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INVARIANT DISTRIBUTIONS AND THE GEODESIC RAY TRANSFORM

GABRIEL P. PATERNAIN AND HANMING ZHOU

We establish an equivalence principle between the solenoidal injectivity of the geodesic ray transform
acting on symmetric m-tensors and the existence of invariant distributions or smooth first integrals with
prescribed projection over the set of solenoidal m-tensors. We work with compact simple manifolds, but
several of our results apply to nontrapping manifolds with strictly convex boundary.

1. Introduction

The present paper studies the geodesic ray transform of a compact simply connected Riemannian manifold
with no conjugate points and strictly convex boundary. Our main objective is to establish an equivalence
principle between injectivity of the ray transform acting on solenoidal symmetric m-tensors and the
existence of solutions to the transport equation (associated with the geodesic vector field) with prescribed
projection over the set of solenoidal m-tensors.

The Radon transform in the plane is the most fundamental example of the geodesic ray transform. It
packs the integrals of a function f in R? over straight lines:

o0
Rf(s,w)z[ flsw+tot)dt, seR weSk
—0Q0

Here w is the rotation of w by 90 degrees counterclockwise. The properties of this transform are well
studied [Helgason 1999] and constitute the theoretical underpinnings for many medical imaging methods
such as CT and PET. Generalizations of the Radon transform are often needed. In seismic and ultrasound
imaging one finds ray transforms where the measurements are given by integrals over more general
families of curves, often modeled as the geodesics of a Riemannian metric. Moreover, integrals of tensor
fields over geodesics are ubiquitous in rigidity questions in differential geometry and dynamics.

In this paper we will relate the injectivity properties of the geodesic ray transform with a well-studied
subject in classical mechanics: the existence of special first integrals of motion along geodesics. Some
Riemannian metrics admit distinguished first integrals; e.g., the geodesic flow of an ellipsoid in R3 admits
a nontrivial first integral which is quadratic in momenta. As recently shown in [Kruglikov and Matveev
2016], a generic metric does not admit a nontrivial first integral that is polynomial in momenta, but here
we will show a complementary statement going in the opposite direction: from the injectivity of the
geodesic ray transform on tensors, we will show that it is possible to construct a smooth first integral
with any prescribed polynomial part. In other words, given a polynomial F of degree m in momenta
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satisfying a natural restriction condition (related with the transport equation, see Section 7), we will show
that we can find a smooth function G whose dependence on momenta is of order > m such that F 4 G is
a first integral of the geodesic flow. Generically G is nonvanishing and not polynomial in momenta.

Let us now explain our results in more detail. The geodesic ray transform acts on functions defined on the
unit sphere bundle of a compact oriented n-dimensional Riemannian manifold (M, g) with boundary oM
(n > 2). Let SM denote the unit sphere bundle on M i.e.,

SM :={(x.§) e TM :||§]l¢ =1}.

We define the volume form on SM by d 22" 1(x,£) = |d V" (x) AdQx(€)|, where d V" is the volume
form on M and d Q2 (§) is the volume form on the fiber Sy M. The boundary of SM is given by dSM :=
{(x,£) € SM :x € IM}. On 3SM the natural volume form is d 2" 2(x, &) = |d V" 1 (x) AdQx(£)],
where d V"1 is the volume form on M. We define two subsets of dSM,

0+ SM :={(x,§) € 0SM : (£, v(x))g <0},
where v(x) is the outward unit normal vector on dM at x. It is easy to see that
A+SMNI_SM = S(0M).

Given (x, ) € SM, we denote by y, ¢ the unique geodesic with y, £(0) = x and y, £(0) = £ and let
7(x, &) be the first time when the geodesic y, ¢ exits M.
We say that (M, g) is nontrapping if t(x, &) < oo for all (x, §) € SM.

Definition 1.1. The geodesic ray transform of a function f € C°°(SM) is the function

7(x,8)
If(x,€)=/0 f(re®).7x () dt. (x.§) €91 SM.

Note that if the manifold (M, g) is nontrapping and has strictly convex boundary, then [ : C*°(SM) —
C>®(d+SM), and Santal6’s formula (see Section 2) implies that / is also a bounded map L?(SM) —
Li(8+SM), where du(x, £) = |(v(x), £)|d £?"~2(x,£) and Li(8+SM) is the space of functions on
d4+SM with inner product

(u,v);2 =[ uv dL.
L2304 SM) 9, SM

Given f € C*°(SM), what properties of f may be determined from the knowledge of I f? Clearly a
general function f on SM is not determined by its geodesic ray transform alone, since f depends on
more variables than / f. In applications one often encounters the transform / acting on special functions
on SM that arise from symmetric tensor fields, and we will now consider this case.

We denote by C°(S™(T*M)) the space of smooth covariant symmetric tensor fields of rank m on M
with L2 inner product

(u,v) :=/ Ui, VIV VT
M
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where v/1™im = gitJ1... glmimy; . There is a natural map
Uy : CP(S™(T*M)) - C®(SM)

givenby £, (f)(x,8):= fx (&, ..., ). We can now define the geodesic ray transform acting on symmetric
m-tensors simply by setting I, := I o {,,. Let d = o'V be the symmetric inner differentiation, where V
is the Levi-Civita connection associated with g, and ¢ denotes symmetrization. It is easy to check that
if v = dp for some p € C®(S™Y(T*M)) with p|apr = 0, then I,,v = 0. The tensor tomography
problem asks the following question: are such tensors the only obstructions for 7, to be injective? If
this is the case, then we say [ is solenoidal injective or s-injective for short. The problem is wide open
for compact nontrapping manifolds with strictly convex boundary (but see [Uhlmann and Vasy 2016;
Stefanov et al. 2014]). There are more results if one assumes the stronger condition of being simple, i.e.,
(M, g) is simply connected, has no conjugate points and strictly convex boundary. For simple surfaces,
the tensor tomography problem has been completely solved [Paternain et al. 2013]. For simple manifolds
of any dimension, solenoidal injectivity is known for /o and I; [Muhometov 1977; Anikonov and
Romanov 1997]. For m-tensors, m > 2, the tensor tomography problem is still open, but some substantial
partial results were established under additional assumptions; see, e.g., [Pestov and Sharafutdinov 1988;
Sharafutdinov 1994; Stefanov and Uhlmann 2005; Paternain et al. 2015a; Stefanov et al. 2014].

Let us explain a bit further the term “solenoidal injective”. Consider the Sobolev space H* (S™(T*M))
naturally associated with the L2 inner product defined above. By [Sharafutdinov 1994; Sharafutdinov et al.
2005], there is an orthogonal decomposition of L? symmetric tensors fields. Given v € H k(s™(T*M)),
k > 0, there exist uniquely determined v* € H*(S™(T*M)) and p € H*+1(S™~1(T*M)) such that

v=0v'+dp, §v' =0, ploy =0,
where § is the divergence. We call v*® and dp the solenoidal part and potential part of v respectively.

Moreover, we denote by H*(S™ (T*M)) and C®(S™ (T*M)) the subspaces of HX(S™(T*M)) and

sol sol
C®(S™(T*M)) respectively whose elements are solenoidal symmetric tensor fields. Solenoidal injec-

tivity of I, simply means that I, is injective when restricted to C*°(S™ (T*M)).

sol
Let /* denote the adjoint of / using the L? inner products defined above; that is,

(Tu. @)= (u.I%p)
foru € L?(SM), ¢ € L,(3+SM). A simple application of Santal’s formula yields
I*e = ¢F,
where @t (x, £) := (p()/x’g(—r(x, —£)). Vx,e(—7(x, —E))) (see Section 2 for details). Observe that by
definition, <pﬁ is constant along orbits of the geodesic flow. If we are now interested in 7, we note that

I¥ =0l

and hence we just need to compute £,. This is easy (see Section 2) and one finds

L f = €5 F (i, = Giv i1 G /S B g 49 @),
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The fundamental microlocal property of the geodesic ray transform is that, for simple manifolds, 1, I,
is a pseudodifferential operator of order —1 on a slightly larger open manifold engulfing M. Moreover, it
has a suitable ellipticity property when acting on solenoidal tensors [Sharafutdinov et al. 2005]. This has
been exploited to great effect to derive surjectivity of /,; knowing injectivity of /,, [Pestov and Uhlmann
2005; Dairbekov and Uhlmann 2010] for m = 0, 1. Since the range of /,;; is contained in the space of
solenoidal tensors, by saying 7, is surjective we mean that the range of /,;, equals the latter. Surjectivity
of I, for tensors of order 0 and 1 has been the key for the recent success in the solution of several long
standing questions in 2D [Salo and Uhlmann 2011; Pestov and Uhlmann 2005; Paternain et al. 2012;
2013; 2014; Guillarmou 2014]. However, very little is known about surjectivity for m > 2 and this largely
motivates the present paper.

