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BIRKHOFF NORMAL FORM
AND THE MAGNETIC DIRAC OPERATOR

NIKHIL SAVALE

We consider the semiclassical Dirac operator coupled to a magnetic potential on a large class of manifolds,
including all metric contact manifolds. We prove a sharp Weyl law and a bound on its eta invariant. In the
absence of a Fourier integral parametrix, the method relies on the use of almost analytic continuations
combined with the Birkhoff normal form and local index theory.

1. Introduction

Semiclassical analysis concerns the study of the spectrum of (k-)pseudodifferential operators Py, :
C®(X) —> C*®(X), h €(0,1], in the limit &z — 0 and is now the subject of several texts [Dimassi and
Sjostrand 1999; Guillemin and Sternberg 2013; Ivrii 1998; 2017; Maslov and Fedoriuk 1981; Robert 1987;
Zworski 2012]. Standard examples of such operators include the Schrodinger operator P, = —h2Ax +V
on a compact n-dimensional Riemannian manifold X with potential V' € C°°(X). The clearest asymptotic
result is given by the celebrated Weyl law, see for example [Dimassi and Sjostrand 1999, Chapter 10], on
the asymptotic number of eigenvalues N [a, b] in a fixed interval [a, b]. A related result is on the number
of eigenvalues N(—ch, ch) of Py in the finer interval (—ch, ch): assuming 0 is not a critical value of the
symbol o (P) = p(x,&) € C*®°(T*X), one has

N(—=ch,ch) = O(h™"th (1-1)

as h — 0, for all ¢ > 0. Similar results also exist in the case where 0 is a Morse—Bott critical level for
the symbol; see [Brummelhuis et al. 1995]. In the critical case, the exponent in the Weyl law may drop
depending on the codimension of zero energy level Eg = {p(x, &) =0} and the signature of the normal
Hessian. The Weyl laws thus obtained are sharp and are proved using a parametrix construction for the
evolution operator e Ph as a Fourier integral operator.

In the context of nonscalar operators Py : C°°(X; E) — C*°(X; E) acting on sections of a vector
bundle E, fewer result are known. The simplest case is when the nonscalar symbol p(x, ) e C®°(T*X; E)
is smoothly diagonalizable near the zero energy level E(I; = {det(p(x,&))=0}. In this case, similar
Fourier integral methods apply; see [Emmrich and Weinstein 1996; Maslov and Fedoriuk 1981] or
[Guillemin; Sandoval 1999] for an exposition in the microlocal/classical setting. For nonscalar operators
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another method is provided under the microhyperbolicity condition of Ivrii [1998, Chapters 2 and 3]; see
also [Dimassi and Sjostrand 1999, Chapter 12]. In this paper, we study the particular case of the magnetic
Dirac operator where neither diagonalizability nor the microhyperbolicity condition is satisfied.

More precisely, let (X, gTX) be an oriented Riemannian manifold of odd dimension n = 2m + 1
equipped with a spin structure. Let S be the corresponding spin bundle and let L be an auxiliary Hermitian
line bundle. Fix a unitary connection Ag on L and let a € Q!(X; R) be a one-form. This gives a family
of unitary connections on L via V# = A + %a and a corresponding family of coupled magnetic Dirac
operators

Dy :=hDy, +ic(a) (1-2)

for h € (0, 1] and where ¢ stands for the Clifford multiplication endomorphism (see Section 2B).

In order to derive sharp spectral asymptotics, we shall make a couple of restrictive assumptions on the
one-form a and the metric gTX . First, the one-form a will be assumed to be a contact one-form (i.e., one
satisfying a A (da)™ > 0). This gives rise to the contact hyperplane H = ker(a) C TX as well as the
Reeb vector field R defined viaigda =0, iga = 1.

To state the assumption on the metric, consider the contracted endomorphism J : Tx X — T X defined
at each point x € X via

TX(vl,

da(vi,v2) =g Jva) VYup, v e Ty X.

From the contact assumption, J has a one-dimensional kernel spanned by the Reeb vector field R. The
endomorphism J is clearly antisymmetric with respect to the metric

g7 (v1,Jv2) = —gTX Gu1, v2),

and hence its nonzero eigenvalues come in purely imaginary pairs iy, u > 0. The assumption on the
metric g7¥ is then as follows.

Definition 1.1. We say that the metric g7 is suitable to the contact form a if there exist positive
constants 0 < p1 <ty <--- < iy, (independent of x € X) and a positive real function v(x) > 0 such that

Spec(Jx) = {0, £ipv(x), £ipov(x), ..., Figmv(x)} (1-3)
for all x € X.
Before proceeding further, we give two examples of suitable metrics:

(1) In the case that the dimension of the manifold X is 3, any metric gTX is suitable, as Spec(Jx) =
{0, +i|da|} has only two nonzero eigenvalues.
(2) There is a smooth endomorphism J : TX — TX such that (X2 a, ¢TX J) is a metric contact
manifold. That is, we have
J?v = —vy + a(v1)R,

(1-4)
gTX(vl, Jvy) =da(vy,v2) VYvi,vp € T X.
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In this case the nonzero eigenvalues of J, = J are £i (each with multiplicity m). For any given
contact form a there exists an infinite-dimensional space of (g%, J) satisfying (1-4). This case in
particular includes all strictly pseudoconvex CR manifolds.

In addition to the Weyl law we shall also be interested in the asymptotics of the eta invariant n; = n(Djy)
of the Dirac operator, formally its signature (see Section 2A for a definition). The main result is now
stated as follows.

Theorem 1.2. Under the contact and suitability assumptions on a and gTX, the Weyl counting function

and eta invariant of Dy, satisfy the sharp asymptotics

N(=ch,ch) = O(h™), (1-5)
np = O(Mh™™) (1-6)

ash — 0.

We note that the exponents above are significantly lower than (1-1). This is again partly attributed to
the high codimension of the zero energy level T2 In this case £ = {§= —a} C T*X is the graph of
the contact form a, a submanifold of half-dimension 2m + 1 on which the canonical symplectic form is
maximally nondegenerate of rank 2m.

The proof of the asymptotic result Theorem 1.2 above will be based on a functional trace expansion.
To state the trace expansion involved, set Vo := w1 [mingey v(x)] and choose f € C° (—~/2v0, +/2v0).
Pick real numbers 0 < 7" < T and let 6 € C2°((—T,T); [0, 1]) such that 6(x) = 1 on (=7, T”). Let

Flo0) =000 = 5 [0 d.

1+(x 1 i
Filo) = —0(=) = — [ eh*0(8)d
0w = 10(7) = g [ ePe@ at
be its classical and semiclassical inverse Fourier transforms respectively. We now have the following

functional trace expansion for the magnetic Dirac operator D = Dy, given in (1-2).

Theorem 1.3. Let a be a contact form, gT% be a suitable metric and f be as above. There exist smooth
functions u; € C°°(R) such that there is a trace expansion

(o] (552

N-1 .
— pm1 (f(x) > uj (WhZ + O(hg)) (1-7)

j=0
for T sufficiently small and for each N € N, A € R.
Again, the trace (1-7) should be compared with the wave trace expansions for scalar and microhyperbolic

operators [Dimassi and Sjostrand 1999, Chapters 10 and 12], although a different scale of size Vh is
being used. In the absence of a Fourier integral parametrix or microhyperbolicity our strategy is to
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combine the use of almost analytic continuations with local index theory expansions. We first show that
the trace is O(h®°) in the region spt(0) C {T > |x| > h®}, ¢ € (0, %) (see Lemma 3.1). Here the lack of
microhyperbolicity for the symbol poses a difficulty in the use of almost analytic continuations [Dimassi
and Sjostrand 1999, Chapter 12]; see also [Dimassi and Sjostrand 1996]. We however show that this can
be overcome with a closer understanding of the total symbol of D via its Birkhoff normal form. It is in
deriving the Birkhoff normal form that Koszul complexes are used and the assumptions on a, g7 X are
required. The local index theory method [Bismut 1987; Ma and Marinescu 2007] finally provides the
expansion in the region spt(0) C {|x| < h®} (see Lemma 3.2).

There is a large recent literature for semiclassical problems in the presence of magnetic fields. In
particular the extensive book of Ivrii [2017] specifically considers the case of the magnetic Dirac operator
in Chapter 17. The Birkhoff normal form here (5-13) generalizes Proposition 17.2.1 therein. Our use
of normal forms should also be compared to their use in scalar cases from [Charles and Vii Ngoc 2008;
Helffer et al. 2016; Raymond and Vii Ngoc 2015]. We note that some of the spectral literature on Dirac
operators treats the massive case (e.g., mass m = 1 in [Helffer and Robert 1983]), where the mass term
renders the symbol diagonalizable. The geometric Dirac operator considered here corresponds to the
odd-dimensional purely massless case.

The asymptotic problem of the eta invariant (1-6) was earlier considered by the author in [Savale
2014], where a nonsharp estimate was proved, under no assumptions on a, g’ X, via the use of the heat
trace. This asymptotic problem was first considered and applied in [Taubes 2007] in the proof of the
three-dimensional Weinstein conjecture using Seiberg—Witten theory. The three-dimensional case has
been further explored in [Tsai 2014].

The paper is organized as follows. In Section 2, we begin with preliminary notions used throughout the
paper, including basic facts about Clifford representations, Dirac operators and the semiclassical calculus.
In Section 2B1 we compute the spectrum of a model magnetic Dirac operator on R™ using Clifford
representations and the harmonic oscillator. In Section 3 we perform certain reductions towards proving
Theorem 1.3, including a time scale breakup of the trace into Lemmas 3.1 and 3.2. These reductions are
then used in Section 4 to further reduce Lemma 3.1 to the case of a Euclidean magnetic Dirac operator
on R". In Section 5 we obtain the Birkhoff normal form for the Euclidean magnetic Dirac operator on R”
from Section 4. It is here in Section 5A that Koszul complexes are employed for the normal form. In
Section 6 we show how the normal form is used in proving Lemma 3.1 via the use of almost analytic
continuations. In Section 7 we prove Lemma 3.2 using the methods of local index theory. In Section 8 we
show how to prove the spectral estimates of Theorem 1.2 via the trace expansion Theorem 1.3. Finally, in
the Appendix we prove some spectral estimates useful in Sections 4 and 5.

2. Preliminaries

2A. Spectral invariants of the Dirac operator. Here we review the basic facts about Dirac operators
used throughout the paper, with [Berline et al. 2004] providing a standard reference. Consider a compact,
oriented, Riemannian manifold (X, g7X) of odd dimension n = 2m + 1. Let X be equipped with spin
structure, i.e., a principal Spin(n) bundle Spin(7X) — SO(TX) with an equivariant double covering
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of the principal SO(#n)-bundle of orthonormal frames SO(7X). The corresponding spin bundle S =
Spin(T'X ) Xspin(n) S2m is associated to the unique irreducible representation of Spin(n). Let VTX denote
the Levi-Civita connection on T'X. This lifts to the spin connection VS on the spin bundle S. The Clifford
multiplication endomorphism ¢ : T*X — S ® S* may be defined (see Section 2B) satisfying

c(@)? =—|a|*> VaeT*X.

Let L be a Hermitian line bundle on X. Let A be a fixed unitary connection on L and let a € Q! (X;R)
be a one-form on X. This gives a family Vi = 49+ %a of unitary connections on L. We denote by
VS®L — VS @1+ 1® V" the tensor product connection on S ® L. Each such connection defines a
coupled Dirac operator

Dj:=hDy,+ic(a)=hco(VS®L):C®(X:SQL)—> C®(X:S®L)

for h € (0, 1]. Each Dirac operator Dy, is elliptic and self-adjoint. It hence possesses a discrete spectrum
of eigenvalues.
We define the eta function of Dj by the formula

. — 1 ° s—1 —¢tD2
1D = 3 s = | wwe P ar @-1)
A0 2 )70
A€Spec(Dy)

Here, and in the remainder of the paper, we use the convention that Spec(Dy,) denotes a multiset with
each eigenvalue of Dy, being counted with its multiplicity. The above series converges for Re(s) > n. It
was shown in [Atiyah et al. 1975; 1976] that the eta function possesses a meromorphic continuation to
the entire complex s-plane and has no pole at zero. Its value at zero is defined to be the eta invariant of
the Dirac operator

Np = 1(Dp, 0).
By including the zero eigenvalue in (2-1), with an appropriate convention, we may define a variant, known
as the reduced eta invariant, by
in = 5kn +1n}
with k;, = dimker Dy,.
The eta invariant is unchanged under positive scaling:
D

7 on the product X x X. Throughout the
paper all Schwartz kernels will be defined with respect to the Riemannian volume density. Denote by

Let L; j denote the Schwartz kernel of the operator Dpe™!

tr(L; »(x, x)) the pointwise trace of L, ; along the diagonal. We may now analogously define the function

1
L)

n(Dp,s,x) = / 7 (L p(x. X)) dt. (2-3)
0
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In [Bismut and Freed 1986, Theorem 2.6], it was shown that for Re(s) > —2, the function n(Dy, s, x) is
holomorphic in s and smooth in x. From (2-3) it is clear that this is equivalent to

tr(L;p) = O(t%) ast — 0. (2-4)

The eta invariant is then given by the convergent integral

| D2
Nh :/0 ﬁtr(Dhe h)dt. (2-5)
2B. Clifford algebra and its representations. Here we review the construction of the spin representation
of the Clifford algebra. The following, being standard, is merely used to set up our conventions and
subsequently compute the spectrum of the model magnetic Dirac operator on R in Section 2B1.
Consider a real vector space V' of even dimension 2m with metric (-, - ). Recall that its Clifford algebra
CI(V) is defined as the quotient of the tensor algebra 7 (V) := @f‘;o V' ®J by the ideal generated from the
relations v ® v + |v|? = 0. Fix a compatible almost complex structure J and split V @ C = V1.0 g V0.1
into the +i eigenspaces of J. The complexification V' ® C carries an induced C-bilinear inner product
(-.-)c, as well as an induced Hermitian inner product h®(-,-). Next, define Sp,;, = A*V 10, Clearly
Som is a complex vector space of dimension 2 on which the unique irreducible (spin)-representation of

the Clifford algebra C1(}V) ® C is defined by the rule
com(V)w = «/5(1)1’0 AW —1l010), VEV, we Sypy.

