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BLOW-UP RESULTS FOR A
STRONGLY PERTURBED SEMILINEAR HEAT EQUATION:
THEORETICAL ANALYSIS AND NUMERICAL METHOD

VAN TIEN NGUYEN AND HATEM ZAAG

We consider a blow-up solution for a strongly perturbed semilinear heat equation with Sobolev subcritical
power nonlinearity. Working in the framework of similarity variables, we find a Lyapunov functional
for the problem. Using this Lyapunov functional, we derive the blow-up rate and the blow-up limit of
the solution. We also classify all asymptotic behaviors of the solution at the singularity and give precise
blow-up profiles corresponding to these behaviors. Finally, we attain the blow-up profile numerically,
thanks to a new mesh-refinement algorithm inspired by the rescaling method of Berger and Kohn. Note
that our method is applicable to more general equations, in particular those with no scaling invariance.

1. Introduction

We are concerned in this paper with blow-up phenomena arising in the nonlinear heat problem
0 = A+ |u|PYu + h(u),
u(-,0) =ug € L*°(R"),
where u(t) : x > u(x,t) € R for x € R” and A stands for the Laplacian in R”. The exponent p > 1 is
subcritical (which means that p < (n 4 2)/(rn—2) if n > 3) and / is given by
|27~z
log?(2 + z2)
By standard results, the problem (1-1) has a unique classical solution u(x, ¢) in L°°(R"), which exists

at least for small times. The solution u(x, ¢) may develop singularities in some finite time. We say that
u(x,t) blows up in a finite time 7" if u(x, ¢) satisfies (1-1) in R” x [0, T") and

(1-1)

h(z) = with a>0, u eR. (1-2)

1' t oo (R = .
Jlim, |14 (2)]| Loo(mr) = +00

T is called the blow-up time of u(x, 7). In such a blow-up case, a point b € R" is called a blow-up point
of u(x, t) if and only if there exist (x,, ;) — (b, T') such that |u(x,, t,)| = +00 as n — +o0.
In the case u = 0, the equation (1-1) is the semilinear heat equation

O = Au+ |ul|Ptu. (1-3)
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Problem (1-3) has been addressed in different ways in the literature. The existence of blow-up solutions
has been proved by several authors (see [Fujita 1966; Levine 1973; Ball 1977]). Consider a solution
u(x, t) of (1-3) which blows up at a time 7. The very first question to be answered is the blow-up rate,
i.e., there are positive constants C; and Cj such that

Co(T = 1) 7T < ||u(t)|| poogny < Co(T —1) 7T forall ¢ € (0, T). (1-4)

The lower bound in (1-4) follows by a simple argument based on Duhamel’s formula (see [Weissler
1981]). For the upper bound, Giga and Kohn [1987] proved (1-4) for 1 < p < (3n +8)/(3n —4) or for
nonnegative initial data with subcritical p.

Later, the estimate (1-4) was extended to all subcritical p without assuming nonnegativity for initial
data uy by Giga, Matsui and Sasayama [Giga et al. 2004a]. The estimate (1-4) is a fundamental step to
obtain more information about the asymptotic blow-up behavior, locally near a given blow-up point b.
Giga and Kohn [1989] showed that, for a given blow-up point beRn,

lim (7 0y tu(b+ T —1,1) = +«,
t—

where k = (p — 1)~/ (=1 _uniformly on compact sets of R”.

This result was specified by Filippas and Liu [1993] (see also [Filippas and Kohn 1992]) and Veldzquez
[1992; 1993] (see also [Herrero and Veldzquez 1992a; 1992c; 1993]). Using the renormalization theory,
Bricmont and Kupiainen [1994] showed the existence of a solution of (1-3) such that

(T =7 Tu(h + 2 /(T — 1) log(T — ). 1) — fo() |l Loomy — 0 as  — T. (1-5)
where )
@ =(1+ 2 0:2) (1-6)
4p

Merle and Zaag [1997] obtained the same result through a reduction to a finite-dimensional problem.
Moreover, they showed that the profile (1-6) is stable under perturbations of initial data (see also
[Fermanian Kammerer et al. 2000; Fermanian Kammerer and Zaag 2000; Masmoudi and Zaag 2008] for
related results).

In the program developed by those authors in the case p = 0, the invariance of (1-1) under the scaling
transformation

> 1 (£, 7) = AT u(AE, A27)

played a crucial role. Indeed, this property is responsible for having an autonomous equation in similarity
variables defined in (1-10) below (see (1-11) below when p = 0), which helps a lot.
A similar situation is available for the equation

0su = Au +e"

(see [Herrero and Veldzquez 1993; Bebernes and Bricher 1992; Bressan 1990; 1992]).
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With more general nonlinearities, namely with
diu=Au+ f(u) (1-7)

with f(u) # |u|?~'u and f(u) # €%, no result is available on the blow-up behavior. The first example
available in the literature goes back to Giga and Kohn [1987], who considered (1-1) with a “weak”
perturbation, namely

lh(@) =M (2|7 + 1), qe€ll p). (1-8)

They could extend various results from the case & = 0.

In our paper, we aim at doing better, by considering “strong” (in comparison with (1-8)) perturbations,
namely the case mentioned in (1-2). The resulting nonlinearity is so close to the power law |u|?~ 1y that
it is not a priori clear if the perturbation is able to modify the blow-up behavior of the solution. A subtle
point is the following:

When p = 0, the similarity variables’ version of the PDE is autonomous (see (1-11) below with & = 0),
and classical energy methods a la [Levine 1973] give a Lyapunov functional (see (1-16) below) whose
role was crucial in the blow-up analysis performed by Giga and Kohn [1987; 1989] and later authors.

When p # 0, it is still possible to use the similarity variables, however, the resulting equation is not
autonomous (see (1-11) below). Moreover, the size of the perturbations introduced by the / term is larger
than in the “weak” case (1-8) and, more importantly, it is a priori larger than the correction computed
for the solution when p = O(1/5%) with 0 < a < 1 as shown in Lemma 2.1, versus 1/s in the generic
case when . = 0. New ideas are crucially needed, in particular to find a perturbed Lyapunov functional
(see Theorem 1.1 below), and to go beyond the too-large perturbation term 1/s? (we linearize around ¢
defined in (1-21)—(1-22) instead of «).

Because of those difficulties and thanks to our new ideas, we believe that our paper gives a new
framework to the study of blow-up for semilinear heat equations of the type (1-7) when the nonlinearity
f(u) could lack any scale invariance (exact, or approximate as in this case) at all.

In the case when the function / satisfies

|z1”

1< (o

+ 1) with a>1 1-9)
and M > 0, the first author derived the existence of a Lyapunov functional in the similarity variables (1-10)
for the problem (1-1), which is a crucial step in deriving the estimate (1-4). He also classified all possible
blow-up behaviors of the solution when it approaches to singularity. Here, we aim at extending the results
of [Nguyen 2015] to the case a € (0, 1]. As we mentioned above, the first step is to derive the blow-up
rate of the blow-up solution. As in [Giga et al. 2004a; Nguyen 2015], the key step is to find a Lyapunov
functional in similarity variables for (1-1). More precisely, we introduce for all b € R” (b may be a
blow-up point of u or not) the following similarity variables:

B x—>b
d VT —t

, s=—log(T —1t), wpr= (T—t)ﬁu(x,t). (1-10)
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Hence wy, 7 satisfies, for all s > —log 7" and all y € R",

w s s
dswp,T = /l)diV(/)vwb,T) - LTI + Jwp,7|P wp,r + e_ﬁh(eﬁwb,T), (1-11)
p_
where
1\2 _wi2
= - .
p(y) (4n) e (1-12)
and
__ps_ 5 C()
le"P=Th(e?=Tz)| < —(|z]P +1) forall zeR (1-13)
S

for some Cy > 0.
Following the method introduced by Hamza and Zaag [2012a; 2012b] for perturbations of the semilinear
wave equation, we introduce

Fa[w)(s) = Elw](s)ea" " + 0577, (1-14)
where y and 6 are positive constants, depending only on p, a, ; and n, which will be determined later,
and

E[w] = Eo[w] + F[w], (1-15)

where

_ 1 2 1 21 p+1 )
Golule) = [ (5190 + 5ol = gl )pdy (1-16)
and
_EDg s z
Iwl(s) = —e~ 1% | H(e™Tw)pdy, H(E) = | h(E)dE. (1-17)
R” 0

The main novelty of this paper is to allow values of a in (0, 1], which is possible at the expense of
taking the particular form (1-2) for the perturbation /. We aim at the following:

Theorem 1.1 (existence of a Lyapunov functional for (1-11)). Let a, p, n and p be fixed; consider w a
solution of (1-11). Then there exist 5o = So(a, p,n, ) > so, 6o = Op(a, p,n, ) and y = y(a, p,n, i)
such that, if 0 > 0y, then $4 satisfies the following inequality for all s, > s1 > max{5y, —log T'}:

1 [
Jalul(s2) = galwlon) = =3 [ [ @wpay s (1-18)
s1 JR?
As in [Giga et al. 2004a; Nguyen 2015], the existence of the Lyapunov functional is a crucial step for
deriving the blow-up rate (1-4) and then the blow-up limit. In particular, we have the following:
Theorem 1.2. Let a, p, n and |1 be fixed and let u be a blow-up solution of (1-1) with a blow-up time T

(i) Blow-up rate: There exists 51 = §1(a, p,n, u) = 8o such that, for all s > s’ = max{s;, —log T'},

lwp, 7 (¥, $)|lLoo@ny < C., (1-19)

where wy, T is as defined in (1-10) and C is a positive constant depending only on n, p, p and a
bound of ||wp, 1 (50) || Loe-
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(ii) Blow-up limit: If d is a blow-up point, then
NN .
lim (T —t)r—Tu(@+ yvT —t,t)= lim w;r(y,s)==x« (1-20)
t—T §—>+00 ’

holds in Lf) (Lf) is the weighted L* space associated with the weight p of (1-12)) and also uniformly
on each compact subset of R".

Remark 1.3. We will not give the proof of Theorem 1.2 because its proof follows from Theorem 1.1 as
in [Nguyen 2015]. Hence, we only give the proof of Theorem 1.1 and refer the reader to [Nguyen 2015,
Section 2] for the proofs of (1-19) and (1-20).

The next step consists in obtaining an additional term in the asymptotic expansion given in Theorem
1.2(ii). Given b a blow-up point of u(x, ¢), and up to changing uo by —u¢ and 2 by —h, we may assume
that wp 7 — « in Lf) as s — +00. Asin [Nguyen 2015], we linearize wp, 7 around ¢, where ¢ is the
positive solution of the ordinary differential equation associated to (1-11),

¢ =—%+¢”+e‘vpslh(el’sl¢) (1-21)

such that
¢(s) >k as s — 4o00; (1-22)

see [Nguyen 2015, Lemma A.3] for the existence of ¢, and note that ¢ is unique. For the reader’s
convenience, we give in Lemma A.1 the expansion of ¢ as s — +o00.