The surjectivity properties of the adjoint of the geodesic ray transform reveal themselves in the existence
of solutions f" to the transport equation X f = O with prescribed values for L, f in the space of solenoidal
tensors. Here X is the geodesic vector field acting on distributions by duality (recall that X preserves
the volume form d £2"~1). A distribution f on SM is said to be invariant if it satisfies X f = 0. As we
already mentioned, in this paper we mainly study the relation among the injectivity of I, the surjectivity
of its adjoint /,; on solenoidal tensor fields and the existence of some invariant distributions or smooth
first integrals associated with solenoidal tensor fields. On a compact nontrapping manifold with strictly
convex boundary, the geodesic ray transform [, is extendable to a bounded operator

Im - HE(S™(T*M)) — H* (9, SM)
for all k > 0 [Sharafutdinov 1994, Theorem 4.2.1]. Moreover, it can be easily checked that
In(HE(S™(T*M))) C HY (94 SM)
and hence we can define /,; by duality acting on negative Sobolev spaces to obtain a bounded operator:
1% H %0, SM) > H*(S™(T*M)).

In other words, for ¢ € HK(34SM), we have I%¢ is defined by (I5¢,u) = (¢, I,u) for all u €
H(I)c (S™(T*M)). Let CZ°(0+SM) denote the set of smooth functions ¢ for which o¥ is also smooth.
Our main result is the following theorem:
Theorem 1.2. Let M be a compact simple Riemannian manifold. Then the following are equivalent:
(1) Iy, is s-injective on C°(S™(T*M)).
(2) Foreveryu € L2(Ss’(')’1(T*M)), there exists € H™ (04 SM) such that u = 1.}¢.
(3) Foreveryu e L2(Ss"g](T*M)), there exists f € H™V(SM) satisfying Xf =0 andu = L, f.
(4) For everyu € C®°(SI(T*M)), there exists ¢ € Cg°(04+SM) such that u = I}, ¢.
(5) For everyu € C®(SI(T*M)), there exists f € C°(SM) with Xf = 0 such that Ly, f = u.
We observe that by [Sharafutdinov et al. 2005, Theorem 1.1], s-injectivity of I,,, on L2(S™(T*M)) is
equivalent to s-injectivity of I,, on C®°(S™(T*M)).
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Let us return to the subject of special first integrals associated with the geodesic flow. By considering
the vertical Laplacian A on each fiber Sy M of SM, we have a natural L? decomposition L2(SM) =
D,,>0 Hn(SM) into vertical spherical harmonics. We set Qp, 1= H,,(SM) N C*°(SM). Then a
function u belongs to €2, if and only if Au = m(m + n —2)u, where n = dim M. The maps

[m/2]
b : CX(S™(T*M)) > P Q-2
k=0
and
[m/2]
Ln: P Quzk —> C®(S™(T*M))
k=0

are isomorphisms. These maps give natural identification between functions in €2,, and trace-free
symmetric m-tensors (for details on this, see [Guillemin and Kazhdan 1980b; Dairbekov and Sharafutdinov
2010; Paternain et al. 2015a]). If (M, g) is a simple manifold with [, s-injective, Theorem 1.2(5) says
that given any u € C°°(S (T* M)) there is a first integral of the geodesic flow f such that L, f = u.
In other words, if we let F = L;llu € @E{mz/oz] Qu_or and G = f — F, we see that F is polynomial of
degree m in velocities and it can be completed by adding G to obtain a first integral. We also see that
(taking the even or odd part of f if necessary) G € @y~ 2,+2k. These were the functions mentioned
earlier in the introduction. If G were to be zero, then there would be a first integral that is polynomial in
velocities and generically these do not exist. We note that the paper [Paternain et al. 2015a] also constructs
invariant distributions (they are not smooth in general) with prescribed m-th polynomial component using
a different method (a Beurling transform), but it requires nonpositive curvature for it to work. As already
mentioned, here we use instead the normal operator /,; I,,.

The results in [Pestov and Uhlmann 2005; Dairbekov and Uhlmann 2010] prove that (1) implies (4)
or (5) in Theorem 1.2 for m = 0, 1, so the main contribution in the theorem is to cover the case m > 2
and also to provide additional invariant distributions associated with L? solenoidal tensors. The proof of
Theorem 1.2 relies on a solenoidal extension of tensor fields. For m = 0 no extension is needed and for
m = 1 the situation is considerably simpler and an extension result is already available in [Kato et al.
2000]. Paradoxically the need for a solenoidal extension does not arise in the more complicated setting of
Anosov manifolds since there is no boundary. In this setting, an analogous result to Theorem 1.2 (in the
L? setting) has been recently proved by C. Guillarmou [2014, Corollary 3.7] and these ideas gave rise to
a full solution to the tensor tomography problem on an Anosov surface.

Since in 2D the tensor tomography problem has been fully solved [Paternain et al. 2013], we derive:

Corollary 1.3. Let (M, g) be a compact simple surface. For every u € C°(S7(T*M)), there exists
f e C®(SM) with Xf = 0 such that L, f = u.

We shall also give an alternative proof of the corollary using results from [Paternain et al. 2015b]. The
alternative proof avoids the smooth solenoidal extension and sheds some light on the relationship between
the transport equation and the solenoidal condition.
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The rest of the paper is organized as follows. Section 2 contains some preliminaries. In Section 3 we
establish the L2 and C® compactly supported solenoidal extension of tensor fields. This necessitates
at some point the use of the generic nonexistence of nontrivial Killing tensor fields recently proved
in [Kruglikov and Matveev 2016]. Section 4 uses the well-established microlocal analysis to prove a
surjectivity result for /) I,, following the strategy in [Dairbekov and Uhlmann 2010]. Section 5 establishes
various boundedness properties on Sobolev spaces that allow us to extend the relevant operators to negative
Sobolev spaces (i.e., distributions). Section 6 bundles up everything together and proves Theorem 1.2.
Section 7 gives an alternative proof of Corollary 1.3 and clarifies the connection between solenoidal
tensors and the transport equation.

2. Preliminaries

In this section we provide details about the regularity properties of the operators introduced in the previous
section. First we describe the basic notation we will use frequently in the rest of the paper. Given a
compact Riemannian manifold M with boundary, we define

CO(M™):={f € C®(M):supp f C M™},
H¥(M™) .= {f € H*(M) : supp f € M™} fork € Z.

Then for any s > 0, s € Z, we say Hy (M) is the completion of C® (M) under the H* norm.
Now let M be a compact manifold. Given f € C*°(SM) and u € C*°(S™(T*M)), we have

(Emuv f) - [S‘M Uji e jm (x)é:jl %‘Jmf(x,g) dEZn—l
=/ ”f'“""'"(x)/ FeBEN I dQ(§) V" (x).
M Sy M

This means that
L, = an :C®(SM) — C®(S™(T*M))

is given by
Lon f(X)iywipy = &irj1 """ &imjim /S . [ §E - Em dQ(§).
Since the metric tensor g is smooth, for the sake of simplicity, we identify L,, f with its dual,
me(x)j]-njm — / f(x, E)s/l ... Sjm d Q2 (§).
SxM
On the other hand, it is easy to see that the map £, can be extend to the bounded operator
b s HE(S™(T*M)) — H*(SM)
for any integer £ > 0. In particular £, (H(’)‘ (S™(T*M))) C Hé‘ (SM). Therefore we can define
L H*(SM) — H*(S™(T*M)) (1)

in the sense of distributions and it is bounded.
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Next, if M is compact nontrapping with strictly convex boundary, we study the properties of / and its
adjoint I*. Recall a useful integral identity called Santal$’s formula.

Lemma 2.1 [Sharafutdinov 1999, Lemma 3.3.2]. Let M be a compact nontrapping Riemannian manifold
with strictly convex boundary. For every function f € C(SM), the equality

_— T(x,§)
/ F.E) AT (x,8) = / du(x. ) / F (e 72.2(0)) di
SM 0+ SM 0

holds.

