A j’n’ A ) (3'6)
)Ljﬁn Jon Jon

Theorem 3.1 generalizes (in the radial setting) the profile decomposition of [Bahouri and Gérard 1999]
to sequences that are bounded in £ instead of the classical energy space. The only difference between
the two decompositions is the fact that the Pythagorean expansion proved in that paper is replaced by the
weaker property (3-3). One cannot hope, in this context, to have an exact Pythagorean expansion; see the
example on p. 387 of [Jaffard 1999].

The proof of Theorem 3.1 is based on the following two propositions, which we will prove in Sections 3B
and 3C respectively.

Proposition 3.2. Let (ur ,)n be a sequence of radial solutions to the linear wave equation and set
(o, U1,n) = ULn(0). Assume for m € (1, +00), the sequence (i1, ,(0))y, is bounded in L™ and that for
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all sequences (Ay)n € (0, 00)N and (t,), € RN,

1 _tn * 1 _tn *
a2 ) _ 3.7
(ArzuL’n(kn akn)akldl_nlq tuLn(An ’A,n)) ( )
n n n

converges weakly to 0 in L™ as n — 4o00. Then

n_liff luLnllsw = 0. (3-8)

Proposition 3.3. Let J > 1 and (ULj )j=1,...,s be solutions of the linear wave equations with initial data
in L™ Forall j =1,...,J,welet (Aj,)n € (0, oo)N and (tjn)n € RN be sequences of parameters that
satisfy the pseudo-orthogonality property (3-1). Let (ur, ) be a sequence of solutions of the linear wave
equation with initial data in L™. Let wJ be deﬁned by (3-5), (3-6) and assume that forall j €{1,...,J},

Then the Bessel-type inequality (3-3) holds.

Proof of the theorem. The proof of Theorem 3.1, assuming Proposition 3.2 and 3.3, is quite standard, at
least in the Hilbertian setting. We give it for the sake of completeness. We mainly need to check that it
is harmless that we have only a Bessel-type inequality (3-3) in the £™ setting, which is not Hilbertian,
instead of a more precise Pythagorean expansion.

We construct the profiles ULj and the parameters A; ,, ¢ , by induction.

Let J > 1 and assume that for 1 < j < J — 1, we have constructed profiles U]{ such that (3-1) and
(3-2) hold after extraction of a subsequence in n (if / = 1 we do not assume anything and set w,? =ULn).
Note that this implies (3-3) by Proposition 3.3. Let Ay be the set of (U, Uy) € L™ such that there exist
sequences (Ay)y, (tn)n of parameters such that, after extraction of a subsequence,

(Am Tty o) A w0 . A ) == Wo. U)

weakly in £™, where w 1 is defined by (3-5). We distinguish two cases.
Case I: Ay ={(0,0)}. In this case we stop the process and let U/ =0 for all j=J.

Case 2: There exists a nonzero element in .Ay. In this case, we choose (U7, U IJ ) € Ay such that

Em(UJ.U{) = 3 sup  Em(Uo. Uy), (3-10)
(Uo,U1)eA,

and we choose sequences (A ,), and (t5 ), such that, (after extraction of subsequences in n),

1 L
A = s Agn ) AT Bw) T g A ) — (U UY) (3-11)

weakly in £™. Note that (3-2) holds for j = J thanks to (3-11). Furthermore, (3-1) for j € {1,...,J —1},
k = J follows from (3-2) (for j € {1,...,J —1}), (3-11) and the fact that (U, UIJ) # (0, 0). Finally,
as already observed, (3-3) is a consequence of (3-1), (3-2) and Proposition 3.3.
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If there exists a J > 1 such that Case 1 above holds, then we are done: indeed, in this case, w,{

does not depend on J for large n, and (3-4) is an immediate consequence of the definition of .A; and
Proposition 3.2.

Next assume that Case 2 holds for all J > 1. Using a diagonal extraction argument, we obtain, for all
j =1, profiles U, J , and sequences of parameters ()L,J;),, and (z,{ ) such that (3-1), (3-2) and (3-3) hold for
all j, k, J. It remains to prove (3-4). In view of Proposition 3.2, it is sufficient to prove

lim sup (Ao, A1)|zm = 0.
J =00 (49,41)eA,

1
This follows from (3-10), the equivalence between E,; and the £ norm, and the fact that, by (3-3),
lim E,U{.U{)=o. O
J—o00
3B. Convergence to 0 of the Strichartz norm. First of all, let us introduce the notation Bgo, oo(IRd) for

the homogeneous Besov space on R4, which is defined as follows. Let Y e Cg® (IRd) be a radial function,
supported in {§ € R : % < |¢| <2} and such that

dov@TUEH =1, £eR\{0}.

Jjez
We denote by A ;j the Littlewood—Paley projector
Aife) =27/ (). JjeL
where

F© = [ fmean
R4
is the Fourier transform on R? and we use
W= [ s@ea
@2n)? Jpa
to denote the inverse Fourier transform. For a tempered distribution f on R?, we set
”f”Bgo,oo(Rd) = S.U.p 2/¢ H AijLoo(Rd) .
JEZ

If ”f”l?éo,oo < 400, we say f belongs to Bgooo

We have the following refined Sobolev inequality in weighted norms.

Lemma 3.4. Let w(x) € Ap with 1 < p < +o00; i.e.,

p—1
sgp(liT'/Ba)(x) dx) (|Ti|/Bw(X)_pl_l dx) < +00, (3-12)
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where the supremum is taken over all balls B in R%. If V f € LP(R%, w(x)dx) and f € Bo_o’foo([Rd),
then

0 -0
1 Nt o = U7 T 1 g ap LIS (-13)
where 1 < p < g < +00, 925, =125

The refined Sobolev inequality (3-13) in weighted norms was proved in [Chamorro 2011], where
the author considered more general situations with the underlying domain R4 replaced by stratified Lie
groups. The above lemma follows immediately since the Euclidean space R4 with its natural group
structure is an example of a stratified Lie group. Notice that 1 € A,, and one recovers the classical result
on the refined Sobolev inequalities established first in [Gerard et al. 1997].

With Lemma 3.4 at hand, we are ready to prove the Proposition 3.2.

Proof. Since ((Uo,n,U1,n))n is bounded in L™, there exists A > 0 such that

+o00 +o00
/ |rdruon(r)|™ dr—i—/ [rup n(r)|"dr < A < 400
0 0

for all n.
Assuming (3-8) fails, we have for some constant co having the property that 0 < co < C A%, that

limsup ||ur» ||L%m+l(R’ LmCmED (3 m—2y) = €0, (3-14)
n—>oo

where C is the constant in (2-12), (2-32) and (2-34). From (2-32), (2-34) and Holder’s inequality, we
know that up to a subsequence, there exists some 6 € (0, 1) such that

. co =

00 Ll o, 0 3,2y 2 ((CA—m)e) - G-1)

For m > 1, we denote by [m] the greatest integer less than or equal to m and by {m} := m — [m] the
fractional part of m. Notice that {m} € [0, 1) and {m} = 0 if and only if m € N.