Let us introduce vp 7 = wp 1 — ¢(s); then ||Ub,T(J’»S)||Ll2) — 0 as s — +o0 and vp 1 (or v for
simplicity) satisfies the equation

dsv = (L4 w(s))v+ F(v)+ H(v,s) forall y eR", s e€[—logT, +00),

where & = A—%y-V+1anda), F and H satisty

“)(S):@(Sal.H) and  [F(v)|+|H(v,5)| = 0(|v|*) as s — +oo,

(see the beginning of Section 3 for the proper definitions of w, F and G).
It is well known that the operator & is self-adjoint in L%(R”). Its spectrum is given by

spec(¥) = {1 — %m | m e N},

and it consists of eigenvalues. The eigenfunctions of & are derived from Hermite polynomials:
For n = 1, the eigenfunction corresponding to 1 — 1m is

2
m/2]
i () = mZ My ymek (1-23)
mV) = £ K (m—2K)! yeo

For n > 2, we write the spectrum of & as

spec(¥) = {1 — 1|m| | [m| =my+-+myu, (my,....my) € N"}.
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For m = (mq, ..., my) € N", the eigenfunction corresponding to 1 — %|m| is

Hpu(y) = hmy (y1) -+l (V). (1-24)

where /i, is as defined in (1-23).
We also denote ¢, = ¢m,Cm, * ** Cm,, and p™ :y;"‘ygnz---y,',"” for any m = (my,...,my) € N" and

=1,...,yn) €R™
In this way, we derive the following asymptotic behaviors of wp 7(y,s) as s — +oo:

Theorem 1.4 (classification of the behavior of wj 1 as s — +00). Consider a solution u(t) of (1-1)
which blows-up at time T and b a blow-up point. Let wp 1(y, s) be a solution of (1-11). Then one of the
following possibilities occurs:

1) wp,r(y,s) =d(s).

(ii) There exists [ € {1,...,n} such that, up to an orthogonal transformation of coordinates, we have

wp.T(y,5)=¢ (s)——(ZyJ—ZI)—i-@( )—i—@(k;%s) as § — +0oo.

(iii) There exist an integer m > 3 and constants cy not all zero such that

w7 (y.5) = () —e TNy Hy(y) +0(e™27D%) as s > +oo.

lo|=m
The convergence takes place in Lf) as well as in C@{f)’cy for any k > 1 and some y € (0, 1).

Remark 1.5. In [Nguyen 2015], we were unable to get this result in the case where / satisfies (1-9)
with a € (0, 1]. Here, by taking the particular form of the perturbation (see (1-2)), we are able to overcome
technical difficulties in order to derive the result.

Remark 1.6. From Theorem 1.2(ii), we would naturally try to find an equivalent for w —« as s — +o0.
A posteriori from our results in Theorem 1.4, we see that, in all cases, |w — k]| 2~ C/s% with
@’ = min{a, 1}. This is indeed a new phenomenon observed in our (1-1) and which is different from
the case of the unperturbed semilinear heat equation, where either w —«x = 0 or ||w —«|| 2"~ C/s or
lw—«ll 3 ~ Ce1=m/Ds for some even m > 4. This shows the originality of our paper. In our case,
hnearlzmg around « would keep us trapped in the 1/s scale. In order to escape that scale, we forget the
explicit function «, which is not a solution of Equation (1-11) and linearize instead around the nonexplicit
function ¢, which happens to be an exact solution of (1-11). This way, we escape the 1/s scale and reach
exponentially decreasing order.

Using the information obtained in Theorem 1.4, we can extend the asymptotic behavior of wy 7 to
larger regions. Particularly, we have the following:
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Theorem 1.7 (convergence extension of wy, 7 to larger regions). For all Ko > 0:

(1) If Theorem 1.4(ii) occurs, then

1 logs
sup |wp 7 (E/s,5)— f1(§)| = @(—a) —i—@( £ ) as s — 400, (1-25)
|EI=Ko S S
where ,
-1 -
fl(g):;c(ler—Zéf) i forall & e R" (1-26)
4p =1
with [ given in Theorem 1.4(ii).
(1) If Theorem 1.4(iii) occurs, then m > 4 is even and
sup |wb,T(§e(%_$)s,s) —Ym&)] =0 as s— +oo, (1-27)
|EI<Ko
where )
-1
Ym (&) = K(l +xP Z caéo‘) i forall £ e R", (1-28)

la|=m
where cy is the same as in Theorem 1.4 and the multilinear for Z|a|=m ca &Y is nonnegative.

Remark 1.8. Note that Theorem 1.7 is analogous to the result obtained in [Veldzquez 1992] for problem
(1-1) without the perturbation. In particular, we follow the method of [loc. cit.] and care about the speed
of the convergence, which was not given in that paper. Note also that the asymptotic profiles described in
Theorem 1.7 are exactly the same as the ones derived in [loc. cit.] because we derived in this theorem
the first-order approximation for the solution, unlike in Theorem 1.4, where we find the following terms
in the expansion of the solution up to the second order. As in the unperturbed case (& = 0), we expect
that (1-25) is stable (see the previous remarks, particularly the paragraph after (1-5)) and (1-27) should
correspond to unstable behaviors. The instability of (1-27) was proved only in one space dimension
by Herrero and Veldzquez [1992b; 1992d]. In particular, they proved the genericity of the asymptotic
profile (1-25) in the one-dimensional case and announced the same for higher-dimensional cases, but they
have never published it. While discussing numerical simulation for Equation (1-1) in one space dimension
(see Section 4B below), we see that the numerical solutions exhibit only the behavior (1-25) and we could
never obtain the behavior (1-27). This is probably due to the fact that the behavior (1-27) is unstable.

Remark 1.9. In [Nguyen and Zaag 2014], we constructed for the problem (1-1) with 4 given by (1-2) or
(1-9) a solution which blows up in finite time at only one point and verifies the behavior (1-25) with / = n.
The construction is inspired by the method of [Bricmont and Kupiainen 1994; Merle and Zaag 1997],
relying on the reduction of the problem to a finite-dimensional one and a topological argument based on
index theory.

At the end of this work, we give numerical confirmations for the asymptotic profile described in
Theorem 1.7. For this purpose, we propose a new mesh-refinement method inspired by the rescaling
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algorithm of [Berger and Kohn 1988]. Note that their method was successful to solve blowing-up problems
which are invariant under the transformation

y=uy(§,1) :yﬁu(yé,yzt) for all y > 0. (1-29)

However, there are a lot of equations whose solutions blow up in finite time but which do not satisfy the
property (1-29); one of them is (1-1) because of the presence of the perturbation term /. Although our
method is very similar to Berger and Kohn’s algorithm in spirit, it is better in the sense that it can be
applied to a larger class of blowing-up problems which do not satisfy the rescaling property (1-29). To
our knowledge, there are not many papers on the numerical blow-up profile, apart from [Berger and Kohn
1988] (see also [Nguyen 2014]), who already obtained numerical results for (1-1) without the perturbation
term. For other numerical aspects, there are several studies for (1-1) in the unperturbed case; see, for
example, [Abia, Lopez-Marcos and Martinez 1998; 2001; Groisman and Rossi 2001; 2004; Groisman
2006; N’ gohisse and Boni 2011; Kyza and Makridakis 2011; Cangiani et al. > 2016] and the references
therein. There is also the work of Baruch et al. [2010] studying standing-ring solutions.

This paper is organized as follows: Section 2 is devoted to the proof of Theorem 1.1. Theorem 1.2
follows from Theorem 1.1. Since all the arguments presented in [Nguyen 2015] remain valid for the
case (1-9), except the existence of the Lyapunov functional for (1-11) (Theorem 1.1), we kindly refer
the reader to [Nguyen 2015, Sections 2.3 and 2.4] for details of the proof. Section 3 deals with results
on asymptotic behaviors (Theorems 1.4 and 1.7). In Section 4, we describe the new mesh-refinement
method and give some numerical justifications for the theoretical results.

2. Existence of a Lyapunov functional for (1-11)

In this section, we mainly aim at proving that the functional $, defined in (1-14) is a Lyapunov functional
for (1-11) (Theorem 1.1). Note that this functional is far from being trivial and makes our main contribution.

In what follows, we denote by C a generic constant depending only on a, p, n and . We first give
the following estimates on the perturbation term appearing in (1-11):

Lemma 2.1. Let h be the function defined in (1-2). For all € € (0, p], there exists Cy = Cy(a, i, p,€) >0
and 5o = 5o(a, p, €) > 0 large enough such that, for all s > 5,
_ps_ s C
(i) e P Th(eP T2)| < —2(|z| + |2]P7°),
s

_ (p+Ds s C
le™ 71 H(ep z)|gs—§(|z|l’+1+1),

where H is as defined in (1-17).

(p+1Ds s s s
(ii) (p+1)e™ »1 H(e?Tz)—e P Th(erTz)z| < Cop(z|P+ 4 1),

Proof. Note that (i) obviously follows from the estimate

q C
2] < —(z17+1) forall s >3, (2-1

Vg>0, Vb>0, 3
b =552 S
log”(2 +er-1z2)
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where C = C(b,q) > 0 and 59 = 5¢(b,q) > 0.
In order to derive the estimate (2-1), by considering the first case z2e 7—1 > 4 then the case z2e 71 <4,
we would obtain (2-1).

Part (ii) directly follows from an integration by parts and the estimate (2-1). Indeed, we have

3 £ |x|P1x
He = [ hdv=p [ se

_ plgP T 2ap /5 x| P 1x
(p+Dlog?2+82)  p+1Jo 2+x2)1og? 12+ x2)

Replacing £ by ¢®*/(p — 1)z and using (2-1), we then derive (ii). This ends the proof of Lemma 2.1. O
We assert that Theorem 1.1 is a direct consequence of the following lemma:
Lemma 2.2. Leta, p, n and p be fixed and w be a solution of (1-11). There exists So = So(a, p,n, 1) > So

such that the functional of € defined in (1-15) satisfies the following inequality, for all s > max{sy, —log T'}:

%%[w](s) < —% / w2pdy +ys~@TDEw](s) + Cs~ @D, (2-2)
Rn

where y = 4Co(p + 1)/(p —1)? and Cy is given in Lemma 2.1.
Let us first derive Theorem 1.1 from Lemma 2.2, which we will prove later.