Notice that the definition of compact dissipative Riemannian manifold (CDRM) in [Sharafutdinov
1999] is equivalent to compact nontrapping manifolds with strictly convex boundary.
Now let ¢ € CZ°(0+SM) and f € C°°(SM). By Santal6’s formula,

I an [ e e(0) d
(1f.9) = /a g P DR /0 F(ras(0). jrs(0) di

(x,§)
- f du / O (g0 7.6 (0) f (7.6 (0). Fus(D)) di
3+SM 0

:/ of fdx?L,
SM

Thus [*¢ = ¢* with
I*:CP(04+SM) — C®(SM)

bounded. By the proof of [Sharafutdinov 1994, Theorem 4.2.1], one can extend / to a bounded operator
[:H*(SM) — H*(3,.SM)

and I(H(’)‘ (SM))C Hé‘ (0+SM) for any integer k > 0 (notice that I(CC((SM)™™)) C CX((94+SM)™n)).
Thus we can define the bounded operator

I*: H*0,.SM) > H*(SM) ()

in the sense of distributions.
Givenu € Hé‘ (S™(T*M)) and ¢ € H % (9. SM), we have 17 ¢ is defined in the sense of distributions:

(U@, u) := (I"p tmut) = (@, I o bmut) = (¢, Imu).
Lemma 2.2. Given a compact nontrapping Riemannian manifold M with strictly convex boundary,
I¥=Lpol*: H*®,.SM))— H*(S™(T*M))

is a bounded operator.
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To conclude this section, we briefly discuss X, the generating vector field of the geodesic flow on the
unit sphere bundle SM, acting on distributions. Since X is a differential operator on SM, it is obvious
that

X : H* ' (SM)— H*(SM), k=>o.

For f € H™%(SM) and h € HXTY(SM) (so Xh € HE(SM)), we define Xf € H™*~1(SM) in the
sense of distributions (notice that the volume form d X2"~! is invariant under the geodesic flow):

(Xf,h) = (f,—Xh).

3. Solenoidal extensions

In the paper [Kato et al. 2000], the authors proved the existence of compactly supported solenoidal
extensions of solenoidal 1-forms to some larger manifold in both L2 and smooth cases.

Proposition 3.1. Let 2 be a bounded simply connected domain, with smooth boundary, contained in

some Riemannian manifold M. Let U be an open neighborhood of Q with 0U smooth. Then there

exists a bounded map & - L2 ((T*Q) — LU o (T* M) such that €| = Id. Moreover, E(C(T*Q)) C
U@ol(T M)

Here LZUSOI(T M) and Cp7 7o (T* M) denote the subspaces of L2 (T*M) and CZ5(T* M) respec-
tively consisting of elements supported in U.

Our goal is to extend this result to symmetric tensor fields of higher rank. However, for tensor fields of
higher rank, new ideas are required and the argument is more involved.

2 solenoidal extensions. We first prove the extension in the L? category by solving a suitable elliptic

system.

Proposition 3.2. Let 2 be a bounded simply connected domain, with smooth boundary, contained in
some Riemannian manifold (M, g). Let U be an open neighborhood of Q with dU smooth. Then given
m>2, K >2and e > 0, there exist a Riemannian metric g and a bounded map & : LZ(SWI(T;= Q) —>
L*(SP (T3 M) such that |§ = gllcx <e. §lg =g and E|g =1d.

Proof. Suppose u € LZ(S’gol(Ték Q)), i.e., 6u = 0 in the sense of distributions. By the Green’s formula for
symmetric tensor fields (see [Sharafutdinov 1994]) one can define the boundary contraction of u with the
outward unit normal vector v on dS2 in the sense of distributions; i.e., for v e H!(§™~! (Tg* 2)) we have

(u,dv)g = (juu,v)sq- 3)

Since the trace operator T : Hl(Sm_l(T;Q)) — HI/Z(S’"_I(HT;‘Q)), Tv = v|yq, is surjective,
jou e H™Y/2(gm-1 (BT;Q)) is well-defined, and in local coordinates

(JoWiyigip—1 = Wiyigip—1 j v/,

By (3), forve H(S™! (Tg$2)) with dv = 0 (Killing tensor fields on §2), we have (jyu, v)se = 0.
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It is known that generic (in the C X-topology for K > 2) metrics admit only trivial integrals polynomial
in momenta [Kruglikov and Matveev 2016]; i.e., for a generic metric /4, the only Killing tensor fields are
of the form ch¥, where ¢ € R and

W =oh®- - ®h)
—_—
k
is the symmetric tensor product of k copies of 4. Thus given any € > 0 and K > 2, there is a smooth
metric ¢ with ||g — gllcx < € and g|g = g so that (U\R, g) (thus (U, g)) does not have nontrivial
Killing tensor fields.

Define )
_|—=jvu ona<,

f= 0 on dU.

Let D := U\ and consider the following boundary value problem for systems of second-order partial

differential equations:
ddw =0 1in D,

Jjudw = f € H7V2(S™1 (0T} D)), 4)
w e Hl(Sm_l(Tgf‘D)).
Here p is the outward unit normal vector on dD for D; notice u|gq = —v. We claim that the system (4)
is a regular elliptic system (also called coercive in some texts). Assume that the claim is true for the
moment and let us continue the proof.
Next, we study the solutions of the homogeneous problem. Let §dv =0 and j,dv|yp = O for some
ve H(§m 1 (Té;k D)); by ellipticity, v is smooth. Applying Green’s formula, one has

/ (dv,dv)dV"(x) = —[ (8dv,v)dV"™(x) +/ (Judv,v)dV"(x) =0,

D D D

i.e., dv = 0. So the solution set of the homogeneous problem is
K={veC®S" (T} D)):dv=0},

the set of Killing tensor fields of rank m — 1 on D.

Now by [McLean 2000, Theorem 4.11], (4) is solvable in H!(S™~! (Tgik D)) for the given boundary
condition f if and only if (v, f)sp = 0 for all v € K. Note that (D, g) does not have nontrivial Killing
tensor fields. If m is even, the only Killing (m—1)-tensor field is v = 0; then (v, f)sp = (0, f)gp =0. If
m is odd, the Killing (m—1)-tensor fields in D are of the form v = ¢g™~1/2| . Thus we can extend v
to v = c¢g™~1/2|;, which is also a Killing tensor field in . By the definition of £,

(v, fap =—(, jyu)ag = —(v,du)g — (dv,u)g =0,
since u =0, dv =0 in Q.
Thus the system (4) is solvable. Let w € H!(S™~! (Tg~* D)) be a solution of (4) (the set of all solutions

is w + K) and define .
u in 2,

Eu=<dw in D,
0 in M\U.
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It is easy to see that Eu € LZ(S’"(TEM)) and supp Eu C U. In particular, for v € HI(S’”_I(T;M)),
(BEu, v)pm = —(Eu, dv)p = —(dw,dv)p — (u, dv)g
=—(Jjudw,v)yp — (v, V)so
= —(—jvu, v)ag — (jvu, v)se
=0.

Thus Eu is solenoidal in the sense of distributions, and Eu € L?(S Us Ol(Tgi“ M)).
Moreover, by [McLean 2000, Theorem 4.11], we have the stability estimate

122000 = 0l + 1dwI22 ) < Mul32i0 + Cllivtt -1 /2360) < C il
i.e., £ is bounded. O
The only thing left to prove is the claim about ellipticity.
Lemma 3.3. The system (4) above is a regular elliptic system.

Proof. 1t is well known that §d is a self-adjoint elliptic operator; see, for example, [Sharafutdinov 1994].
We just need to show that the Neumann boundary value problem satisfies the Lopatinskii condition.

To check the Lopatinskii condition, we follow a similar procedure to that in the proof of [Sharafutdinov
1994, Theorem 3.3.2]. We choose local coordinates (x!, x2,...,x"*~!, x* =t > 0) in a neighborhood W
of xo = (x/,0) € 9D in D so that D N W = {¢r =0} and g;; (xo) = §;;. Define do = 0pd and §p = 0,6,
the principal symbols of d and § respectively. Then we need to show that the boundary value problem for
systems of ordinary differential equations

SO(X/’ 0’5/9 Dt)d()(x/’ O’ g/’ Dt)w(t) = 09
j_a%d()(x/’o’ %_/’ Dt)w(t)|l=0 = fO

has a unique solution in Ay for all £ € R*~1\{0} and fo € S™~1(R"), symmetric (m—1)-tensors on R”.
Here D; = —id/dt, and for the sake of simplicity, we drop the space variables (x’, 0) from the symbols so

Ny o= {w € S" 1R |xyx[0,00) * S0(€' De)do(§', D)w = 0 and
w decays rapidly together with all derivatives as t — +oo}.