Letd = [m]+1 and w(x) = |x|¥ with y = {m}, x € R%. It is easy to see that ® € A,,, see for example
[Grafakos 2014], and we have the following refined Sobolev inequality in view of Lemma 3.4:
1 _m_
1/ om0 @ jxiy < ColV N or ey 1 W20 (3-16)

If we apply (3-16) to functions uy, , (, |x|) with respect to the spatial variable x € RI+1 we obtain by
transferring the formula into polar coordinates

+o00 [T
/ g (£, )M g < cOnED / POy, r)|™ dr
0 0

2

A m
“iet xenim (2_'{1/ ‘”V(y)”h"(tv|x—2_’yl)dy) . (3-17)
J€Z xeRlml+1 RIMI+1
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. . 1 .
In view of the conservation of the £™-energy, and the fact that the norms || || 2= and (E,,)m are equivalent,
there exists some N > O such thatif n > N

sup sup - Sup / 2 i uLa(t, |x _Z_jJ’D vV (y)dy| = o, (3-18)
teR j€Z xeRlml+1 [JRIMI+1
where
_m+1 m 1 m
So = %cé'_e)m (C =7 Co)~ o+ Com r%(&ﬂnﬂrl) >0,

and C, is the constant in (2-9).
As a result of (3-18), we have a family of (t,?)n in RY, a sequence of (j,), € ZN and (x,), in
(RI1+1)Ngych that

z

n>N.

_Jn —7
/l;z[m]ﬂ 27 UL (L, | xXn =27y Dy (v) dy

20
2 b
Setting o(+) =¥V (+), An =277, ty = —t94,, and y, = A,x,, we will obtain a contradiction by letting
n — oo provided, up to some subsequences,

1 —t —

/ —TULn —",—|y ul p(y)dy -0, n— +oo. (3-19)
RImI+1 Am ln )Ln

n

To prove this, we divide the argument into two cases.

Case 1: limsup,,_, o, |yn| = +00. Up to a subsequence, we may assume

0<|n| <yl € L |ynl L |yn+1l--—> 400, n— +o0. (3-20)
Define
1 t
= gua(35,)
Aﬂ% n n

Note that V, is a radial function on R1+1 Then from the radial Sobolev embedding (see (4) in
Proposition 2.2), we have

1 oo o \[™ OV AN
Va(y)] < : (/ rorUL, (——, r) dr) < Cp (—) (3-21)
ly|m \Jo An [y
for all n. As a consequence, (3-19) is bounded by
_1
= [ =l el dy. (3-22)
RImI+1
and it suffices to show

lim ¢, =0. (3-23)

n—-+oo
‘We write

_1 _1
Cn:/ |y — ¥nl '"pr(y)ldy+/ |y = yul ™ lo(y)| dy.
[y—ynl=1 [y—ynl=1
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The first term is bounded by

(s lo()) /| |<1|z|—r1« .o,

ly—ynl<1 nee
while the second one goes to zero by dominated convergence. Hence (3-23).

Case 2: There exists ¢ > 0 such that |y, | < ¢ < +oo for all n. We have, up to some subsequences, y, —> y«
as n — 0o, where y4 € R+ guch that |y«| <c. Setting 7,¢0(-) = @(- + yn) and 40(+) = (- + yx),
we have

T = To@, N — 400, inSRMTL) (3-24)

From the condition that (3-7) converges weakly to zero in L™, we have

lim Va(x) T(x) dx = 0.

n—+o00 Jrimi+1

In fact, considered as a function on R3, we have, by (3) in Proposition 2.2,

Vy, — 0 weakly in L3 (R3).

n—-oo
Furthermore,

+o00
[, 0 mprdx = [ eegro) o) varyrar
RImI+1 0 Slml

+o00
=/ / Te@(rw) do () r™=2 ) v,(r)r2 dr — 0,

=W(r)

since W(r) can be considered as a radial function in L3 (R3) for 1 < m < 4o00. On the other hand,
we have by the fundamental theorem of calculus and integration by parts

1
/ VallyD) (tnp () — te (7)) dy = / / (VVn(3). Ore— 3m)@ (3 50 — ye) + )} dy ds.
RImI+1 0 RImI+1

After using Holder’s inequality and the energy estimate, we see the term on the right-hand side is bounded
by

m—1

1 m=1
1 _m __ _ m—[m] m
G lyn =yl [ ([ 050w =y 4y P ay) ™ as.
0 RIm1+1
Notice that ¢ € S(R"I*1), |y,| <c¢ and |y|_mm_—[nlq] is integrable near the origin of R+ when m > 1.
We have

lim Va(3) (tnp(y) — tx90(y)) dy = 0. O

n—00 Jpiml+1

3C. Bessel-type inequality. In this subsection we prove Proposition 3.3. .
We let {ur »}nen and, for 1 < j < J, let U]f and (A, jn)n be as in Proposition 3.3, and define U]in
by (3-6) and w;} by (3-5).
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First of all, we have the explicit formula for [U]f ]=(,r)

(U4 (.r)y=2F (t+7). [U/1-(.r)=2F/(t—-r). j=1. (3-25)
with o]
1 1 g ;
FI(0) = 5003 (o) + 5 /0 o U/ (0) do.

In view of (2-7), one easily verifies that

' 1 ~ t—tj r
[ULj,n]i(t’r)= i [ULJ]i( )L-J’n’)t. )
A‘E -]’n J;n
j.n

Up to subsequences, we may assume, after translating in time and rescaling UIf if necessary,

[.
j>1, lim —2% =4+c0 or foralln, tj,=0. (3-26)

n—o0o i
Jsn

Step I: decoupling of linear profiles. In this step, we prove
J J
: 77 _ 7
Jim Ep, (Z UL,,,(O)) =2 En(U ). (3-27)
j=1 j=1
Recall that for any solution u of the linear wave equation, we have
> - too m
EnGi0) = En@@) =Y [ |lle.n)|" dr
T Jo
where [u]+ is defined in (2-7). Hence (for constants C > 0 that depend on J and m, but not on n)

J J J J
Ep (ZUL{n(O))—ZEm(UL’ (0))‘ =|Em (ZUL{,, (0))—ZEm(UL{,, (0))’
j=1 j=1 j= Jj=1

<c2/ 107100 |[Uf 1 0.7 dr

J?ék
tintr IR i —tknEr
<CZ/ ( kjn ) i i ( Aen ar.
J#k ’ Akm ’
Ij;l,:k,n

We are thus reduced to proving that each of the terms Ij:,bk,n (j # k) goes to 0 as n goes to infinity. By
density we may assume o

ul, v, uf, uf ecg,
and thus F/, Fk e Cg°. We will only consider I]T n whereas the proof for I]Tk,n is the same. Extracting

subsequences and arguing by contradiction, we can distinguish without loss of generality between the
following three cases.