The contraction above is taken with respect to (-,-)¢. It is clear that cop, (v) @ ASveM/odd . A odd/even
switches the odd and even factors. For the Clifford algebra C1(W) ® C of an odd-dimensional vector
space W =V & R[eg] there are exactly two irreducible representations. These two (spin)-representations
S2+m+1 = Somi1 = A*V 10 are defined via

i1 (V) = cam(v), vev, 06

c;_m+1 (eO)wevenfodd = _02_m+1 (€O)weven/0dd = i Weven/odd-
Throughout the rest of the paper, we stick with the positive convention and use the shorthand ¢ = c2,
c= c;'m 41 When the indices 2m, 2m + 1 are implicitly understood.

Pick an orthonormal basis eg, ez, ..., ez, for V in which the almost complex structure is given by
Jezj_1=e;, 1<j<m.An h®-orthonormal basis for V10 is now given by w; = %(62,‘ +iezj—1),
1 <j <m. Abeasis for S, and Sz:’Em+1 is given by wy = w’fl A- -/\wfn’" with k = (kq,k2,...,km)€{0, 1}
Ordering the above chosen bases lexicographically in k£, we may define the Clifford matrices, of rank 2™,
via

vit=clej), 0=<j<2m,
for each m. Again, we often write yj’." = y; with the index m implicitly understood. Giving representations
of the Clifford algebra, these matrices satisfy the relation

Yivi +vivi = —26i;. (2-7)
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Next, one may further define the Clifford quantization map on the exterior algebra

c:AN*W ®C — End(S2m), o)
C(el(fo Ao A e’;ﬁ;”) = c(eo)k .. .c(e2m)k2m.

An easy computation yields

cleg A---Neam) = i1,

Furthermore, if eg A -+ A ea, is designated to give a positive orientation for W then for w € AKW we

have
c(xw) = i (=) (), (2-9)
c@)* = (1) c(w) (2-10)

under the Hodge star and 4C-adjoint. The Clifford quantization map (2-8) is a linear surjection with
k(k+1 . . .
kernel spanned by elements of the form sw — i T1(—=1)" 2 ' . Thus, in particular one has linear

isomorphisms
¢ AU & C — End(Som). (2-11)
Next, given (rq,...,ry,) € R™\ 0, we define
Iy ={j|r; #0} C{1,2,...,m}, (2-12)
Zy = |Ir|, (2-13)
V=@ Clw;] c v, (2-14)
JEIy
m
wy =Y _rjw; € V. (2-15)
j=1
Clearly, |w,| = |r|. Denoting by w;- the h®-orthogonal complement of w, C V;, one clearly has
V, = Clwy] ® w;-. Hence
AevenVr :(Aevenwl) D & A (Aodde_)
r r/
u'f' (2-16)
AOddVr =(Aodder) D |_'i A (Aevenwﬁ_).
r
Next, we define
i, AV, — A*V, via ir(w) :=w—r|/\a), ir(%/\a)) =w (2-17)
r r

forw € A*wf-. Clearly, 2 = 1 with the decomposition (2-16) implying that

i ATV — AN

iy AoddVr s AevenVr
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are linear isomorphisms. Next, the endomorphism

c(%) =Wy A+ig,) A Ve = AV, (2-18)

W, — Wy _ |r|iri| ’-19
( NG ) [iriir 19

with respect to the decomposition AV, = Ay @ ASvenY. . This finally allows us to write the
eigenspaces of (2-18) as

has the form

= (1£1,)(A%"V;) (2-20)
with eigenvalues +|r| respectively.

2B1. Magnetic Dirac operator on R™. We now define the magnetic Dirac operator on R via

m 1
. 2 m
Dgn = Z(&) [y2j (hdx;) +iv2j-1x;] € BHR™: C*"). (2-21)

, 2
Jj=1

Its square is computed in terms of the harmonic oscillator

D@m =Ha — ihRam+1, (2-22)
with
1 v 1 v
=5 > = (hdx)? + 7). Romtr = 3 > wjlyzj-1v2)]. (2-23)
— =
It is an easy exercise to show that
l. m
ki—1
Rom4110k = 5 [Z(—l) 4 u,} w. (2-24)
=1

Next, define the lowering and raising operators A; = hdy, + x; and A;'.‘ = —hdy; +xj for1 <j <m,

and the Hermite functions

Ve k(X) = ¥ (x) @ wy,

[]‘[ (A )@} -5 for T = (11, T2, ..., Tm) € NI, (2-25)

Vel = (rh) % 2h) 'S /21

It is well known that v, x (x) form an orthonormal basis for L2(R™:; C2"). Furthermore we have the
standard relations

m
* 1 *
(A7 Af]=2h, Hy=; 2 (A AT = 1). (2-26)
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It is clear from (2-22), (2-24) and (2-26) that each v, x (x) is an eigenvector of Du%m with eigenvalue

m
heg =0y + 14 (=1 HEL
vk ;(w +(=DH5

x|2
Hence, clearly the kernel of Drm is one-dimensional and spanned by Y90 = e_%. We now find a

decomposition of L2 (R™; €2") into eigenspaces of Dgm. First, if we define

m 1
5 1 H’J 2 . .
= 52(7) c(w))A;, (2-27)
Jj=1
then one quickly computes
m L
3 1 A
g% — -3 2(71) c (W) AT (2-28)
j=1
and
Drm = /2(3 + 3%). (2-29)

For each v € Ni' \ 0, we define I, V7 as in (2-12), (2-14) and set
b.
c(wi)A; "~
o= @ o [T(22) ool
befo,1}/c  Ljel, N V=
It is clear that we have an orthogonal decomposition
L*R™;C*") = Clyool ® P E-.
7eNJ'\0
Furthermore, we have the isomorphism
I N*V — Eo,
b .
b; c(wj)A;\”’
jr( /\ wjj) = l_[ (— 1/,-[,0.
jelr jelr \4 erh

Each E. hence has dimension 247 and is closed under c(w i)A; and c(w j)A;'.‘ for 1 < j <m. We again
have
E, = E:ven D E?dd, where E:ven/odd =7 (Aevenlodd Vr), (2-30)

thus giving the Landau decomposition
L*R™:C*") =Clyool® P (B @ EXM). (2-31)
TeNJ'\0
The Dirac operator Dgm by virtue of (2-27)—(2-29) preserves and acts on E; via
( Wr, + wrr
C —

/2 ) = (wr, A ‘Hu_)rr),
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under the isomorphism %, where r; := (y/Ti(t1h, ..., /Tmimh) and w,_ is as in (2-15). Hence, if we
define i; := S7i,, Jr_l : E;’VS“/"dd — F ;’dd/e"e“, we have that the restriction of Dgm to E; is of the form

VE|ir} (2-32)

via (2-19). Also note that since ES*V04d C 7 (C®(R™) @ A®Yen/odd 1.0) regpectively, one has
c(eo) ESeodd — L peveniodd (2-33)
using (2-6). The eigenspaces for Dgm are now given by
EEX = 7 (VD) (2-34)
via (2-20) with eigenvalues *|r;| = 4 +/u.7h respectively. We now summarize.

Proposition 2.1. An orthogonal decomposition of L*(R™; (Ezm) consisting of eigenspaces of the magnetic
Dirac operator Dgm (2-21) is given by

L*R™:C*") =Clyool® P (Ef @ E;).
TeNJ'\0

Here E;t, as in (2-34), have dimension 2471 and correspond to the eigenvalues + \/ W.Th respectively.

2C. The semiclassical calculus. Finally, here we review the semiclassical pseudodifferential calculus
used throughout the paper, with [Guillemin and Sternberg 2013; Zworski 2012] being the detailed
references. Let gl(/) denote the space of all / x / complex matrices. For A = (a;;) € gl(/) we define
|A| = max;; |a;;|. Denote by S(R"; C!) the space of Schwartz maps f : R" — C!. We define the symbol
space S™(R2"; C!) as the space of maps a : (0, 1], — C ”(Rit’é; gl(1)) such that each of the seminorms

lallap = supye (&) 00  alx, &5 )]

is finite for all «, B € N{j. Such a symbol is said to lie in the more refined class a € S (R27; C!) if there
exists an /i-independent sequence ag, k =0, 1,. .. of symbols such that

N
a— (Z hkak) e WNt1smr2™.Cl)y VN. (2-35)
k=0

Symbols as above can be Weyl quantized to define one-parameter families of operators a "V : S(R"; C!) —
S(R"; C!) with Schwartz kernels given by

1 i(x—).E [(X+Y
W’z: i(x—y). .
a” (Znh)”/e ha(—2 ,E,h) d§.

We denote by W7} (R"; C!) the class of operators thus obtained by quantizing S m(R2"; C!). This class of
operators is closed under the standard operations of composition and formal-adjoint. Indeed, the Weyl
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symbols of the composition and adjoint satisfy

w

ih —
ClW ) bW = (a % b)W = [e 2 (3r1 8?2 8"23S1)(Cl(51, }"1;h)b(S2, ro, h))]x=sl =sp,k=r =12’ (2—36)

(LZW)* — (a*)W

Furthermore the class is invariant under changes of coordinates and basis for C!. This allows one to
define an invariant class of operators W' (X; E) on C*°(X; E) associated to any complex vector bundle
on a smooth compact manifold X. These define uniformly in 4 bounded operators between the Sobolev
spaces H%(X; E) and H*7™(X; E) with the h-dependent norm on each Sobolev space defined via

lullgscxy := | (1 +R2VE*VEYIu| 5, seR,
with respect to any metric g7X, h¥ on X, E and unitary connection V£,

For A € W/} (X E), its principal symbol is well defined as an element in 0(4) € S™(X;End(E)) C
C°(X:;End(E)). One has that 0(A4) = 0 if and only if A € AW/} (X; E). We remark that o(A) is the
restriction of standard symbol in [Zworski 2012] to the refined class W/} (X: E) and is locally given by
the first coefficient ag in the expansion of its Weyl symbol. The principal symbol satisfies the basic
relations 6 (AB) = 0(A)o(B) and 6(A*) = 0(A)* with the formal adjoints being defined with respect
to the same Hermitian metric #Z. The principal symbol map has an inverse given by the quantization
map Op : $™(X;End(E)) — W (X; E) satisfying 0(Op(a)) = a € S (X;End(E)). We often use the
alternate notation Op(a) = a". For a scalar function b € S (X), it is clear from the multiplicative property
of the symbol that [¢",h"] € h¥7(X; E) and we define Hy(a) := ;l;a([aW, b%]) € S™(X;End(E)).
If a is self adjoint and b real, then it is easy to see that Hp(a) is self-adjoint. We then define |Hp(a)| =
Max)eSpec Hy(a) |A]. L

The wavefront set of an operator A € W' (X; E) can be defined invariantly as a subset WF(A) C T*X
of the fiberwise radial compactification of its cotangent bundle. If the local Weyl symbol of A is given by
a then (xg, £9) ¢ WF(A) if and only if there exists an open neighborhood (x¢, £9;0) € U C T*X x (0, 1],
such that a € h*®(£)~°°C*(U; C!) for all k. The wavefront set satisfies the basic properties

WEF(A + B) C WF(A) UWF(B), WF(AB) C WF(A)NWE(B) and WF(A4*) = WE(A).

The wavefront set WF(A) = & is empty if and only if A € h°°W~%°(X; E). We say that two operators A
and B are equal microlocally on U C T*X if WF(4 — B)NU = @. We also define by V(X E) the
class of pseudodifferential operators A with wavefront set WF(A) € T*X compactly contained in the
cotangent bundle. It is clear that ¥ (X; E) C V(X E).

An operator A € W] (X ; E) is said to be elliptic if (£ )" (A)~! exists and is uniformly bounded on T* X.
If Ac VI(X; E), m>0,is formally self-adjoint such that A+i is elliptic then it is essentially self-adjoint
(with domain C2°(X; E)) as an unbounded operator on L2(X; E). Its resolvent (A—z) ! € v "™M(XE),
z € C, Imz # 0, now exists and is pseudodifferential by an application of Beals’s lemma. The resolvent
furthermore has an expansion (A—z)~1 ~ Z;‘)io h' Op(ajz. )in W™ (X E). Here each symbol appearing
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in the expansion has the form

aF = (0(4) = 2)71a5 1 (0(A) = 1)+ (0(A) = )N aE 5 (0(4) —2) 7 € STM(XEnd(E)),

where ajz. « i @ polynomial in z symbols for k = 1,...,2;. Given a Schwartz function f € S(R), the
Helffer—Sjostrand formula now expresses the function f(A) of such an operator in terms of its resolvent
and an almost analytic continuation f via

1 _ .
f(A):Z[CE)f(z)(A—z)_ldde.

Plugging the resolvent expansion into the above formula then shows that the above lies in and has an
expansion f(A) ~ Z;io h' Ajf in W °°(X; E). Finally, one defines the classical A-energy level of A
via

2 = {(x,6) e T*X | det(0(A)(x, &) —AI) = 0}.

Now, the form for the coefficients of the resolvent expansion also shows

WE(f(A) 4= U =%
A€spt(f)

2C1. The class V§'(X; E). In Section 3 we shall need the more exotic class of symbols S g"([R{z”; 0C)
defined for each 0 < § < % A functiona : (0, 1], = C OO(R)%”E; C) is said to be in this class if and only if

lalla,p = supy ¢ 5 (&) HEIRAFIEDS 19250 4 (x 2 ) (2-37)

is finite for all o, B € Ng. This class of operators is closed under the standard operations of composition,
adjoint and changes of coordinates allowing the definition of the exotic pseudodifferential algebra W' (X)
on a compact manifold. The class S§"(X) is a family of functions a : (0, 1], — C*°(T™* X; C) satisfying
the estimates (2-37) in every coordinate chart and induced trivialization. Such a family can be quantized to
a e g (X) satisfying aV bW = (ab)W +p1 28 lIJQ"JF’”/_1 (X) for another b € Sg”/(X). The operators
in \lfg(X ) are uniformly bounded on L?(X). Finally, the wavefront of an operator A4 € V(X E) is
similarly defined and satisfies the same basic properties as before.

