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THE SEMIGROUP GENERATED BY THE DIRICHLET LAPLACIAN
OF FRACTIONAL ORDER

TSUKASA IWABUCHI

In the whole space R, linear estimates for heat semigroup in Besov spaces are well established, which
are estimates of L?—L4 type, with maximal regularity, etc. This paper is concerned with such estimates
for the semigroup generated by the Dirichlet Laplacian of fractional order in terms of the Besov spaces on
an arbitrary open set of R%.

1. Introduction

Let Q be an arbitrary open set of R? with d > 1. We consider the Dirichlet Laplacian 4 on L2(2),

82
A:—A:—Zax—z,
J

. . J=1
with the domain

D(A):={f € H}(Q): Af € L*(Q)}.
We consider the fractional Laplacian and the semigroup

o S o a/2 oo Aa/2
A2 :/ A2 dE4(d), e =/ e T dEA(L), > 0.
—0o0

—0o0

Here, @ > 0 and { E4 (1)}, cr denotes the spectral resolution of identity, which is determined uniquely
for the self-adjoint operator A by the spectral theorem. The motivation of the study of the fractional
Laplacian comes from the study of fluid mechanics, stochastic processes, finance etc.; see for instance
[Applebaum 2009; Bertoin 1996; Chen et al. 2010; Vlahos et al. 2008]. We also refer to [Di Nezza et al.
2012; Vazquez 2012; 2014], where one can find some results on fundamental properties of fractional
Sobolev spaces and applications to partial differential equations.

In the paper [Iwabuchi et al. 2016a], based on spectral theory for the Dirichlet Laplacian 4 on L?(R2),
a kind of L? theory was established and the Besov spaces on an open set 2 were introduced, where
regularity of functions is measured by A. The purpose of this paper is to develop linear estimates for the
semigroup generated by the Dirichlet Laplacian of fractional order in the homogeneous Besov spaces
B;,q (A), namely, the estimate of L?—L4 type, smoothing effects, continuity in time of the semigroup,
equivalent norms with the semigroup and maximal regularity estimates. Such estimates with the heat
semigroup in the case when 2 = R4 are well established; see [Bahouri et al. 2011; Chemin 2004; Danchin
2005; 2007; Danchin and Mucha 2009; Hieber and Priiss 1997; Kozono et al. 2003; Lemarié-Rieusset
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2002; Ogawa and Shimizu 2010; 2016; Peetre 1976]. In this paper we consider open sets of R? and the
semigroup generated by the fractional Laplacian with the Dirichlet boundary condition.

Let us recall the definitions of spaces of test functions and tempered distributions and the Besov spaces
associated with the Dirichlet Laplacian; see [Iwabuchi et al. 2016a]. We take ¢o(-) € C5°(R) to be a
nonnegative function on R such that

suppgo C{A€R:271 <A <2}, > ¢o2 /A =1 ford>0, (1-1)
Jj€Z
and {¢; }jc7 is defined by letting

$;(A):=po(27/ 1) for X eR. (1-2)
Definition. (i) (linear topological spaces Xo(£2) and X(R2)) Xo(L2) is defined by letting
Xo(Q):=1{f e LY Q) NDA): AMf € L'(Q) N D(A) forall M €N},
equipped with the family of seminorms {po, s (-)}57_, given by

pom(f) =Sl +$u§ 2M Hd’j(ﬂ)fuu(m'
je

(ii) (linear topological spaces Zo(2) and Z(£2)) Zo(S2) is defined by letting
Z0(R) = {f € Xo(RQ) : sup 2M|J'||\¢,~(«/Z)f|}wm < oo forall M € N},
J=0

equipped with the family of seminorms {go, a(-)}37_, given by

qgo.m (/) =/l +$01£2M|j|H‘f’j(\/z)fHLl(sz)'
je

Definition. For s e Rand 1 < p,q < o0, B;’q (A) is defined by letting

B3y (A):= 1 € 2025 1 f 35, cay < 0}
where

||f||B;,,q(A) = H{2Sj H‘ﬁj(\/z)f“m(sz)}jez ”eq(z)-

Let us mention the basic properties of Xy (£2), Z¢(£2), their duals, and B;, 4(A) and explain the operators

g (v/A) and the Laplacian of fractional order.
Proposition [Iwabuchi et al. 2016a]. Let s, € Rand 1 < p,q,r < oco. Then the following hold:

(i) Xo(2) and Z¢(2) are Fréchet spaces and enjoy Xo(Q2) — LP(Q) — Xj(Q) and Z¢(R2) —

LP(Q) — Z(Q).

(ii) B;’q (A) is a Banach space and enjoys Zy(2) — B;’q (A) = Z((R2).

1 1 _ 1 1 _ 5s . H—s
(ii) If p,q < oo and sty =gt = 1, the dual space of By, ,(A) is Bp,’q,(A).

cs+d(1-1 .
(v) If r < p. then B, G ”)(A) is embedded to B, ,(A).