BLOW-UP OF CRITICAL SOBOLEV NORM FOR ENERGY-SUB/SUPERCRITICAL WAVE EQUATIONS 1007

Case 1: We assume limy, o0 i = (. By the change of variable s = t)’fl'(—”ﬂ, we obtain
90 aen \ | s (MkenS F lem — i\ | Mem )T
I, = / Kon ) i (2o Flen ~ L |Fk(s)| ds<(ZE2) 7 328
Join —skn Ajn Ajn )Ljn
k.n

where we have used that £/ and F¥ are bounded and compactly supported. Sinc
goes to infinity, we are done.

Case 2: We assume lim,, o i]’( = = (. We argue similarly by using the change of variable s = —_t-){'"ﬂ.

J.n

Case 3: We assume that the sequence (A’ 4 ik ”) is bounded. We use as in Case 1 the change of
—tintr

variable s = BT By the pseudo- orthogonahty condition (3-1) we see that
tin—1t
lim —| jon ~ lhn| = +o00,
n—-oo j,n

and thus, as a consequence of the first line of (3-28), Ij+k ,, 18 0 for large n, which concludes Step 1.

Step 2: end of the proof. For 1 < m < 400, we introduce the notation

. 1 r . m— .
CID,jLO(r):;;/O U, 410, 5)] 2[UL{n]jE(o,s)ols,

. 1 . m— .
<I>,f,,1(r>=;Z¢\[U{,n]i(o,r)| U] 1 (0.7).

and let CIDJ L(t) be the solution of the linear wave equations with initial data (CDn 0 ,]1 )€ L™ where

m' =

m—1

. . P
(@) 1+0.7) = [[U7 ]+ 0.1)|[" 7 [U/ 10, ).
and note that

400
En(U/ (0) = En(U{,(0)) = / Z[cb 1+ OV )£ 0) dr. (3-29)

J

From the weak convergence condition satisfied by the remainder term w;, , we have by time translation

and changing variables

+o00 . .
/0 ([®; 11+ (0, N[w;y 140, r) + [®;,  1- (0, w; |- (0, 7)) dr

+o00 . . 1
=/0 107140, 1) 2140, r) AT, [w’]+(z,-n,x,-nr>dr
00
+/ 10710, " 20710, 1) AT [ 1= 6y, A 7 i,
0

which goes to zero as n — +o0 for 1 < j < J. Furthermore,

+o0 .
[O 0] 0. U, 10, )| dr = /0 107,12 0.0 (UK, 10 )| .
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and, by Step 1, this goes to 0 as n goes to infinity if j # k. Hence from (3-29), we have

J

> Em(U{ (0))

j=1

= 1 e 0y 0,r))d e 0 J ® 1-0,r)) d
—am [ [ [uL,n1+<o,r>(j§[<Dn,Ll+<,r>) r+ [uL,n]_m)(j:l[ ul-0.0)dr |

which is bounded after using Holder’s inequality by
1 /

J 1
[ lim Em( ! (0, r))]m [limsupEm(ﬁL,n(O))} .
=1

N

n—+00 n—>+o00

Furthermore, by the decoupling property proved in Step 1 we obtain

J J J
lim Em/(Z @) | (0, r)) =Y Ew(®)(0) = Em(T{ (0))
j=1 Jj=1 Jj=1

n—-4o00

and this concludes the result.

3D. Approximation by sum of profiles. We next write a lemma approximating a nonlinear solution by a
sum of profiles outside a wave cone. This type of approximation is only available in space-time slabs
where the S norm of all the profiles remain finite. To satisfy this assumption, we will work outside a
sufficiently large wave cone.

Let {(v0.,n,u1,n)}n be a sequence of functions in £ that has a profile decomposition with profiles
(U, J , Ulj ) and parameters (A; n,%jn)n, j > 1. Extracting subsequences and time-translating the profiles,
we can assume that for all j > 1 one of the following holds:

. [j,n
nlggo—/\j’n € {£oo0} or (3-30)
foralln, ¢, =0. (3-31)

We will denote by Joo the set of indices j such that (3-30) holds and by 7y the set of indices such that
(3-31) holds. We assume:

(1) There exist jo > 1, A > 0 and a global solution U Jo of
anfo —AUJo = t|UjO|2mUj°1{rz|;|+A},
U0, r) = l?LJO(O, r), r>A,
such that [7j0(0) € L™ and ||Uj0||S({rz|t|+A}) < 00.

(2) If j € Jo\ {Jjo}, then the solution of (1-1) with initial (7{ (0) scatters in both time directions or

For j > 1, we define U J as follows:
o U0 is defined as in point (1) above.

" — (), then U/ is the solution of (1-1) with initial data l?lf (0).

n

o If j € Jo and limy 00 72
70
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o If j € Jo and limy .00 722 = 00, then U/ = 0.
JO

o If j € Joo, then U/ = U/
We let U,{ be the corresponding modulated profiles:
: 1 (t—t
UJ(t.x) = 1 UJ( jn X )
Jsn
Lemma 3.5. Assume that points (1) and (2) above hold, let u,, be the solution of (1-1) with initial data
(Mo,n,U1,n), and Iy, be its maximal interval of existence. Then

J
Un(t.X) =Y UJ (6. %)+ w) (t.x) + 5 (&, %),

j=1

where
J oo J
i imsup( 67 Lsvety. =z + 500 [ rdn i dr) <o
J—>00 p—oo tely JAAj, ntlt|
Proof. This follows from Lemma 2.19 with
J€Jo

We omit the details of the proof that are by now standard; see, e.g., the proof of the main theorem in
[Bahouri and Gérard 1999]. O

3E. Exterior energy of a sum of profiles.

Proposition 3.6. Let {(1on,U1,n)}nen be a bounded sequence in L that has a profile decomposition
with profiles {ULJ }i>=1 and parameters {(tjn, Ajn)n}j>1. Let {(On, pn,0On)nen be a sequence such that
0<pp <oy <00, 0, €R. Let k > 1. Then, extracting a subsequence if necessary

opn On
on(1) + f POt (B, )™ dr = / P9 Uy (B ™ d. (3-32)
0

n Pn
where lim,, 0,(1) = 0, ur_, is the solution of the linear wave equation with initial data (uo ,u1,,) and

UF, is defined in (3-6).
See [Duyckaerts and Roy 2015, Proposition 3.12] for the proof.

4. Exterior energy for solutions of the nonlinear equation

4A. Preliminaries on singular stationary solutions. We recall from [Duyckaerts et al. 2014; Duyckaerts
and Roy 2015; Shen 2013] the following result on existence of stationary solutions for (1-1).

Proposition 4.1. Ler £ € R\ {0}. Assume m > 1, m # 2. There exists Ry > 0 and a maximal radial
C? solution Zy of

AZy+1Zy)*™Z; =0 on RPN{|x|> Ry} 4-1)
such that

1
rZe(r) =+ P2 Zy ) + U S g, 7> L (4-2)

_2’
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Furthermore,
o if 1 = +1 (focusing nonlinearity), then Ry = 0 and Zy ¢ L3™(R?),

e if = —1 (defocusing nonlinearity), then Ry > 0 and
lim |Z(r)] = +o0. (4-3)
r—)Rg

Remark 4.2. We will construct Z; and let

7 +1 7 ( r )
(L= 1 m
=Nl

(where =+ is the sign of £), which will satisty the conclusion of Proposition 4.1 for all £ € R\ {0}. In
particular,

Ry = Rul¢|m=T.
Let us mention that the uniqueness of Z, can be proved by elementary arguments. However, it will follow
from Proposition 4.3 and we will not prove it here.