2C2. Fourier integral operators. We shall also need the local theory of Fourier integral operators. Let
k : U — V be an exact symplectomorphism between two open subsets U C T*X and V C T*Y
inside cotangent spaces of manifolds of same dimension n. Assume that there exist local coordinates
(x1,...,xn),(y1,...yn) on T (U), 7 (V) respectively with induced canonical coordinates (x, &), (y,n)
on U, V. A function S(x,n) € C°°(£2) on an open subset 2 C [R{)chl,’ is said to be a generating function
for the graph of « if the Lagrangian submanifolds

(T*X)x (T*Y)™ D A= {((x, £k (x, §) | (x,§) € U} and  {(x,9xS:9,S.,7) | (x.n) € 2}

are equal. Here (T*Y )™ denotes the cotangent bundle with the negative canonical symplectic form. A
generating function S always exists locally near any point on A . Letting a : (0, 1], = CZ°(Qxm(V); C),
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which admits an expansion a(x, y, m;h) ~ Y zeo h*ay (x, y,n), one may now define a Fourier integral
operator associated to x via

A:L*(Y) - L*(X),

1 i
/ e SCEM=Y Mgy n:h) f(y) dy dn.
R2n

Q2mh)"

(Af)(x) =

The symbol of 6 (A4) € C2°(Ay; C) is defined using the generating function via o (4)(x, n) =ag(x, 9xS, n).
The adjoint A* is again a Fourier integral operator associated to the symplectomorphism x~1. The
wavefront set of A maybe defined as a subset WF(A) C T*X x T*Y. A point (x,£;y,n) is not in
WF(A) if and only if there exist pseudodifferential operators B € W[/ (X), C € \Ilgf/(Y) with (x,&;y,n) €
WE(B) x WE(C) such that || BAC ||HS(Y)—>HA’(X) = O(h®°) for each s, s’ € R. It can be shown that the
wavefront set is in fact a compact subset WF(A4) C A,. Given a pseudodifferential operator B € W' (X),
Egorov’s theorem says that the composite is a pseudodifferential operator A*BA € W (Y). Moreover
its principal symbol is given via o(4* BA) = (k" 1)*|o(4)|?0(B) € CX°(V'), where we have again used
the identification of V' with A, given by the generating function. Finally one has the wavefront relation
WF(A*BA) C WF(A) N WF(B), again using the identifications of U, V and A.

An important special case arises when k = e?f¢ is the time ¢ flow of a Hamiltonian g € S™(T*X).
The operator e ns” , defined as a unitary operator via Stone’s theorem, is now a Fourler 1ntegral op-
erator associated to . Egorov’s theorem now gives that the conjugatlon e e e e \IJ’" (X) is

it W

pseudodifferential for each A4 € \IJ’” (X) with principal symbol o (e &4 ne ) = (etHe )*o(A).

3. First reductions

The trace expansion theorem, Theorem 1.3, will be proved in two steps based on the following two
lemmas. Below, 7, T, T/, f,6 and D are the same as in Section 1.

Lemma 3.1. Let ¢ € (0, 3) and 9 € C((T'h*, T); [—1,1]). Then

oo (5) 1o (252)] oo

forall A € R.

We note that in the above lemma the function ¥ is allowed to depend on /4, while its support and range
are contained in /-independent intervals.

Lemma 3.2. There exist smooth functions u; € C*°(R) such that for each A € R and ¢ € (O 2) one has
a trace expansion

N-1
tr[f(%)(fh_leg)(z\«/ﬁ—D)} =tr[f (%)hf_sé(*ﬁ;l) )} _pomet (Z thé_{_O(hg/))’

Jj=0

where 0.(x) := 0(x/h?).
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We note that the trace expansion theorem, Theorem 1.3, follows from the above two lemmas by simply
splitting
G(X) = 98()6) + [Q(X) - Qg(X)]
~—
¥ (x)

and applying Lemmas 3.2 and 3.1 to the first and second summands respectively. Lemma 3.2 is a relatively
classical expansion proved via local index theory and will be deferred to Section 7. Our main occupation
until then is in proving Lemma 3.1.

As a first step, for 7 > 0 fixed one chooses a microlocal partition of unity Ay € \Ilgl(X ), 0<a <N,

satisfying
N
Y Ae=1.  WF(A))CUyCT*X\ZP, ).  WF(Aa)€UsCEl,, 5, 1<a<N, (3D
a=0
subordinate to an open cover {U, }(]xv=0 of T*X. Clearly, it suffices to prove
D \y(AVh—D
tr| A — |0 ———— 4| = O™ 3-2
e () (557 )w] =0 .

for 1 <a,B < N with WF(44) N WF(Ag) # @.
By the Helffer—Sjostrand formula we have the trace above is given by

A—z

-1
Tap (D) :%/@éf(z)é( 7 )tr[Aa(%D—z) Aﬁ} dzdz (3-3)

for f an almost analytic extension of f. We note that the resolvent, the above trace, and the left-hand
side of (3-2) are well defined for any essentially self-adjoint pseudodifferential operator in place of D.
The next reduction step attempts to modify D without affecting the asymptotics of 7;% (D). To this end,
choose open subsets Uyg, Vop such that

WF(Ay) NWFE(Ag) CUgyg
N (3-4)
WF(A4q) UWF(Ag) CVyp € T*X

for each such pair o, B with WF(4,) N WF(Ag) # @. With d = o(D) € C*®(X;iu(S)), define the
required exit time

1

= ————— Wwh ={geC®(T*X;[0,1 =1, glye =0}, (35
infycons | Hed] where Gop 1= {g ( [0,1]) | lUes glye, =0} (3-5)

Typ -
If one were to use a scalar symbol d € C°°(X) instead in (3-5), the required exit time Tpg would have
the following significance: any Hamiltonian trajectory y(¢) = ¢4 with y(0) € Uyp and y(T) € V(fﬂ
would have length T' > Tyg at least the required exit time. We now have the following.
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Lemma 3.3. Let D’ € \Ilcll (X: E) be essentially self-adjoint such that D = D' microlocally on Vyg. Then
ford € C(f?o((To/lﬂhs, Top):10,1]), 0 < Toiﬂ < Top, one has

T3 (D) =T5(D") mod h™

Proof. Let B € \I’ )(X) be a microlocal cutoff such that B =0 on WF(D — D’) and B =1 on V,g. Then
(1 = B)Apg = 0 microlocally implies

(z - %D)B(Z - %D’)_IA/;

_ I 1 - /_L _L /_1 [e’e) _
= Ag [ﬁD B](z D)~ Aﬁ+B(J_ ﬁD)(z ﬁD) Ag (mod h*)  (3-6)

in trace norm. Next, multiplying through by A, (Z — JLI;D)_Iand using Ay B = Ay microlocally gives

Aq (Z_%Df)_lAﬂ_Aa (z_ﬁp)_llﬂ ~ A (%D)B(LIDLID) (Z\LFIQID/)IAﬂ
o) )
+O0([Imz|~1h™>) (3-7)

in trace norm. Now B = 0 on WF(D — D’) gives that the first term on the right-hand side above is
O(|Im z|~2h®®).

We now estimate the second term. Let Sy < S‘;’ﬂ < St;//% < Typ and S‘;ﬂ > To/tﬂ be such that
S C°°([S’ h®, Sepl: [0.1]). Let go € Gy With [Hg,(d)| < l/Sg;}. Set g = a;go, where

S’ Imz
oy = min(L, N),
Vhlog(1/h)
with the constant N > 0 to be specified later. We note that
G = (et =)W e N W0(x)

foreach 0 < § < % Since it has an elliptic symbol, we may construct its inverse by symbolic calculus
G le hN\IJg(X). Moreover

1 1
Glz——D, |G ! —— Dy +ilazvhio )H anv, (3-8)
with
1
R=0 (hiaz log E) in SY(X). (3-9)
Now, since
1 //
(ozz«/ﬁlog E)Hg0 S |Imz| < |Imz|,
Sap
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the inverse G(z — LD;,)_1 G~ of the above exists and is O(|/Imz|™!) in operator norm for Im z # 0
and & sufficiently small.

Next, pick C € W9 (X) such that WF(C) C Uyp and C =1 on WF(A44) "WF(Ap). Now G = e% log ;
on WF(CAy), G =G~ =1 on WE(B)\ Vop and [Dy,, B] =0 on Vg imply

1 -r g 1 -1 1
ez 1025 g (Z——D) [—D ,B]:CA G(z——D) G—l[—D ,B}ro Im z|~ 17>
o NG h NG h @ NG h NG h (|Im z| )

in trace norm. The above is now O(|]Imz|~!A™") in trace norm. Hence

1 1 S&'B Imz

-1
CAa(Z—ﬁDh) [ﬁDh,B]:0(|1mz|—1h—"max(hN,e‘ Vi)

in trace norm. This and CAyAg = Ay A now estimate the second term of (3-7) to give

1 —1 1 —1 _Sa/ Imz
Aa(Z_ﬁD;L) Aﬂ_Aa(Z_ﬁDh) A,3=0(|Imz|_2h_”max(hN,e vh )) (3-10)

in trace norm.
Next, we have the Paley—Wiener estimate

Saﬁ([mz)
v A—=z O ~vr ), Imz>0,
19( x/ﬁ ) = S&B(Imz) (3-11)

O(e n'/2=2 ), Imz <O.
Introduce ¥ € C*°(R; [0, 1]) such that

1, x<l1,

Wx)z{o x>2.

Setting

W(z)—w(lm—z)
M=\ MvRog(1/ 1)

for another constant M > 1 yet to be chosen, we have the estimate

1 Imz
. o(vumay — (—))1 0.
dn f) = (lemzl T Tiogm N\ Viog(i/h) me= (3-12)
O(|Imz|N), Imz <O.

Finally, (3-10)—(3-12), along with the observation

N
wM|ImZ|N= O((M«/Zlog%) ),



KOSZUL COMPLEXES, BIRKHOFF NORMAL FORM AND THE MAGNETIC DIRAC OPERATOR 1809
give

T5(D") =T, (D)

1 [ = < (A — 1 \! 1 -1 )
:;/Ca(wa)ﬁ(Thz)[Aa(z—ﬁDh) Alg—Aa(Z—ﬁDh) Aﬂ} dzdz

—n Sqpmz)  (Syg—Sgp)Imz
=0(h°°)+0[/ ———max(hNe” Vi e N )}
{M«/ﬁlog %SImZSZMx/I;log %} \/Elog A
— O[max(hN_zMS“B_", hM(Sgﬁ—Sag)—n)].
Choosing M > n/(S (;/ 5~ Sqp) and furthermore N >> 2M Sy + n gives the result. O

In the proof above we have closely followed [Dimassi and Sjostrand 1999, Lemma 12.7]. Again, the
proof above avoids the use of an unknown parametrix for e P which, following the significance of the
required exit time 7, g noted before, maybe used to give an alternate proof in the case when d is scalar.

4. Reduction to R”

In this section we shall further reduce to the case of a Dirac operator on R”. First we cover X by a finite
set of Darboux charts {¢; : Q5 — Q? C R"}ses for the contact form a, centered at points {xs}scs € X. By
shrinking the partition of unity (3-1) we may assume that for each pair e, B, with WF(A4,) "WF(Ag) # @,
the open sets Vpg C T*Qg in (3-4) are contained in some Darboux chart. Now consider such a chart
with coordinates(xp, . .., X2,,) centered at x; € X and an orthonormal frame {e; = w]’.c Oxe ), 0=<j <2m,
for the tangent bundle on 2. We hence have

wh grw) = 8jr, “-1)

where gy ; is the metric in these coordinates and the Einstein summation convention is being used. Let
F]l. « be the Christoffel symbols for the Levi-Civita connection in the orthonormal frame e; satisfying
Vej e = Fjl. K€l This orthonormal frame induces an orthonormal frame u,, 1 < ¢ < 2™, for the spin
bundle S. We further choose a local orthonormal section 1(x) for the Hermitian line bundle L and define
via Véol =T;(x)1, 0 < j <2m, the Christoffel symbols of the unitary connection Ao on L. In terms
of the induced frame uy; ® 1, 1 < g < 2™, for § ® L the Dirac operator (1-2) has the form [Berline et al.
2004, Section 3.3]

D =y wk P+ h(§0L 7 v*y +1597). (4-2)
where
P = hox, +iag, (4-3)
and
m
a(x) =ay dx* = de-i-Z(Xj Axjim—Xjymdx;) (4-4)

Jj=1

is the standard contact one-form in these coordinates.
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The expression in (4-2) is formally self-adjoint with respect to the Riemannian density e® A--- A e?™ =
Jgdx = /g dx® A--- Adx®™ with g = det(g;;). To get an operator self-adjoint with respect to the
Euclidean density dx, one expresses the Dirac operator in the framing giuq ® 1,l 1 <g <2™ In this
new frame the expression (4-2) for the Dirac operator needs to be conjugated by g4 and hence the term
hy’ wj’.c g_% (O g%) needs to be added. Hence, the Dirac operator in the new frame has the form

D = [0/ wk (& + ai)]” +hE € Wh(QJ:C*"),

with o/ = iy/, for some self-adjoint endomorphism E(x) € C*®(Q9;i w(C?™y).
The one-form a is extended to all of R” by the same formula (4-4). The functions wf-‘ are extended
such that

m
. 1 . .
(WK, ®dx!)| oy = Ox ®AX"+ Y p? (O, ®dx! + 0y, ®dx/t™)
Jj=1

(and hence g oy = dxg + D71y 1) (dsz + de?er)) outside a compact neighborhood Q¢ € K?.
These extensions may further be chosen such that the suitability assumption Definition 1.1 holds globally
on R” and for an extended positive function v € C>°(R") satisfying

vo = pt1(infv). (4-5)

The endomorphism E(x) € CX°(R"; iu(C2")) is extended to an arbitrary self-adjoint endomorphism of
compact support. This now gives

Do = o7 wf (& +ap]" +hE € Py(R": C*"), (4-6)

as a well defined formally self adjoint operator on R”. Furthermore, the symbol of Do 4+ i is elliptic in
the class S°(m) for the order function

2m %
m= (1 + > x +ak>2) ,
k=0

and hence Dy is essentially self adjoint; see [Dimassi and Sjostrand 1999, Chapter 8]. Below ¢ €

Cc°°((To/tﬂh8, Top):10,1]), 0 < To/eﬁ < Typ, as before and we set Vo?ﬂ = (dos)*Vyp C T*Q0.

Proposition 4.1. There exist AY, Ag € WY (R™), with WF(AY) UWF(Ag) € V;’ﬂ C T*Qy, such that

7;33 (D)= tr[Agf(%)é(@)A%] mod 2™

:=T.5(Do)

Proof. Let K|, 5K " 5 and v 5 VO;% be compact and open subsets respectively satisfying Vo5 C K, 5 C

VO’{B C K(;'ﬂ C Va’lﬁg C T*Q. Choose D’ € W4 (X; ) self-adjoint such that D = D’ microlocally on K&ﬁ
and

D/
p) 1€ Vap (4-7)

(—00,27
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and set E = D' — 37 € (X S). Pick a cutoff function y(x;y,n) € CC"O(n(Vé}}) X (d(ps)*Vé;g; [0, 1])
such that y =1 on n(Kgﬁ) x (des)* gﬂ. Now define the operator

U:L*R":C*") > L*(X;S),

fez(%(x)_”'"x(x;y,n)f(y) dydn, xelX.