Proof of Theorem 1.1, given Lemma 2.2. Differentiating the functional $ defined in (1-14), we obtain

%ﬁa[w](s) = %{%{w](s)e%s_a + 60579}

= %%[w](s)e%s_a — ys_(‘”l)%[w](s)e%s_u —afs@th

< —jen / wipdy +[Cea ™ —abls™ @D (using (2-2)).
Rl’l

Choosing 6 large enough that Ce?% “/4 — g6 < 0 and noticing that e?s“/@ > 1 for all s > 0, we derive

%}a[w](s) < —%[ wZpdy forall s> 3.
[Rn

This implies the inequality (1-18) and concludes the proof of Theorem 1.1, assuming that Lemma 2.2
holds. =

Proof of Lemma 2.2. Multiplying (1-11) by wg p and integrating by parts,

) d 1 2 1 2 1 +1) } — s i1
w =—— ~|Vw|*+ w|*———|wl|? dy ¢ +e p-1 h(eP=Tw)wspdy.
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For the last term of the above expression, we obtain

e T h(eﬁw)wspdy

Rn
( —‘,-l)s s 5 pil 5 S
—e 1 h(enlw)(eplws + 2 w)ﬂdy— LT | her Twwpdy
R2 p —1 p_l R
_ptlg s — 2 =
— 15 2 =1 — -1 —1
e N H(emTw)pdy p—le P . h(eP=Tw)wpdy.

This yields

2 __d 1 2 1 2 1 p+1
[ ooy == 4 [ (5190P + 5ol = —lul+ o dy

+ooqe P—ls/nH(epilw)pdy}

H(emTw)pdy

r—1 R?
From the definition of the functional € given in (1-15), we derive a first identity in the following:
d
—~€[w](s)

+1 Ky
—— [ wlody+ Ze [ erTwpdy - L
R p R" p

le_% h(evsjw)w,ody. (2-3)
Rn

A second identity is obtained by multiplying (1-11) by wp and integrating by parts:

d 2
& [ wpas
r+Ds

1 2 1 2 +1) - - }
=—4 ~|Vwl|* + w wl|? dy—e  p=T H(er—Tw)pd
([ (GIvuP+ st hP = tule™ )ody [ ety

—|—(2—i)/ |w|p+1,0dy—4e_ﬁs H(epilw)pdy—i—Ze_Pp—Sl/ h(eﬁw)w,ody.
r+1 R R

Using the definition of € given in (1-15) again, we rewrite the second identity as follows:
& [ wPody = —setuio <2251 [ quirttpd
— 4 H(emTw)pdy + 2e” - 1/ h(e 7T w)wpdy. (2-4)
RH

From (2-3), we estimate

Suio) == [ fuPpdy+ Ly [ {1+ 0 T HE 0 - F Tl dy,
ds Rn p—l [
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Using Lemma 2.1(ii), we have, for all s > §g,

S—(a—H)

C
4 iglw)(s) < - / wsPody + S0 f |7 pdy + Cs~ @D, 2-5)
S R” p—l n

On the other hand, by (2-4) we have

2(p+1 +
[ it pay = 225 Vi) + 251 [ uulpay
R” pP—= p— R

+1 s s 5
+ —2(,f+11) (Je™ 71" H(emTw)| + e~ 7T h(e 7 Tw)w|) p dy.
_ -

Using Lemma 2.1(i) and the fact that |wsw| < e(Jwg|? + |w|?T1) + C(e) for all € > 0, we obtain
/ﬂ [P pdy < ﬂ[f—jll)%[w](s)ﬂ/w |ws|2pdy+(6+Cs_“)/Rn w|?pdy + C.
Taking € = % and s large enough that Cs™¢ < % for all s > 51, we have
/Rn lw|Ptpdy < ‘l(l)p%ll)%[w](s) +%/[R” lws|?pdy +C forall s> s;. (2-6)

Substituting (2-6) into (2-5) yields (2-2) with 59 = max{5g, s1}. This concludes the proof of Lemma 2.2
and Theorem 1.1 also. O

3. Blow-up behavior

This section is devoted to the proof of Theorems 1.4 and 1.7. Consider a blow-up point b and write w
instead of wy, 7 for simplicity. From Theorem 1.2(ii) and up to changing the signs of w and 4, we may
assume that ||w(y,s) —«k|| 2= 0 as s — 400 uniformly on compact subsets of R”. As mentioned in the
introduction, by setting v(y, s) = w(y, s) — ¢ (s) (¢ is the positive solution of (1-21) such that ¢(s) — «
as § — +00), we see that ||v(y, s)||L% — 0 as s — 400 and v solves the equation

0sv=(L+w(s)v+ Fv)+G(v,s) forall yeR", se[—logT, +0c0), (3-1)
where & = A—%y-V+ 1 and w, F and G are given by
0(s) = p@P~" =k + TN (7T ).
F(v) = [v+o|7" (v + ) — ¢ = pp? v,
G(v,s) = e T [h(eﬁ(v +¢)) —h(e7T¢) —eﬁh/(eﬁcp)v].

By a direct calculation, we can show that

lw(s)| = @(s“%) as § > 400 (3-2)

(see Lemma B.1 for the proof of this fact; note also that in the case where 4 is given by (1-9) and treated
in [Nguyen 2015], we just obtain |w(s)| = O(s~%) as s — 400, which was a major reason preventing us
from deriving the result in the case a € (0, 1]) there.
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Now, introducing

400
V(y,s) = B(s)v(y,s), where f(s)= exp(—/ o(T) dr), (3-3)

V' satisfies
sV =LV + F(V,s), (3-4)

where F(V,s) = B(s)(F(V) + G(V, s)) satisfies

_ &
‘F(V,s)—%V2 :@(S—a)+©(|V|3) as s — +00 3-5)

(see [Nguyen 2015, Lemma C.1] for the proof of this fact; note that, in the case where / is given by (1-9),
the first term in the right-hand side of (3-5) is O(V2 /s~ 1)).

Since B(s) — 1 as s — 400, each equivalent for V' is also an equivalent for v. Therefore, it suffices to
study the asymptotic behavior of V' as s — +00. More precisely, we claim the following:

Proposition 3.1 (classification of the behavior of V' as s — 400). One of the following possibilities

occurs:
@ V(y,s)=0.
(ii) There exists | € {1,...,n} such that, up to an orthogonal transformation of coordinates, we have

V(iy,s)=— 4ps(2y] 21)+@( ) @(losgzs) as s — +o0.

(iii) There exist an integer m > 3 and constants cy not all zero such that

V(y,s)=—e(73)s Z ca Ho (1) +0(e'=2%) as s > +o0.

|a|=m
The convergence takes place in L2 as well as in %loc forany k > 1 and y € (0, 1).

Proof. Because we have the same equation (3-4) and a similar estimate (3-5) to the case treated in [Nguyen
2015], we do not give the proof and kindly refer the reader to Section 3 there. O

Let us derive Theorem 1.4 from Proposition 3.1.

Proof of Theorem 1.4. By the definition (3-3) of V/, we see that given Proposition 3.1(i) it directly follows
that v(y, s) = ¢ (s), which is Theorem 1.4(i). Using Proposition 3.1(ii) and the fact that 8(s) = 1+0(1/s%)
as s — 400, we see that, as s — 400,

/
wr=surs () o (72 ) ()

which yields Theorem 1.4(ii).
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Using Proposition 3.1(iii) and again the fact that 8(s) = 1 4+ 0(1/s%) as s — 400, we have

w(y.s) = ¢(s) — e 3 caHa(y) +0(e15¥) as s - +oo.

|a|=m
This concludes the proof of Theorem 1.4. O

We now give the proof of Theorem 1.7 from Theorem 1.4. Note that the derivation of Theorem 1.7
from Theorem 1.4 in the unperturbed case (& = 0) was done by Veldzquez [1992]. The idea to extend the
convergence up to sets of the type {|y| < Ko+/s} or {|y]| < Koe'/2=1/mM)s} i5 (0 estimate the effect of
the convective term —%y -Vw in (1-11) in Lf, spaces with ¢ > 1. Since the proof of Theorem 1.7 is, in
spirit, by the method given in [Veldzquez 1992], all that we need to do is to control the strong perturbation
term in (1-11). We therefore give the main steps of the proof and focus only on the new arguments. Note
also that we only give the proof of Theorem 1.4(ii) because the proof of (iii) is exactly the same as in
Proposition 34 in [Nguyen 2015].

Let us restate Theorem 1.7(i) in the following proposition:

Proposition 3.2 (asymptotic behavior in the y/+/s variable). Assume that w is a solution of (1-11) which
satisfies Theorem 1.4(ii). Then, for all K > 0,

sup |w(EV5.5)— fi(8)] =@(Sia) +@(1°£) a5 5 o> 400,

|E|<K S

where f1(§) = K(l +((p—1)/4p) Z§=1 é__jz)—l/(P—l)'
Proof. Define ¢ = w — ¢, where
/ 1
_ %6 p—1 AN _
e(y,s)= p |:K(1+ 4pS;yJ~) +2ps}’ (3-6)

and ¢ is the unique positive solution of (1-21) satisfying (1-22).
Note that in [Velazquez 1992; Nguyen 2015], the authors took

] __1
= p=l~ o) ot &l
w(y,S)—K(lJr 4ps ;y,) +2ps-
j=

But this choice just works in the case where a > 1. In the particular case (1-2), we use in addition the
factor ¢ (s)/x, which allows us to go beyond the order 1/s% coming from the strong perturbation term in
order to reach 1/s4T1 in many estimates in the proof.

Using Taylor’s formula in (3-6) and Theorem 1.4(ii), we find that

1 log s
||‘1(J’»S)||Lg = G(F) +@(S—2) as s — +o00. (3-7)

Straightforward calculations based on (1-11) yield

0sqg = (L+a)g+ F(q) +G(q,s) + R(y,s) forall (p,s) € R" x[—logT, +0c0), (3-8)
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where i
a(y.s) = plp? ™ —kP~) + e (erTy),

F(q) =g+ ¢|? (g +¢)—p? — ppP~lq,
G(q,5) = e 7 T[h(e7T(q + ¢)) — h(e7Tp) —eTTh (e 7T g)q],

R(y.)= by +8p =3 Vo——Er+ol + TP T h(ePTg).

Let Ko > 0 be fixed; we consider first the case |y| > 2Ko+/s and then |y| < 2Ky +/s and make a Taylor
expansion for § = y/./s bounded. Simultaneously we obtain, for all s > s,

“(y,s) = _1/1
Sa

|F(@)|+1G(q.9)| = C1(q” + 132k, y53)-

yI?+1
[R(y.5)l = Cy (SIT + 1y 2K 5 |-

where @' = min{1, a}, C; = C1(My, Ko) > 0 and M is the bound of w in L norm. Note that we need
to use in addition the fact that ¢ satisfies (1-21) to derive the bound for R (see Lemma B.2).