(V) Forany f € B;;“(A), we have A%f € B;,q(A).
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It should be noted that ¢, (v/A) and A are defined in L2(£) initially and by the argument in [Iwabuchi
et al. 2016a] they can be realized as operators in Z((£2) and Besov spaces. In the proof, the uniform
boundedness in L7 (£2) of ¢; (v/A) with respect to j € Z is essential. Uniformity in L2(Q) is proved
easily by the spectral theorem, while that in L(2) is not trivial. For any open set @ C R4, L1(Q)
boundedness is known in some papers; see Proposition 6.1 in [Thinh Duong et al. 2002] and also
Theorem 1.1 in [Iwabuchi et al. 2017]. Let us explain the strategy of its proof as in [Iwabuchi et al. 2017]
(see also the comment below Lemma 2.2). The uniform boundedness in L1 () is proved via estimates in
amalgam spaces £!(L?)g, where the side length of each cube is scaled by 0%, 6 =272/ (see Section 2),
together with the Gaussian upper bounds of the kernel of e™* 4 That scaling fits for the scaled operator
o; (v/A) = ¢o(27/+/A), and we can handle the norm in £ (L?)g through the estimates in L2(£2), since
its norm is defined locally with L2(2). The Gaussian upper bounds of the kernel of e ~*4 are necessary
in order to estimate the L1 (€2) norm via £1(L?)g. Once the L!(Q) estimate is proved, the L? () case
is assured by interpolation and a duality argument.

As for the Laplacian of fractional order, it was shown in the proof of Proposition 3.2 in [Iwabuchi
et al. 2016a] that A% is a continuous operator from Z{(£2) to itself, which is proved as follows: Show
the continuity of A% in Z0(2) first with the boundedness of spectral multipliers

[ 425 VD 1 (@) r1 () = €2
for all j € Z and consider their dual operator together with the approximation of the identity

f=Y ¢;(VAf inZ{(Q) forany f € ZH(Q).
jez
Hence, we define A% by

AT f =) (A2¢;(VA)f inZH(Q)forany f € Z)(<Q).
jez
Noting that e_tAa/zc,bj (v/A) with ¢ > 0 is also bounded in L(R2) (see Lemma 2.1 and (3-1) below), we

also define e*4%’? by

e_tAa/zf = Z(e_tAa/zqﬁj(«/Z))f in Zy(2) for any f € Z((Q).
jez
We state four theorems on the semigroup generated by A 3 the estimates of L?—L4 type and smoothing
effects, continuity in time, equivalent norms with semigroup and maximal regularity estimates, referring
to the results in the case when Q = R? and o = 2.
We start by considering estimates of L?—L4 type and smoothing effects. When @ = R”, it is well
known that

1 _1
le'® fllpamay < Ct 2SS D fllomay. 1V Fllprgay < Ct 2 £l ay,

where 1 < p,g < oo and f € LP(R%). Hence one can show that

5251

1 fll s o< Cr 22T 1
€ B2 ,(4) = Byl 4(4)
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where s > 51, 1 < p; < pp < oo and 1 < g < oco. The following gives the linear estimates for the
semigroup generated by A% onan open set.

Theorem 1.1. Leta >0, t >0, 5,581,520 € Rand 1 < p, p1, p2.9,91, 92 < 00:

. — /2 ., . R . .
(i) e is a bounded linear operator in BIS, q (A); i.e., there exists a constant C > 0 such that for any

feBs (A
—1A4%/2 ; —1A%/2
e f€By,(A) and |e f”ngq(A) = C”f”[gg!q(A)- (1-3)
(i) If s2 > 51, p1 < p2 and
d(pi—pi) + 57 —5851 >0,
1 2
then there exists a constant C > 0 such that
—tA%/? — (=) 2t
lle f”B;%,qz(A) <Ct L2 ”f”B;%ql (4)
forany f € B;},ql(A).

Remark. In the estimate (1-4), the regularity on indices g1 and g5 is gained without loss of the singularity

S2—S1

(1-4)

at t = 0. This estimate is known in the case when 2 = R” and o = 2; see [Kozono et al. 2003].

As for the continuity in time of the heat semigroup e’ when Q = R4, it is well known that for
I1<p<o
lim [|e’? f — fllLrway =0 forany f € LP(RY).
t—0

In the case when p = oo, the above strong convergence does not hold in general, while it holds in the dual
weak sense. The following theorem is concerned with such continuity in the Besov spaces on an open set.

Theorem 1.2. Lers €R, 1< p,g<ocand 5+ 5, =+ 5 =1:

(i) Assume that q < oo and [ € B;,q(A). Then
: —tAY2 o oy _
}E;% lle f f”B},’,q(A) =0.

(i1) Assume that 1 < p <oo, g=ocoand [ € B;’OO(A). Then e_’Aa/zf converges to f in the dual weak
sense as t — 0; namely,

i Y- [ {6/ = e, (Vg dx =0

t—0 4
jez

forany g € Bp_/sl (A).
Remark. Related to Theorem 1.2(ii), it should be noted that the predual of B;’q (A) is Bp_,s q,(A) for

1 < p,q < oo, where % + # = é + % = 1. In fact, we can regard f € B;,q(A) as an element of the
dual of Bp_,sq,(A) by

=Y /Q (6 (VA) 10, (VA)g dx

JEz

for any g € Bp_,sq/(A), see [Iwabuchi et al. 2016a], where ®; :=¢;—1 + P; + Pj+1.
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As for the characterization of the norm by using the semigroup when Q = R?, it is known that

1
. 1
~ —50 1A gdt|?
I s, cay = {/0 (20" fllLr@ey) T (
where s < 0; see, e.g., [Lemarié-Rieusset 2002]. We consider the equivalent norm of Besov spaces on an
open set by using the semigroup generated by A%,

Theorem 1.3. Leta > 0, 5,50 € R, 59 > 5 and 1 < p,q < 0o. Then there exists a constant C > 0 such
that

1
qdt|?

y EC”f”B;;‘q(A) (1-5)

—1 > _ 5 o _tAOC/z
M gy = | [ E B4 )
: 0
forany f € Bls,’q(A), where X = LP(Q), Bg,r(A) with 1 <r < oo.