N0 = G

The above is a semiclassical Fourier integral operator associated to symplectomorphism k = (d (ps_l)*
given by the canonical coordinates. Its adjoint U* : L?(X; S) — L?(R"; Cc2") is again a semiclassical
Fourier integral operator associated to the symplectomorphism «~! = (dgg)*. A simple computation
gives the following compositions are pseudodifferential with

UU* =1 microlocally on K/, (4-8)
U*U =1 microlocally on K(K(/x/ﬂ). (4-9)

The composition
E'=Eo:=U*EU € VQ(R";C*")

is now a pseudodifferential operator by Egorov’s theorem with symbol

a(Eo) = (dgs)* x*.0(E). (4-10)
Similarly, E) := UEqU* € ¥9(X; S) and

0(Ep) = (dgs)*x*.0(Eo). (4-11)

By (4-7), (4-10) and (4-11) we have »Eo —qC K(Véﬂ) and 70

(—o0 (—o0
E.E', Eg and E| all have discrete spectrum in (—oo, —7]. We now select g € C°(—57, —7) such that

- C 44 g~ Hence by Proposition A.6,

g =1 on [—4t,—27]. We have
WE(E(E) CEE ) C 2 o1 C Vagp-
Combined with (4-9) this gives (U*U —1)g(E) € h*°W¥_*°(X; S) and hence [|[(U*U—-1)g(E)||= O(h*™)
as an operator on L2(X; S). This in turn now gives
|w*v—nnF AENU]+1) = 0kh™), (4-12)

with 12 = TIE

[Ca7.—27] denoting the spectral projector of £ onto the interval [—4t, —2t]. Similarly, we

get
|(UU* = DIE| (| Eo|| |U*]| + 1) = O (). (4-13)

Another easy computation gives E = E{ microlocally on K g 8 and we may similarly estimate

|(E — EpyTiEo| = 0(h). (4-14)
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Next we define A% := U* 4, U, Ag =U%AgU € \Ilgl([Ri”) and again note

UAgAgU* = Ay Ag  microlocally on Ky,

(4-15)
U*AqAgU = AS AY A% microlocally on k(Kgg).
This again gives
|[UAQAGU* — Ag AgITTE | = O(h™), (4-16)
|[U* Ag AgU — AQAZITTO|| = O(h™). (4-17)

Now using (4-12), (4-13), (4-14), (4-16), (4-17) and using the cyclicity of the trace we may apply
Proposition A.5 of the Appendix with

p(x):f(x:;;r)g}(kx/z—h?ﬂ—x)

or (5 (B o () ] ou

for D(,:= Eo+ 3. Finally observing D = D’ on Vg, Do = D, on Vo?ﬂ and using Lemma 3.3 completes
the proof. O

to get

5. Birkhoff normal form for the Dirac operator

In this section we derive a Birkhoff normal form for the Dirac operator (4-6) on R™. First consider the
function

In4 &
fo:=(oso— il ) # 2 m  58)
(\/__1) P J JSJ

If Hy, and ¢"70 denote the Hamilton vector field and time ¢ flow of fo respectively then it is easy to
compute

e Hro(xo, £9) = (ﬁxo’&%)»

e 0 () &5 X pm. Ejrm) = (xj Jif;m, xjt;"{r 5, xHT/; 5 Y j;”m).

We abbreviate (x',&") = (x1,...,Xm: &1, ... Em)s (X" ") = (Xm+1s- -5 X2m: Em+1, ..., E2m) and
(x,€) = (xo.x",x";£0.&,€"). Further, let oy C SL(R>"; C!) denote the subspace of self-adjoint
symbols a : (0, 1], — C°°(IR)2€”’ ;iu(2™)) such that each of the coefficients a;, k =0,1,2,..., in its
symbolic expansion (2-35) vanishes to order N in (§p, x’, £) at 0. We also denote by oy the space of

Weyl quantizations of such symbols.
Using Egorov’s theorem, the operator (4-6) is conjugated to

e 1o’ Doe~ S0 = dl, (5-1)
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with
do = \/E(ij](-)’foéo +o/ wj]."foék +o/ w]]."%”xk) + hoo, (5-2)
where
wy g, = (e o) . (5-3)

Note that the index k ranges from 1 to m in the Einstein summation above. A Taylor expansion of dy,
given in (5-2), in (&g, x’, ') now gives r](.) € 02, 0 < j <2m, such that

do = ~207 (0960 + WF & + ") + 0/ 1) + hoo

-k .k £ ” . . .
and where W} (xo, x”,§") = w} (xo, 7 %) On squaring using (4-1) we obtain

(d(?V)z = Q(I))V + hot + 03 +h200,
with
g(k—l—m)(l—}—m) (XO’ xu’ é”) g(k—l—m)o(x()’ x//’ EN) g(k+m)l (XO, x//’ E”) X/
Qo=[x" & &1| &0 (xo,x"8") 00 x".E")  2%(xo.x".E") | |k
é—,k(l—f-m) (XO’ x//’ é”) g’kO(XO, x//’ %-//) gkl (XO’ x//’ %-//) Sl

4

4
Here g (xo,x",£") = 2g%! (x0. —3—5, 3—5) and the g are the components of the inverse metric
on T*R".
Next we consider another function f; of the form

/

X

fi=3[x & 5/][ Umxm (%0, X" §")  VYmxm+1(x0.x".§") ] §o
’ Vit 1xm (X0 X" E") Bt 1xm+1(xo0, X", §") g

where «, B and y are matrix-valued functions of the given orders, with «, 8 symmetric. An easy

’

computation now shows
/ /

X X
ey | & | =e™ | & | + 02,
£ &

with

A(X(),x”, é//) — [

0 _]m+lxm+1] |: Olme(xo,X”, //) )/me+1()€0,)€//,$//) i|
TImxm 0 V,tn+1><m(x07x”’$,,) ,Bm+1xm+1(x0»x/,,$,/)

From the suitability assumption (1-3), we have that there exist smooth matrix-valued functions «, § and y
such that

t g(k-}-m)(l-l—m) (XO» X/,, %-//) g(k—}-m)O(xO’ X//, S//) gr(k—i-m)l (XO’ X//, %-//) X!
[X/ £o E/] eA gO(l-l-m) (o, X", g_-//) gOO(XO, X", //) gOl (xo, X, //) eA £
g X" 8" g0 "8 g (xo. X" E") 3

=&+ D[Z 1 (7 +S,-2)} + o3,

j=1
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where
E// x//
v (xo, x”, f//) = v(xo, —E, E) (5-4)

Letting
1 v 2 g2
H, = 3 ;Mj(xj +§7),
Egorov’s theorem now gives
oW oW 2m w
ei i dOWe_ﬁfl = (Z ojbj) + hoo, (5-5)
j=0
with
2m
Z b7 = (& + 20H,)" + 03.
j=0

Another Taylor expansion in the variables (x’, £, §') gives A= (ajx (xo.x",§"))eC*® (R?xo gy 50(n))
and r; €02, j =0,...,2m, such that

€o
1
5 (2vp1)2x
0 - 1 ro
2V 2
oA _ ( :le) €1 n
b ' r
2m (ZD[Lm)%Xm 2m
— 1
| 2V m)2Em

We may now set cq = llajkajak € COO(RE’XO X iu(2™)) and compute

eicye%flwdgve_%flwe_icy =dy, (5-6)
where
dy = Hy + 0’ r; + ho, (5-7)
TR
Hy = §000+ (20)2 ) 2 (xj02/-1 +£/02))- (5-8)
j=1

S5A. Weyl product and Koszul complexes. We now derive a formal Birkhoff normal form for the sym-
bol dy in (5-7). First denote by R = C*°(x¢, x”, €”) the ring of real-valued functions in the given
2m + 1 variables. Further define

S := R[x. &.£": 1],

the ring of formal power series in the further given 2m + 2 variables with coefficients in R. The ring
S ® C is now equipped with the Weyl product

axb:= [e%(arl3S2—3r23ﬁ)(a(s1, r1;h)b(sa, 1r2; h))]x=s1=sz,§=r1=r2’
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corresponding to the composition formula (2-36) for pseudodifferential operators, with
[a,b]:=axb—b*a

being the corresponding Weyl bracket. It is an easy exercise to show that for a, b € S real-valued, the
commutator i [a, b] € S is real-valued.

Next, we define a filtration on S. Each monomial 7% EG(x)™ (& )8 in S is given the weight 2k +a +
|| + |B|. The ring S is equipped with a decreasing filtration

S=002012--20y>D.... [)On=1{0}
N

where Oy consists of those power series with monomials of weight N or more. Itis an exercise to show that

ON *Oym CON+ M,
[ON.Om] CihON+M—2.

The associated grading is given by

oo
S=@p Sw.

N=0
where S consists of those power series with monomials of weight exactly N. We also define the quotient
ring Dy := S/O0pn+1 whose elements may be identified with the set of homogeneous polynomials with
monomials of weight at most N. The ring Dy is also similarly graded and filtered. In a similar vein,

we may also define the ring
S(m) =S ®glc(2™)

of R ® gl (2™)-valued formal power series in (x’, &g, &'; h). The ring S(m) is equipped with an induced
product * and decreasing filtration

Oo(m) D 01(m) D -2 On(m) D=+, () On(m)=1{0},
N

where Oy (m) = Oy ® gl (2™). It is again a straightforward exercise to show that for a, b € S ® iuc(2"™)
self-adjoint, the commutator i [a, b] € § ® iuc(2™) is self-adjoint.

5A1. Koszul complexes. Let us now again consider the 2m and (2m+1)-dimensional real inner product
spaces V =Rley, . .., eam] and W =R[eg]®V from Section 2B. Considering the chain groups Dy @ A¥V/,
k=0,1,...,n, one may define four differentials

mo mo

0 > .0 > . .

w =Y pr(xjerj—1 AtEjeajn), il =Y 1P (Xjiey;, +Ejiey).
j=1 j=1

1
15 Bxjler; g+ jier; ).

™

Il
_

m
1
wg = Z,uj? (0x;€2j—1 A +0g; €25 A), ig =
Jj=1 J
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We equip Dy with the R[[A]-valued inner products, where the distinct monomials

a o B

Ws § (&)
are orthonormal. With these inner products w? po la and w? 50 lx
Laplacians A® = w?;9 g T g w? = w8 0440 wg are computed to be equal and act on basis elements
EG (x> (& )8 (A ejyf ) via multlphcation by 1.(2(a+pB)+7y). It now follows that these have (co-)homology

only in degree zero given by R[[A].

0 are respectively adjoints. The combinatorial

Similarly, we may consider the chain groups Dy ® Ak W, k =0,1,...,n; one may define four
differentials . .
wx = oeo A +2D)2wy,  ix = Eoley + (20) 20y,
1 1
Wy = dgy0 A +(20)2w), ig = gyie, + (20)205.
Again these complexes have cohomology only in degree zero given by R[[A].
Next, we define twisted Koszul differentials on Dy ® AKV via

. m
1 1 1
= Z ,uJ? (ady; e2j—1 A tadg, ez A) = Zujz (0x;€2) AN —0g;€2j-1N),

UL
iy = h Z “J 7 (ady; ey, +adg;de,;) = Z“J’z (Ox;ier; — Ogjler;—y)-
j=1

We note that the above are symplectic adjoints to their untwisted counterparts with respect to the symplectic
pairing Z}';l exj—1Aeyjonl.
Similar twisted Koszul differentials on Dy ® ARW are defined via

Wy = hadgoeo A+20) 3BT = —dxye0 A +(20) 2 DY
~ I} 1~ . 1~
iy = Siegadg, + (20)21f) = —0xyie, + (20)215.
These twisted differentials correspond to the untwisted ones by a mere change of basis in V, W and hence
also have (co-)homology only in degree zero given by R[[A]].

We now compute the twisted combinatorial Laplacian to be

0 — 5904050 = 0
A" = wyi, +iywy = —(w 13 +law )—Zu][éj x; x,ag +enjies;_; —€2j—1ies;]-
j=1

One may similarly define A = Wyix + iyiy. Next, we define the spaces of twisted A°-harmonic,
£o-independent elements

1k ={o e Dy @ AW | A’w=0, 95,0 =0},
HE = {we S AW | A’w=0, d;,w=0}.

We now prove a twisted version of the Hodge decomposition theorem.



KOSZUL COMPLEXES, BIRKHOFF NORMAL FORM AND THE MAGNETIC DIRAC OPERATOR 1817

Lemma 5.1. The k-th chain group is spanned by three subspaces:
Dy ® AFW = R[Im(ixy), Im(ix), HK,].
Proof. We first compute A in terms of A° to be
A = —Eqdyy +20A% —2(dx, 9 2)eoil.
Next, since A° is skew-adjoint, we may decompose

Dy ® AYW = Eo & PEix @ E—ia]
A>0

into its eigenspaces. Following [A?, 7] = 0 we may now invert A on the nonzero eigenspaces of A°
above using the Volterra series:

A= 20A%) T Y [@PA%) ! (Eodx +2(0x72)e0i)].
Jj=0

The sum above is finite since £pdx, + Z(BXOﬁ%)eoi )(C) is nilpotent on Dy ® A¥W. Thus we have

PIEix ® E_i2] CIm(A) C R[Im(ixy). Im(Dyix)]-
A>0

Finally, we have the decomposition
N
Eo =P &iHk
Jj=0

and we write each w € S(J)”Hk , j>1,as

o =wo+ Awy,

where .
| X0/ k
wo = |:—2(8x0\72)€0i)?§0_1 / :| w € HN’
0
X0 j_l 1 X0 l
w1 = —(50_1/ )Z[—Xaxofﬂ)eoi%&l/ } ,
0 I—o 0
to complete the proof. O

5B. Formal Birkhoff normal form. The importance of the Koszul complexes introduced in the previous
subsection is in continuing the Birkhoff normal form procedure for the symbol d; in (5-7). The remaining
steps in the procedure are formal.