Since the equation det(8o(£', {)do (&', {)) = 0 has real coefficients with no real root for § # 0, it is not
difficult to see that dim Ay = dim S”~1(R"). Thus it is sufficient to show that the homogeneous problem

80(§". D1)do(§'. Dr)w(r) =0,

i ! )
J_%do(é ,D)w(t)|t=0=0

has only the zero solution in V.
By a similar computation to that in the proof of [Sharafutdinov 1994, Theorem 3.3.2], we have the
following Green’s formula. Let v(¢) € C°°([O, ) — S’"([Ri”)) and w(t) € C°°([O, 00) — S”’_I(R”))
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such that both of them decay rapidly together with all derivatives as t — +o0. If j_ 2 v(0) = 0 (notice
at
that different from [Sharafutdinov 1994], here we use the Neumann boundary condition at t = 0) then

| o€ Dwwdr = [ (v.do@' Doy . ©)
Now if w(z) € N4 is a solution to (5), let v(z) = do(€’, D;)w(t). By (6) we obtain

do(§', Dy)w(r) = 0.
Notice that

. m
(oWt = 7 D B Wy o
k=1

where the ~ over iy means this index is omitted. Let i,, = n and § = (¢/, D;). We obtain the system
of first-order ordinary differential equations

(dO(él’ Dt)w)nilmimq = {(Z+ l)thll wip—1 T Z Elk nit i im1 =0,
ix#n
where £ = £(i1,...,im—1) is the number of occurrences of the index n in (i1,...,im—1). Since

lim;— 400 w(¢) = 0, by induction on £, the only solution to the above first-order homogeneous system
is w = 0, and this shows that (4) satisfies the Lopatinskii condition. O

Smooth solenoidal extensions. In this subsection we achieve C°° solenoidal extensions for tensors of
arbitrary rank. Observe that the approach we use is quite different from the one of [Kato et al. 2000].

Proposition 3.4. Let Q2 be a bounded connected domain, with smooth boundary, contained in some
Riemannian manifold (M, g). Let U be an open neighborhood of Q with dU smooth. Then given
m>2, K >2ande >0, there exist a Riemannian metric g and a bounded map & - Hk(S 1(T”‘Q)) —
L2(SU’801(T§ M) for some integer k > 2 such that |g — gllcx <€, glg = &, €lg =1d and

E(C®(SITERQ))) C Co (S o (TEM)).

To prove the proposition, we start with the following lemma on the existence of solenoidal extensions
that might not be compactly supported.

Lemma 3.5. Let Q be a bounded connected domain, with smooth boundary, contained in some Riemann-
ian manifold (M, g). There exists an open neighborhood U of 2 such that every u € C °°(Ssol(T*S_2))
can be extended to i € C*®° (S (T*U)) with ii|g = u.

Proof. Letu € C*°(S7! (T*Q)) i.e., du =0, in local coordinates u = u .. jmdx/1 ®---®dx/m and
Uiy i = &7 ViUks iy, =0, (N

where

Vitlkiy iy = 0 Uiy iy _ijuell “Im—1 Z jl;uﬁkjl...j/;...imil’ (®)
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Pick xo € 02. We follow the idea of the proof in [Stefanov and Uhlmann 2005, Lemma 4.1] and choose
semigeodesic coordinates (x!,...x"~1, x™) = (x’, x™) near xo with 3Q = {x”* = 0} and 9,, = v the unit
outward (with respect to £2) vector normal to d€2; thus

ghn=6k, T =Tk =0 forallk=1,2,...,n.

We extend the components uj,...j,,, js < n for all 1 <s < m, smoothly to U (note that U \Q s
determined by the semigeodesic neighborhood of d€2), and denote the extensions by vj,...;,,. We will
construct the other components in {x” > 0} by induction on the number of appearances of n in ji ... ju.

By equations (7) and (8), if iy, ...,im—1 <Hn,
m—1 m—1
o L - _ jk(pn o, . . n ~
OnVniy iy Z Z Fnis Veniy wiywim—1 Z g (F/k Uniywip—1 + Z Fjis vnkil"'i_s""im—l)
s=14{<n Jj.k<n s=1
m—1
— Jk(g.y,. . _ Loy, . ¢ ~
R (aj IR O AT, o mevekil...is...im_l)- ©)
J.k<n {<n s=14{<n

Notice that the right side of (9) is known, so it gives a system of first-order linear ODEs. Given the
initial values uy;,...i,,_; (X", 0) = vpj,.i,,_, (x’, 0), there exists a unique solution to (9). Thus we obtain
continuous Vpj,.i,,_, With iy, ...,im—1 <n near dM. In particular, vy;,..;, _, (x’, x"*) depends smoothly
on x’, the first n — 1 variables.

By differentiating (9) repeatedly with respect to x”, we get that 95 vp,..i,,_, (x', x"), s > 0, are
continuous in x” > 0 and smooth with respect to x’. Moreover, by (9) and the fact that u is solenoidal we
carry out an induction on s, so

05 Uniy iy (X7, 0)
=G i (050t jinr s 05V jun s 050k V) i L < ST 1o et jm K <) (x',0)
ZG;V] A (af;u,,jl...jmfl y af;ujl ...jm,aﬁakujl...jm;f < S;jl,...,jm_l,jm,k < n)(x’,O)
=05 Unj iy, (x',0)
for all s > 0; i.e., 33 Vpj;.i,,_, are consistent with 05uy;,...i,,_, at (x’,0).

Next by induction on the number of appearances of n and repeatedly using equations (7) and (8), one
can get unique

Vnipoim—1s  Vnnip-im—> evvs  Unenips  Uneens

which together with their normal derivatives with respect to x” of all orders, are continuous (smooth
with respect to x”) and consistent with the corresponding 0”71 ,...;,. at (x’, 0). Therefore we get a smooth
solenoidal m-tensor

u on 2,

u= _
v on U\Q. O
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Proof of Proposition 3.4. There exist two precompact open neighborhoods V, U of 2 which satisty
QcQcvcvcucUcM.

Givenu € C*°(S (T*2)), by Lemma 3.5, we can extend u to get uy € C°(S™(T*V)) withuy|g =u.
Then we extend uy to a smooth m-tensor w on M with suppw C U. Let f = 8w and D = U\ open,
sosupp f CU\V C D.

Similar to the perturbation-of-metrics argument in the proof of Proposition 3.2, given any € > 0 and
K > 2, there is a smooth metric g with |g—g||cx <€ and g|y = g so that (D, g) does not have nontrivial

Killing tensor fields. Now if m is even, the only Killing (m—1)-tensor field on (D, g) is v = 0. Then
(v, f)p = (0, f)p =0.

If m is odd, Killing (m—1)-tensor fields on (D, §) are of the form v = ¢ 1/2|. Thus we can
extend v to v = cg "~ D/2 |y, which is also a Killing tensor field in 2. By Green’s formula,

(. f)p = (v.6w)p = —(dv,w)p + (v, juw)ap = —(v. jyu)sg = —(v.su)e — (dv.u)g = 0.

since 6u = 0 and dv = 0 in 2. Here . = —v is the unit outward normal vector on dD and
JuW)ivigim—y = Wiyizwim—1j -

Now by [Delay 2012, Theorem 1.3], there exist up € C°(S™(T*M)) with suppup C U\ such that
dup = — f. It is not difficult to check that the symmetric differentiation d satisfies the kernel restriction
condition (KRC) and the asymptotic Poincaré inequality (API) of [Delay 2012]. We define Eu = w +up.
Then 6éu = 6w +dup = f — f =0;ie.,u e Cm(Sb"!SOl(TgM)). Moreover, u|g = u.

The argument above gives a construction for compactly supported smooth solenoidal extensions.
One can further check that the extension can be constructed in a stable way. In view of the ODEs (9),
the solution is controlled by the initial value and the nonhomogeneous term on the right side under
Sobolev norms; see, e.g., [Han 2011]. By induction on the number of appearances of n and repeatedly
differentiating (9), we have that

v g1 gy < € (nmunml oo+ O 109, ||Hk2(V\Q))
ig<n
for some k1, k > 1. Note that in boundary normal coordinates & = —d,, and we have full freedom
to control the elements (4y);,...i,,,, With iy < n for all 1 <s < m, by u|g due to the fact that § is an
underdetermined elliptic operator. Thus

Iyl grong) < Clullgx @)

for some integer k > 2. Then [|w|| g1y < Cllul| g (q) by extending uy to w in a stable way.