Since the equivalence (1-5) is closely related to the real interpolation in the Besov spaces, we mention
that the interpolation is also available; see, e.g., [Bergh and Lofstrom 1976; Triebel 1983] and also
Proposition A.1 in the Appendix.

The last result is concerned with the maximal regularity estimates. When Q = R, the Cauchy problem
which we should consider is

diu—Au = f, t>0, x eRY,
u(0,x) = up(x), x € Re.

For 1 < p, g < o0, the solution u of the above problem satisfies

19e1ll La 0,005 (Rery) + AU La(0,00:L7 ) = Cllttoll g2-27a 4y + CllLf Ml La 0,007 ®e1Y)

provided that ug € Bﬁ;% (A) and f € L9(0, oo; L?(R?)); see [Hieber and Priiss 1997; Lemarié-Rieusset
2002]. We note that maximal regularity such as the above is well-studied in the general framework
on Banach spaces with unconditional martingale differences (UMD); see [Amann 1995; Da Prato and
Grisvard 1975; Denk et al. 2003; Dore and Venni 1987; Ladyzhenskaya and Ural’tseva 1968; Weis 2001].
We also note that the cases when p, g = 1, oo require a different treatment from UMD since the spaces are
not reflexive. In terms of Besov spaces, one can consider ngq (A) for all indices p,q with 1 < p,q < o0;
see [Danchin 2005; 2007; Danchin and Mucha 2009; Hieber and Priiss 1997; Ogawa and Shimizu 2010;
2016]. Our result on the maximal regularity estimates on open sets is formulated in the following way.

Ls+a—< .
Theorem 1.4. Lets €R, a>0and 1 < p,q <oo. Assume thatuo € By 4 * (A), f € L9(0,00; BS ,(A)).
Let u be given by

t
u(t) = e Ay + / e~ A2 0y gt
0
Then there exists a constant C > 0 independent of ug and [ such that

19614l Lo 0,00:85. ) T 1142 ¥l La(0,00:85  (ay = C 10l gya=ara gy + CllL M Lao.00:85 4 ) (1-6)
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The proofs of our theorems are based on the boundedness of the spectral multiplier of the operator

A g (VA):

[e™ 481 (VD oy oy = €l O 0V | oy forall j 2.

where s > % + % (see Lemma 2.1 below). The above inequality implies

”e—l‘AO(/Z(ﬁj(\/Z) ‘|LP(Q)_>LP(Q) < Ce—C_ltZO(j’

and this estimate allows us to show our theorems in a method analogous to those in the case when 2 = R4
In this paper, we give proofs of all theorems by estimating directly so that the paper is self-contained.

Here, we note that our proofs can be applicable to the estimates for e ~*4

in the inhomogeneous Besov
spaces and hence similar theorems are able to be obtained. On the other hand, for the semigroup generated
by the fractional Laplacian, since there appear to be problems around low frequencies, we show only
the result for the heat semigroup in Section 7 (see Theorem 7.2 below). It should be also noted that our
argument can be applied not only to the Dirichlet Laplacian but also to more general operators A such
that the Gaussian upper bounds for e 4 hold.

This paper is organized as follows. In Section 2, we prepare a lemma to prove our results. Sections
3-6 are devoted to proofs of theorems. In Section 7, we state the result for the inhomogeneous Besov
spaces. In the Appendix, we show the characterization of Besov spaces by real interpolation.

Before closing this section, we introduce some notation. We denote by || - ||z» the L?(£2) norm
and by || -|| B, the B;,q (A) norm. We use the notation || - || gsg) to represent the H*(R) norm for
functions, e.g., ¢; (1), e”* Aa/z, whose variables are spectral parameters. We denote by S(R) the Schwartz
class.

2. Preliminaries

In this section we introduce the following lemma on the boundedness of the scaled spectral multiplier.
Lemma 2.1. Let N > %, 1<p<oo, §>0anda,b > 0. Then there exists a constant C > 0 such that
for any ¢ € C§°(R) with supp¢ C [a,b], G € C*((0,00)) N C(R) and [ € LP(2) we have

|G De@INVA) [, = C|GQ@ VW grsrrovsll flIe -1
forall j €7.

Remark. As is seen from the proof below, the constant C on the right-hand side of (2-1) depends on the
interval [a, b] containing the support of ¢.