First let us define the Clifford quantization of an element in a € S ® A¥ W using (2-8) as an element in

cola) =i 2" c(a) € S(m).
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It is clear from (2-10) and (2-11) this gives an isomorphism
co: S @AY 5 S @ iuc(2™) (5-9)
of real elements of the even or odd exterior algebra with self-adjoint elements in S(m). It is clear from
(5-7) that
diy=Hy+co(r) +hS Qiuc(2™) (5-10)
forr:=3"7_ rje; € 020 W.
For a € AKW, we define [a] := [%] Now for f € Oy, N >3,anda € Oy AW, N > 1, we
may compute the conjugations
e/ Hie™h! = Hy +co(p ) + On ® iuc(2™), (5-11)
e!0@ pe710@ = [y 4 (=D 2¢q(ixa) + heo(Wha) + On 42 @ iuc(2™) (5-12)

in terms of the Koszul differentials.
We now come to the formal Birkhoff normal form for the symbol d.

Proposition 5.2. There exist f € O3, a € O, @ A®"W and w € 1% N\ Oy such that
eic"(“)e%fdle_%fe_ic"(“) = Hy + co(w). (5-13)

Proof. We first prove that for each N > 1, there exist fy € O3, a?v € 01 AW, a)R, e "N O, and
r]?] € On+1 @ W such that

eiCO(a(I)\’)e%fNdle_%fNe_iCO(“oN) =H, + co(a)?\,) + co(rj(:,) +hS Q@iuc(2™), (5-14)
SN+1— SN € Onta, ayi—ay €ON, @i~y € Oni.

The base case N =1 is given by (5-10) with a(l) = f1= a)? =0 and r? = r. To complete the induction

step we decompose r?, as

0 _ 0 0
IN= Uy T Tnyp - (5-15)
ESN+1®W  €OnN420W

Next we use Lemma 5.1 to find by, gy € On+1 ® W and UR, € H! N Sy such that

Ul = v —ix Wby —Woixgnw + On+2. (5-16)

Next, define fy4+1 = fv + ixg?\, € 03, a?\,_H = a?\, + %u?abg, € 01 ® A*W and a)g,_i_l = a)?v + v?,.
We now use (5-11), (5-12), (5-15) and (5-16) to compute

eiCO(a(/)v_i_l)e;%fN-g-ldle—%fN-He—l'Co(a?V.,_l)
i 1. 30 ;i 50 _Li o0 _; 1% 50 .
= ¢/c0(300bY) o hix8X e~ hix8N e 10 (GIBN) 4 co(@d) + co(ry) + IS ® iuc(2™)

= H, +CO(CU2]+1) + CO(”]%_H) +hS ®iuc(2™),
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completing the induction step. Now setting f =limy 00 /N, a0 =limy 00 a?v and wo =limpy — o a)]O\,
and letting N — oo in (5-14) gives the relation
¢i€0@0) i f g =5 S e=1€06@0) — H\ 4 co(wo) + S ® iuc(2™). (5-17)
Next we claim that for each N > 0, there exist ay € O1 @ A"W, wy € H* N O, such that
eico(aN)e%fdle—%fe—ico(azv) = Hy + co(on) + hOx ® iuc(2™), 5.18)
aAN4+1—danN 60N+1®AevenW, a)N+1—a)N€'H0ddr]0N.

The base case N = 0 is now provided by (5-17). To complete the induction step, we use the isomorphism
(5-9) to decompose the remainder term in (5-18) above as

co(un) +ihOn 41 ®uc(2™)

foruy € Sy ® A°YW. Next we use Lemma 5.1 to find by, gy € Oy ® A°YW and vy € HOY N Sy
such that
UN = UN —ixWybNy — WyixgN + ON+1. (5-19)
Now define ay 41 =ay +ixgn + %h(—l)[bN]u?abN € 01 and wy+1 = wn + vy. We now use (5-11),
(5-12), (5-15) and (5-19) to compute
eiCo(aN+1)e%fdle—%fe—ic‘o(azvﬂ) = Hi + co(on+1) +ihON 41 @ uc(2™),
completing the induction step. Now setting @ = limy o0 @y and w = limy _, o, @ and letting N — 0o
in (5-18) gives the proposition. O
Finally, we show how the Birkhoff normal form maybe used to perform a further reduction on the
trace. First note that we may similarly use (2-8) to define a self-adjoint Clifford—Weyl quantization map

¢y 1= Op®co : SY(R*";C) ® A — W (R"; C*"),

which maps real-valued symbols Sg([F\RZ”; R) ® Acddevenyy 1o self-adjoint operators in \Ifgl([RE”; c2".
Similarly we define a space of real-valued, twisted A°-harmonic, &o- independent symbols

1SS = {w e SSR™;R) @ A*W | A’w=0, 9,0 =0).

Next, an application of Borel’s lemma by virtue of (5-1), (5-6) and (5-13) gives the existence of

o0 o0
a~Y Wa;e SRR @AW, [~ I fi € SRR,
j=0 j=0

> o0
P~ thfj e S3(R*™;R) R AYW, @~ Zhja_)j c Hoddsg
/=0 Jj=0
such that
e'd @i aff i TV @ = g 4 @) +elf () (5-20)
e

=D
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on I7a,3 = %o (Vo?ﬂ)' Here {7 }jeno> fo, @o vanish to infinite, second and second order respectively
along

D D+c¥ (7)
T =25 =%, 0 ={f=x'=¢=0}

Note that on account of (4-5) and (5-4) one again has

vo=pM1 minv(x) <p; inf .
xeX &

x0.x" &’

Furthermore, since wg vanishes to second order we may choose wq arbitrarily small satisfying the estimate
loollcr <& (5-21)

for any ¢ > 0, while still satisfying (5-20).

We note that D € \IJ1 (R C2"™), with D + i having an elliptic symbol in the class S°((&o, £’)), and
is hence essentially self-adjoint as an unbounded operator on L?(R"; C2"™). The domain of its unique
self-adjoint extension is H ' (Ry,) ® LZ(R” C2"); see [Dimassi and Sjostrand 1999, Chapter 8]. We

x//’
now set
Ag =i @il g0 =5 pmicy’ @) (5-22)
AvVh—D
D):=tul| A 3 A
o= (GH(E2))
lféf( )5\(1_2){& (1 D )_1/1 ]d dz (5-23)
=— z r —D— zdz. -

7 Je N WA g

Proposition 5.3. We have
T35 (Do) = T3 (D) mod h™.

Proof. Since the conjugations in (5-1) and (5-20) are unitary and WF(Ay), WF(4 g) C 170“3, we have

U f=x xf(A=z\ [+ (1 = .
TV (Do) = _/ 8f(z)z9(—) tr|:A (—(D + 7 (7)) —z) A ]dz dz.
ob 7 Jc vh “\Vh 0 P
It now remains to do away with the ¢, W (¥) above. Since this term vanishes to infinite order along

ED ED +eg ), we may use symbolic calculus to find Py, Qn € \Il (R €2"), for all N > 1, such
that

ey (7) = Pn(D + ¢ ()Y, (5-24)
e (7) = On(D)N. (5-25)
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Modifying D outside a neighborhood of 170,5 using Lemma 3.3 and Proposition A.6 we may assume that
D,D+ ch () have discrete spectrum in (—+/2vg, ~/2v¢) and hence

0 = (5)(5-0)a)

D +c(‘)’V(f))l§()L\/ﬁ—D—c0 (r)) ﬁ].

T3 (Do) = tr[fiaf(

Vh h
Next, with o H[ Nerm e and IT 0 = H[_ Nerm e denoting the spectral projections,

(5-24) and (5-25) give
le AP = 0(h%), | HTIP+ D) = oh?)

for each N > 1. Finally applying Proposition A.5 with

o= () (5)

and using the cyclicity of the trace gives 7;% (Do) — 7:)33 (D) = O(h_lhﬂgvi%), for all N > 1, completing
the proof. O

6. Extension of a resolvent

In this section we complete the proof of Lemma 3.1. On account of the reductions in Propositions 4.1 and
5.3 in the previous sections, it suffices to now consider the trace 7"9 (D). First let Ay = a A B = a}’fV
foraq,ag € S, ([RRZ”) The conjugations

ir - it it - it
L-x0 —Lx0 _ W 5 xo —Lxo _ W
en0Age 10 =ay, and eh CAge” 0 =ag,

are easily computed in terms of the one-parameter family of symbols ay (o, ...) = ag(§0 +1¢,...),
ag;=ago+1,...) €S %(R?™), t € R, obtained by translating in the &-direction. One now introduces
almost analytic continuations of the symbols aq ¢, ag; € S 3 (R?"), defined for ¢ € C, such that all the
Fréchet seminorms of éaa,t, da g, are O(|Im¢|*°). These may be further chosen to have the property that
the wavefront sets of their quantizations have uniform compact support when ¢ is restricted to compact
subsets of C. Again one clearly has

agft :e“}zet ; w _HZSIXO’ (6_1)
iRet __iRet
ag,=en *(ap ) e h 0, (6-2)
In similar vein we may define
Dyi=e i Dol = 1"+ (@), (6-3)
=\ 3 3 1 m2n
Hy ;= (§o +1)00 + (20)2 Z 1} (xXj02j—1 + &027) € SHR") (6-4)

Jj=1
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for ¢ € R, on account of the £y-independence of @. An almost analytic continuation of D; is easily intro-
duced by simply allowing ¢ € C to be complex in (6-4) above. The resolvent (D; —z)~ ' : L2(R"; C?"") —
L2(R";C%") is well defined and holomorphic in the region Im z > [Im¢|.

In the lemma below we set t =i y(M, 8) :=i2M h® log %, for6=1—¢c¢€ (%, 1) with ¢ as in Lemma 3.1
and M > 1. We now have the following.

Lemma 6.1. For h sufficiently small and for all gy > 0, the resolvent

1 - -1 m m
—Djy—z) L*R*:C*")— L*>(R":C?
(ﬁ iy ) ®:C?") > LR ")

extends holomorphically, and is uniformly O(h_%), in the region Imz > MK log%, Rez| <

A/ 21)() —£0.

Proof. We begin with the orthogonal Landau decomposition (2-31)

LZ(Rn; @2"1) _ LZ(R;nO—f—xIN) ® (C[WO,O] ® @ [ Eeven D Eodd )’ (6-5)
Aep.(NG\0)

=L2(R7,;C2™)

where
Eilven . @ Eeven’ Eodd . @ Eodd (6—6)
TeNG'\0 TeNG\0
A=p.t A=,u,.r

according to the eigenspaces of the squared magnetic Dirac operator Dﬁm (2-21) on R™. Tt is clear from
(6-4) that

_\ 1
HY; = o+ 1) 00 +129)2]" ® Dy
in terms of the above decomposition. Furthermore one has the commutation relations

[005 Dﬂ%m] - 0,
[C(‘)/V(CD), D3n] = ihch(AOJ)) =

since @ is A®-harmonic. The above and (6-3) show that the (%ﬁﬁ r— Z) preserves the eigenspaces in the
decomposition (6-5) for all ¢ € C. It hence suffices to consider the restriction of (ﬁ D iy — z) to each
eigenspace.

Let Eg := C[0,0], Ea := E" ® EY 9dd and Py, P4 denote the projection onto the corresponding
summands of (6-5). Define the restrictions

Q0 :="Pocq (@)Po : L*RYL) — L2REEL),

QA = PAC(I)/V(C_!))PA Lz(Rm x”’ Eeven D EOdd) — Lz(Rm x//’ Eeven ey Eodd , A>0.
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Now @ ~ Z}io h'@; € HOMS 9 with &-independent @ vanishing to second order along Z(l)) 0= Z(l? =
{€o =x"=§&"=0}. Hence we may decompose
wo = Z[aijzizj +a;jzizj +bijziz; +5ijzi2j]
i<j
in terms of the complex coordinates z; = x; +i§;, z; = x; —i§;, 1 < j < m, with a;;,b;; €
SY(R?"; R) ® A°4W. The self-adjoint Clifford-Weyl quantization now yields

co (@0) = Y [e/ (i) Ai Aj + AT AT cq (@ij) + ey (bij) AT Aj + AT Aicq (bij)] + hWS R C")
i<j
in terms of the raising and lowering operators in (2-26). Since each lowering operator A; annihilates

Y¥o,0, this leads to the estimate
120]l = O(h). (6-7)

Next, on account of (5-21) one may also expand Wy = Z;”:l lajzj+a;z;], witha; € Sg(len; R)®@ AW,
satisfying ||aj|co < & < 1. On self-adjoint quantization this now gives
m
cff (@0) = [ed (ap) A + Atell (@p)] + hU{R™; C27),
j=1
where
leg @ liz2osz2s ey @)llz2—r2 = llajlico + OGh) < &+ O(h).

Knowing the action of the lowering and raising operators A;, A}'f on each eigenstate (2-25) of Dﬂ%m gives
the estimate

24l = eV AR+ O(h), (6-8)

with the O(h) term above being uniform in A.
Next we compute the restriction of (%}75”, — Z) to the Eg eigenspace in (6-5) using (2-6) to be

1 - 1
Dl'y’o(Z) =Py (EDW —Z)P() = ﬁ[—éo —iy —Z\/E-f— 0]. (6-9)

The above is again understood as a closed unbounded operator on LZ(RTOJFXI//) with domain H(Ry,) ®
L2(R™,)). Set Riy,0(z) = [r,-yio(z)]W, with

x”
i — ,
iy,0lZ) = ; f

1

which is well defined for Imz > —y/(2+/h) = =M h%~2 log +, and compute

Riy0(2)Diyo(z) =1+ O(h'™%),
Diy0(2)Riyo(z) =1+ O(h'™%)

using (6-7). This shows that the inverse D;,,0(z) ! exists and is O(R;y,0(2)) = O(h%_‘g).
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Next, we compute the restriction of (\/Lﬁls iy— Z) to the £ 4, A > 0, eigenspace in (6-5). Using (2-32),
(2-33) this has the form

_ Z)PA= 1 [_go—iy—z«/ﬁ («/2ﬁAh)W} 1

1
Diy,A(Z)::PA(ﬁDiV_ Vil V2ARY g +iy—zvh +EQA

with respect to the Z5-grading Ep = E{*""® E de' Here we leave the identification i, in (2-32) between
the odd and even parts as being understood. Set R;y 4(z) = [riy, 4(2)]%, where

vh —Eo—iy—zvh  (V20Ah)
22h—(§o +iy)2 —20Ah (V20Ah) & +iy—zVh|

riy,A(Z) =

which is well defined for |[Re z| < +/2vg — o < infgn +/2V A, and & sufficiently small. We now compute
[Riy,a(z)Diy,a(z) = I = Ce+ O(h),
IDiy,A(2)Riy,a(z) = I|| = Ce + O(h)

using (6-8) with the constants above being uniform in A. Choosing ¢ sufficiently small in (5-21) shows
that the inverse D;y, 4(z)"! exists and is O(R;y,4(z)) = O(h_%) uniformly. d

We now finally finish the proof of Lemma 3.1.