Let Q = |q|; we then use the above estimates and Kato’s inequality, i.e., A f -sign(f) < A(| f]), to
derive from (3-8) the following: for all Ko > 0 fixed, there are Cx = Cx(Kg, My) > 0 and a time s’ > 0
large enough such that, for all s > s, = max{s’, —log T},

(g, G 2, P ]
050 < §£+F 0+C«\ 0O +W+1{\y|22Ko«/§} for all y € R". (3-9)
Since c
y
‘w(y,s)—fl(x) =0+ @
the conclusion of Proposition 3.2 follows if we show that
VKo>0 sup Q(y,s)—>0 as s— +oo. (3-10)

|¥|=Ko+/s

Let us now focus on the proof of (3-10) in order to conclude Proposition 3.2. For this purpose, we

introduce the following norm: for » >0, ¢ > 1 and f € L;IOC([R”),

1
LE7(f) = sup (/R | f D p(y —$§) dy)q-

|El=<r

Following the idea in [Veldzquez 1992], we shall make estimates on solutions of (3-9) in the Lf,’r(r)

norm, where r(t) = Kge"5/2 < K. /7. In particular, we have the following:

Lemma 3.3. Let s be large enough and let 5 be defined by e5=5 = s. Then, for all T €[5, s] and Ky > 0,

e (z—2Ko)+ ef—t—ZKogZ(t)
g(r) =Gy (8 €(5) +/§ (1 — e~ G—1-2K0))1/20 dt)’
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where g(v) = L2 K0 (0(1)), (Ko, 7.5) = Koe@9/2, e(s) = 0(1/5+1) + 6(log s/52), Co =
Co(Cx, My, Kg) and z4+ = max{z, 0}.

Proof. Multiplying (3-9) by B(7) = els Cu/t” dt e write Q(y, 1), for all (y,7) € R" x [5, 5], in the
integral form

T 2 1
0(r.7) = B(©)Su(z —5)Q(r.5) + Ci / B(1)Si(z - z>(92 - t'ﬁ'a/ + ot 1{|y2mm) dt,

where S« is the linear semigroup corresponding to the operator &£.

Next, we take the Lz’r(KO’T’S) norms on both sides in order to get

¢(2) < CoL2[Sy(t — Q@]+ Co / L27[S4(x — 1) Q)] di

s

i 2,r |y|2 1 d
+Co : Ly | Se(r—1) ra it )|

T
+C()[ leJ’r[Ség(r_l)lﬂ_ylZZKo«/;}] dl
N

EJ1+J2+J3+J4.

Proposition 2.3 in [Veldzquez 1992] yields

711 = Coe™ QG2 = €T 0(e(5))  as §— +o0,

B} (t—2Ko)+ (t—1-2Ko) .
0 -5 € 2,r(Ko,t,5) 2
/2] = §1+a’e +C°/§ (1 _e—(t—t—ZKo))l/ZO[LP oI dt,
Coer—i _
|J3] = W(l +(r—5)).

[J4] < Coe™ %, where &= 8(Kgy) > 0.
Putting together the estimates on J;, i = 1,2, 3,4, we conclude the proof of Lemma 3.3. O
We now use the following Gronwall lemma:

Lemma 3.4 [Velazquez 1992]. Let €, C, R and § be positive constants with 6 € (0, 1). Assume that #(t)
is a family of continuous functions satisfying

(z—R) T—8cp2
%(r)seef+cf T

; (1= o—(—=R)3 ds for t > 0.

Then there exist 0 = 0(5,C, R) and €y = €¢(8, C, R) such that, for all € € (0,¢9) and any t for
which ee® < 0, we have
(1) < 2ee’.

Applying Lemma 3.4 with # = g, we see from Lemma 3.3 that, for s large enough,

g(1) <2Cpe"*e(3) forall T €3, s].
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If t =5, then e =5, r = Ko/s5 and

g(s) = Lf)’KO“/E(Q(s)) = @( ! ) +@(logs) as § — +00.

s S

By using the regularizing effects of the semigroup S¢ (see [Veldzquez 1992, Proposition 2.3]), we then
obtain

log s

sup O(y.5) < C'(Cu. Ko. M) LY V¥ (0(5)) = @(si) + @(

as § —> 400,
[¥|=Ko/5/2 )

which concludes the proof of Proposition 3.2. O

4. Numerical method

We give in this section a numerical study of the blow-up profile of (1-1) in one dimension. Though our
method is very similar to Berger and Kohn’s algorithm [1988] in spirit, it is better in the sense that it
can be applied to equations which are not invariant under the transformation (1-29). Our method differs
from Berger and Kohn’s in the following way: we step the solution forward until its maximum value
multiplied by a power of its mesh size reaches a preset threshold, where the mesh size and the preset
threshold are linked; for the rescaling algorithm, the solution is stepped forward until its maximum value
reaches a preset threshold, and the mesh size and the preset threshold do not need to be linked. For more
clarity, we present in the next subsection the mesh-refinement technique applied to (1-1), then give various
numerical experiments to illustrate the effectiveness of our method for the problem of the numerical
blow-up profile. Note that our method is more general than Berger and Kohn'’s, in the sense that it applies
to non-scale-invariant equations. However, when applied to the unperturbed case F(u) = |u|?~u, our
method gives exactly the same approximation as that of [Berger and Kohn 1988].

4A. Mesh-refinement algorithm. As usually with numerical simulations of blow-up (see [Berger and
Kohn 1988]), we will simulate the equation on a bounded interval (say (—A4, A) with 4 > 0) with
homogeneous Dirichlet boundary conditions, rather than the whole line R. This choice is reasonable for
two reasons:

e If initial data on the line are symmetric and decreasing to zero at infinity, then this property persists
in time; hence, we are close to the situation of a bounded interval (—A, A) with 4 > 0 large and
homogeneous Dirichlet condition.

¢ We believe that the blow-up on a bounded interval is the same as on the whole line, given that blow-up
does not occur on the boundary, as is already known for the pure power and u = 0. Moreover, as in
[Giga and Kohn 1987; Giga et al. 2004b], the results stated in the introduction can be extended to
the case when the problem (1-1) is considered in a convex domain of R” with Dirichlet condition.
Thus, they hold for the problem (4-1).

For that reason we focus on the bounded interval case (—A4, A) here. For simplicity we will take 4 = 1.
In this section, we describe our refinement algorithm to solve numerically the problem (1-1) with initial
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data p(x) > 0, ¢(x) = p(—x), x dp(x)/dx < 0 for x # 0, which gives a positive symmetric and radially
decreasing solution. Let us rewrite the problem (1-1) (with © = 1) as

8tu=3)2€u+F(u), (x’t)e(_l’l)X(O’T)’
u(l,t) =u(=1,1)=0, te(0,7T), 4-1)
u(x,0) = ¢(x), x e (=11),
where p > 1 and
u? )
F(u) =u? + m with a > 0. (4-2)

Let § and 7 be the initial space and time steps, we define Cp = /8%, x; =i6, t, =nt, I =1/§ and
uj pn as the approximation of u(x;,t,), where u; ,, is defined foralln >0 andi € {—1,...,I} by
Uin+1 = Ui + Calui—1,0 = 2uipn + tig1,0] + TF (i),
Urn =u—gn =0, (4-3)
Ui,0 = @i-
Note that this scheme is first-order accurate in time and second-order in space, and it requires the stability
condition Cp = t/8% < %
Our algorithm needs to fix the following parameters:
e A < 1, the refining factor with A~! being a small integer.
e M, the threshold to control the amplitude of the solution.

¢ o, the parameter controlling the width of interval to be refined.

The parameters A and M must satisfy the relation
M =)"7T My, where Mo=387T¢]oo. (4-4)

Note that the relation (4-4) is important to make our method work. In [Berger and Kohn 1988], the typical
choice is My = ||¢]l0o, hence M = A~2/(P=D||p||so.

In the initial step of the algorithm, we simply apply the scheme (4-3) until 2/~ D|ju(-, 1) ]oo
reaches M (note that in [Berger and Kohn 1988] the solution is stepped forward until ||u( -, )| oo
reaches M ; in this first step, the thresholds of the two methods are the same, however, they will split after
the second step; roughly speaking, for the threshold we shall use the quantity §2/?=V ||u (-, 1,) |0 in our
method instead of the ||u(-,?#;)||co in [Berger and Kohn 1988]). Then, we use a linear interpolation in
time to find 7§ such that

2
th—T <7t <ty and 87T |lu(-, )| =M.
Afterward, we determine two grid points y, and ygr such that
§7Tu(yg =8, 75) <M <87 Tu(rg. ),
(4-5)

2 2
§7Tu(yd +68.15) <aM <87 Tu(yl. t§).
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Note that y; = — y(;r because of the symmetry of the solution. This finishes the initial step.
Let us begin the first refining step. Define

uD W Wy = (M +:Dy, yD e (5, v, (VD =0, (4-6)

and set (0 = A8, t™ = A2 as the space and time step for the approximation of (! (note that
M /(8M)2 = £/§2 = C,, which is a constant), y(l) i§M), t(l) =ntW, I, = y+/5(1) and u(l)
as the approximation of u(( yi(l) 1)) Note that, in the unperturbed case, Berger and Kohn used the
transformation (1-29) to define ) (y (D) = 32/(P=Dy (1D, Ty + 12t and then applied the
same scheme for u to u(!). However, we can not do the same because (4-1) is not invariant under the
transformation (1-29). Then applying the scheme (4-3) to u® | we write

Uiy = i+ Calify = 2up,) i)+ e D) *7)

forallm>0andi e{—1;+1,..., 11 —1}.