To prove Lemma 2.1, we introduce a set <7y of some bounded operators on L?(2) and scaled amalgam
spaces £1(L2)g for 0 > 0 to prepare a lemma. Hereafter, for k € Z%, Cy(k) denotes a cube with the
center 02k and side length 9%, namely,

Cotk):={xeQ:|x;—02k;| <2707 for j =1,2,....d),

and yc, (k) is a characteristic function whose support is Cq (k).
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Definition. For N € N, we denote by .7 the set of all bounded operators T on L?(2) such that

1Tl == sup |[|-=02k1N Txcom | 22 < 00
kezd

Definition. The space £!(L?)g is defined by letting

CH(L2)g = 1{f € Lie(@) | f lerz2), < 00},
where

1A lercrzy, = Y I IL2cyim)-

kezd
Lemma 2.2 [Iwabuchi et al. 2017; Iwabuchi et al. 2016b]. (i) Let N € Nand N > %. Then there exists
a constant C > 0 such that

_d & 1—4
IT g1 L2y, 0122y < CUT 22 + 072 NTIZNNT 220 5) (2-2)

- L2—L?
forany T € o/ and 6 > 0.

(i) Let N € N. Then there exists a constant C > 0 such that

oo

1y (M +64)" oy = C9/2V/ (1+ 522 [9(6)| dé (2-3)

for any ¥ € S(R) and 6 > 0.

(iii) Let M > 0 and B > %. Then there exists a constant C > 0 such that

I(M +04) |11 g1 r2y, < CO% (2-4)
for any 6 > 0.

Remark. Lemma 2.2 is useful to prove the L! boundedness of spectral multipliers and let us briefly
remind how to prove Lemma 2.2 as in [Iwabuchi et al. 2017; Iwabuchi et al. 2016b]. The original
idea is by Jensen and Nakamura [1994; 1995], who studied the Schrodinger operators on R4. In the
first inequality (2-2), we start with the decomposition 7" = Zm’kezd Xcom)T XCy(k)» and it suffices to
show that for each k € Z a sum of operator norms ), | xc,m)T Xcy (k)| L2— 12 is bounded by the
right-hand side of (2-2). The first term || T'|| .2, ; 2 is obtained just by applying L2(2) boundedness to the
L?(Cq(m)) norm with m = k. The second term is obtained by decomposing the sum into two cases when
0<|m—k|<wand |m—k|> w for v > 0, applying the L2($2) boundedness to the case |m —k| < w and
the Schwarz inequality to the case |m — k| > w for sequences |m —k|™V, |m —k|N I xcoem)TxCoto) L2
and minimizing by taking suitable w. As for the second one (2-3), we utilize the formula

V(M +04)7Y) = 2m) / e~ )y

—00

. s —1 . —i —1 .
To estimate ||e " /{(M+64)7" | , ~» We consider the commutator of (x — 01/2k) and et M+ \which

is rewritten with 6, (M + 6A)~!, V(M + 6A)~! and is able to be handled by the use of L2(R2)
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boundedness, which proves (2-3). As for the last one (2-4), thanks to the formula
1 o0
(M + GA)_’g = —/ tB—1p=Mt ,—104 4y
I'B) Jo
and the Young inequality, we get

_ 1 ® g _ _
I(M +64) ﬂflIe'(L%STﬂ)/O P~ le M(/Q le "’A(-,wllen(m)elf(wldy) dt,

A

where I'(B) is the Gamma function. By the Gaussian upper bounds of e~ 94 we have

d d
le™ A Mller ey, < COTFA+17%).
These estimates yield the inequality (2-4), since the integrability with respect to ¢ € (0, 00) is assured by
B> %.
Proof of Lemma 2.1. Instead of the inequality (2-1), by replacing 27/+/A4 and /A with 272/4 and A,
respectively, it is sufficient to show that

IG(A)p2>A) fllLr < CIGQ* () gn+1/245@ |l f L, (2-5)

where supp ¢ C [a2, b?].
First we consider the case when p = 1. By decomposing 2 into cubes Cy (k) and the Holder inequality,

we get
iy d o

IG(A) fp 2™ A) |1 = COZ G2 A) fllgr(12),- (2-6)

For fixed real numbers M > 0 and 8 > 4 et ¥ be such that
V(W = GRY (™ = M)t = M)pF. 2-7)
It is easy to check that
0o 1 1
Y €C(0.00) and supp¥ C | g g |

and
G2 ™1 =G6¥ 27 M@ NP uf =y (b,
where A and u are real numbers with

27y =p - M.
The above equality yields that

G(A)PQ2HA) =y (M +27274)" Y (M +2724)7F, (2-8)
Then it follows from (2-6), (2-8) and the estimate (2-4) in Lemma 2.2 that
IG(A)$ 27> A) fll
<COE|y(M +27 YA YM+ 2P f |00,
<COT Y ((M + 272 Yo @y et @2, M + 27247 Pl 22y, 1
< CIY((M + 277 Y1y w2y, 1 f 11 (2-9)
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By comparing the estimates (2-5) and (2-9), all we have to do is to show that

1 (M 4272 D1 12)—01 22y < CIGQRT )G grnr1/215 gy (2-10)

To apply the estimate (2-2), we consider the operator norms |- [|;2_, 72 and ||| sy of ¥ ((M +272/4)71).
On the operator norm |- ||72_, 7.2, we have from N > % and the embedding HN+3+8 (R) — L°°(R) that

Iy (M +27274) D2 < Wl < 1Vl gy 1245

for any § > 0. As for ||y (M +272/4)71)]| ., , by applying the estimate (2-3) and the Holder inequality,
for any § > 0 there exists C > 0 such that

1y (M +64)" oy < CQIZV/_ (1+ 1§22 16) d§

<COT (1 +1ED) 2 L2 1A+ 1D E 200 o
< COZ [yl gnivag.
Then we deduce from the above two estimates and (2-2) that
I (M 42724 Y g1 12y, 01 12y
< CllWlgv+i2rsy + 075 OF 19l gvr1/25w) 2 (10| grvi/2s () 730 }

< ClY lgn+1/2+5)-

Since v is defined by (2-7) and the support is bounded and away from the origin, we see from the change
of variables by ;= (A + M)™! that

IV Ol v+1245@) < CIGRY )G () | gn+1/245).