Proof of Lemma 3.1. As noted in the beginning of the section, on account of (3-2), (3-3) and the reductions
in Propositions 4.1 and 5.3, it suffices to show 7 ’;’3 (D) = O(h®). We now define the trace

1 _ -1
T, (2) = tr[agft(ﬁDt —Z) a?{t], Imz > |Im¢|, (6-10)

in terms of the almost analytic continuations. We clearly have
p(2) = Oh"[Imz| ),
E%_r(w,,(z) = O(h™"|Im¢|*°|Im z|2).
Furthermore, by (6-1)—(6-3) 74g,;(z) only depends on Im# and we have
Taf,int (2) = Tap,0(2) + O(h ™" [Im1|**[Im z| 72). (6-11)
As before, we again introduce ¥ € C°°(R; [0, 1]) such that

vo={y 125

and set

" (z)—w(lm—z)
MA=T= M«/Zlog% '
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The estimates (3-11), (3-12) along with the observation a7 |[Im z|V = 0((M«/Elog }Z)N) now give
_ 1 - ~ v A—zZ
72 (D :—/3 ﬁ(—)r z)dzdz
ap(D) . Ym f) N «B,0(2)

<‘3(wa~)5()L — Z)ra,g,o(z) dzd:z.

=O0Mh>*)+— / L -
{M[]ogh<lmz<2M\F10gh} \/Z

Using (6-11) and y = 2M h® log 1 7 0 € (z, 1), the above now equals
- ~x(A—z
oo 719 (%)
Mﬂlog%flmszM«/lqlog%} \/E

Since the resolvent (%5 ) 1, and hence the trace 74p ;,(2), extends holomorphically to Imz >
—MhK=3 log%, |Rez| <

_ 1 _
’7;%(D) = 0(h*™) + ;/{ ToB,iy(2)dzdZ.

v/2vg — &9 by Lemma 6.1 we may replace the integral in the last line above:

_ 1 - ~ v A=z
7?2 (D)= O(h®)+— / 3 19(—)‘( - (2)dzd?
(D)= 0(h>) /2051210 b <imz < M1 10 (WUm f) 7 aB.iy(2)
hn12 0 Sapns)
= O(h°°)+0[/ e/ dzdz}
{—1/2Mh8=1/210g } <imz<—L MB5=1/210¢ 1} ~/R10g(1/ h)

— O[h'% Sap)—n—3)

using (3-11) and O(h_%) estimate on the resolvent («/LIZ D iy — Z)_l. Choosing M sufficiently large now
gives the result. O

7. Local trace expansion

In this section we prove Lemma 3.2. This is a relatively classical trace expansion. A parametrix construc-
tion for the operator e D may potentially be employed in its proof since the principal symbol of D? 5 1s
Morse—Bott critical, as in [Brummelhuis et al. 1995]. However Lemma 3.2 would require an understanding
of the large time behavior of parametrix left open in that paper; see [Camus 2004; Khuat-Duy 1997]. Here
we prove the expansion using the alternate methods of local index theory. The expansion is analogous to
the heat trace expansions arising in the analysis of the Bergman kernel [Bismut 1987; Ma and Marinescu
2007]. Here we adopt a modification of the approach in [Ma and Marinescu 2007, Chapters 1 and 4].

First, fix a point p € X. On account of Definition 1.1 there is an orthonormal basis eg,, = Ry, ¢; p,

ejtm,p»j =1,....,m,of T, X consisting of eigenvectors of Jj, with eigenvalues 0, =1, ,(:=£iu;v(p)),
j =1,...,m, such that
m
da(p) =Y _ A (p)e} A€ sm - (7-1)
j=1
Using the parallel transport from this basis, fix a geodesic coordinate system (xg, . .., X2,,) On an open

neighborhood of p € 2. Lete; = w} k3xe» 0<j <2m, be the local orthonormal frame of TX obtamed by
parallel transport of e; , = 0x; |, O < j <2m, along geodesics. Hence we again have w gklw =0djr,
wk | p = = 8k, with the gx; bemg the components of the metric in these coordinates. Choose an orthonormal
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basis {ug( p)}éilfor Sp in which Clifford multiplication

clej)lp=vj (7-2)

is standard. Choose an orthonormal basis 1, for L. Parallel transport the bases {uq(p)} 1, along

q=1’
geodesics usmg the spin connection V¥ and unitary family of connections Vh = 4 + +a to obtain trivi-

alizations {uq} 1of S, L on Q. Since Clifford multiplication is parallel, the relation (7-2) now holds

q=0
on 2. The connection VS®L = VS ®1+1® V" can be expressed in this frame and these coordinates as

VSOL =g 4+ Al dx/ + T dx/, (7-3)

where each Ah is a Christoffel symbol of V” and each T; ' 1s a Christoffel symbol of the spin connection VS,
Since the sectlon [ is obtained via parallel transport along geodesics, the connection coefficient Ah may
be written in terms of the curvature F h dxf Adx* of V" via

1
A1) = [ dp(or* Fy o). (7-4)
The dependence of the curvature coefficients Fj};C on the parameter /4 is seen to be linear in % via

i
Fl =F) + 7 (da)ji (7-5)

despite the fact that they are expressed in the h-dependent frame 1. This is because a gauge transformation
from an i-independent frame into 1 changes the curvature coefficient by conjugation. Since L is a line
bundle, this is conjugation by a function and hence does not change the coefficient. Furthermore, the
coefficients in the Taylor expansion of (7-5) at 0 maybe expressed in terms of the covariant derivatives
(VAo FO J T (VA (da) ik evaluated at p. Next, using the Taylor expansion

(da)jx = (da)jx(0) +x'ajur. (7-6)

we see that the connection VS®L has the form
: k
i(x .
vS®L — g 4 [E(T(da)jk(()) + xkxlAJ-kl) +xkA% + r,-] dx’, (7-7)
where

A9, = / dp(pFS% (px)),  Ager = / dp(pak (o))

and I'; are all independent of 4. Finally from (7-2) and (7-7) may write down the expression for the
Dirac operator (1-2) also given as D = /¢ o (VS®L) in terms of the chosen frame and coordinates to be

D =y w][hdy; +i5x*(da);(0) +ix*x" Ajy + h(x* A% +T))] (7-8)
=y [wihdx, +iw,2xk(da),k(0)+ Lhg™30y, (g2 wl)]
+y [iwd xkx! Ajpg + hw! (x AOk+FJ)——hg zaxj (gzwf)] e vl (% c?). (79

In the second expression above, both square brackets are self-adjoint with respect to the Riemannian
density e! Ao A" = J&dx = ﬂdxl A--- A dx" with g = det(g;;). Again one may obtain an
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expression self-adjoint with respect to the Euclidean density dx in the framing g%uq ®L, 1<qg<2™
with the result being an addition of the term Ay’ wJ].c g_% (s g%).

Let ig be the injectivity radius of gTX. Define the cutoff y € C>(—1,1) such that y =1 on (—%, %)
We now modify the functions wJ’.‘, outside the ball B;, />(p), such that wjl.‘ = 8]’.‘ (and hence gjx = d;¢)

are standard outside the ball B;, (p) of radius iy centered at p. This again gives
D = y"[wfhdy, +zw,2x’<(da),k(0)+ Lhg™30y, (g2 wl)]
_1 1 m
+ 1 (x1/ i)y [iwf x*x! Ajpg + hw] (F A% +T)) = Lhg ™28y, (g2 w))] € WHR™: C?")  (7-10)

as a well defined operator on R” formally self adjoint with respect to /g dx. Since D) + i is elliptic in
the class S°(m) for the order function

m = \/1 + g/ (& + 2x¥(da)jx (0)) (& + 3x7 (da);,(0)),
the operator D is essentially self adjoint.

Proposition 7.1. There exist tempered distributions uj € S'(Ry), j =0,1,2,..., such that one has a

trace expansion
D n N J
Z )\=hz (DY 2
tr‘ﬁ(\/ﬁ) (;0”’("” )

foreach N e N, ¢ € S(Ry).

n+1

0( > ||<5>N</3(k)llu) (7-11)
k=0

Proof. We begin by writing ¢ = ¢o + ¢1, with

b0 = 5t [ e S*F) t5 wi6r= 4 [ o122 a

4

via Fourier inversion.
First considering ¢, integration by parts gives the estimate

n+1
"y ()] < O T ( > ||sN¢(k>||u)
for all N € N. Hence,

n+1

D ntN o
D"+, (—)D“ =Cyh' > ( ||$N¢(")||L1)
oo ()P = (2
forall N e N, foralla =0,...,n + 1. The semiclassical elliptic estimate and Sobolev’s inequality now
give the estimate
D N n+1
() <™ (0 17601L), (7-12)
Vi) coxxx) ,g)

for all N € N, on the Schwartz kernel.
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Next, considering ¢g, we first use the change of variables o = & V' to write

D 1 ia(Da +ih_'c(a))A( o ) (20‘)
B — = e 0 e da
¢O(\/E) 2 vh JR ¢ vh X ig

Now smce D =D on B;,/2(p), we may use the finite propagation speed of the wave operators e
el@h™'D [Ma and Marinescu 2007, Theorem D.2.1] to conclude

¢o( })(p,) ¢0( f)(o ). (7-13)

The right-hand side above is defined using functional calculus of self-adjoint operators, with standard

ich™ D

local elliptic regularity arguments implying the smoothness of its Schwartz kernel. By virtue of (7-12), a
.. . D . . D
similar estn?late for ¢ (J_E) aI"ld (7-13) it now suffices to consider ¢(¢_ﬁ)
We now introduce the rescaling operator

Z: CO[R":C*") > CRR"; C?"), (%s)(x) :=s(%).

Conjugation by % amounts to the rescaling of coordinates x — xv/h. A Taylor expansion in (7-10)
now gives the existence of classical (h-independent) self-adjoint, first-order differential operators D; =
a;‘ (x)0x, +Dj(x), j =0,1,..., with polynomial coefficients (of degree at most j + 1) as well as
h-dependent self-adjoint, first-order differential operators E; = Y, _y 41 X* [c]k W (X1 )0x, +dja(x:h)],
j =0,1,..., with uniformly C°° bounded coefficients c]]? o dja such that

#D% ' = VI, (7-14)

with
N

D= (Z hénj) +h' 2 Enyr VA (7-15)

Jj=0

The coefficients of the polynomials aj.‘ (x), bj(x) again involve the covariant derivatives of the curvatures
FTX FA40 and da evaluated at p. Furthermore, the leading term in (7-15) is easily computed as

Do = ¥/ [, +iix¥(da) 1 (0)] (7-16)

=1%o + ¥/ [0x, + 2iA;(P)Xjm ] + v T [0, 1 — 2i X (P)X)] (7-17)

:=Doo

using (7-1), (7-6). It is now clear from (7-14) that

oGl )

Next, let I; = {k =(ko.k1,...) ‘ ko €N, DY kg = } denote the set of partitions of the integer j and set

= Y " (z—Do) "[Mql[Dg, (z —Do)'1]. (7-19)

kel;
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Local elliptic regularity estimates again give

1829

(Z—D)_l=0L1200_>L1200(|Imz|_1) and Cijle()C_)LiC(Hmzrj_l), j=0,1,....

A straightforward computation using (7-15) then yields
N
(z—D)" ! — (Z hécj.) = Oleoc_>leoc((|Imz|_1h%)N+1).
=0
A similar expansion as (7-15) for the operator (1 4 Dz)% (z — D) also gives the bounds
N
(1+0%) "% (z-D)"' - (Z h'ﬁcjz-,nﬂ) = OHgﬁH,f;nﬂ((|Imz|—1h%)N“>
j=0

for all s € R, for classical (h-independent) Sobolev spaces H} . Here each Cjz. na Satisfies
—j-1
CjZ.,n-i-l = OHlfyc_)Hlij_n+l(|ImZ| J )

with leading term
_ntl —
Conr1=+D§)™ 2 (z—Do)~".

Finally, plugging the expansion (7-21) into the Helffer—Sjostrand formula
1 - n
¢(D) =—— / 35(z)(1+D*) "% (z D)~ dz dz,
2 C

with p(x) := (x)* g (x), gives

N N+1 ntl A
$(0)(0.0) = (Z hévj,p@s)) i 0( 3 1)V p® ||Ll)
k=0

Jj=0

using Sobolev’s inequality. Here each

1 _
Upp(#) =—— /C 0p(2)C3 ,41(0.0)dzdZ e End STX

(7-20)

(7-21)

(7-22)

(7-23)

defines a smooth family (in p € X)) of distributions U; and the remainder term in (7-22) comes from the

estimate
n+1

3= 0(Im = 3 16901

k=0

on the almost analytic continuation; see [Zworski 2012, Section 3.1]. Integrating the trace of (7-22) over

X and using (7-18) gives (7-11).

O

Next we would like to understand the structure of the distributions u; appearing in (7-11). Clearly,

uj Z/Xuj,p» with u; , :=trUj , € C*(X;S'(Ry)),

(7-24)
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is the smooth family of tempered distributions parametrized by X defined via the pointwise trace of
(7-23). Letting H(s) € S’(Ry) denote the Heaviside distribution, we now define the following elementary
tempered distributions:

Va;p(s):=5% aeNp, (7-25)
Varb.ea:p(s) = 02[Is]s? (5220, A) T2 H(s>=2v, A)],  (a,b,c; A) € NoxZxNoxju.(NZ\0). (7-26)

Proposition 7.2. For each j, the distribution (7-24) can be written in terms of (7-25), (7-26):

Mjsp(s) = Z Cja (p)sa + Z Cj;a,b,c,A(p)va,b,c,A;p(S)- (7-27)
a<2j+2 Aep.(NT\0)
a,|bl,c<4j+4

Moreover, the coefficient functions cjia, Cj.q.b,c,A € C°°(X) above are evaluations at p of polynomials
in the covariant derivatives (with respect to VIX ® 1 + 1 ® VA0) of the curvatures FTX, FA0 of the
Levi-Civita connection VIX, VA0 and da.