Note that the computation of (! requires the initial data «" (), 0) and the boundary condition
u(l)( ya*L, t(l)). For the initial condition, it is determined from u(x, r(’)“ ) by using interpolation in space to
get values at the new grid points. For the boundary condition, since ™M = 12¢, we have from (4-6) that

uD(yE neWy =u(yE, o +nr20). (4-8)

Since u and ™ will be stepped forward, each on its own grid u® on (o » yar ) with the space and
time steps 8¢ and (Y, and u on (—1, 1) with the space and time steps § and 7), the relation (4-8)
will provide us with the boundary values for #"). In order to better understand how it works, let us
consider an example with A = % After concluding the initial phase, the two solutions u® and u are
stepped forward independently, each on its own grid; in other words, u® on ( Yo s y(_f ) with the space and
time steps §(1) and 7Y, and u on (—1, 1) with the space and time steps § and 7. Then, using the linear
interpolation in time for u, we get the boundary values for u(!) by (4-8), since t(V) = A27 = %r. This
means that u is stepped forward once every 4 time steps of u® . After 4 steps forward of u®, the values
of u on the interval (yg, y(_f ) must be updated to agree with the calculations of u® . In other words,
the approximation of u is used to assist in computing the boundary values for (1. At each successive
time step for u, the values of u on the interval (y, , y(;r ) must be updated to make them agree with the
more accurate fine grid solution . When (§()2/(=1 |, (D (. nt ()| first exceeds M, we use a
linear interpolation in time to find 7} € [r(l) (1)] such that (§(1)2/=D |, M (. ¢ 7)|loo = M. On the
interval where (§()2/(=D|, (D (. ¢ t1)|loo > M, the grid is refined further and the entire procedure
for u) is repeated to yield u@ and so forth.

Before going to a general step, we would like to comment on relation (4-4). When 62/~ ||u(-, 1)l oo
reaches the given threshold M in the initial phase, namely when §2/(P=D|u (-, 73 lloo = M, we want to
refine the grid so that the maximum value of (§(1)2/(?=Dy (1) (;,(1) () equals M. By (4-6), this request
turns into (§)2/P=D ]y (-, t)lloo = M. Since 8§ = A4, it follows that M = A~2/(P=1 pf,, which
yields (4-4).



BLOW-UP RESULTS FOR A STRONGLY PERTURBED SEMILINEAR HEAT EQUATION 247

Let k > 0; we set § k1) = 3 =15®) and ¢ k+1) = 327K (note that t *k+1 /(§K+D)2 = &) /(502 —

.. =1/82 = Cy), and let y®) and 1) be the variables of u®), with yl.(k) =i8% and t,gk) =nt® . By

convention, the index k = 0 means that u(@ (y(© (@) = 4(x,7), §© = § and (9 = . The solution
u®+1) s related to u® by

WD (D (Gt Dy g R (D) ey KDy (4-9)
where y*+1 e (=, ), 15T > 0, the time 7 € [t(k) £ satisfies
)T u® (- ) oo = M,
and y,” and y,j are two grid points determined by
{ (R 5214 B (ym — 50 %) <M < (8B 521 B (7 ), wio)
) ETu® (450 o) <M < (®)FETu® (it ).

The approximation of u®+1 at the point ( y(k+1) k+1)) denoted by u( +1) , uses the scheme (4-3)
with the space step §&+1 and the time step ‘L'(k +1), which reads

k k k k k k
ul(,n—:ll) — l(n+1) 4 C [ l( T’L) 2u ( +1) 4 l(+'i1'1n)] + r(k+1)F(u( +1)) (4_11)
forallm>1landi € {—I}; +1,---,[; — 1}, where I}, = y,j/é(k"'l) (note that [ is an integer since

A~ eN).
As for the approximation of ), the computation of u( 1 heeds the initial data and the boundary
condition. From (4-9) and the fact that k1) = 32 (K) we see that

u(k+1)(y(k+1),0) :u(k)(y(k+1),1;), (4-12)
WD (D) =y D 2 4 a2 0), (+-13)

From (4-12), the initial data is simply calculated from u(k)(~ , t;: ) by using a linear interpolation in space
in order to assign values at new grid points. The essential step in this new mesh-refinement method is
to determine the boundary condition through the identity (4-13), which means by a linear interpolation
in time of u®). Therefore, the previous solutions u® &= are stepped forward independently,
each on its own grid. More precisely, ket = 32000 = pack=D) — ... 50 4 ®) s stepped forward
once every A~ 2 time steps of uD k=1 onee every A~* time steps of u®*+1 etc. On the other
hand, the values of ¥®, 4 *=1 must be updated to agree with the calculation of u®*+1 When
(§U*+DY2/(p=1) || kD) (. K+Dy > M it is time for the next refining phase.
We would like to comment on the output of the refinement algorithm:

(i) Let r;: be the time at which the refining takes place, then the ratio r;: / ) which indicates the
number of time steps until (§%))2/(P=1) 13, || . reaches the given threshold M, tends to a constant
as k — oo.

(ii) Let u® (., ) be the refining solution. If we plot (S(k))z/(p_l)u(k)(-,r;) on (—1, 1), then their
graphs eventually converge to a predicted one as k — oo.



248 VAN TIEN NGUYEN AND HATEM ZAAG

(iii) Let (v, y,j' ) be the interval to be refined; then the quantity (§%))~2 (y,;F )? behaves as a linear
function of k.

These assertions can be well understood by the following theorem:

Theorem 4.1 (formal analysis). Let u be a blowing-up solution to (4-1); then the output of the refinement

algorithm satisfies:

(1) The ratio r;: / %) tends 1o a constant as k — oo, namely

T . A 2—1)M'—P
70 Calp—1)

(ii) Assume in addition that Theorem 1.7(i) holds. Defining v®)(z) = (S(k))z/(l’_l)u(k)(zy;_l, t;) for
allk > 1, we have

as k — +oo. (4-14)

Vizl<1 v®@)~ M1+ @72 = DA222) 75T as k — +oo. (4-15)

(iii) The quantity (§%))=2( y,j' )2 behaves as a linear function, namely

Y2y ~yk+B as k- +oo, (4-16)
where
2M TP (=P —1)|log A| M'=P (=P —1) M1=r§? p—1
y = , B=- and c¢p = ——.
cp(p—1A? cp(p—1A? p—1 4p

Remark 4.2. Note that there is no assumption on the value of @ in the hypothesis in Theorem 4.1. It is
understood in the sense that # blows up in finite time and its profile is described in Theorem 1.7.

Proof. As we will see in the proof, the statement (i) concerns the blow-up limit of the solution and (ii) is
due to the blow-up profile stated in Theorem 1.7.

(i) If oy, is the real time when the refinement from u®) to »**1) takes place, we have, by (4-9),
ok =14 +1++717,
where 7} is such that (§UN)2/ (=1, ) (. | 7)|loo = M. This means that
u(k)(-,r,j)zu(-,ak). 4-17)
On the other hand, from Theorem 1.7(i) and the definition (1-26) of f, we see that
lim (7 = )7 (-0 = & (4-18)
Combining (4-18) and (4-17) yields
(T =007 4 (-, 7)o = + (1), (4-19)

where o(1) represents a term that tends to 0 as k — 400.
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Since [|u® (-, ) oo = M (8%)=2/(r=1 e then derive
T —op = (M Ue)P 1692 4 0(1). (4-20)

By the definition of o and (4-17), we infer that 77 = oy — 0% (we can think 7;* as the live time of
u® in the k-th refining phase). Hence,

124 O — Ok—1 1
_L_(I]i) = T(k) = T(k) [(T_Uk—l)_(T_Uk)]

N %(M—IK)P*((W—“)Z — @ )) +o()

(k)2
= S (M P 7 - 1) o),

Since the ratio t®) /(§())2 is always fixed by the constant C, we finally obtain

o LG
k—+o0 1K) Calp—1)

which is the conclusion of Theorem 4.1().

(ii) By the symmetry of the solution, we have y, | = y,j'_l. We then consider the following mapping:
forall k > 1,

2
ZH> v(k)(z) forall |z| <1, where v(k)(z) = (8(k)) p=l u(k)(zy,j'_l,t,:‘).

We will show that v (z) converges to some fixed function as k — 4-o0. For this purpose, we first write
u(k)(y(k), T *) in terms of w (£, s) thanks to (4-17) and (1-10):

__1
u®G® o =u(y® op) = (T —03) 7 TwER, 5p), (4-21)

where £®) = y®) / /T — o4 and s = —log(T — o).
If we write Theorem 1.7(i) in the variable y/./s through (1-10), we have the equivalence

o2

where f is as given in (1-26).
From (4-22), (4-20) and (4-21), we derive

—0 as s —> 400, (4-22)
LOO

y(k)
(M~16)"7 8@ Js;

Then, multiplying both of sides by (8%)2/(p=1) apd replacing y(k) by z y,j_l, we obtain

u(k)(y(k), ‘E;:) — MK—I((g(k))—pi]f( ) +0(1).

2V
(M_IK)pT_IS(k) Sk

) ETu® zyt o) = MK_lf( ) +o(1). (4-23)
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From the definition (4-10) of y,j_l , we may assume that
SN2 (h—
(5(k 1))p_1 uk 1)(ylj—1’ rlt—l) —alM.
Combining this with (4-23), we have
+
a= K_lf( p_ylk_l ) +o0(1).
(M~1ie) 2 8%=D /sy

Since sx = —log(T — o) and §®) = Ak §, we have from (4-20) that

1—pg2

M
Sk = 2k|10g)\| —log(?

) +o(1), (4-24)

which implies limg — + o0 Sk—1/Sx = 1. Thus, it is reasonable to assume that y,j_l/ JSi—1 and y,j_l ! /Sk
tend to the positive root { as k — +o00. Hence,

_ 1 § )

Using the definition (1-26) of f, we have

1

2 —_1
g )\2) p—1 +o(1),

(M~1i)"7 )

a:(1+cp

which implies
2

[(@'™7 — DA 2]+ o(1), (4-25)
Cp

' ¢
(M—110)" 7 )

where ¢, is the constant given in the definition (1-26) of f".
Substituting this into (4-23) and using the definition (1-26) of f again, we arrive at

2 - 1
¢ 22) 7 +o(1) =M1+ (@7 —DA™223) 75T 4 0(1).

(M—110)" 7 )

v®(z) = M(l +¢p

Let k — +o00; the conclusion of (ii) then follows.

(iii) From (4-25) and the fact that y,j' / Sk = ¢ as k — +00, we have

(a@'=P —1)M'=P
cpr2(p—1)

"2 (yh)? = log s + o(1).

Using (4-24), we then derive

2kllogAl(a@!=P —1)M'=7 (a@'"P —1)M1~P M1-r§?

2 - 2 g + 0(1)7
cpA?(p—1) cpA?(p—1) -1

which yields the conclusion of (iii) and finishes the proof of Theorem 4.1. O

62 050)? =
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§ 0.040 0.020 0.010 0.005
M 0320 0.160 0.080 0.040

Table 1. The value of M corresponds to the initial data and the initial space step.