Hence the estimate (2-10) is obtained by the above two estimates, and the estimate (2-5) in the case when
p = 1is proved.

We next consider the case when p = oo. Since the dual space of L!() is L%°(2) and Cse(2) is
dense in L1(Q), the following holds:

IG(A) G2 A) fllLo = sup
g€Cs> gl 1=1

/Q (G(A)p(277A4) f)g dx|.

On the right-hand side of the above equality, we have from the duality argument for the operator
G(A)$(27/A), the Holder inequality and the estimate (2-5) with p = 1 that

(G A2 f.8)x | =

‘ /Q (G(A)p(277A) f) g dx (1, G2 A)g) x|

_ ' [ 1 GORETAg x| <1/l IG @ Arel

<1/ leellG@* ) ()l v +1/245m)llgllLr

where g € C§°. This proves (2-5) in the case when p = co.

As for the case when 1 < p < oo, the Riesz—Thorin theorem allows us to obtain the estimate (2-5). [J
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3. Proof of Theorem 1.1
Proof of (1-3). Put ®; :=¢;_1 + ¢; + ¢;+1. By applying the estimate (2-1) in Lemma 2.1 with

G=Gi(h)=e ™

we have
l; VA1, = (G (VA (VA (85 (VA )] .
< C|G(@ V)P )| g t1r248@) |65 VA S L

where N > % and § > 0. Here it is easy to check that there exists C > 0 such that
1627 V)P | gvs1/24sy < Ce™C 2 forany j €7,
and hence,
”¢j («/Z)e_tAa/zf ”L,, < Ce=C7'12% H@(ﬂ)f”u for any j € Z. (3-1)
By multiplying 2%/ and taking the £9(Z) norm in the above inequality, we obtain the assertion (1-3). [
Proof of (1-4). By the inequalities

—tA%2 oy < |p—tAY2 £ . ) < )
e P e A PO Vi PN P PO

which are assured from the embedding relations in the Besov spaces, and taking s; = 0 for the sake of
simplicity, it is sufficient to show

_ A0/ _d(1__1)_52
||€ tA 2f||B;§1 <Ct 04(171 ry/ ”f”Bgloo’ 3-2)
where
§s2>0, p;<pr and d(i—i)+sz>0.
P11 D2

.s2+d L L
B P11 P2

It follows from the embedding B,

s B}Z,l and the estimate (3-1) that

s A/2 _sqa/2 i +d 11y oj
||€ tA f”B;2 1 < C||e tA f”BSZ'td(l/pl_l/pz) < C E 2s2] (1)1 Pz)Je ct2 ”¢j( /A)f”L,Dl ]
2 Pl

jez
Since s, + d(% - é) >0, we get
Z 2S21+d(ﬁ_712)je_0t2aj H¢j (\/Z)f HL”l
JE€Z
=17 E ) S 2y E G ) e g, (VA £
jez

which proves (3-2). O
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4. Proof of Theorem 1.2

Proof of (i). Let f € B;,q (A). We take fn such that

SN = Z ¢j(«/Z)f for N € N.

l/I=N
Since g < oo, for any ¢ > 0 there exists Nog € N such that
Il fa _f”Bg,q < ¢ forany N > Np.
The above inequality and boundedness (1-3) in Theorem 1.1 imply
—1A%2 ¢ . _ . _ . _ .
1™ A f = Flly . < 1™ fn = fivllgs + 174 v = Plllgs, + 10w = Flls
—tAY2 , _ )
< e fy — fllgy +Cllfv =gy,

_A0/2
<le™ fn— fnllgy, +Ce

—1A4%/? —1A%/?

for any ¢ > O provided that N > Ny. Then all we have to do is to show that
: —tAY2 o N )
lim [le INn—=Inllgy, =0 (4-1)

We prove (4-1). Noting that the spectrum of f is restricted and

N+1 7
||e—fA“”fN—fN||B;;.f{ P IO i VW P i
j==N-1

we may consider the convergence of H¢>J-(\/Z)(e_“‘1a/2 — 1) fw |, for each j. For each j =0, %1,
+2,...,+(N + 1), it follows from (2-1) in Lemma 2.1 with

G=G/A)=e—1
that
¢ (VA = 1) fv ]| Lo = (G (VD& (VD)5 (VD) f) o
<C HGt(zj \/T)qDO(f)“HN+d/2+8 ”¢j (“/Z)fN ”va
where ®; 1= ¢; 1 + ¢; + ¢;+1. Here it is readily checked that
lim |G (27 /) @0(V/) | grvaras =0 for each .
and hence, (4-1) is obtained. O