Next we control the L2 norm of up. Roughly speaking, up is the symmetric differentiation of some
smooth (m—1)-tensor p, multiplied by a smooth nonnegative weight which vanishes exponentially at the
boundary of D; concretely up = y2¢?dp with ¢ a boundary-defining function on D and y vanishes

. < -2
exponentially at the boundary 0D. By [Delay 2012, Lemma 10.2], ”p”HfW(D) <C|vy 5w”L§(D)’
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where H ; " and pr are some weighted Sobolev spaces; see [Delay 2012] for more details. Then one
can check that the following inequality with unweighted Sobolev norms holds:

lubllL2py < Cllwll g @)-
Now we combine the estimates above to obtain
1€ull 2y < Cr(lwllL2@y + lup llL2(py) < C2llwllgr @y < Cllullgr (g

m(T*Q)) is dense in Hk(Ssol(T* Q)) under the H* norm,
we can extend & to a bounded map from H¥ to L2 with the same properties, which completes the proof. [

for some C > 0 independent of u. Since C*°(S

Remark 3.6. We expect that the L2 norm of £u can be bounded by the L? norm of u|g through sharper
estimates, similar to the result under the L? setting in the previous subsection. However, the H k space is
enough for carrying out the argument under the smooth setting in the next section; see Lemma 4.3.

4. Surjectivity of the normal operator I, I,

Since M is simple we can consider an extension M of M which is open (M = M™) and whose compact
closure is also simple. It is well known that the normal operator N = I, I, is a pseudodifferential
operator of order —1 on M ; see, for example, [Sharafutdinov 1994; Stefanov and Uhlmann 2004; 2008;
Sharafutdinov et al. 2005]. Below is a lemma that, roughly speaking, gives a right parametrix for N on
the space of solenoidal tensor fields. The proof is similar to [Sharafutdinov et al. 2005, Theorem 3.1].

Lemma 4.1. Let S be a parametrix for the operator §d. There exists a pseudodifferential operator Q of
order 1 on the bundle of symmetric m-tensor fields S™ (T*]\Z ) such that

E=NQ+dS§+ K, (10)
where E is the identity operator and K is a smoothing operator.
Proof. Let A(§) be the principal symbol of the pseudodifferential operator N and

SPTy M) = {u € S™(TEM) : jzu =0},
where jg = —io,(6) : S’"(T;M) — gm-1 (T;‘]V[). By [Sharafutdinov 1994, Theorem 2.12.1],
AE) : SP(TEM) — SPN(Ty M)

is an isomorphism for & # 0. Thus there exists p(&) such that A(§) p(§) =Id on S m(T*M ). Namely, we
can find some pseudodifferential operator P of order 1 such that on S ’"(T M ),

NP =E—-B

for some operator B of order —1. Now multiplying both sides by the “solenoidal projection” E —d.S$4,
which is of order 0, one has
NP(E—-dS8)=E—-dS§—R (11)

defined on S™(T*M).
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Then we multiply both sides of (11) by § to get SR = R’ with R’ some smoothing operator. Let
C=Y720 RK, whichis a pseudodifferential operator of order O and a parametrix for E— R. Write (11) as

NP(E —dS8)+dS§ = E—R,

and multiply both sides by C to get

o0
NP(E—dS8)C +dS§+dS§ Y R¥=(E-R)C =E+ R,
k=1

with R” a smoothing operator. Since §R is smoothing, dS§ Y 72, R¥ is smoothing too. We arrive at
the equation

NP(E—dS8)C +dS§+ K =E,

where K is a smoothing operator. Denote P(E — dS§)C by Q (note that one can make Q properly
supported). Then we get (10), which finishes the proof. O

Let U be a small open neighborhood of M in M. Denote the restriction operator from MtoM by 7.
Then the following holds:

Lemma 4.2. Suppose M is a compact simple Riemannian manifold, and assume I, is s-injective on
C>®(S™(T*M)). Then the operator

ru N H7Y(S™(T*M)) — L>(S™(T*M))

sol
is surjective.

Note that elements in H; (S m(T*]V[ )) are defined in the sense of distributions, which are compactly
supported in M.

Proof. We adopt the approach of [Dairbekov and Uhlmann 2010] for showing the surjectivity of N on
I-forms. By Lemma 4.1,

NQu =u+ Ku

for all u € Lg(S m (T*M )) with K a smoothing operator on M. Since the simplicity is stable under

sol

small C2-perturbations of the metric g, by Proposition 3.2, we perturb the metric of M \M a little bit
(still denoted by g) so that under the new metric M is still simple and there exists a bounded operator
E:L2(SM(T*M)) — L2(Sp (T*M)) such that on L2(S™(T*M)),

sol sol

rmuNOE = E +ryKE.

Since K is a smoothing operator, rys K€ is compact on L2(S™ (T*M)), which implies that E + rp; K&

sol

has closed range and finite codimension. Thus we have ryy NQE : LZ(SS'(')’I(T*M)) — L2(S™(T*M))

sol
has closed range and finite codimension. By the inclusion relation

ru NQE(L*(SI(T* M) C ryy N(HZ ' (S™(T* M))) C L*(Siy(T* M),

sol sol
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the intermediate space rp N(H ! (S™(T*M))) is also closed in LZ(S;Z)’I(T*M)). Thus it suffices to
show that the adjoint (rps N)* is injective, which will imply the surjectivity of ras N.
For L2 symmetric m-tensor fields, we have the decomposition
L*(S™(T*M)) = L*(SI(T*M)) ® L*(SP(T*M)), (12)
where L2(S »(T*M)) is the potential part. Thus the dual operator of ras N is
(ra N)* - LASG(T M) — (HZH(S™(T*M)))*.

sol

For u € L2(S§01(T*M)) and v € HC_I(Sm(T*]\Z)), if we denote by &yu the extension of u to M by
zero (note that generally Eou is not solenoidal on M), we have

((rae N)*u,v) = (u, rpy Nv) = (Eou, Nv) = (NEu, v),
ie., ryN)* = N&.
Therefore given u € Lz(Ssol(T*M)), if N&u = 0, then

= (N&u, Eou) = || Im 50u|| = [,E&u=0.

L2(d4 S M)
Since Eyu = 0 outside M and M is simple, this implies
Iyu=0.
By [Sharafutdinov et al. 2005, Theorem 1.1], u is smooth and du = 0. The s-injectivity assumption
implies u = 0. This completes the proof of the lemma. O
Next we prove the lemma in the smooth setting:

Lemma 4.3. Suppose M is a compact simple Riemannian manifold, and assume I, is s-injective on
C>®(S8™(T*M)). Then the operator

rMN : C(S™(T* M)) — C®(SH(T*M))
is surjective.
Proof. By Lemma 4.1,
NQu =u+ Ku

forallu e C oo(Sqol(T"‘J\Z )) with K a smoothing operator on M. Since the simplicity is stable under
small C2-perturbations of the metric g, by Proposition 3.4, we perturb the metric of M \M a little
bit (still denoted by g) so that under the new metric M is still simple and there exists a bounded
operator & : Hk(Swl(T M)) — LZ(SU (7" M)) for some integer k > 2 with E(C®(SP(T*M))) C
Co(Sm SO](T*M)) such that on Hk(Sgol(T*M)),

rMNQE=E +ryKE.

Now the argument of [Dairbekov and Uhlmann 2010, Lemma 2.2] can be applied to tensors of any
order to finish the proof. O
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Remark 4.4. One can actually prove Lemmas 4.2 and 4.3 just by applying Lemma 3.5. Given a smooth
solenoidal tensor # on M, by Lemma 3.5 we first extend it to a smooth solenoidal tensor # on an arbitrarily
small open neighborhood U; then we extend © smoothly to M with compact support, denoted by Eu.
Note that generally Eu is not solenoidal. Since the Schwartz kernel of the parametrix S of §d is smooth
away from the diagonal A ;7 ., we can choose S to make the support of its Schwartz kernel sufficiently
close to A 7 iz so that dS §€u = 0 in an open neighborhood of M. This implies that rps dS §€u =0,
ie., Ty NOEU = u + ry KEu. It also works for L? solenoidal tensors.