Proof. 1t suffices to consider the restriction of u; to the interval (—+/2vM, ~/2v M) for each 0 < M ¢
w.(NG' \ 0). We begin by finding the spectrum of the operator Dgg in (7-17). To this end, define the
unitary operator Uy, : C®°(R": C2") — C°(R"; C2"),

e _1 _1 _1 _1
(Ups)(x0, X1,X2,...) = (1_[ )Lj)s(xo,kl PX1,A0 7 X2, A, 2 X3, A, P X4, )

j=1
and

m
=X 4m +E&jym) € CORP™).
j=1
Next, as in (5-1) we compute the conjugate
e%fOWUADooUie_iTﬂfOW = [20(p)]? Dl
of the operator in (7-17) in terms of the magnetic Dirac operator on R (2-21) evaluated at # = 1. Hence

the eigenspaces of Dgg are

Ute T/ (B @ L2R™FL)), Ulem T/ (EX @ L2R™T))): A € n.(NT\ 0),

X(),X” xo’x//

with eigenvalues 0, =+/2v A respectively, where

Eo:=C[Yoolim1]. EL= E¥|
0 [Vo,0ln=1] A GB 3

TeNG\0

A=u.T
are as in (6-5). We again let Py, Pﬁ denote the respective projections onto the eigenspaces of Dgg and
Pp= PZ @ P,. We also denote by P~y = @ o> pmP 4 the projection onto eigenspaces with eigenvalue
greater than ~/2vM in absolute value.
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2
loc

computation of u;. The j-th term in the expansion is of the form

Now, since expansions in L = are unique, it suffices to work with the resolvent expansion (7-20) in the

¢ =Y (z—Do) ' [MaD, (z —Do) '], (7-28)
kel;

where each Dy, is a differential operator with polynomial coefficients involving the covariant derivatives of
the curvatures F7X, F40 and da. Now using (7-17) we decompose each resolvent term above according
to the eigenspaces of Dgog:

1
—Do) L =pPo[ ————|P
(z —Do) O(z—yoaxo) 0

Z+y %y +D z+y%x, +D
o P PA(ZZ_:_/asz_zvi{))PAEBP>M( zyaz"o DZOO)P>M. (7-29)
AepNIO(0,M) Xo 2=+ %, —Doo

Next, we plug (7-29) into (7-28). This gives an expansion for CJZ. with some of the terms given by

%9, +D
TZ[HaDkaTZ], where TZ:P>M(Z+V xo T 00) .

2 2 2
ze+ ax() —Doo

and which are holomorphic for Re z € (—+/2vM, ~/2vM). For the rest of the terms in CJZ. , we use the
commutation relations

[y°.Pol = [¥°.Pal = [y°.P-m] = 0.
[0x0+ Po] = [9x0, P4l = [0xy, P>m] =0,
[0x.Doo] = 0,
[(z% + 03, —2vA) ", xj] = 80, (2% + 03, — 2vA) 20y,
[(z* + 03, —2vA) ™', 0x,] =0,

as well as the Clifford relations (2-7). This now gives a finite sum of terms of the form

K
1 _
¢ | T 8«77 | % I1 — (z — y08xy) "902P1x02082 (7-30)
(z2 402 —2vA)9a
k=1 Aep.NFN(0,M) 0

ap+3ap<2j+2, by,by, b3 < j+1, where each Sy, is a differential operator in (x’x”) (i.e., independent
of xo) with polynomial coefficients and each T} is equal to one of

1 Doo
Po, Pa, PaDooPa, P M(—)P M, or P M(—)P M, (7-31)
\z2 92 -0, ) T\ 2 -n2) )7

with at least one occurrence of Pg,P 4 or P4DgoP 4 in (7-30). Now using partial fractions, (7-30) may be
written as a sum of terms of the forms
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K

TOZ|:1_[ SkaZ] X (z— yoaxO)_“Ozb‘ 232(3),
k=1
K
TOZ[]_[ Sy T,f} x (22492, —20A) T zb1xl295 A e wNET N (0, M), (7-32)

k=1
apg,apn <2j +2, b1,ba, b3 < j + 1. Next, we plug (7-32) into the Helffer—Sjostrand formula and
use the analyticity of P> pr(1/(z% + 82 —D3))P>ar and P= a7 (Doo/ (2% 4 83 —D§))P>ps for Rez €

(—+/2vM, ~/2vM). This gives
1 .
Ujp(p) = —E[Daqs(z)cj(o,()) dzdz

for ¢ € CX°(—~2vM, ~/2vM), as a sum of terms of the form

(TO []‘[ Ska} xx028b3¢0()/08xo)) (0,0),

k=1

K
(T(?[H SkT,?] X x028b3¢A( a ot 2vA)) (0,0), A€ M.Ng’ Nn(oO,M), (7-33)
k=1
where each T]? is equal to one of
P P P ADgoP P 1 p p Doo p
’ ’ ) — , or - ,
0 A AP00F A >M 21)A—D%0 M M QVA_D%O M
and

D@,
$o(s) = mxb P(s),

2 _(_l)aA_l as—1 ”b1¢(”) | qaa—1 rb1¢(r)
‘“(”‘(aA—l)!{[a’ ((r—s)w)},:_s [3’ ((rﬂ)%)]r:s}‘

At least one occurrence of Pg,P 4 and P 4DgoP 4 in (7-33) gives the smoothness of the kernel.
Finally, an elementary computation involving Laplace transforms using the knowledge of the heat

kernel . 5
2 Ixo—yol
elaxo (XO’ yo) = \/me——o 4;}—0
gives
b3+1
_l)[i]

X229 o (y%9x0)(0, 0) = 80, Vbs:p($0),

VAT ([P +3)
; S
28 3¢A( 3 +2UA)(0,0)= 47TF( 3 _%)
0, b3 odd,

S+ NI'—'

2
50b200,0’b73,A;p(¢A(S ), bz even,

|

completing the proof. O
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As an immediate corollary of Proposition 7.2, we have that the distributions u; are smooth near 0.
Corollary 7.3. For each j,

sing spt(u;) C R\ (—y/2v0. v/2vp).

Proof. This follows immediately from (7-24)—(7-27) on noting that the distributions v,;, are smooth,
while vg p ¢ 4.p = 0 0n R\ (—+/2v9, +/2vg) for each p € X. O

We next give the exact computation for the first coefficient 1o of Proposition 7.1. In the computation
below, recall that Z; = |I;|, as in (2-13), denotes the number of nonzero components of T € N’ \ 0.

Proposition 7.4. The first coefficient ug of (7-11) is given by

uop =co0+ Y €0:0,00,4(P)V0,0,0,4:p(5). (7-34)
A (NI1\0)

where

u;,"(]‘[;.”=1 14)

(47)2
CO;O,O,O,A(P) — M dim(E ) = M( Z ZZr). (7-35)
(47)2 (47)2 TeNI\0
nw.t=A

Proof. First note that the square of (7-16) gives the harmonic oscillator
. . . 1 . i .
DZ = —8/%0,, 0%, —i(da)] (0)xFdy, + Zxkxl (da)](0)(da)’(0) + v v (da)x (0).

The heat kernel e % of the above is given by Mehler’s formula [Berline et al. 2004, Section 4.2]

_(X()—y())2 .
(4mr)ym 4t sinhitda(0)
- Aj Ajt
Xexp{ _m((Xj_yj)2+(xj+m_yj+m)2)+7]tanh(%)(xjyj +XjtmYj+m) -
(7-37)
Next, using (7-1) we compute
) m
e~te(ida(0)) — l_[ [cosh(tA;) —ic(ej)c(ej+m)sinh(tA;)]. (7-38)
j=1
For I C{2,...,m}and wy = /\;c;(€j A €j+m), the commutation

clene(em+)e(wr) = zle(er). clem+1)e(@r)]
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shows that the only traceless terms in (7-38) are the constants. Hence, Mehler’s formula (7-36) gives

. 1 m

B 1 1 itda(0) 12 Aj
D3.(0. 0) = det 2 = ’
re 0.0 =007  nnitda©) ) = an)? Utanhtlj

1

S
_ 172 (ﬁ lj)( Z 22,6—2”.)&)
(4m)2 \ TeN!
pm m_ .
— V4 (2];% /’LJ) (t—é Z 2Z,e—2tr.k) — u(),p(e_tsz)’ (7_39)
T TeNy

with ug, , as in (7-34) and the last line above following from an easy computation of Laplace transforms;
see [Savale 2014, Section 4]. Furthermore, differentiating Mehler’s formula using (7-16) gives

trDoe*20(0,0) = 0 = ug,p(se ") (7-40)

since the right-hand side of (7-34) is an even distribution. From (7-39) and (7-40) we have that the

. . _¢2 _+e2 . .. . .
evaluations of both sides of (7-34) on e 5", se™*S” are equal. Differentiating with respect to ¢ and setting

t = 1 gives that the two sides of (7-34) evaluate equally on ske=s? for all k € No. The proposition now

follows from the density of this collection in S(Ry). O
We now complete the proof of Lemma 3.2.

Proof of Lemma 3.2. We begin by writing

e Ry o TR

Next, the expansion result, Proposition 7.1, with ¢ (x) = f(x)e!? =) combined with the smoothness of
uj on spt( f) C (—+/2vg, +/2v9) from Corollary 7.3 gives

[ D N+1—n ntl ~
tr[f(ﬂ)e”(*‘ﬁ’] ity (me (r)) 18 (Z ||<$>N¢<k><s—r)||y). (7-42)
ﬂ k=0

=0((t)N)

Finally, plugging (7-42) into (7-41) and using 6 (th%_a) = 1+ O(h®°) gives via Fourier inversion

E 2 it(l_%) %—s _ j,—m—1 y é . e(N+1)—m—1
— /dztr[f(ﬁ)e f}@(zh )= h (Zh f(A)u,(A))+0(h )

J=0

as required. O
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8. Asymptotics of spectral invariants
In this section we prove Theorem 1.2 on the asymptotics of the spectral invariants.

Proof of Theorem 1.2. To prove the Weyl law (1-5), we choose 6 € CZ°((—T,T); [0, 1]) such that
O(x)=1on (=T".T"), T'<T, 6(§) >0and 6(§) > 1 for |¢| < ¢ in Theorem 1.3. Choosing f(x) >0
with f(0) = 1, the trace expansion (1-7) with A = 0 now gives

%N(—ch, ch)(1+ 0(Vh)) < tr[f (%) %é(%)] = o™y

proving (1-5).
To prove the estimate (1-6) on the eta invariant, we first use its invariance under positive scaling (2-2)

]

=/0 dtﬁt[—e th] / dt—— [ﬁ z’«DZ] (8-1)

Next, [Savale 2014, equation 4.5, p. 859] with r = % translates to the estimate

and the formula (2-5) to write

wei(5)-

D _DZ] _
tr| —e % O(h™™e ). (8-2)
K
Plugging, (8-2) into the first integral of (8-1) gives

np=0Mh"")+ trE(E (8-3)

)

where

E(x) = sign(x) erfc(|x|) = sign(x) - % /|0|o e ds

with the convention sign(0) = 0. The function E(x) above is rapidly decaying with all derivatives, odd
and smooth on Ry \ 0. We may hence choose functions f € C°(—+/2vg, +/2v9), g € CZ°(R<p) such
that

f(x)+g(x)=E(x) forx <O0.

Define the spectral measure

MeA):= Y fSA-L).

A€Spec (%)
It is clear that the expansion (1-7) to its first term may be written as

My o+ (Fy0) () = K2 (S (Muo(A) + 0(h2),
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where 0 1 (x) = 0(x/~/h) as before. Since both sides above involve Schwartz functions in A, the remainder
maybe replaced by O(h%/ (A)?). One may then integrate the equation to obtain

0 1 0 1
/ dA / AV (F )= 2)Mp (V) = > ( / dAf(Muo(h) + O(hz)). (8-4)

Next we observe

0 ) , 0 . A, , )k/ —00
dAMF, ' 01)(A—A =/ dt@(t——)zl_ A —|—0(<—> ) (8-5)
/_oo (Fp 01 ) N NG (—00,0](A") NG
While the Weyl law yields

A\
dX MmN — =0h™™). -
1 ( )0(<\/ﬁ> ) O(h™™) (8-6)

Substituting (8-5) and (8-6) into (8-4) gives

1 0
) f(x)=h—'"—z( / dxf(x)uo(x))w(h—'").
A<0 B
AESpec(%)

This combined with D
ol — ) =hr"2u +omh™™
Tl ﬁ) o() + O™
then gives
0
Y En=nm (/ d)LE(A)uO()L)) +O(h™),
—o0

A<0
A€Spec (%)

where the integral makes sense from the formula (7-34) for up. A similar formula for

> EW

A>0
A€Spec (%)

trE(%) — M2 ([_Z dAE()L)uo()\)) +Oo(h™).

Since E is odd and ug is even from (7-34), the integral above is zero and hence n = tr E(D/~h) =
O(h™™) from (8-3) as required. O

now gives

In the above proof we have used a Tauberian argument, as in [Dimassi and Sjostrand 1999, Chapter 10].
A similar argument along with the trace expansion theorem, Theorem 1.3, also gives a true Weyl law in
O(~/h)-sized intervals: the number of eigenvalues N(—c Vh,eNh), 0 < ¢ < /2vg, in the given interval
satisfies

—m—% 2c m - . -m
N(=cvh,eNh) = h [(4n)m /Xv (J]:[1 M,) dx] +O(h™™). (8-7)



KOSZUL COMPLEXES, BIRKHOFF NORMAL FORM AND THE MAGNETIC DIRAC OPERATOR 1837

The leading term of the above may possibly be obtained by squaring the Dirac operator and using the
spectral estimates on an O (h)-sized interval near the critical level for D,zl, as in [Brummelhuis et al. 1995].