Proof of (ii). Put ®; := ¢j_1 + ¢; + ¢;+1. By considering the dual operator of e~ aez _ 1, we have

> /Q{¢j(@(e—““"”—l)f}cbj(ﬂ)g dx=Y /Q (¢ (VA) f1®; (VA) (e A ~1)g dx. (4-2)

JjE€Z Jj€Z
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It follows from the Holder inequality that

3 /Q () (VA) £ 10, (VA) (e A2 _ 1)g| dx

jez

<D 2 (VA S| 27 |0 (VAT g

JjE€Z
_sA40/2
< CIlf Ny N4 =gl (43)

which assures the absolute convergence of the series in (4-2) by the boundedness of 1A% in Bp_,sl
from (1-3) in Theorem 1.1. The above estimate and the assertion (i) of Theorem 1.2 imply

3 /Q 9/ (VAT ) flo; (VAN dx| <Clfll gy I Dgllp s =0 asi—0. O

jez
5. Proof of Theorem 1.3
To prove Theorem 1.3 we will need the following lemma.
Lemma 5.1. Leta >0, so € Rand 1 < p < oo. Then there exists C > 0 such that
CT 2y 02 gy (VA f | Ly < 04T 0T A g (VA £

. —14paj (5_1)
< C(12%)%0e=C7 12 Hfﬁj(‘/z)f”u’

foranyt >0, j €Zand f € LP(Q).

Proof. Put ®; :=¢;_1 + ¢; + ¢;+1. We start by proving the second inequality of the estimate (5-1). By
applying the estimate (2-1) in Lemma 2.1 with

G = G((A) = (t1A%)%0e ™A,
we have

[(€A%)y0e 4 (VA [0 = (G (VAP (VD) (b (VA) )] .,

. (5-2)
< C|G(2 V)P ) | gns1r215 gy |97 VA S| Lo
where N > % and § > 0. Here it is easy to check that there exists C > 0 such that
; i _C—1lsaj .
[G: @ )P0 gr/asay = C12%)*0e™ 2 forany j €7, (5-3)

and hence,
H (IA%)soe_tAa/ngj(\/Z)fHLp < C(t2°‘j)s°e_c_1t2aj Hgbj(x/Z)fHLp for any j € Z.

This proves the second inequality of (5-1).
We turn to the first inequality of (5-1). Since ¢; (v/A) f is written as

¢ (VA f = ((tA%) %04 &, (VA)) ((tA%)0e 4% 9, (VA) f)
=: ((t4%) ™0 4" 0, (VA) F,
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all we have to do is to show that

[(ca%) =0 4 @, (VAVF |, < Ca2%T )0 F . (5-4)
Applying (2-1) in Lemma 2.1 with

G = Gi(X) = (tA%) 504"
to the left-hand side of (5-4), we have from an similar argument to (5-2) and (5-3) that
[(tA%)=0e 4 0, (VAYF ||, < C|Gi 27 V)P0V gnrsateqey | FllLr
< C(12%) 70| F |-

This proves (5-4) and the first inequality of (5-1) is obtained. O

In what follows, we show the inequality (1-5) for f € BIS,’ 4(A) to prove Theorem 1.3. We note that the
proof below concerns the case when g < oo only, since the case when g = oo is also shown analogously
with some modification.

Proof of the first inequality of (1-5). By the embedding L? (), BY . (4) < BY . (A), it is sufficient to
show that

t

1
© s @ o A q
C_lnf”B;;,q < {/(; (t_&H (tA2)%¢ tA /szBgoo)q ﬂ . (5-5)

We have from the definition of norm || - || BY. oo and the first inequality of estimate (5-1) in Lemma 5.1 that

x® s Liso —tA%/2 g dt
{/ (el aayoe A | 5 ) 7}
1%/0 (1% sup(r2%7 e~ | g (VA £ | ) ‘Iﬂ

Jj€z

1

Decomposing (0, co) in the last line by

(0,00) = | J27@*+D 27k, (5-6)
kez
we get

{/0 (x| aBy e 4 | 5o )q%}q

y—ak I .
=C {2/2 a<k+1) t : sup(tz j) beCr ”"b/(\/—)fHLp)q _t}

Q=

> { > (2% sup(22U =Ry =C2 T g, (V) ”L”)q} ' o7

kez Jjez
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Here it follows from the Holder inequality that
sup(2“U 00~ g, (VA £,

jez
1 . a(j— e
= Y (i @ g 1) |

Jjez

—_

Then we deduce from (5-7) and the above inequality that

{/0 (z‘% H (tA%)soe—tA“/zf HB,(,’,OO)Q %} K

S T g O gy ) |

1
q

217 _ k|2
kez YA I+o |J k|
_ 2—s(j—k) . oo\ ) 7
_ -1 sJ . q (e (j—k)yso ,—C2%V
=D ) (7 g @)
je€z kez
2(soa—s)k « q é
_ -1 ) s 7 ,—C2
=~ gy X (T ) |
kez
Since so > 2 and the summation appearing in the last line converges, we obtain (5-5). O

Proof of the second inequality of (1-5). By the embedding ngl (A) — LP(Q2), Bg’ 4(A), itis sufficient to
show that