On the other hand, the original proof of [Dairbekov and Uhlmann 2010, Lemma 2.2] uses the existence
of compactly supported solenoidal extensions of solenoidal 1-forms one more time at the very end to show
that the adjoint (rps N)* is injective. However, one can also avoid this. Notice that given a 1-form f in the
kernel of (37 N)*, by [Dairbekov and Uhlmann 2010, equation (2.33)], /' = dp for some distribution p
on M with sing supp p C M and Plysz = 0. Moreover, since supp f C M, we have dp = 0 outside M.
As p is smooth outside M and p = 0 on d M, strict convexity of M implies p =0 in M\ M. Now given
a smooth solenoidal 1-form u on M, by Lemma 3.5 let Eu be the smooth compactly supported extension
of u to M which is solenoidal in a small open neighborhood (# M ) of M. Since the supports of §Eu
and p are disjoint, we have

(f.&u) = (dp. Eu) = (p,6&u) =0,

which implies that f =0, i.e., (rps N)* has trivial kernel. The argument works for tensors of arbitrary
rank.

At this point, we see that one can prove the surjectivity of rps N just using Lemma 3.5, without the need
of knowing the generic absence of nontrivial Killing tensors [Kruglikov and Matveev 2016]. However, a
perturbation of the metric seems still necessary so far for the proof of the existence of compactly supported
solenoidal extensions, and Propositions 3.2 and 3.4 may find their applications in other areas.

5. Analysis of the adjoint 7,

Before proving the main result, we need to extend the definition of the geodesic ray transform 7, so that
it acts on negative Sobolev spaces. To this end, we will study the regularity property of the adjoint of the
geodesic ray transform, /.

As discussed in the Introduction, given M a compact nontrapping manifold with strictly convex
boundary, the operator I,; : C°(04+SM) — C>®(S™(T*M)) is the product of two operators, i.e.,
Iy = Ly o I* We instead study the regularity properties of /* and L,,. We start with the latter.

Lemma 5.1. Given a compact Riemannian manifold M (with or without boundary), the operator
L H*(SM) — H*(S™(T*M))
is bounded for every integer k > 0.

Proof. Our purpose is to show that there exists a constant C > 0 such that for any w € H*¥(SM), the
following holds:

ILm f e < CUS N e (13)
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Since M is compact, by a partition of unit, it suffices to show the above inequality in local charts. Let U
be a domain in SM with local coordinate system (z1,...,z2"~1). We assume supp f C U. Let V be a
domain in M with local coordinate system (x!, ..., x"), and ¥ be a smooth function with support in V.
We will show

L [l ke (sm vy = CIf LR @)-
By the definition of the H k norm of tensors, we only need to show the above inequality is true for each
component of the tensor.

We start with f € C®°(SM) with support in U; then L, f is also smooth. Let J = (j1 -+ jn) and
g/ :=¢g/1...g/m_ Then

DY[Y (X)L f(x)”]
:ng[w(x) [T dszx@)]

=) [ F s o P dson |

= X DEwe [ D et DE[E o Pl ] 42

o) tartoaz=«
= ) D?‘W(X)/ D f(x,£)- D& P(x, n(x, )] P'(x,§) dQx(§). (14)
o taxtaz=«a SxM

Here P and P’ are corresponding Jacobians.
For |a| < k, according to (14),

DS L D1l < 3 Cpa [, [ 1DE £ 6P 420

B=<a

= Y G [ 121Gz =CLS By
yl<lal v
Thus the estimate (13) is proved when w € C*°(SM).
For f € H¥(SM), since C®(SM) is dense in H*(SM), by an approximation argument, it is easy to
show that L,, f € HX(S™(T*M)) and the estimate (13) holds too. This proves the lemma. O

Now we turn to the analysis of the operator /*, which basically is an invariant extension, along the
geodesic flow, of functions on d4+SM to functions on SM. It is well known that given ¢ € C*°(0+-SM),
o = I*(¢p) is not necessarily in C°(SM). The following subspace of C*° (3 SM) has already been
considered in the Introduction:

C(4SM) = {p € C®(0:SM) : ¢* € C®(SM)}.

In particular, by [Pestov and Uhlmann 2005, Lemma 1.1], if M is compact nontrapping with strictly
convex boundary,
CLO4SM) ={peC®0+SM): Ap € C®(dSM)}



INVARIANT DISTRIBUTIONS AND THE GEODESIC RAY TRANSFORM 1921

where
P(x, ), (x,£) €3, SM,

P(yx e (—T(x, =€), pr g (—T(x, =€), (x,§) € I_SM.

Since Ag is smooth in both (31 SM)™ and (0_SM )™, the singularities can only come from S(0M).
We introduce the space Hé‘ (0+SM), k > 0, to be the completion of CJ°(d+SM) under the H k norm.
Obviously H2(d+SM) = L?(d+SM). Tt is easy to show that C°((d+SM)™) C CS°(d+SM) (this
is from the fact that 04+ SM is compact and the boundary dM is strictly convex), which implies that
HE04+SM) C HF(34SM).

Ap(x,§) =

Lemma 5.2. Given a compact nontrapping manifold M with strictly convex boundary, the operator
I*:HX @, 5M) — H*(SM)
is bounded for any integer k > 0.

Proof. The idea is similar to the proof of Lemma 5.1. First we consider the case ¢ € CJ°(04SM);
thus ¥ € C®(SM). Let U be a domain in 94+ SM with local coordinate systems (y!,..., y2"~2). We
assume supp @ C U. Let V be a domain in SM with local coordinate systems (z!,...,z2"~!), and v be
a smooth function with support in V. Since M is compact, it suffices to show

1ol ey < Cllellgxw)-
Since

DY ()t = Y DIy(z)-DEgh(a),

Bty=a
we obtain that for || < k,
2
D2 Ny = Y Cpa [ IDEHG
B=a

Now let D = {(y,t): y € 9+SM, 0 <t < 17(y)} be a closed domain in d+SM x R. Define the map
V:D—>SMbyz=V¥(y,t)= (yy @),y (t)). By [Sharafutdinov 1994, Lemma 4.2.2],

©(y)
RTINS /U | 105Dt 0 00 v )] drdy

lo|+s=|]
") # 2 ) " "
= Z Cﬂ,a// |D;<P (v,0)|*dt du(y) (since D;‘DJ‘,7 =D§Df(p)
lo|=I8] vJo
=) Cﬂ,o/ T()|DY eI du(y)

lo =181 v

=Y ¢, /U IDSp() 2 dp(r) = C ol
lo|=|8]

Therefore, [|9¥ (| e sary < Clll e o, s for ¢ € CO(3+SM).
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Ifpe Hgf (04+SM), since C°(04SM) is dense in Hgf (04+SM), by an approximation argument, it is
easy to show that goﬂ € HF (SM) and the operator I* is bounded, which proves the lemma. O
Combining the two lemmas above, we obtain the desired regularity property of /.

Proposition 5.3. Given a compact nontrapping Riemannian manifold M with strictly convex boundary,
the adjoint operator of the geodesic ray transform on symmetric m-tensors

I¥=Lpol*: HX 3, SM) — H*(S™(T*M))
is bounded for any integer k > 0.

Now we can extend the definition of the geodesic ray transform so that it acts on (H¥(S™(T*M)))*
(the dual space is with respect to the L2 inner product) for integers k > 1. Let u € (HK(S™(T*M)))*
and ¢ € H(ff (0+SM). We define I,,,u in the sense of distributions:

Umu. @) := (u., 1, ). (15)
By Proposition 5.3, the right-hand side of (15) is well-defined. We derive the following corollary:

Corollary 5.4. Given M, a compact nontrapping manifold with strictly convex boundary, the operator
I - (H(S™(T*M))* — (Hy (84+.5M))*
defined by (15) is bounded.
Here the dual space (H(flc (04 SM))* is also with respect to the L2 inner product. Note Hé‘ (0+SM) C
HF (@1 SM); thus (HE (81 SM))* € H7%(34-SM). On the other hand, since C*(S™(T*M)) is dense
in H*(S™(T*M)) under the H*-norm, it is clear that H X (S™(T*M™)) C (H*(S™(T*M)))*; we

will use the weaker map in the next section:

L s H7F(S™(T*M™)) — H* (3. SM). (16)

6. Proof of Theorem 1.2

Now we are in a position to prove our main theorem. We start by showing that (1), (2) and (3) are
equivalent.