Proof. The proof is essentially contained in [Duyckaerts et al. 2014; Shen 2013] (focusing case for m > 2
and m € (1, 2) respectively) and [Duyckaerts and Roy 2015] (defocusing case for m > 2). We give a
sketch for the sake of completeness.

We assume £ = 1 (see Remark 4.2).

Existence for large r. Letting g = rZ 1, we see that the equation on Z is equivalent to

§'(r) = =5 |g(r) "5 (r). (4-4)

It is sufficient to find a fixed point for the operator A defined by

o0 OO L om
A(g)=1- —n180)|""g(o) do ds
r Js O
in the ball
B ={geC’ro.+).R):d(g.1) = M},
where rg and M are two large parameters and
d(g, h) == sup (r?™2|g(r) — h(r))).
r=ro

Noting that (B, d) is a complete metric space, it is easy to prove that A is a contraction on B assuming
M > 1 and ro > 1 (depending on M), and thus that A has a fixed point g;. The fact that Z; := % g1
satisfies the estimates (4-2) follows easily. Let Ry > 0 such that (R, +00) is the maximal interval of
existence of g; as a solution of the ordinary differential equation.

Focusing case. We next assume ¢ = 1 and prove that Ry =0 and Z, ¢ L™ Let

G(r) = 38/()? + (P2

2m + 2)r2m



BLOW-UP OF CRITICAL SOBOLEV NORM FOR ENERGY-SUB/SUPERCRITICAL WAVE EQUATIONS 1011

By (4-4), if r € (Ry, +00),

G'(r) =~ g )P+

(m + 1)r2m+1
Hence

6/l < £ 6.

This proves that G is bounded on (Ry, +00) if Ry > 0, a contradiction with the standard ODE blow-up
criterion. Thus R; = 0.

The fact that Z; ¢ L3™(R3) is nontrivial but classical. Assume by contradiction that Z; € L3 Then
one can prove, see [Duyckaerts et al. 2014], that Z is a solution in the distributional sense on R3 of

—AZy=|Z1]P"Z;.

Noting that |Z|*™ € L%, one can use [Trudinger 1968] to prove that Z; € L®, and thus, by elliptic
regularity, that Z; is C 2 on R3. To deduce a contradiction, we introduce, as in [Shen 2013], the function
v(r) = rmZ 1. It is easy to check, using (4-2), for the limits at infinity and the fact that Z; is C? for the
limit at 0, that

li = li 'r= 1 = 1 '(r) =0.
r_l)r(r)1+v(r) r_l)r(r)1+rv (r) r_:rj{loov(r) r_:rfwrv (r)

2 1 1 1 1 1
V(1= W+ == —— v+ =)P"v=0.
r m r2\m2 m r2

Integrating the identity

d (LW m-1, lv(r)|?" 12 2—-m 5
— — = 4-5
dr (r 2 2m? " )+ 2m +2 m rlv(r)| (4-5)

Furthermore,

between 0 and 400, one sees that v must be a constant, a contradiction with the construction of Z;. Note
that we have used in this last step that the constant Z_Tm in the right-hand side of the identity (4-5) is
nonzero, i.e., m # 2.

Defocusing case. Assume t = —1. We prove that R; > 0 by contradiction. Assume R; = 0 and let
—z,(1
h(s) := Zg(s).
Then
1
h'(s) = —|h(s)P"h(s)
s
and by (4-2),

h
im ) him ws) =1,
s—0t S s—0T
By a classical ODE argument, see [Duyckaerts and Roy 2015] for the details, one can prove that / blows
up in finite time, a contradiction. This proves that R; > 0. The condition (4-3) follows from the standard
ODE blow-up criterion. O
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4B. Statement. One of the main ingredients of the proof of Theorem 3 is a bound from below of
the exterior £™-energy for nonzero, £™ solutions of (1-1). It is similar to [Duyckaerts et al. 2013,
Propostions 2.1 and 2.2] and [Duyckaerts and Roy 2015, Propositions 4.1 and 4.2]. The statements in
these articles are divided between two cases, whether the support of (ug,u1) — (Zg, 0) is compact for all
£ # 0 or not. We give below a unified statement.

If (ug,u1) € L™ and A > 0 we will denote by T4 (ug, u1) the element of L™ defined by

TaGuo,un)(r) = (o, un)(r) ifr > A, (4-6)
Tatuo,u1)(r) = (uo(4),0) if r < A, 4-7)
We note that
+o00
1T o 1) = /A (B0 (Rt [™ + [ (™) r™ dr. 4-8)

We denote by ess supp the essential support of a function defined on a domain D of R3:
esssupp(f) = D\U{Q C D|Qisopenand f =0ae.in Q}.
Recall from Proposition 4.1 the definition of Z; and R;.

Proposition 4.3. Let u be a radial solution of (1-1) with (ug,u1) € L™ Assume that (Ug,U1) is not
identically 0. Then there exist A > 0, n > 0 such that, if (g, 1) = Tg(ug,u1), and i is the solution of

07t — Aii = Ui P il > 4410 (4-9)

with initial data (g, 1), then U is global, scatters in L™ and the following holds for all t > 0 or for all
t <0:

400 +00
/ [0pu(r)|"r™ dr—i—/ [0:u(r)|"™r™ dr > 1. (4-10)
A+t| A+t

The proof of Proposition 4.3 is very close to the proofs of the analogous propositions in [Duyckaerts
et al. 2014; Duyckaerts and Roy 2015]. We give a sketch of proof for the sake of completeness.

4C. Sketch of proof of Proposition 4.3. We argue by contradiction, assuming that for all 4 > 0 the
solution % of (4-9) with initial data T4 (u¢, #1) is not a scattering solution, or is scattering and satisfies

lim inf |0; 2i(t, 7)™ r™ dr = 0. (4-11)
t—>F00 J44s|

We let

v(r) =ru(r), wvo(r) =rue(r). wvi(r)=rui(r).