4B. The numerical results. This subsection gives various numerical confirmations for the assertions
stated in the previous subsection (Theorem 4.1). All the experiments reported here used ¢(x) =
2(1 4 cos(mrx)) as the initial data, @ = 0.6 as the parameter for controlling the interval to be refined,
A= % as the refining factor, Cp = % as the stability condition for the scheme (4-3), p =3 and a = 0.1, 1
and 10 in the nonlinearity F given in (4-2). The threshold M is chosen to satisfy the condition (4-4).
In Table 1, we give some values of M corresponding to the initial data and the initial space step §. We
generally stop the computation after 40 refining phases. Indeed, since (§%))2/(P=1 |5, (.| T )l =M
and §() = A§*=1 we have by induction that

||u(k)(.’flj)||oo — (S(k))_ﬁM = ()\3(/6—1))—%]\/[ =...= (}Lk(s)_%M‘
With these parameters, we see that the corresponding amplitude of u approaches 1012 after 40 iterations.

4B(i). The value t,:‘ / %) tends 1o a constant as k — +oo. It is convenient to denote the computed value
of r,:‘ / ) by N &) and the predicted value given in the statement Theorem 4.1(i) by NP'. Note that the
value of NP does not depend on a, but depends on § because of the relation (4-4). More precisely,

(1=2)]lglls?
Ca(p—1)82

Then, considering the quantity N®) /NP theoretically it is expected to converge to 1 as k tends to

NP(8) =

infinity. Table 2 provides computed values of N &) /NP at some selected indices of k, computing
with § = 0.005 and three different values of a. According to the numerical results given in Table 2, the
computed values in the cases @ = 10 and @ = 1.0 approach to 1 as expected, which gives us a numerical
answer for the statement (4-18). However, the numerical results in the case @ = 0.1 are not good due to
the fact that the speed of convergence to the blow-up limit (4-18) is 1/|log(T — )% with @’ = min{a, 1}
(see Theorem 1.4).

4B(ii). The function v (z) introduced in Theorem 4.1(ii) converges to a predicted profile as k — +oo.
As stated in Theorem 4.1(ii), if we plot v®)(2) over the fixed interval (—1, 1) then the graph of &)

k 10 15 20 25 30 35 40

a=10 1.0325 1.0203 1.0149 1.0117 1.0096 1.0080 1.0072
a=1.0 09699 09771 0.9816 0.9845 0.9867 0.9885 0.9899
a=0.1 05853 0.5885 0.5923 0.5957 0.5989 0.6016 0.6043

Table 2. The values of N®)/NP® at some selected indices of k, computing with
6 = 0.005 and three different values of a.
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0.045
0.04 ¢
0.035
0.03 1
0.025
0.02 r
0.015 g
0.01 : !

-1 -08-06-04-02 0 02 04 06 08 1
z

lu(k)(zylj—l’ r]:‘)

2

(5®)7

Figure 1. The graph of v®)(z) at some selected indices of k, computing with § = 0.005
and a = 10. They converge to the predicted profile (the dash line) as stated in (4-15) as

k increases.

would converge to the predicted one. Figure 1 gives us a numerical confirmation for this fact, computing
with § = 0.005 and ¢ = 10. Looking at Figure 1, we see that the graph of v® evidently converges to
the predicted one given in the right-hand side of (4-15) as k increases. The last curve v4?) seemingly
coincides with the prediction. Figure 2 shows the graph of v“9) and the predicted profile for another
experiment with § = 0.005 and a = 0.1. They coincide to within plotting resolution.

In Table 3, we give the error in L between v*)(z) at index k = 40 and the predicted profile given in

the right-hand side of (4-15), namely

esq = Sup ‘v(40)(z) — M1+ (@'7P - 1))»_222)_#{. (4-26)

ze(—1,1)

These numerical computations give us confirmation that the computed profiles vy converges to the
predicted one. Since the error es , tends to 0 as § goes to 0, the numerical computations also answer
to the stability of the blow-up profile stated in Theorem 1.7(i). In fact, the stability makes the solution
visible in numerical simulations.
4B(iii). The quantity (S(k))_z(y,j' )2 behaves like a linear function in k. For making a quantitative

comparison between our numerical results and the predicted behavior as stated in Theorem 4.1(iii), we
plot the graph of (§%))~2( y,j)2 against k£ and denote by y; , the slope of this curve. Then, considering

) 0.04 0.02 0.01 0.005

a=10 0.002906 0.000789 0.000470 0.000238
a=1.0 0.001769 0.000671 0.000359 0.000213
a=0.1 0.002562 0.000687 0.000380 0.000235

Table 3. Error es , in L between the computed and predicted profiles, defined in (4-26).
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Figure 2. The graph of v®)(z) at k = 40 and the predicted profile given in (4-15),
computing with § = 0.005 and @ = 0.1. They coincide to within plotting resolution.

the ratio ys 4/, where y is as given in Theorem 4.1(iii). As expected, this ratio ys ,/y would approach 1.
Figure 3 shows (§%))~2( y,'{'r)2 as a function of k, computing with the initial space step 6 = 0.005 for
different values of a. Looking at Figure 3, we see that the two middle curves, corresponding to the cases
a =10 and a = 1, behave like the predicted linear function (the top line), while this is not true in the case
a = 0.1 (the bottom curve). In order to make this clearer, Table 4 lists the values of y; ,/y, computing
with various values of the initial space step § for three different values of a. Here, the value of y; , is
calculated for 20 < k < 40. As Table 4 shows, the numerical values in the cases @ = 10 and ¢ = 1 agree
with the prediction stated in Theorem 4.1(ii), while the numerical values in the case @ = 0.1 are far from

the predicted ones.

x 103

—— a=10
——a=1

—— a=0.1
— prediction

5 10 15 20 25 30 35 40 45
k

22
© = N W A U N I ® ©

Figure 3. The graph of (§(%))2 (y,j' )? against k, computing with § = 0.005 for three
different values of a.
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) 0.04 0.02 0.01  0.005

a=10 19514 1.1541 0.9991 0.9669
a=10 19863 1.1436 1.0052 0.9682
a=0.1 19538 0.8108 0.6417 0.5986

Table 4. The values of ys ,/y, computing with various values of the initial space step &
for three different values of a.

Appendix A
The following lemma from [Nguyen 2015] gives the expansion of ¢ (s), the unique solution of (1-21)
satisfying (1-22):
Lemma A.l. Let ¢ be a positive solution of the ordinary differential equation

=gy MO
p—1 log(2 + ¢ 7-1¢)2)

If we assume in addition ¢(s) — k as s — +00, then ¢(s) takes the form

d(5) = k(1 + na(s)) 7T as s — o0,

+00 ST C* bj
na(s)~c*fs —~ drzs—a(H—;;)

with Cye = (3 (p— 1)) and b = (1) [T/ 2 (a +1).
Proof. See Lemma A.3 in [Nguyen 2015]. O

where

Appendix B

We aim at proving the following:

Lemma B.1 (estimate of w(s)). We have

1
|w(s)] =©( a+1) as s — +o0.
s

Proof. From Lemma A.1, we write

p(p(s)? —iP™h = —&(S)(1 + ()7 = —L*a(l +1a(s)”! +©( al 1)‘
p—1 (p—1Ds st
A direct calculation yields
e sy — PO 2ape 1971 (s)
10g* (2 +eTTg2(s)) (24T Tg2(s)) log™! (2 + €71 $2(s))

_ pCy -1 1
= = pya (1) +@(Sa+1).
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Adding the two above estimates, we obtain the desired result. This ends the proof of Lemma B.1. [
Lemma B.2 (estimate of R(y,s)). We have

241
|R()/,S)|=©(|J;|a,j1 ) as s — +0oo

with @’ = min{l, a}.
Proof. Let us write (v, s) = (¢(s)/k)v(y, s), where
l --L ;
- p=lNm o) P70 Kl
v(y,s)—K(l+ 4ps z;yj) +2ps'
j:
Then, we write R(y,s) = (¢(s)/k)R1(y,s) + R(y, s), where

Rl(y,s):vs—Av—%-Vv—pil

_ 9, ¢ p(z)” e ( i@)
Ry(y,s) = i +¢ p +e r—1h ev1K .

+v?,

The term R (y,s) is already treated in [Veldzquez 1992] and it is bounded by

|R1(y.5)| < +Clyy =2k, 53

C(ly*+1)
§2
To bound R, we use the fact that ¢ satisfies (1-22) to write

29 (er=t = Py~ —pr )

e T |:h(eps1 qb_v) —h(eﬁslqﬁ):| + (1 — E)e_l’mlh(eﬁslqb).

K

RZ(y7s): P

Noting that v(y,s) = k 4+ b(y, s) with |D(y, s)| < (C/s)(|y|?> + 1), uniformly for y € R and s > 1, and
recalling from Lemma A.1 that ¢(s) = k(1 +1a(s)) /P~ where 14(s) = 0(s~?), then using a Taylor
expansion, we derive

Iy +1
[R2(r.9)] = C(W + 1y 122K0 5 |-

This concludes the proof of Lemma B.2. O

Acknowledgements

The authors are grateful to M. A. Hamza for several helpful conversations pertaining to this work. They
would also like to thank the referees for their valuable comments, which helped to improve the paper.



256 VAN TIEN NGUYEN AND HATEM ZAAG

References

[Abia, Lépez-Marcos and Martinez 1998] L. M. Abia, J. C. Lépez-Marcos, and J. Martinez, “On the blow-up time convergence of
semidiscretizations of reaction—diffusion equations”, Appl. Numer. Math. 26:4 (1998), 399—414. MR 99b:65108 Zbl 0929.65070

[Abia, Lopez-Marcos and Martinez 2001] L. M. Abia, J. C. Lépez-Marcos, and J. Martinez, “The Euler method in the numerical
integration of reaction—diffusion problems with blow-up”, Appl. Numer. Math. 38:3 (2001), 287-313. MR 2002k:65114
Zbl 0988.65076

[Ball 1977] J. M. Ball, “Remarks on blow-up and nonexistence theorems for nonlinear evolution equations”, Quart. J. Math.
Oxford Ser. (2) 28:112 (1977), 473-486. MR 57 #13150 Zbl 0377.35037

[Baruch et al. 2010] G. Baruch, G. Fibich, and N. Gavish, “Singular standing-ring solutions of nonlinear partial differential
equations”, Phys. D 239:20-22 (2010), 1968-1983. MR 2011h:35267 Zbl 1203.35259

[Bebernes and Bricher 1992] J. Bebernes and S. Bricher, “Final time blowup profiles for semilinear parabolic equations via
center manifold theory”, STAM J. Math. Anal. 23:4 (1992), 852-869. MR 93h:35091 Zbl 0754.35055

[Berger and Kohn 1988] M. Berger and R. V. Kohn, “A rescaling algorithm for the numerical calculation of blowing-up
solutions”, Comm. Pure Appl. Math. 41:6 (1988), 841-863. MR 89g:65154 Zbl 0652.65070

[Bressan 1990] A. Bressan, “On the asymptotic shape of blow-up”, Indiana Univ. Math. J. 39:4 (1990), 947-960. MR 91i:35030
Zb1 0705.35014

[Bressan 1992] A. Bressan, “Stable blow-up patterns”, J. Differential Equ. 98:1 (1992), 57-75. MR 93¢:35041 Zbl 0770.35010

[Bricmont and Kupiainen 1994] J. Bricmont and A. Kupiainen, “Universality in blow-up for nonlinear heat equations”,
Nonlinearity 7:2 (1994), 539-575. MR 95h:35030 Zbl 0857.35018

[Cangiani et al. > 2016] A. Cangiani, E. H. Georgoulis, I. Kyza, and S. Metcalfe, “Adaptivity and blow-up detection for
nonlinear non-stationary convection-diffusion problems”, in preparation.