Proof. (1) = (2): Since M is simple, given u € LZ(SS’(')’I(T*M)), by Lemma 4.2, there exists v €
H;l(Sm(T*A?)) such that rps 1) I,,v = u. Then (16) implies the existence of some ¢ = [,v €
H~1(34SM) such that u = ryy I,¢. Forw € HO1 (S™(T*M)), we define the distribution ¢ acting on
In(Hy (S™(T*M))) by

(@, Imw) := (§, ImW) = (I, ¢, W),

where W € H, (S™(T*M)) is the extension of w which is zero outside M. We claim that there exists
C > 0 such that

(@, Imw)| = C [ Imw]| g1
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forallw e HO1 (S™(T*M)). Assuming the claim, note that I,,w € HO1 (0+SM) and by the Hahn—Banach
theorem, ¢ can be extended to a bounded linear functional on HO1 (04 SM), still denoted by ¢, i.e.,
¢ € H™1(0,SM). By the definition of ¢,

|(§0’Imw)| = |((/~3,1le))| = C”Imw”Hl'

Therefore to prove the claim, it suffices to show that

||Imw||H1(a+Sﬂ) §C||Imw||H1(6+SM) (17)

for some C > 0.

Assume at this point that inequality (17) holds and let us continue with the proof. Now ¢ € H~1(0+SM)
is well-defined. Let w € H} (S™(T*M)), and let i be the extension of w into M which is zero outside M,
SO W € H(}(Sm(T*M)). Then

(M Iy w) = (1,0, W) = (@, ImWD) = (¢, Imw) = (1,9, w).
Thus u = ryr1,;,¢ = 1,),¢. (The choice of ¢ is not unique.)
(2) = (3): Givenu € LZ(SS"&(T*M)), by the assumption, there is ¢ € H~1(d+SM) such thatu = I % ¢.
Since I\ = Ly o I*, we define f = [*¢; then f € H™'(SM) and u = Ly, f. Furthermore, given
he H(SM),
(Xfh) = (f,—Xh) = (I*¢,—Xh) = (¢, —[(Xh)) =0,

ie., Xf =0.

(3) = (1): Assume I,,u = 0 for some u € C°°(S(T*M)). Then it is well known that there exists
h e C®(SM) with h|ysar = 0 such that

Xh - _Emu.

Moreover, by [Sharafutdinov 2002, Lemma 2.3] there exists p € C®°(S™~1(T*M)) with p|spr = 0 such
that u|gps = dplap. When m = 0, this just means u|yps = 0. Calculations in local coordinates show that
X(Um—1p) = Lmdp. Thus we obtain

X(h 4 tm—1p) = —tm(u —dp),

with (& + €m—1p)|osm = 0.

Under the projection 7w : SM — M, the pullback of the unit normal vector v to dM is the unit normal
vector u to dSM, and in local coordinates

9 .9
_ el Y i oejek Y

where FJ’: ¢ are the Christoffel symbols. By taking the boundary normal coordinates (x’, x™) near x € oM
(so v(x) = u(x,&) = 9/0x™), together with the fact that (& + £,,—1 p)|gsp = 0, we obtain that for
(x,8) e dSM,

0=—Lm(u—dp)(x,§) = X(h+Lm-1p)(x,§) =E"dxn(h + Lm-1p)(x,§).
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The first equality comes from the fact u —dp|gps = 0. Thus 0, (h + €1 p)(x,E) =0 for all £ ¢ SyIM.
But since /2 and p are smooth, and the measure of Sx0M is zero on Sx M, we get 9, (h+4€pm—1p)(x,£) =0
forall £ € SxM, s0 h+ {m—1p € HZ(SM).

On the other hand, there exists f € H~1(SM) with Xf = 0 such that u = L,, f. It follows that

0= (Xf.h+tm-1p) = (f=X(h+Lm-19)) = (f. lm(u —dp)) = (L fou — dp) = ||ul|?,

where the last equality comes from the fact that u is orthogonal to dp. Thus u = 0, which implies the
s-injectivity. O

Remark 6.1. By carrying out an argument similar to the one of [Stefanov and Uhlmann 2005, Lemma 4.1],
one can actually show that there exists p € C®(S™~1(T*M)) with p|sp = 0 such that 8I§u|3M =
8’5dp|3M for all integers k > 0. When m = 0, this means the boundary jet of u is zero, i.e., Blju|3M =0
for all kK > 0. Note that [Stefanov and Uhlmann 2005] only considers the case that u is a symmetric
2-tensor field, but the proof works for tensors of any rank. On the other hand, given 8’5 Ulgy = 815 dplom,
one should be able to prove that h + £, p € H§+2(SM) for all k > 0, i.e., h + £,,,—1 p also has zero
boundary jet. However, for our purposes k = 0 is enough.

The thing left to prove is the inequality (17). Actually the H k norms of I,w and I, are equivalent
for arbitrary k > 0, provided that w is in Hé‘ (S™(T*M)). A simple calculation shows that || 7,0 || 1%2 =
(W0, I Inw)=(w,rp Ly Im) = (w, Iy Lyw) = || Lpw ||22. We assume dM and M are sufficiently close.

Lemma 6.2. Let M be a compact nontrapping manifold with strictly convex boundary. Given w €
Hé‘(Sm(T*M)), k>1,letw e Hé‘(Sm(T*M)) be the extension of w to M by zero. Then there exists
C > 1 such that

1 -
E||Imw||Hk(a+SM) < MmWll o, sir) < Clmwlax o, sm)- (18)

Proof. We only need to show (17), which is half of (18). Since dM and M are close, we can assume
the closure of M is still compact nontrapping with strictly convex boundary. Given a geodesic yy ¢
on M determined by (x, &) € 04+ SM, we can uniquely extend it to a geodesic yy , on M determined by
(y,n) € oS M. 1t is not difficult to see that the map

T:0.SM —9,SM, with T(x,€) = (y,7),

is a diffeomorphism from d4+SM onto its image 7 (d+SM). On the other hand, by the definition of w,
Imw(x,§) = ImW(T (x,§)) = Lnw(y,n) and Inw(y,n) = 0 for (y,n) € 0+ SM\T(04+SM).

Since 4+ SM and 04+ S M are compact, similar to the proofs of Lemmas 5.1 and 5.2, we will work in
local charts. Let U be a domain in 04+ S M with local coordinates (1,...,2?"72) and ¢ be a smooth
function on 94+ .S M with suppe C U. In the mean time, there is a domain V in d4+SM with local
coordinates (z!, ..., 22" 2) such that 7" (U NT(3+-SM)) C V, and ¥ is a smooth function on 9+ SM
with 7=1 (U N T(@+SM)) Csuppy C Vand ¥ = 1 on T~1(U NT(0+SM)). We first consider the
case w € C°(S™(T*M)™) and show that there exists C > 0 such that

lg - Im Wl oy < ClIY - Imw | e (.-
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Notice that for || <k,
Dy Imil= Y. Dlp-DE L.
B+y=a
Thus

|D2to-tmil32y = X Co [ 102 i a2

B=a

ﬂ,a/ 1D? 1y (2))? dz
UNT 04 SM)

a/ | DS Ly (T (2))|*J dz
T-1(UNT (4 SM))

<y / DI - L) () d=
o<l * T~ UNTO+SM))

2
=¢ Z /V‘Dg(w'l’"w)(zﬂ dZSCIIl/f'ImeIJqu(V),
lo]|<|e|

where J is the Jacobian related to the diffeomorphism 7. Therefore

”Imw”[-[k(aJrSM') <C ||Imw||Hk(8+SM)
for w € C(S™(T*M)™).

Now for w € Hé‘(Sm(T*M)), there is a sequence wy € CX(S™(T*M)™), k = 1,2,..., which
converges to w in the H* norm. Then it is not difficult to see that the sequence Wy € Cx(S m(T* )
converges to w € Hé‘ (S’”(T*AZ)). By the boundedness of the operator 1,,,, we know I, wy and I, Wy
converge to [, w and I, w respectively in the H k norm. This implies that above estimates are valid for
anyweH(’)‘(S’"(T*M)). O

The following proposition that holds on compact nontrapping manifolds with strictly convex boundary
shows that items (4) and (5) in Theorem 1.2 are equivalent and any of them implies item (1).
Proposition 6.3. Let M be a compact nontrapping Riemannian manifold with strictly convex boundary
and letu € C°(SI(T*M)). The following are equivalent:

(i) There exists ¢ € CZ°(0+SM) such that u = I}, ¢.