Step I: In this step we prove that there exists g9 > 0 such that, if A > 0 is such that

+o00
/ (10,uo|™ + |u1|™)yr™ dr = ¢ < &9, (4-12)
A
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then
oo c @m+1)
[4 |8rl)()|m+|l)1|m dFEWhJO(A)Vn , (4-13)

forall B € [4,24], [vo(B) —vo(4)| < CA> 7> |ug(A)["+! < Ce?|vg(A)]. (4-14)

We first assume (4-13) and prove (4-14). By the Holder inequality and (4-13) we have

24 24 -
lvo(B) —vo(A)] Ef |3rvo(r)|dr§Am’"_l(/ |0, vo|™ dr) < CA*™"|ug(A)P" T (4-15)
A A

Furthermore, by (4-12) and (4) in Proposition 2.2,

1

(I = Ao (A" <z,

which yields
o (A) 2™ < 6242772
Combining with (4-15), we obtain the second inequality of (4-14).
We next prove (4-13). Let
(to,%1) = Ta(uo, ur).
Let u and iy, be the solutions of the nonlinear wave equation (1-1) and the linear wave equation (1-3),

respectively, with initial data (iig, t1). By the small data theory, # is global and

sup ||t (¢) — i (t)|| gm < Ce2™H1, (4-16)
teR

Using the exterior energy property (3) in Proposition 2.3, we have that the following holds for all # > 0 or
forallz <O:

/ (19- (o)™ + o [") dr = € / | (rii) . )™ dr < € / B i (1. 7)™ dr.
4 A+lr| A+lr]

Using (4-16), we obtain that the following holds for all £ > 0 or for all # < 0:

400 +o00
/ (18, Wo)™ + [v1 ™) dr < C ( / O it ™ dr + e<2m+”m). “17)
A A+t

Using (4-11) and the definition (4-12) of ¢, and letting ¢ — +00 or t — —o0, we obtain

1 +o00 +o0 2m+1
& |l omyar < ([ ool + afmyom ar)
A A

By (4) in Proposition 2.2, and since A|ug(A)|™ = ﬁh}o A,
+o00 400 1 2m+1
[ o+ < e ([ @+l dr + )

Since fA+°°(|8rv0|m + |v1|™) dr is small, we deduce (4-13).
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Step 2: We prove that there exists £ € R\ 0 such that

lim vo(r) =4, (4-18)
r—>00
and that there exists a constant M > 0 (depending on u) such that
M
|U0(’")—5|§r2m—_2 (4-19)
for large r.
Let ¢ > 0 and fix A¢ such that
+o0
/ (10uo|™ + [u1|™)r™ dr = & < &y, (4-20)
Ao

where g¢ is given by Step 1. By (4-14),
forallk >0, |vo(2¥T1A40)| < (1 + Ce?)(Jvo(2X 4p)]).
Hence, by a straightforward induction,
forall k >0, |vo(2XT 40)| < (1 + Ce2)*|vg(Ag)|.
Using (4-14) again, we deduce
00 (2¥F1 A9) — v9(2F Ag)| < C(2F A0)272M (1 + C2)F @M T yo(4g)[2m L, (4-21)
Choosing & small enough (so that 22727 (1 4 Ce?)2m+1 < 1), we see that

Z|v0(2k+1A0) — vo(zkAo)‘ < 00,
k>1

and thus that vo(2% Ag) has a limit £ as k — +o0. Using (4-14) again, we deduce
lim_ [vo(r)| = £

Summing (4-21) over all k > 0, we deduce, using that v is bounded, that there exists a constant M > 0,
such that [vg(A4g) —£| < MA%_Z’" for Ag large enough. This yields (4-19).
It remains to prove that £ % 0. We argue by contradiction. By (4-19), if £ = 0, then

M
lvo(r)| < am—a

On the other hand, using (4-14) and an easy induction argument, we obtain that for all &€ > 0, for all Ay
satisfying (4-20),
|v0(2* 40)| = (1~ C?)*|vo(Ao)-

Combining with the previous bound, we obtain

2\k
(1—=Ce%)*lvg(Ao)| < W’
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a contradiction if ¢ is chosen small enough unless vo(Ag) = 0. Using (4-13), we see that this would
imply vo(r) = 0 and v (r) = 0 for almost all r > Ay. Since this is true for any Ao such that (4-20)
holds, an obvious bootstrap argument proves that (vg, v1) = (0, 0) almost everywhere, contradicting our
assumption.

Step 3: Recall from Proposition 4.1 the definition of Ry. Let, for r > Ry,

(g0.81)(r) := (uo(r) — Zg(r),u1(r)), (ho,h1)(r) =r(go(r),g1(r)).

If ¢ > 0, we fix A > Ry such that

+o00 gn
/A 10, Ze"'r™ dr + | Zell'S 5 A, 41013 = c’ (4-22)

In this step, we prove that for all € > 0, if A > A, satisfies

+00 Sm
/ (Brgol™ + g1 /™)r™ dr < = (4-23)
4 C
then
+oo e
fA Orhol™ + i |™ dr < L lho(A)™ (4-24)

Fix A > A, let (tig,t1) = T4(uo,u1), and let % be the solution of the nonlinear wave equation (1-1)
with initial data (g, %1) at ¢ = 0. Note that by (4-23) and small data theory, # is global and scatters in
both time directions. Note also that by our assumption, u satisfies (4-11).
Define g as the solution to the equation
{3?§—A£’ = Lz atip (i — | Zg " Zy), 425)
Zr—o = Ta(g0. g1).

and g1 the solution of the free wave equation with the same initial data. Notice that (32 — A) (i — Z¢) =
(02— A)g forr > A+ |t| and g(0,r) = (tig — Zy, i1 )(r) for r > A. Thus, by finite speed of propagation,
g=1u—Zy forr > A+ |t|, and we can rewrite the first equation in (4-25):

78— Ag=Lpsapip(1Ze+ 87" (Ze+ 8) =1 ZeP" Zy). (4-26)

Using (4-26), Strichartz estimates and the Holder inequality, we see that for all time intervals / containing 0

g —&ullsay + sup 180 —gL®llem < C1Zel 5= aziop 1€1say + 12150

te[max(u)
By (4-23), (4-22) and a straightforward bootstrap argument, we deduce that for all intervals /7 with 0 € I,
1&llscry < CllgLllsy < ClITa(go.81)llcm < Ce,

and
sup 13(t) = ()]l em < Ce¥™ | Talgo. g1) || - (4-27)
te
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By the exterior energy property (3) in Proposition 2.3, the following holds for all # > 0 or for all # < 0:

400 too
/ (hol™ + |1 ™) dr < C / 19 80| ™ dr
A A+t]

+o00
<c (<82m||7:4(go,g1)||gm)m N /A g dr),
+ |z

where in the last line we used (4-27).
Letting t — £o00 and using (4-11), we deduce

+00 5
/ 19, ho|™ + |h1|™ drfCezm/
A A

The desired estimate (4-24) follows, taking ¢ small and using (4) in Proposition 2.2.

+oo
(10-go|™ +1g1|"™)r™ dr.

Step 4: Fix a small € > 0 and let A; be as in Step 3, i.e., such that (4-22) holds. In this step, we prove
that r < Ag on esssupp(uo — Zg, U1).