[Fermanian Kammerer and Zaag 2000] C. Fermanian Kammerer and H. Zaag, “Boundedness up to blow-up of the difference
between two solutions to a semilinear heat equation”, Nonlinearity 13:4 (2000), 1189-1216. MR 2001g:35123 Zbl 0954.35085

[Fermanian Kammerer et al. 2000] C. Fermanian Kammerer, F. Merle, and H. Zaag, “Stability of the blow-up profile of
non-linear heat equations from the dynamical system point of view”, Math. Ann. 317:2 (2000), 347-387. MR 2001d:35088
Zbl 0971.35038

[Filippas and Kohn 1992] S. Filippas and R. V. Kohn, “Refined asymptotics for the blowup of u; — Au = u?”, Comm. Pure
Appl. Math. 45:7 (1992), 821-869. MR 93g:35066 Zbl 0784.35010

[Filippas and Liu 1993] S. Filippas and W. X. Liu, “On the blowup of multidimensional semilinear heat equations”, Ann. Inst. H.
Poincaré Anal. Non Linéaire 10:3 (1993), 313-344. MR 94k:35139 Zbl 0815.35039

[Fujita 1966] H. Fujita, “On the blowing up of solutions of the Cauchy problem for u; = Au + u' %", J. Fac. Sci. Univ. Tokyo
Sect. 113 (1966), 109-124. MR 35 #5761 Zbl 0163.34002

[Giga and Kohn 1987] Y. Giga and R. V. Kohn, “Characterizing blowup using similarity variables”, Indiana Univ. Math. J. 36:1
(1987), 1-40. MR 88c:35021 Zbl 0601.35052

[Giga and Kohn 1989] Y. Giga and R. V. Kohn, “Nondegeneracy of blowup for semilinear heat equations”, Comm. Pure Appl.
Math. 42:6 (1989), 845-884. MR 90k:35034

[Gigaetal. 2004a] Y. Giga, S. Matsui, and S. Sasayama, “Blow up rate for semilinear heat equations with subcritical nonlinearity”,
Indiana Univ. Math. J. 53:2 (2004), 483-514. MR 2005g:35153 Zbl 1058.35096

[Giga et al. 2004b] Y. Giga, S. Matsui, and S. Sasayama, “On blow-up rate for sign-changing solutions in a convex domain”,
Math. Methods Appl. Sci. 27:15 (2004), 1771-1782. MR 2005g:35154 Zbl 1066.35043

[Groisman 2006] P. Groisman, “Totally discrete explicit and semi-implicit Euler methods for a blow-up problem in several space
dimensions”, Computing 76:3—4 (2006), 325-352. MR 2006m:65181 Zbl 1087.65093

[Groisman and Rossi 2001] P. Groisman and J. D. Rossi, “Asymptotic behaviour for a numerical approximation of a parabolic
problem with blowing up solutions”, J. Comput. Appl. Math. 135:1 (2001), 135-155. MR 2002g:35101 Zbl 0991.65090

[Groisman and Rossi 2004] P. Groisman and J. D. Rossi, “Dependence of the blow-up time with respect to parameters and
numerical approximations for a parabolic problem”, Asymptot. Anal. 37:1 (2004), 79-91. MR 2005a:35131 Zbl 1047.35064


http://dx.doi.org/10.1016/S0168-9274(97)00105-0
http://dx.doi.org/10.1016/S0168-9274(97)00105-0
http://msp.org/idx/mr/99b:65108
http://msp.org/idx/zbl/0929.65070
http://dx.doi.org/10.1016/S0168-9274(01)00035-6
http://dx.doi.org/10.1016/S0168-9274(01)00035-6
http://msp.org/idx/mr/2002k:65114
http://msp.org/idx/zbl/0988.65076
http://dx.doi.org/10.1093/qmath/28.4.473
http://msp.org/idx/mr/57:13150
http://msp.org/idx/zbl/0377.35037
http://dx.doi.org/10.1016/j.physd.2010.07.009
http://dx.doi.org/10.1016/j.physd.2010.07.009
http://msp.org/idx/mr/2011h:35267
http://msp.org/idx/zbl/1203.35259
http://dx.doi.org/10.1137/0523045
http://dx.doi.org/10.1137/0523045
http://msp.org/idx/mr/93h:35091
http://msp.org/idx/zbl/0754.35055
http://dx.doi.org/10.1002/cpa.3160410606
http://dx.doi.org/10.1002/cpa.3160410606
http://msp.org/idx/mr/89g:65154
http://msp.org/idx/zbl/0652.65070
http://dx.doi.org/10.1512/iumj.1990.39.39045
http://msp.org/idx/mr/91i:35030
http://msp.org/idx/zbl/0705.35014
http://dx.doi.org/10.1016/0022-0396(92)90104-U
http://msp.org/idx/mr/93c:35041
http://msp.org/idx/zbl/0770.35010
http://dx.doi.org/10.1088/0951-7715/7/2/011
http://msp.org/idx/mr/95h:35030
http://msp.org/idx/zbl/0857.35018
http://dx.doi.org/10.1088/0951-7715/13/4/311
http://dx.doi.org/10.1088/0951-7715/13/4/311
http://msp.org/idx/mr/2001g:35123
http://msp.org/idx/zbl/0954.35085
http://dx.doi.org/10.1007/s002080000096
http://dx.doi.org/10.1007/s002080000096
http://msp.org/idx/mr/2001d:35088
http://msp.org/idx/zbl/0971.35038
http://dx.doi.org/10.1002/cpa.3160450703
http://msp.org/idx/mr/93g:35066
http://msp.org/idx/zbl/0784.35010
http://www.numdam.org/item?id=AIHPC_1993__10_3_313_0
http://msp.org/idx/mr/94k:35139
http://msp.org/idx/zbl/0815.35039
http://msp.org/idx/mr/35:5761
http://msp.org/idx/zbl/0163.34002
http://dx.doi.org/10.1512/iumj.1987.36.36001
http://msp.org/idx/mr/88c:35021
http://msp.org/idx/zbl/0601.35052
http://dx.doi.org/10.1002/cpa.3160420607
http://msp.org/idx/mr/90k:35034
http://dx.doi.org/10.1512/iumj.2004.53.2401
http://msp.org/idx/mr/2005g:35153
http://msp.org/idx/zbl/1058.35096
http://dx.doi.org/10.1002/mma.562
http://msp.org/idx/mr/2005g:35154
http://msp.org/idx/zbl/1066.35043
http://dx.doi.org/10.1007/s00607-005-0136-0
http://dx.doi.org/10.1007/s00607-005-0136-0
http://msp.org/idx/mr/2006m:65181
http://msp.org/idx/zbl/1087.65093
http://dx.doi.org/10.1016/S0377-0427(00)00571-9
http://dx.doi.org/10.1016/S0377-0427(00)00571-9
http://msp.org/idx/mr/2002g:35101
http://msp.org/idx/zbl/0991.65090
http://content.iospress.com/articles/asymptotic-analysis/asy597
http://content.iospress.com/articles/asymptotic-analysis/asy597
http://msp.org/idx/mr/2005a:35131
http://msp.org/idx/zbl/1047.35064

BLOW-UP RESULTS FOR A STRONGLY PERTURBED SEMILINEAR HEAT EQUATION 257

[Hamza and Zaag 2012a] M. A. Hamza and H. Zaag, “Lyapunov functional and blow-up results for a class of perturbations of
semilinear wave equations in the critical case”, J. Hyperbolic Differ. Equ. 9:2 (2012), 195-221. MR 2928106 Zbl 1255.35171

[Hamza and Zaag 2012b] M. A. Hamza and H. Zaag, “A Lyapunov functional and blow-up results for a class of perturbed
semilinear wave equations”, Nonlinearity 25:9 (2012), 2759-2773. MR 2967123 Zbl 1255.35057

[Herrero and Veldzquez 1992a] M. A. Herrero and J. J. L. Veldzquez, “Blow-up profiles in one-dimensional, semilinear parabolic
problems”, Comm. Partial Differential Equations 17:1-2 (1992), 205-219. MR 93b:35066 Zbl 0772.35027

[Herrero and Veldzquez 1992b] M. A. Herrero and J. J. L. Veldzquez, “Comportement générique au voisinage d’un point
d’explosion pour des solutions d’équations paraboliques unidimensionnelles”, C. R. Acad. Sci. Paris Sér. I Math. 314:3 (1992),
201-203. MR 92m:35140 Zbl 0765.35009

[Herrero and Veldzquez 1992c] M. A. Herrero and J. J. L. Veldzquez, “Flat blow-up in one-dimensional semilinear heat
equations”, Differential Integral Equations 5:5 (1992), 973-997. MR 93d:35065 Zbl 0767.35036

[Herrero and Veldzquez 1992d] M. A. Herrero and J. J. L. Veldzquez, “Generic behaviour of one-dimensional blow up patterns”,
Ann. Scuola Norm. Sup. Pisa CI. Sci. (4) 19:3 (1992), 381-450. MR 94b:35048 Zbl 0798.35081

[Herrero and Veldzquez 1993] M. A. Herrero and J. J. L. Veldzquez, “Blow-up behaviour of one-dimensional semilinear
parabolic equations”, Ann. Inst. H. Poincaré Anal. Non Linéaire 10:2 (1993), 131-189. MR 94¢:35030 Zbl 0813.35007

[Kyza and Makridakis 2011] I. Kyza and C. Makridakis, “Analysis for time discrete approximations of blow-up solutions of
semilinear parabolic equations”, SIAM J. Numer. Anal. 49:1 (2011), 405-426. MR 2012d:65185 Zbl 1227.65081

[Levine 1973] H. A. Levine, “Some nonexistence and instability theorems for solutions of formally parabolic equations of the
form Pu; = —Au + F(u)”, Arch. Rational Mech. Anal. 51 (1973), 371-386. MR 50 #714 Zbl 0278.35052