8A. Sharpness of the result. Here, we finally show that the result Theorem 1.2 is sharp. The worst case
example was already noted in [Savale 2014, Section 5] for ny. To recall, we let ¥ be a complex manifold
of dimension 2m with complex structure J and a Riemannian metric g7 Y. Fix a positive, holomorphic,
Hermitian line bundle £ — Y. The curvature F* of the Chern connection is thus a positive (1, 1)-form.
Let X be the total space of the unit circle bundle S' — X -5 Y of £. The Chern connection gives a
splitting of the tangent bundle

TX =TS'@&=*TY, (8-8)

where T'S! is the vertical tangent space spanned by the generator e of the S! action. Define a metric gTSl
on T'S! via ||€||gTSI = 1. A metric on X can now be given using the splitting (8-8) via

TX TS!

g =g 698_17'[*gTY

for any € > 0. A spin structure on Y corresponds to a holomorphic, Hermitian square root K of the
canonical line bundle Ky = K®2. Fixing such a spin structure as well as the trivial spin structure on 7'S'!
gives a spin structure on X. Finally a = ¢* € Q1 (X), while the auxiliary line bundle is chosen to be
trivial L = C with the family of connections V* = d + ,%a. We now have the required family of Dirac
operators Dj, (1-2). One may check that (X2 +1 4, g7X, J) here gives a metric contact structure (1-4)
and hence the assumption Definition 1.1 is satisfied.

Denote by Ag Q0P (XK QL) — Q0P (X K ® £P¥) the Hodge Laplacian acting on (0, p)
forms on X. Its mﬁll-space is given by the cohomology H? (X : K ® £L®¥) of the tensor product via Hodge
theory. Let eﬁ’k denote the dimension of a each positive eigenspace with eigenvalue % u? € Spec™ (Agk).
The spectrum of Dy was now computed in Proposition 5.2 of [Savale 2014].

Proposition 8.1. The spectrum of Dy, is given by eigenvalues of the following types:

e Type 1.
A= (—I)Ph(k + (s - %) - %) (8-9)
0 < p <m, k € Z, with multiplicity diim H? (X ; K ® £L®F).
e Type 2.
A= h[% ((—1)1’“8 - \/(Zk +eQ2p—m)— % + 1)2 + 4;&9)}, (8-10)

0<p<m,ke”, %/Lz € Spec+(Ag ), with multiplicity dff’k = eﬁ’k —eﬁ_l’k et (_1)1)32:’{
k

As observed in [Savale 2014], by choosing

< inf{%u2 € Spect(A? )},
k.p 9%
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the eigenvalues of type 2 are either positive or negative depending on the sign appearing in (8-10). Hence
the dimension of the kernel k;, of Dj, is now given by the eigenvalues of type 1:

dim H*(X: K ® £Z%), } =k +(e—2),

ki, =
h 0, otherwise.

(8-11)
Now by a combination of Kodaira vanishing and Hirzebruch—-Riemann—Roch,
dim H*(X; K ® £2%) = dim HO(X; K ® £8%) = y(X, K ® L&) = / ch(K ® £2%) td(X)
X

for k > 0, where y(X, K ® £8%), ch(K ® £8¥) and td(X) denote Euler characteristic, Chern character
and Todd genus respectively. Hence (8-11), (8-12) show that the kernel and hence the counting function
are discontinuous of order O(h~™) = kj, < N(—ch, ch) in this example. A similar discontinuity of the
eta invariant of O(h~™) was proved in Theorem 5.3 of [Savale 2014].

Appendix: Some spectral estimates

In this appendix we prove some spectral estimates used in Sections 4 and 5; see [Helffer 1988, Section 4.1]
for some related estimates.
Let H be a separable Hilbert space. Let A : H — H be a bounded self-adjoint operator. The resolvent
set and the spectrum of A are defined to be
R(A)={A e C| A— Al is invertible},
Spec(A4) = C\ R(A).
Since A is self-adjoint, Spec(A) C R. We may now define the following subsets of the spectrum:

EssSpec(A) = {A € C| A — Al is not Fredholm},
DiscSpec(A) = Spec(A) \ EssSpec(A).

We shall consider DiscSpec(A4) above as a multiset with the multiplicity function m4 : DiscSpec(4) —
No defined by m4(X) = dimker(4). We may then find a countable set of orthonormal eigenvectors
vf‘, vé“, vg‘, ..., with eigenvalues )L’l‘l < )L’z‘l < )L’34 < --- such that DiscSpec(A4) and {A‘l‘l,k‘z‘l, ...} are
equal as multisets. Now let [a, ] C R be a finite closed interval such that EssSpec(A) N [a, b] = @ (i.e.,

A has discrete spectrum in [a, b]). Then

A
Hi oy = @ ker(A—A)
A€Spec(A)N[a,b]

is a finite-dimensional vector subspace of H. We denote by
A . A
i,y — Hp ) CH

the orthogonal projection onto H [‘3 5] and by N[’;l b] the dimension of H [‘3 b]" The operator p(A): H - H
may now be defined for any function p € C9([a, b]) by functional calculus.
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Lemma A.1. Letv € H and A € [a, b). Assume there exists ¢ > 0 such that A has discrete spectrum in
[a —/e,b+ el and ||(A—L)v| < ¢|v|. Then

1M s ya? — ol < Velvll, (A-1)

1(p(4) = pM)vll = 3vellpllco [[v]] (A-2)

for any Holder continuous function p € CCO’1 ([a, b]).

Proof. We abbreviate 1 = H[a—ﬁ,b+¢§]‘ Let Hy := H[a—ﬁ,b+ﬁ] = IT1H, which by assumption

is a finite-dimensional vector space. Let Hd- be the orthogonal complement of Hy. By assumption,
Spec((A —1)?| Hé_) N [—¢, €] = @. Hence by the mini-max principle for self-adjoint operators bounded
from below [Dimassi and Sjostrand 1999, Lemma 4.21], we have ¢ < (4 — 1)?]| H Hence

ITTv —v]1%e < [[(A = 2)(TTv —v)|?
< [1(4 =)o =) |> + [|(4 = D TT[* = [[(4A = D)v||* < ?||v]|?
since (A —A)(ITv — v) and (A — A)ITv are orthogonal. This gives
1Ty —v|| < Vellv]l. (A-3)

To prove (A-2) first note that | TT'v — v|| < 4/¢||v||, for TT' =
now have

Hﬁ_ JEA+ A by the same argument. We

I(p(A4) = p()v |l < [I(p(A) = p(M))(IT'v — )| + [ (p(A) — p(A) IT'v]|
=2Velpllcor vl + Velplicorlv]. O

Before stating the next lemma we need the following definition.

Definition A.2. Given 0 < ¢ < 1, a set of vectors w1, wy, ..., wy € H is called an g-almost orthonormal
set of eigenvectors (¢-AOSE for short) of A4 if

(D) [lwj|>—1| <& forall j,

(2) {wj,wg)| <eforall j #k,

(3) (A= pj)w;| <& for some pu; € R, forall j.
Lemma A.3. Assume that Hy C H has finite dimension M and is mapped onto itself by A. Let
w1, Wa,...,wWN € Ho be an e-AOSE of A for some ¢ < 1/(2(M + 1)). Then there exist orthonormal

Wi, Wy, ..., Wy, _n € Ho such that ||(A — ,u})w]’.H < 4M ¢ for some /L} € R, for all j. Furthermore
(wj, wy) = 0 for each j, k.

Proof. It follows from ¢ < 1/(2(M + 1)) that wy, w,, ..., wy are linearly independent. Let W denote
their span and WL C Hy its orthogonal complement. Let IT, I be the orthogonal projections onto
W, W and consider the operator Ag := T ATIL: WL — WL Let Wi WY, ... Wy € W+ be an
orthogonal basis of eigenvectors of Ag. Hence

1 A
N~ Aw; = p;w;
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for some 11, € R, for all j. Also

[(Aw}, we )| = [(w}, (A — pp)wg )| <e.
It then follows that ||HAw} | <2Me/1+ ¢ < 4Me giving the result. O

Lemma A4. Given N € N, let 0 < ¢ < (||[A|| + |a| + |b| + N + 1)™*. Let wi,wa,...,wy € H

be an ¢-AOSE for A. Assume that A has discrete spectrum in [a — eé,b + 8%]. Then there exist

orthonormal vectors w1, Wy, ..., Wy € H which span the same subspace of H as wy, w3, ..., WN.

Moreover |lwj —w;|| < /& and ||(p(A) — p(u;))w; || < 38%”,0”00,1 for 1 < j < N and any Holder
. . 0,1

continuous function p € C¢"" ([a, b]).

Proof. Again it follows easily that the vectors w;, 1 < j < N, are linearly independent. Let W C H be
their span and choose an orthonormal basis e¢;, 1 < j < N, for W. We write

N
w; = Z M.
k=1

If we consider the matrix M = [m ], then assumptions (1) and (2) of Definition A.2 are equivalent
to [M*M — I| < ¢. Consider the polar decomposition M = UP, where U is unitary and P is a
positive semidefinite Hermitian matrix. We have |P*P — I| < ¢ and hence |[P*P — I|| < Ne. Thus
any eigenvalue A of P, being nonnegative, satisfies [A* — 1| < ¢ and we have ||P —I|| < Ne. Thus
[M—-U| =|UP—-U| < Ne. If we now let U = [ux] and w; = Z,y:l ujkek, then the w; are clearly
orthonormal and satisfy |w; —w; || < 4/e. This last inequality along with assumption (3) of Definition A.2
easily gives
(A= iy | < 5.

Now Lemma A.1 gives

|1 — b | < e, (A-4)
- 1
I(o(A) = p(u; Nw; || < 3e¥lpllco.r (A-5)
completing the proof. O

Next, let H’ be another separable Hilbert space. Let U : H — H’ be a bounded operator. Let
B,D:H' — H’ and C : H — H be bounded self-adjoint operators. Define A’ = UAU™* : H' — H’,
B'=U*BU:H—->H,C'=UCU*:H'— H and D'=U*DU : H — H. In the next proposition we
assume that there exists § > 0 such that A, A, B and B’ have discrete spectrum in [a — &, b + §]. We also
abbreviate N4 = N[ﬁ—é’,bw] and T4 = chlz—S,b—‘,—S] and similarly define NA/, NB, NB/, HA/, M2, s,

Proposition A.5. Suppose there exists 0 < & < L2948 with
L=25{|A| + || + | Bl + 1B+ ICIl+ DI + N4+ N4 + NB + NB 4 |a| + b + 571 + 1},
such that

W) 1O =T (AU +1) < e and |(UU* = DHOP|(IBIIU*]| +1) <e,
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2) (A" =B)I4 || < g and ||(A— BHTIF|| <,
(3) |[(C"'—D)[T4|| < e and ||(C — D18 <&.

Then we have

|tr[Cp(A)] — e[ Dp(B)]| < £70% || p]| 1
for any p € CX([a, b)).

Proof. Let (DiscSpec(A4),m4) Na,b] = {24 A4 ... }, with N = N[ b 38 multisets. Let

artaz e aN

pT(x) = 3(p(x) + [p(x)]) and p~(x) = 3(p(x) — |p(x)]). We then have p*,p~ € C;*' ([a,b]) with
ot lcor < llellcis o~ llcor < llpllcr- We further decompose C = CT +C~, D = D" + D™ into
their positive and nonpositive parts. Clearly

N
alCFpT (] =D o+ (a)) (v, CFvg)).

Jj=1

Next we consider wj = Uv,, € H ’. From assumption (1) we have
|(A" = 2a)wj | = |(UAU* = 2a))Uvq, | < [(U*U = DTf [ 141U <.

Similar estimates glve ‘||w] > — 1} < e and [(wj, wg)| < ¢ for j # k. Now by Lemma A.1 we have
[TTw; —w;|| < (23)2 with IT = H[a N Tk Following this and using assumption (3) we have

[(B = 2a)ws]| = (4" = Aa;)ws | + [[(B = A)TTw; | + (B — 4)([w; —w) |
<etevT+e+ Q)2 (|4 +B)

1 1
<e* <es|w;].

Next define wj(.) = H[ljl—al/w,b—l—al/lqwj' By Lemma A.1,
1
lw? —w; || < &6 Jw; . (A-6)
From here it follows immediately that w(l’, wg, .. w?\, form an £53-AOSE of B. If we let Hy =
[a—e1/16 b tel/16]° then by Lemma A4 there exist orthonormal wi, Wy, ..., Wy € Hp which span the

same subspace of Hy as the w . Furthermore

1

||w —wj|| < g8 (A7)
and [|(p™ (B) — p* (Aa, ), || < 3|lpllc1e512. From (A-6) and (A-7) we also have |lw; — ;|| < s756.
From Lemma A.3 there exist orthonormal w1, w12’ Wy With M = N[a £1/16 1 1/16] such that
(wj,wj) =0and [|[(B—pHw}| < 4Mest < eT%. Hence by Lemma A.1, ||(pT(B) — p"'(uj))w/ | <
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3||p||c1eﬁ. We now have

N —
w[ DT pT(B) =) (w;. DT pt(B)w;) + Z 5. DT pt(B)w))
j=1 j=1
N _ 1
>3 pt(Aa) iy DY) Z W) (wh, DTwh) —3esz M| Dl|lpll e
J=1 J=1

N
_ _ 1
> 3" pt(ha) )iy, DT i) =365 M| DIl
j=1

N
1
>3 pt(Aa)(wj. DY wy) —6e52 M| D [Ipll
j=1
N 1
> T (ha;)(va; . CFva,) =652 M([ D] + Dl
j=1

> tr[C T p T (4)] - 7% | 1.
Reversing the roles of H and H' gives
[u[DF p (B)] —tr[C T pT ()] < e70% o)l 1.
Similar estimates with C*p~(A4), C~p*(A) and C~p~(A) give the result. O

Finally, we now give a criterion implying the discreteness of spectrum for pseudodifferential operators
required by the preceding propositions in this appendix.

Proposition A.6. Let A € W (R"; CH and I = [a,b] C R be a closed interval such that the I -energy

band
A._ A
>t ==
Ael

is bounded. Then for h < hg sufficiently small
EssSpec(A)NI =g

Proof Let 0(A) = a(x,£) € C®(R?") and X (a) C By be some open ball of finite radius R around the
origin. For A € I and (x, £) ¢ Br, we hence have thata_1 := (a(x, £)—A) ! exists. Let y e C°(—4R, 4R)
such that y(x) = 1 for x < 2R. Set ¢(x) = 1 — y(x) and define

w
Ay =[p(x. Oha-1(x, 9] € WHR";C).
Then since it has vanishing symbol, we have

(A=A — (I = x(I(x,OD") = hR € RV (R"; C).
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Next, we clearly have I + hR is invertible for i < hg sufficiently small. Also, y(|(x, £)])" is trace class
by [Hormander 1994, Lemma 19.3.2]. Hence if S := A_{({ + hR)™!, then (A—A)S — I is trace class.
By a similar argument, S(A — A) — I is trace class. Hence by Proposition 19.1.14 of [Hormander 1994],
A — A is Fredholm. O
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