Indeed, if not, we obtain from (4-24) that there exists A > A, such that s¢(A) # 0. Using a similar
argument to that in Step 1, we deduce from (4-24) that for all A > A, such that (4-23) holds,

forall B € [A,24], |ho(A) —ho(B)| < Cel|ho(A)]. (4-28)

If ess supp(ug — Z¢, uq) is not bounded, we deduce by (4-24) that ho(A) # O for all large A > 0. If ¢ > 0
is small enough, we deduce using (4-28) that

lim r%ho(r) = +o0,
r—>+400

where a € (0,2m —2) is fixed. Since
vo(r) =€ =ho(r)—L+rZy,

this contradicts (4-19) in Step 2 and the asymptotic estimate (4-2) of Z,.
We have proved that ess supp(ug — Zg, u1) is bounded. Using (4-24), (4-28) and a straightforward
bootstrap argument, we deduce that » < A, on the support of ess supp(ug — Zyg, u1).

Step 5: Fix a small ¢ > 0. We have proved in Step 4 that (ug, u1)(r) = (Z¢(r), 0) for almost every r > Ag,
where A, depends only on £. We will prove (ug,u1)(r) = (Z¢(r),0) for r > Ry, a contradiction with
Proposition 4.1 since (ug,u1) € L™

We argue by contradiction, assuming that there exists B > Ry such that B € ess supp(ugo—Zy, u1). Using
a similar argument to that in Step 3, but on small time intervals (see, e.g., the proof of Proposition 2.2(a),
§2.2.1 in [Duyckaerts et al. 2013]), we prove that the following holds for all £ > 0 or for all # < 0:

B + |t] € esssupp((u(t) — Zg, 0;u(t))). (4-29)
Choose o such that
B +|tg| > A;  on esssupp((u(to) — Zg., d,u(to))). (4-30)
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It is easy to see that u satisfies the following: for all A > |¢g| the solution % of
02 — Afi = i |25 At lr—10])

with initial data 74 (# (o)) at ¢ = fo is not a scattering solution, or is scattering and satisfies

+o00
lim inf |0 (e, r)|"r™ dr =0.
1=>300 JA 4|t —10)|

We can then go through Steps 1-4 above, but with initial data at ¢ = #¢, and restricting to r > |fg|. Note
that by finite speed of propagation, the limit £ obtained in Step 2 for # = 0 and for ¢ = ¢ is the same; i.e.,

lim ru(to,r) = lim ru(0,r).
r——+00 r—+o00

By the conclusion of Step 4, we obtain that r < max(4g,%9) on esssupp(i(tg) — Zy), contradicting
(4-30). O
5. Dispersive term

This section concerns the existence of a “dispersive” component for a solution u of (1-1) that remains
bounded in £™ along a sequence of times. This component is the strong limit of u(z), in £™, outside the
origin in the finite time blow-up case (see Section 5A), and a solution of the linear wave equation in the
global case (see Section 5B).

5A. Regular part in the finite time blow-up case.
Proposition 5.1. Let u be a radial solution of (1-1), (1-2). Assume

Ty (u) <oo, liminf |u(2)|zm < oo.
t—>T4(u)

Then there exists a solution v of (1-1), defined in a neighborhood of t = T4+, such that for all t in
Imax(u) ﬂ Imax(v),
forallr > Ty —t, u(t,r)y="0v(,r).

We omit the proof; see Section 6.3 in [Duyckaerts and Roy 2015] for a very close proof.
5B. Extraction of the radiation term in the global case. We prove here:
Proposition 5.2. Let u be a radial solution of (1-1), (1-2). Assume
Ty (u) = 400, liminf ||u(2)|zm < 0.
t—>+o00
Then there exists a solution v of the free wave equation (1-3) such that for all A € R,

lim (|8t(u—vL)|m+|8r(u—vL)|m)rm dr =0. (5-1)
1=>400 Jix|>A+]t|
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The proof relies on the following lemma, which is a consequence of finite speed of propagation,
Strichartz estimates and the small data theory. We omit the proof, which is an easy adaptation of the
proofs of Claims 2.3 and 2.4 in [Duyckaerts et al. 2016] where the usual energy is replaced by the
L™-energy:

Lemma 5.3. There exists €1 > 0 with the following property. Let u be a solution of (1-1), (1-2) such
that Ty (u) = 4o00. Let T > 0 and A > 0. Assume || SL(- — T)i(T) || s¢|x|>A+t. t>T}) = € < €1. Then
lullsqx|>A+t, e>Ty) < 2€’, and there exists a solution vy of the linear wave equation such that (5-1)
holds.

Proof of Proposition 5.2. See also Section 3.3 in [Duyckaerts et al. 2013].

Step 1: Let t, — +o0 such that the sequence (i (t,)), is bounded in £™. In this step we prove that there
exists 6 > 0 such that for large n,

ISLC ) (tn) | s (x| (1—8)t, +1, 20}) < €1, (5-2)

where ¢ is given by Lemma 5.3. We argue by contradiction, assuming (after extraction of subsequences)
that there exists a sequence 8, — 0 such that

ISLC ) (tn) | (x> (1=8,) 10+, £03) = €1 (5-3)

Extracting subsequences again, we can assume that the sequence (i(f,)), has a profile decomposition
with profiles Ulf and parameters (A; ,,%jn)n. Let J be a large integer such that

J
s (-)(*(m)— (0>) H <8
‘L ; ; o=

A contradiction will follow if we prove (possibly extracting subsequences in ») that for all j € {1,...,J},
Jim ISLCUL Ol 5(¢1x1=(1=8n)tn +1, £203) = O. (5-4)
We have
ISL(DUL Ol s¢tr==8)tnt1, 1209 = 1V 54,0+

where 5

t 1— t t
Ajp:=3(t,r) €Rx(0,00):¢t>—2L% and r > (1 =)t +‘z+ T }

A«j’n A]!n A]!n

As a consequence, we see that we can extract subsequences so that the characteristic function of A4;

. . tj,n tn
goes to 0 pointwise unless T and

“_ are bounded. Time translating the profile U]f and extracting
J.n
again, we can assume

lim

=19 €[0,00) foralln, tj, =0.
n—>oo

Jj.n
By finite speed of propagation and the small data theory,
lim lim sup/ [r0rsu(ty)|™ dr = 0. (5-5)
|x|>t,+A

A—>+00 p—+00
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By Proposition 3.6, for all A € R, we have that for large n,

+o0 1 +o00 .
/ @)™ dr = & [ Ir B UZ (O™ dr
th+A th+A
1 400 400
=3 fpoa IrOnel O™ dr 2 5 [ o oI dr

)‘j,n

Combining with (5-5), we see that if ULJ is not identically 0, then 7 is strictly posmve and we can rescale
the profile U}’ / to assume 70 =1,and A; , = t,. Using (5-5) we see that ess supp U J (0) is included in
the unit ball of R3, which implies

1O sy = 10 Iscie=0, r==8n)+1) =20

concluding the proof of (5-4) in this case. Step 1 is complete.