[Masmoudi and Zaag 2008] N. Masmoudi and H. Zaag, “Blow-up profile for the complex Ginzburg-Landau equation”, J. Funct.
Anal. 255:7 (2008), 1613-1666. MR 2010a:35246 Zbl 1158.35016

[Merle and Zaag 1997] F. Merle and H. Zaag, “Stability of the blow-up profile for equations of the type u; = Au + |u|?~1u”,
Duke Math. J. 86:1 (1997), 143-195. MR 98d:35098 Zbl 0872.35049

[N’gohisse and Boni 2011] F. K. N’gohisse and T. K. Boni, “Numerical blow-up for a nonlinear heat equation”, Acta Math. Sin.
(Engl. Ser) 27:5 (2011), 845-862. MR 2012d:35192 Zbl 1221.35075

[Nguyen 2014] V. T. Nguyen, “Numerical analysis of the rescaling method for parabolic problems with blow-up in finite time”,
preprint, 2014. arXiv 1403.7547

[Nguyen 2015] V. T. Nguyen, “On the blow-up results for a class of strongly perturbed semilinear heat equations”, Discrete
Contin. Dyn. Syst. 35:8 (2015), 3585-3626. MR 3320139

[Nguyen and Zaag 2014] V. T. Nguyen and H. Zaag, “Construction of a stable blow-up solution for a class of strongly perturbed
semilinear heat equations”, preprint, 2014. To appear in Ann. Scuola Norm. Sup. Pisa CI. Sci. arXiv 1406.5233

[Velazquez 1992] J. J. L. Veldzquez, “Higher-dimensional blow up for semilinear parabolic equations”, Comm. Partial Differen-
tial Equations 17:9-10 (1992), 1567-1596. MR 93k:35044 Zbl 0813.35009

[Velazquez 1993] J.J. L. Veldzquez, “Classification of singularities for blowing up solutions in higher dimensions”, Trans. Amer.
Math. Soc. 338:1 (1993), 441-464. MR 93j:35101 Zbl 0803.35015

[Weissler 1981] F. B. Weissler, “Existence and nonexistence of global solutions for a semilinear heat equation”, Israel J. Math.
38:1-2 (1981), 29-40. MR 82g:35059 Zbl 0476.35043

Received 25 Nov 2014. Revised 20 Aug 2015. Accepted 11 Oct 2015.

VAN TIEN NGUYEN: tien.nguyen@nyu.edu
Department of Mathematics, New York University Abu Dhabi, Saadiyat Island, PO Box 129188, Abu Dhabi,
United Arab Emirates

HATEM ZAAG: Hatem.Zaag@univ-parisi3.fr
LAGA, CNRS (UMR 7539), Université Paris 13, Sorbonne Paris Cité, 93430 Villetaneuse, France

mathematical sciences publishers :'msp


http://dx.doi.org/10.1142/S0219891612500063
http://dx.doi.org/10.1142/S0219891612500063
http://msp.org/idx/mr/2928106
http://msp.org/idx/zbl/1255.35171
http://dx.doi.org/10.1088/0951-7715/25/9/2759
http://dx.doi.org/10.1088/0951-7715/25/9/2759
http://msp.org/idx/mr/2967123
http://msp.org/idx/zbl/1255.35057
http://dx.doi.org/10.1080/03605309208820839
http://dx.doi.org/10.1080/03605309208820839
http://msp.org/idx/mr/93b:35066
http://msp.org/idx/zbl/0772.35027
http://msp.org/idx/mr/92m:35140
http://msp.org/idx/zbl/0765.35009
http://projecteuclid.org/euclid.die/1370870936
http://projecteuclid.org/euclid.die/1370870936
http://msp.org/idx/mr/93d:35065
http://msp.org/idx/zbl/0767.35036
http://www.numdam.org/item?id=ASNSP_1992_4_19_3_381_0
http://msp.org/idx/mr/94b:35048
http://msp.org/idx/zbl/0798.35081
https://eudml.org/doc/78299
https://eudml.org/doc/78299
http://msp.org/idx/mr/94g:35030
http://msp.org/idx/zbl/0813.35007
http://dx.doi.org/10.1137/100796819
http://dx.doi.org/10.1137/100796819
http://msp.org/idx/mr/2012d:65185
http://msp.org/idx/zbl/1227.65081
http://dx.doi.org/10.1007/BF00263041
http://dx.doi.org/10.1007/BF00263041
http://msp.org/idx/mr/50:714
http://msp.org/idx/zbl/0278.35052
http://dx.doi.org/10.1016/j.jfa.2008.03.008
http://msp.org/idx/mr/2010a:35246
http://msp.org/idx/zbl/1158.35016
http://dx.doi.org/10.1215/S0012-7094-97-08605-1
http://msp.org/idx/mr/98d:35098
http://msp.org/idx/zbl/0872.35049
http://msp.org/idx/mr/2012d:35192
http://msp.org/idx/zbl/1221.35075
http://msp.org/idx/arx/1403.7547
http://dx.doi.org/10.3934/dcds.2015.35.3585
http://msp.org/idx/mr/3320139
http://msp.org/idx/arx/1406.5233
http://dx.doi.org/10.1080/03605309208820896
http://msp.org/idx/mr/93k:35044
http://msp.org/idx/zbl/0813.35009
http://dx.doi.org/10.2307/2154464
http://msp.org/idx/mr/93j:35101
http://msp.org/idx/zbl/0803.35015
http://dx.doi.org/10.1007/BF02761845
http://msp.org/idx/mr/82g:35059
http://msp.org/idx/zbl/0476.35043
mailto:tien.nguyen@nyu.edu
mailto:Hatem.Zaag@univ-paris13.fr
http://msp.org

Nicolas Burq

Massimiliano Berti

Sun-Yung Alice Chang

Michael Christ

Charles Fefferman

Ursula Hamenstaedt

Vaughan Jones

Vadim Kaloshin

Herbert Koch

Izabella Laba

Gilles Lebeau

Laszl6 Lempert

Richard B. Melrose

Frank Merle

William Minicozzi I

Clément Mouhot

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Patrick Gérard
patrick.gerard @math.u-psud.fr
Université Paris Sud XI
Orsay, France

BOARD OF EDITORS

Université Paris-Sud 11, France
nicolas.burq@math.u-psud.fr

Scuola Intern. Sup. di Studi Avanzati, Italy
berti @sissa.it

Princeton University, USA

chang @math.princeton.edu

University of California, Berkeley, USA
mchrist@math.berkeley.edu

Princeton University, USA
cf@math.princeton.edu

Universitdt Bonn, Germany
ursula@math.uni-bonn.de

U.C. Berkeley & Vanderbilt University
vaughan.f.jones @vanderbilt.edu
University of Maryland, USA
vadim.kaloshin @gmail.com

Universitit Bonn, Germany
koch@math.uni-bonn.de

University of British Columbia, Canada
ilaba@math.ubc.ca

Université de Nice Sophia Antipolis, France
lebeau @unice.fr

Purdue University, USA
lempert@math.purdue.edu
Massachussets Inst. of Tech., USA
rbm@math.mit.edu

Université de Cergy-Pontoise, France
Frank.Merle @u-cergy.fr

Johns Hopkins University, USA
minicozz@math.jhu.edu
Cambridge University, UK
c.mouhot@dpmms.cam.ac.uk

Werner Miiller

Yuval Peres

Gilles Pisier

Tristan Riviere

Igor Rodnianski

Wilhelm Schlag

Sylvia Serfaty

Yum-Tong Siu

Terence Tao

Michael E. Taylor

Gunther Uhlmann

Andrds Vasy

Dan Virgil Voiculescu

Steven Zelditch

Maciej Zworski

Universitdt Bonn, Germany
mueller@math.uni-bonn.de

University of California, Berkeley, USA
peres @stat.berkeley.edu

Texas A&M University, and Paris 6
pisier@math.tamu.edu

ETH, Switzerland

riviere @math.ethz.ch

Princeton University, USA

irod @math.princeton.edu

University of Chicago, USA
schlag@math.uchicago.edu

New York University, USA

serfaty @cims.nyu.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao@math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA
gunther @math.washington.edu
Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

Northwestern University, USA
zelditch@math.northwestern.edu
University of California, Berkeley, USA
zworski @math.berkeley.edu

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2016 is US $235/year for the electronic version, and $430/year (+$55, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscribers address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY
:I mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2016 Mathematical Sciences Publishers


http://msp.org/apde
mailto:patrick.gerard@math.u-psud.fr
mailto:nicolas.burq@math.u-psud.fr
mailto:berti@sissa.it
mailto:chang@math.princeton.edu
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vaughan.f.jones@vanderbilt.edu
mailto:vadim.kaloshin@gmail.com
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:lebeau@unice.fr
mailto:lempert@math.purdue.edu
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:mueller@math.uni-bonn.de
mailto:peres@stat.berkeley.edu
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:schlag@math.uchicago.edu
mailto:serfaty@cims.nyu.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 9 No. 1 2016

Rademacher functions in Nakano spaces 1
SERGEY ASTASHKIN and MIECZYSEAW MASTYLO

Nonexistence of small doubly periodic solutions for dispersive equations 15
DAVID M. AMBROSE and J. DOUGLAS WRIGHT

The borderlines of invisibility and visibility in Calderén’s inverse problem 43
KARI ASTALA, MATTI LASSAS and LASSI PAIVARINTA

A characterization of 1-rectifiable doubling measures with connected supports 99
JONAS AZZAM and MIHALIS MOURGOGLOU

Construction of Hadamard states by characteristic Cauchy problem 111
CHRISTIAN GERARD and MICHAL. WROCHNA

Global-in-time Strichartz estimates on nontrapping, asymptotically conic manifolds 151
ANDREW HASSELL and JUNYONG ZHANG
Limiting distribution of elliptic homogenization error with periodic diffusion and random po- 193
tential
WENIIA JING

Blow-up results for a strongly perturbed semilinear heat equation: theoretical analysis and 229
numerical method
VAN TIEN NGUYEN and HATEM ZAAG



	1. Introduction
	2. Existence of a Lyapunov functional for (1-11)
	3. Blow-up behavior
	4. Numerical method
	4A. Mesh-refinement algorithm
	4B. The numerical results
	4B(i). The value *_k/(k) tends to a constant as k +
	4B(ii). The function v(k)(z) introduced in Theorem 4.1(ii) converges to a predicted profile as k +
	4B(iii). The quantity ((k))-2(yk+)2 behaves like a linear function in k


	Appendix A. 
	Appendix B. 
	Acknowledgements
	References
	
	