1
o0 s a VYT q
G e P e RS T P 59)

Analogously to the proof of (5-5), we apply the second inequality of (5-1) in Lemma 5.1 instead of the
first one and the decomposition (5-6) to get

TRGIERE I PR

< { Z(zsk Z(Za(j—k))soe_c—lZa(_/—k) H(]Sj («/Z)f HLp)q % 5.

kez jez

Here the Holder inequality yields that

Z(za(j_k))soe—cleO‘(j*k) “d)j(«/Z)f”Lp
Jjez .
< C{Z((l +a2|j _k|2)(2Ot(j—k))soe—C*12a(Jf >”¢j(ﬂ)f””)q§ '

jez

Q=
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Then we have from the above two estimates that

G R P

t

=

q

< c{z(zsk)q S +a?lj kAR CT T g, () I\Lp)q}

kez jez
1
. —sU- ; j— _(—lra(i—k) q
- C{Z(2Sj Hd)j(\/z)fHLp)q 2(2 s(J k)(l +012|] _k|2)(2(x(j k))soe Cc—1pa0 )q}
jez kez
1
—, _C—1Hak q
=Cllf s, { $((1 + a2 k[2)200u-9k =€ 12k yal e
kez
Since s¢ > % and the summation appearing in the last line converges, we obtain (5-8). 0

6. Proof of Theorem 1.4

Proof of (1-6). It is sufficient to prove the case when s = 0 thanks to the lifting property in the proposition
on page 684. We also consider the case when g < oo only, since the case when ¢ = oo is also shown
analogously. First we prove that

1432l 00 00158 1) = Clloll go—ara + C1L.F a0 oor, (6-1)

By the definition of u and the triangle inequality, we get

. (6-2)

t
o @ _yqa/2 a —(t—17)A%/2
||A2u||Lq(0,oo;ng)§||A2e t “0||L‘/(O,oo;l?2q)+”‘42/ e~ (=7 f(r)dt .
' ' 0 L4(0,00;Bp 4)

On the first term of the right-hand side in the above inequality, it follows from the estimate (1-5) for
so=1, s=a—%that

g —tA%/? _
||A2€ uO”Lq(O,OO;Bg,q) < C”uO“Lq(O,OO;Bg:]a/q)' (6-3)

As for the second one, we start by proving that

¢J(\/Z)Ag/t e_(t_t)Aa/zf(‘L’)dT < C2Zj{/t(e_c—1(t—‘t)2“j “(ﬁj(\/Z)fHLp)q dt 5. (6_4)
0 Lr 0

The above estimate (6-4) is verified by applying the estimate (5-1) in Lemma 5.1 and the Holder inequality;
in fact, we get

¢ (VA) A% / L0y g <o / L o (A (0], d
0 Ly 0
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1
i — o t _ o« 7
< C2% |l GO ’llm/w«o“,}){ | O g, (Vi 0] ) de
0
) t B i 1
T i DI AVCT N
0
By the estimate (6-4), we have
t
H Ag/ eI (1) d
0 L4(0,00;B9.,)
- aif (1 —@C) -2 q AR
S AN EAIAC O oy (V0] ) de) | ]
0 jez 0
> q aj oo —q(2C)~ 1 (t—1)2%/ é
=C/ Y lg (VA f@l7.(2 / e dt) dr
Y 1 T
JEZ
= CllS N a0,00:89  (a))- (6-5)

Then the estimates (6-2), (6-3) and (6-5) imply the inequality (6-1). The estimate for d;u, i.e., the
inequality
196100 a0 o055 ) = C 0l e + C 11 F | a0, 00:0., )
is verified by the estimate (6-1) and the equality
dou=—A2u+ f

Hence we obtain the estimate (1-6) and the proof is complete. O

7. Results for the inhomogeneous Besov spaces

We should mention that similar theorems also hold for the heat semigroup in the inhomogeneous Besov
spaces B;, ¢(A). We also note that the semigroup generated by the fractional Laplacian cannot be treated
analogously by the direct application of boundedness of the scaled spectral multiplier in Lemma 2.1 (see
the comment below Theorem 7.2).

First we recall the definition of B;’ ¢(4). Let ¥ be as in C5°(—00, 00)) such that

Y(A?)+ Y ¢;j(A)=1 forany A >0.
JEN
The inhomogeneous Besov space B;, ,(A) is defined as follows; see [Iwabuchi et al. 2016a].
Definition. For s € Rand 1 < p,q < oo, By ,(A) is defined by letting
By ,(A):={f e X;(Q): I f By, (a) <00},

where

1 Bs.,cay = IV (A) fllLr +]|{27 H¢j(ﬂ)fHLp}jeNng(N)-
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The high-frequency part is able to be treated in the same way as the proof for the homogeneous case by

using Lemma 2.1. As for the low-frequency part, we employ the pointwise estimate of the kernel of e~*4

o2
0= e A(x, y) < (4rt)% exp('x s )

which assures the boundedness of e 74 in L?(£2) and also B, ,(A) as well as the case when 2 = R4 In

—tA

order to treat continuity in time of e~*“, we need the following obtained by a proof similar to that of

Lemma 2.1.