(ii) There exists f € C*®(SM) satisfying Xf =0andu = L, f.
Either of these two conditions implies s-injectivity of Ip,.
Proof. (i) = (ii): By the assumption, there is ¢ € C2°(0+SM) such that u = I, = Ly o [*¢.
Define f = I*¢p = ¢* € C®(SM) (since ¢ € C(d+SM)); then u = Ly, f. Moreover, it is clear that
Xf = X¢* = 0 by definition.
(ii) = (i): If there exists f € C*°(SM) with Xf = 0, this implies that f = I*(f[5, sp). We define
¢ = flo,sm € C>(0+SM). However, since of = f € C®(SM), we know ¢ actually sits in the space
CZ°(0+SM). By the assumption, ¥ = L, f = Lo I ¢ =1 ¢.
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The argument that shows that any of these conditions imply s-injectivity of I, is even easier than the
proof that (3) implies (1) in Theorem 1.2 since we do not have to worry about paring X f with an element
in HO2 (SM). Assuming (ii), integration by parts yields right away that

0= (Xfoh) = (f,=Xh) = (film@) = (Lm fru) = |u|*. O

Finally we show that in Theorem 1.2, item (1) implies item (4):

Since M is simple, given u € C°(S7(T*M)), by Lemma 4.3, there exists v € Cfo(Sm(T*M))
such that ras I, I,v = u. Then it is a standard argument that if we define ¢ = I*(Imv)|3+SM, then
Iy ¢ = u. Moreover, since I *(I,v) is smooth in the interior of S M, we have ¢ € CJ°(0+SM).

The proof of Theorem 1.2 is now complete.

7. Alternative proof of Corollary 1.3

Before giving the alternative proof, we will explain how the solenoidal condition of a tensor manifests
itself at the level of the transport equation. It seems that this basic relation has not appeared before in the
literature, although we believe it was known to experts.

As we already pointed out in the Introduction, by considering the vertical Laplacian A on each fiber
SxM of SM, we have a natural L2 decomposition L?(SM) = D,,>0 Hm(SM) into vertical spherical
harmonics. We set Q, := H,,(SM) N C*>(SM). Then a function u belongs to €2, if and only if
Au = m(m +n —2)u, where n = dim M. The maps

[m/2]
bm : C®(S™(T*M)) > P 2k
k=0
and
[m/2]
Lt €D Qm-ak — C=(S™(T*M))
k=0

are isomorphisms. These maps give natural identification between functions in €2,, and trace-free
symmetric m-tensors (for details on this, see [Guillemin and Kazhdan 1980b; Dairbekov and Sharafutdinov
2010; Paternain et al. 2015a]). The geodesic vector field X maps 2, to Q-1 D Qs +1 and hence we
can splititas X = X4 + X_, where X1 : Q,, = Q,,+1 and X} = —X_. Note that

Given f € @][cm:/OZ ] Q,,_2k, in general X f € @][C(ZJ /2] Q4 1—2k- The next simple lemma charac-
terizes the solenoidal condition in terms of X f.

Lemma 7.1. Xf € Q41 if and only if Ly, [ is a solenoidal tensor.

Proof. Note that L,, f is solenoidal if and only if (L, f.dh) = 0 for any h € C®(S™ 1 (T*M)) with
hlope = 0. But

(Lm f.dh) = (f.tmdh) = (f. Xtm—1h) = —(X[. tm—1h)



INVARIANT DISTRIBUTIONS AND THE GEODESIC RAY TRANSFORM 1927

and the last term is zero if and only if (Xf),,_2x—1 = 0 for 0 < k < [(m — 1)/2] since {;,—1h €
@[(m /2] ¢ O
m—1—-2k-

Another way to look at the condition X f € Q2,41 is that the following equations should hold:
X fm—2k + X4 fn—2k—2 =0 forO=<k <[(m—1)/2].
Lemma 7.2. The following are equivalent:

(1) Given a nonnegative integer m and any € Q2 with X_ay, = 0, there exists w € C°(SM) such that
Xw = 0and wy, = ay,.

(2) Given a nonnegative integer m and f =Y p_o fi such that Xf € Qum ® Qm+1, there exists
w € C®(SM) such that Xw =0and ) j—o wi = f.

Proof. The fact that (2) implies (1) is quite obvious from the fact that a,, € Q,, with X_a,, = 0 implies
Xay, = X+am € Qm+1.

To prove that (1) implies (2) we proceed by induction on m. The case m = 0 follows right away since
XfoEQl and X_ f():O

Suppose the claim holds for m and let f = Zm'H fr be given with Xf € Q41 @ Qpm+2. This is
equivalent to saying that X(Zk:o fk) € Q& L1 and X frnv1 + X fu—1 =0.

By the induction hypothesis, there exists w € C°°(SM) such that Xw = 0 and wy = f; for all k <m.
The equation Xw = 0 in degree m is

X-wm+1+ X4 fm—1=0
and thus
X—(fm+1—wm+1) =0.

Using item (1) in the lemma, there exists w’ = ano_,_l wk € C®(SM) such that Xw’ = 0 and wm+1 =
fm+1— Wm+1. Then X(w + w’) =0 and Zm+1(w + w'), = f as desired. O

Finally we show:
Proposition 7.3. The following are equivalent:

(1) Given a nonnegative integer m and u € C°(S™ (T*M)), there exists f € C®°(SM) with Xf =0

such that Ly, [ = u.

sol

(2) Given a nonnegative integer m and dpy, € Qp with X_ay, = 0, there exists w € C*°(SM) such that
Xw = 0 and wy, = ay,.

Proof. Assume (1) holds. Given a,, € 2, with X_a,, = 0, we see using Lemma 7.1 that L,,a,, is a
solenoidal tensor. Hence there is f such that Xf =0 and f,, = L;,le f =am (note that L, f =0
for k > m). Thus (2) holds.

Conversely if (2) holds, then item (2) in Lemma 7.2 holds. Thus there exists f € C°°(SM) such that
Xf=0and Y03 £ ok = Ly 'u and (1) holds. O
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Proof of Corollary 1.3. On account of Proposition 7.3, it suffices to show that given a,, € 2, with
X_a,, =0, there exists w € C*°(SM) such that Xw = 0 and w,, = a,,. What makes this possible in
dimension two is [Paternain et al. 2015b, Lemma 5.6], whose content we now explain.

If (M, g) is an oriented Riemannian surface, there is a global orthonormal frame {X, X, V} of SM
equipped with the Sasaki metric, where X is the geodesic vector field, V is the vertical vector field and
X1 =[X, V]. We define the Guillemin—Kazhdan operators [1980a]

Nt =3(X£iX)).

If x = (x1, x2) are oriented isothermal coordinates near some point of M, we obtain local coordinates
(x,0) on SM, where 6 is the angle between & and 0/dx1. In these coordinates V = d/d6 and 54 and
n— are d- and 5—type operators; see [Paternain et al. 2015a, Appendix B].
For any m € Z we define
Am={uecC>®(SM):Vu=imu}.

In the (x, 6)-coordinates elements of A, look locally like h(x)ei™?. Spherical harmonics may be further
decomposed as

Qo = Ao,
Qun=An®A_,, form>1.

Any u € C*°(SM) has a decomposition u = Z;f:_oo Um, wWhere u,, € A,,. The geodesic vector field
decomposes as
X =n4+n-,

where 0+ : Ay = Ayyt1. If m > 1, the action of X4 on 24, is given by
Xi(em +e—m) =ntem +nFe—m, ej €N,

and for m = 0, we have X |q, =7+ + 71— and X_|g, = 0.

With these preliminaries out of the way, [Paternain et al. 2015b, Lemma 5.6] says that given f € Ay,
there is a smooth w € C*°(SM) with Xw = 0 and w,, = f. For m = 0, this gives the desired result
right away.

Given a;; € Q,, with X_a,, = 0 and m > 1, we write a;, = ey + e—p, with e; € Aj. Then
N—em + nte—y, = 0. Consider now smooth p, g with Xp = X¢qg =0 and p,, = e, and g—; = e—s;. Then

—m o0
w=) i+ Pk
—0o0 m
satisfies Xw = 0 and w;, = ay,. O
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