Step 2: By Step 1 and Lemma 5.3, for all A € R, there exists a solution vf of the free wave equation
such that

lim (|8t(u—vL)|m |0, (u—vL)|m) "dr=0. (5-6)

12400 Jix|= A+t
We consider the sequence ¢, — +o00 of Step 1 and assume, extracting a subsequence if necessary, that
1i(t,) has a profile decomposition (Ulf . (Ajn.tin)n)j=>1. Reordering the profiles and rescaling and time-
translating UL1 if necessary, we can assume, without loss of generality, that t; , =1, and A , = 1 for
all n. In other words, 0L1 (0) is the weak limit, as n goes to infinity, of §L(—tn)ﬁ(tn). Note that U;! might
be identically 0.
Fix A € R. Then
J

ii(tn) = 5 (1) = U (tn) = 5 (tn) + Y U, (0) + ;] (1n):
Jj=2

i.e., U(tn) — U{1(ty) has a profile decomposition G/, (Ajnstin)n)j=1, with Ulf = U]f if j > 2, and
(’le = UL1 — vf. By Proposition 3.6,

lim sup |97 — o) (1) dr = Tim sup 1737, (U = v ()™,
n—oo Jr>A+t, n—o00 Jrzin+A

and thus, by (5-6)
lim 1797, (U = ) (1) ™ = 0

n=>00 Jr>t,+A

Using (5-6) again, we obtain

lim rdre (U —u)(tn)|™ =0

n=>00 Jr>t,+A
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This is valid for all A € R. A simple argument using finite speed of propagation and small data theory
yields

lim I8 (U} —u) ()] = 0,

=00 Jr>r+A4

concluding the proof of the proposition with vy, = ULI. O

6. Scattering/blow-up dichotomy
In this section we prove Theorem 3. Let u be a solution of (1-1). Consider the property:

liminf [[#(t)[| om < 0. 6-1)
t—=>T1 (u)

We must prove:
(1) If (6-1) holds then T4 (u) = +o0.
(2) If T4 (u) = +o00 and (6-1) holds, then u scatters to a linear solution in £,
The proofs of (1) and (2) are very similar, and are simplified versions of the corresponding proofs in

[Duyckaerts and Roy 2015]. We will only sketch the proof of (2) and explain the necessary modification
to obtain (1).

6A. Proof of scattering. Let u be a global solution and let z, — +00 such that 1(z,) is bounded. Let
vL, be the linear component of u, given by Proposition 5.2. Extracting subsequences, we can assume that
(ti(ty) — UL(tn))n has a profile decomposition with profiles U]f and parameters (A ,,j,n)n. As before,
we denote by U]in the modulated profiles; see (3-6). Extracting subsequences and translating the profiles
in time if necessary, one of the following three cases holds.
Case 1: Assume

Vi1, U/=0 or lim —2 = _cc. (6-2)

Let 7' >> 1 such that [ vL|| s (T,+00)) < 870, where §¢ is given by the small data theory (see Proposition 2.17).
By (6-2), for all j,

. J — J =
nlggo HUL,” ”S((T_I”’O)) - nll>n;o “UL HS((PZZ%’ﬂ)) -

J.n
Thus for large n,

ISLC)u(tn) |l s((T—1,,0)) < Bo-
By Proposition 2.17, for large n,
lull sty = 1uln + )l s(T~1,.00) < 250-

Letting n — oo, we deduce ||u||s((T,+o00)) < 280, and thus u scatters.
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Case 2: We assume

Vi>1, U/ =0 or lim —" e{+oo}. (6-3)
n—>oo j,l’l
and ;
. jo . _j(),n _ _
Jjo=1, U;°#0 and nli)rrolo Ko = 4o00. (6-4)

We will use a channel of energy argument based on the following observation, which is a direct consequence
of the explicit form of the solution; see (2-4), (2-6):

Claim 6.1. Let uy, be a nonzero solution of the linear wave equation (1-3) with initial data in L™. Then

there exists A € R such that
+o0

lim inf r™ 0y uL|™ dr > 0.
I=>400 JA+¢
If j > 1, we have

” If ”S({t>0,r>t}) ”LIf” Ljn Ljion ).
U 20,7> S({tz—lj_n STt 1)
Noting that under the assumptions of Case 2,

forall j >1, 1 — 0

{tz—%, r2t+%} n—>00
pointwise, otherwise ULj = 0. We obtain
. . J —
forall j =1, lim U, |ls¢r=i=0 =0
and thus
im | SL(1)i (t) | s tr =103 = 0.

By the small data theory (see Proposition 2.17) and finite speed of propagation

+o00
lim (||u(tn + scrst=on + sup/ |8,,r(u(tn +1)— SL(t)z?(tn))|mrm dr) =0. (6-5)
n—o00 t>0J¢

Let jo be as in (6-4). By Claim 6.1, there exists A € R such that

oo .
lim inf |rd: U/ ™ dr > 0.
1=>+o0 A.io,nA_t./'o.n'i‘t ’

For large n, we have A, A —tj, » > 0. By Proposition 3.6, we deduce from (6-5) that for large n,

(o,]
lim inf r™ 0 (ut,r)y—vpL(t, r)|™dr >0,
1400 Ao nA—tjo.n+t—tn

contradicting the definition of vy..

Case 3: In this last case we assume
3j=1,Vn, ti,=0 and U/ #0. (6-6)

This is the core of the proof, where we use Proposition 4.3, and thus the fact that (1-1) has no nonzero
stationary solution in £™.
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We will use Section 3D to approximate u, outside appropriate wave cones, by a sum of profiles. As
in Section 3D, we let Jp be the set of indices j such that 7;, = 0 for all n and J the set of j such
that ij L goes to 400 or —oo. Extracting subsequences and translating the profiles in time if necessary,

J.n

we can assume N\ {0} = Jo U Joo. Let §; > 0 be a small number, smaller than the number given by
the small data theory, and such that there exists j € Jo with |U; (0)||zm > 1. We let jio € Jo such that

1T°(0)[| o > 81, and
- A
(jeJo and U (0)|cm>81) = lim %% = +o0. (6-7)

n=>00 Ajn

We note that by Proposition 3.3, there exists a finite number of j € Jy with || l?LJ (0)||zm > 61, so that, in
view of the pseudo-orthogonality property (3-1), jo is well-defined. By Proposition 4.3, there exist 4,
n>0, U0 e S(R) such that U/0 € CO(R, £™),

07 = A)UP = U P ULz gy, U0(0) = Ta (T (0)), (6-8)
and the following holds for all # > 0 or for all # < 0:
+o0 )
/ |rd, U™ dr > . (6-9)
[t|+A

Note that (Uj,)&j,n, tjn)j>0 with UP? = v and Aon = 1,10, =ty is a profile decomposition of i (zy).
According to Lemma 3.5,

J
u(t + 1) =vL( + 1)+ D UL @) +wy) () + 5 (1), 1 €[ty +00), (6-10)
j=1

where the modulated profiles Unj for j # jo are defined in Section 3D and

+o00
, J 7
hmsup(ll8n Istel—tn,+00), r>ah;y n+Ielp) + SUP / rde,rey (6.r)™ dr)
n—00 t>—tn |l|+AAj0_n

goes to 0 as J goes to infinity. It can be deduced from Proposition 3.6 that for all sequences (6,), in
[_[na +OO)’

+00

+o0 i
on(1) —i—/ ‘rar,t(u —op)(ty + 6, r)}m dr > / |r0r: U6, r)|[™dr.  (6-11)
Aljo,n‘f'lenl Akjo,n‘Henl

Indeed, this can be proved by noticing that (6-10) (and its time derivative) at ¢ = 6, can be considered as
a profile decomposition of the sequence ((¢ — 1)(0, + t4))»n and using Proposition 3.6 and finite speed
of propagation. We refer to the proof of (3.18) in [Duyckaerts and Roy 2015] for a detailed proof in a
very similar setting.