Lemma7.1. Let N >4, 1< p <00, §>0, 9 € C§°(—00,00) and G € HN+248(R). Then there
exists a positive constant C such that for any f € L?(Q)

IG(AY(A) fllLr = CIGH)Y ()l gn+i2+s@llfILr- (7-1)
We take G such that
G(A):= e —1 for any A € R

to apply the above lemma. For the above G it is easy to check that

||G(‘)W(')||HN+1/2+5(R) —0 ast—0.

Hence for any f € B, ,(A), it follows from (7-1) that

lim [y (A) e~ f = )llLr =0.

tA

According to the boundedness and the continuity of e™*“, we obtain the following result for the inhomo-

geneous Besov spaces.
Theorem 7.2. Lets € R, 1 < p, p1, p2,q <00 and % + # = 1. Let W and V; with j € N be such that
W(A) := Y (A) + ¢1(VA),
O1(VA) 1= ¥ (4) + $1(VA) + $2(VA),
) (VA) =1 (VA) + ¢ (VA + 11 (VA) for j =2
(i) There exists a constant C > 0 such that
le™ £y, a» < CILS s, a)

forany f € By, ,(A). If p1 < p2, then there exists a constant C > 0 such that

1 1
— A —_—
le™ fllgg, < Ct 2G5 fllgy L ay

forany f € B, .(A).
(ii) If g <ooand f € B, ,(A), then

. 1A, ) —
tlgr(l) le "4 f f”Bp,q(A) 0.
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Ifg=o00, 1 <p=<ooand f € B, ,,(A), then e M f converges to f in the dual weak sense as t — 0,
namely,

hm[ / (e f -} W(A)gdx+) / {p; (VA f—Hd;(VA )gdx]
JEN
forany g € Bp_,fl (A).

(iii) Let T >0, 5,50 € R and so > 5. Then

T
£ 1By o4y = 1V (TA) fliLr + {/ (2l Ay e £ix)? dt}

forany f € By ,(A), where X = LP(Q), p,,(A) with1 <r < oo.
(iv) Let T >0, ug € Bls,j;z_z/q (A) and f € L9(0,T; By ,(A)). Assume that u satisfies

t
u(t) = e ug + / e A f(0) dr.
0
Then there exists a constant C = C(T) > 0 independent of ug and f such that

19eullLaco,r:B5 44y + 142 ullLaqo,7:B5 4 (a)) = Clluoll gs+2-2/a( 4y + Cll fllLaco.7:B} 4 a))-

Remark. Let us mention what is obtained by the abstract theory for sectorial operators by Da Prato
and Grisvard [1975]; see also [Haase 2006; Lunardi 1995]. Let X = Bz(i),q (A). We can consider A as
a sectorial operator with the domain D(A%) = Bg,q(A). Let0<T <00, 1 <g<oo, 1 <p,r=<o0,
6 €(0,1) and a > 0. Then for any f € L9(0,T; (X, D(A%))g,) the equation

du
dr

u(0) =

+Au=f, 0<t<T,

admits a unique solution u satisfying
|5
dt

A . o <C . o s
L9(0,T;(X,D(A%))g.) + ” u”L‘I(O,T,(X,D(A No.r) = ||f||L‘1(0,T,(X,D(A No.r)

where C depends on 7. Here we note that (X, D(A4%))g,, = BZ“G(A) and 2a.0 is possibly an arbitrary
positive number since & > 0 and 6 € (0, 1).

Let us give a few remarks on the semigroup generated by A% . If we consider applying Lemma 7.1

—1A%/2

directly, it is impossible to obtain the boundedness of e for general «. In fact, taking

G=G,()=e "

and applying (7-1), we see that the H" +5+8 (R) norm of the above G = G;(A) is not finite for small
A > 0 because of less regularity around A = 0. On the other hand, if « is even or sufficiently large, the
HN+5+8 (R) norm of e™* 1412 is finite and we can get some results. However this argument does not
reach the optimal estimate, and hence, we do not treat it in this paper and will treat it in a future work.
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Appendix: Real interpolation

We now give a remark that real interpolation can be considered in the Besov spaces BIS,, ¢(4) and By (A)
on open sets as well as the whole space case. We recall the definition of real interpolation spaces
(Xo, Xl)g’q for Banach spaces Xy and X1; see, e.g., [Bergh and Lofstrom 1976; Peetre 1968; Triebel
1983].

Definition. Let 0 <6 <1 and 1 < g < 0. (Xo, X1)g,4 is defined by letting

1
0o 1
— dt |7
(Xo, X1)g,q 1= ya € Xo+ X1 : [lall(xo,x1)e., = {/ (Kt a))? 7} < OO},
0
where K(¢, a) is Peetre’s K-function
K(t,a) :=inf{|laollx, + tllatllx, : @ = ao + a1, ao € Xo, a1 € X1}.

As well as in the case when = RY, we obtain the following.

Proposition A.1. Let 0 < 6 < 1, 5,509,851 € Rand 1 < p,q,q0,91 < 00. Assume that sg # s1 and
s =(1—=06)sg+ 0s1. Then ) ) )
(B2, (A), B3l (A)g.g = BS 4 (A),

P40 D.q1
(Bplgo(A): Bplg, (A)o.q = By 4(A).

We omit the proof of the above proposition since one can show it analogously to the whole space case;
see, e.g., [Triebel 1983].
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