If (6-9) holds for # > 0, then by (6-11), for large n,

’

—+o00
lim sup / 1O (4 (s ) — V1 (s )| =
t—>+4o00 Jt+AAj,n

NS

contradicting the definition of vy .
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If (6-9) holds for ¢ <0, we use (6-11) at 6,, = —t,, together with (6-9) and obtain that for large n

NS

+o0
f |rd¢r(u(0,r)—vL(0,r)|" dr >
tn+Alj0,n

a contradiction since %(0) € £™. O
6B. Proof of global existence. We argue by contradiction, assuming that (6-1) holds and that 7 = T (u)

is finite. Let v be the regular part of u at t = 7., defined by Proposition 5.1. Recall that v is a solution
of (1-1) defined in a neighborhood of 7 (1) and such that

for all 1 € Iax (1) N Iax (v), forall r > Ty —t, u(t,r) =v(t,r). (6-12)

As in Section 6A, we consider a sequence t, — T4 such that 1(z,) is bounded in £, and we assume
(extracting subsequences if necessary) that (1 (z,) — v(t,)), has a profile decomposition with profiles ULJ
and parameters (A}, ,)n. We distinguish again between three cases.

Case 1: We assume (6-2). By the same proof as in Case 1 of Section 6A, we obtain

[ SLC) ) = B(n)) | 3¢ —oo.0y) = ©-

lim
n—>oo
By Lemma 2.19, if T < T4 (u) is in the domain of definition of v, close to T4 (u),

lim [ () s(T.1)) < 00

which contradicts the blow-up criterion

1 (ta) | (T, 74 Guy)) = 00,
Case 2: We assume (6-3) and (6-4). Fix jo > 1 such that (6-4) holds. Using Claim 6.1 and an argument
very similar to the one of Case 2 of Section 6A, we obtain that for large #,

lim inf

/ [0¢r(u—0)(t, )" r™dr >0,
1T ) Jr>AMjo n—tjo.n+t—tn

where A € R is given by Claim 6.1, contradicting (6-12) (since for large n, we have AL, » —tj.n > 0).

Case 3: We assume (6-6). We define Jp, Joo as in Case 3 of Section 6A and choose jy € Jo such that
(6-7) holds. Using Proposition 4.3, we obtain 4, 7 > 0, and a solution U/0 € S(R) of (6-8), such that
(6-9) holds for all £ > 0 or for all # < (0. We distinguish two cases.

If (6-9) holds for all # > 0, then we prove using Lemma 2.19 and Proposition 3.6 that for large n,

lim inf / [0 (u—0)(t, )" r™dr >0,
1=>T1 ) Jr>AMjo p+t—tn

a contradiction with (6-12).
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If (6-9) holds for all t <0, we let T € [0, T+ (u)) such that T is in the domain of definition of v. Using
Lemma 2.19 and Proposition 3.6, we deduce that for large n

’

10, (u—v)(T, 7)™ r™ dr >

N3

‘/"‘ZAAjO,n +t,—T

a contradiction for large n, since d; (v —v)(T, r) is supported in |x| < 74 — T This concludes the sketch
of proof.

Appendix: Proof of Proposition 2.1

The “only if” part. First of all, we have a sequence of smooth radial functions ( f), with compact
supports such that

400
/ 10, (f — f)(M|"r™dr — 0, n— oo. (A-1)
0

As a consequence, we clearly have (2-1). Notice that for 0 < r < r’ < +00, we have

1

Cm (7 "
7)== ([T s as)”
rm r
and this yields that f(r) is continuous.
To see (2-2), we first prove

3=

400
|f(r)|si( / Isasf(S)l’"dS) |

T
rm
and

rf )] <" ( [ etsrent d)

Indeed, if f € C§°((0, +00)), then the preceding inequality follows from the fundamental theorem of
calculus and the Holder inequality. The case of a general function f can be deduced from (A-1). The
desired estimate (2-2) is an immediate consequence of these two inequalities.

The “if” part. Given a radial function f(x) on R3, satisfying the conditions (2-1), (2-2), we are to construct
a sequence of smooth radial functions f,(x) compactly supported in R? such that (A-1) holds.

To achieve this, we take a smooth radial function ¢(x) on R3 such that ¢(x) = 1 for |x| < 1 and
@(x) =0if |x| > 2. Let (¢,), be a sequence of positive numbers, tending to zero as n — co. Define

1 =00 (1-9( ) 2L (a2

where {¢(0) is the usual approximate delta function supported in —5 < ¢ < 0 and f * { denotes the
radial convolution as in [Strauss 1977], namely

0
fxée(x)=[ Lo f(lx|-0o)de.

_£
2
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Then it is clear that f,(x) is smooth, radial and supported in {x eR3|e, < x| < %} We have
r
Or(f(r) = fu(r)) = —€n(3r@)(enr) (1 —¢ (—)) f(r) (A-3)

+<p(enr)—(ar<p)( )f(r) (A-4)

T [1 - w(enr)(l - go(g—))}arf(r) (A-5)

rarlven(1-o(2))] [ v re-ot@de  wo

roenn(1-0( L)) [, Grs0r= i s -0t @ de. a0

n

In view of (2-1), one easily sees that multiplying by r on both sides of the above identity, raising them
to the power m and integrating over (0, +00), we have the contributions of (A-6), (A-7) go to zero as
n — oo. In fact, this is immediate for (A-7) in view of the boundedness of ¢ and the fact that {; is an
approximation of the identity. For (A-6), we need to estimate two terms produced correspondingly by the
cases when 9, hits on ¢(g,7) and (p(é) In the first case, we use the fundamental theorem of calculus to
write

1
F)— f(r—0) = /0 09, f(r — 60) 6.

Applying Minkowski’s inequality, we are led to estimating

/ /(/ rd, f(”)|md”)l|Q§an(Q)|d9dQ,

which is clearly tending to zero as n — o0o. A similar argument applies to the second case. In fact,
applying the same trick will lead us to estimating

/_/ (/ 2 Irdr f(r)" dr)"l?'fi' e, (0) 46 do,

which tends to zero as n — oo.

Next, by invoking (2-2), one sees that the contribution from (A-3) is bounded by
2
1 en
(sup rm|f)” '/1 lo (enr)|™eMr™ Y dr -0, n— 0.

1 2
==z, en

Similar argument applies to (A-4) thanks to (2-2). Finally, the contribution of (A-5) is easily seen to be
bounded by

2¢ep +o00
/ |r8,f(r)|mdr+/] |ro, f(r)|"dr —0, n—oc. O
0 .

&n
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