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ESTIMATES FOR RADIAL SOLUTIONS
OF THE HOMOGENEOUS LANDAU EQUATION WITH COULOMB POTENTIAL

MARIA PIA GUALDANI AND NESTOR GUILLEN

Motivated by the question of existence of global solutions, we obtain pointwise upper bounds for radially
symmetric and monotone solutions to the homogeneous Landau equation with Coulomb potential. The
estimates say that blow-up in the L norm at some finite time 7" occurs only if a certain quotient involving
f and its Newtonian potential concentrates near zero, which implies blow-up in more standard norms,
such as the L3/? norm. This quotient is shown to be always less than a universal constant, suggesting that
the problem of regularity for the Landau equation is in some sense critical.

The bounds are obtained using the comparison principle both for the Landau equation and for the
associated mass function. In particular, the method provides long-time existence results for a modified
version of the Landau equation with Coulomb potential, recently introduced by Krieger and Strain.

1. Introduction

This manuscript is concerned with the Cauchy problem for the homogeneous Landau equation. This
equation takes the general form

0fw,0=0f.0). f@0=fa), veR, 1>0, (1-1)
where Q(f, f) is a quadratic operator known as the Landau collision operator:
of. )= diV(/R}A(v =DMV f @) = fF)Vy f(y) dy>. (1-2)

The term A(v) denotes a positive and symmetric matrix

vVRU
lv]?

A(v) :=Cy(]l )go(lvl), v#0, C,>0,

which acts as the projection operator onto the space orthogonal to the vector v. The function ¢(|v]) is a
scalar-valued function determined from the original Boltzmann kernel describing how particles interact.
If the interaction strength between particles at a distance r is proportional to 7!~%, then

s—35

s—1°

e(lu) =",y = (1-3)

Note that s = 2 corresponds to the Coulomb potential, in which case we have y = —3 [Villani 2002,
Chapter 1, Section 1.4]. Any solution to (1-1)—(1-2) is an integrable and nonnegative scalar field
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f(v,1):R3x [0, T] — R*. Equation (1-1) describes the evolution of a plasma in spatially homogeneous
regimes, which means that the density function f depends only on the velocity component v. Landau’s
original intent in deriving this approximation was to make sense of the Boltzmann collision operator,
which always diverges when considering purely grazing collisions.

The Cauchy problem for (1-1)—(1-3) is very well understood for the case of hard potentials, which
correspond to y > 0 above. Desvillettes and Villani showed the existence of global classical solutions for
hard potentials and studied its long-time behavior; see [Desvillettes and Villani 2000a; 2000b; Villani
2002] and references therein. In this case there is a unique global smooth solution, which converges
exponentially to an equilibrium distribution, known as the Maxwellian function

M) e P2,

= (27.[)3/2
Analyzing the soft potentials case, ¥ < 0, has proved to be more difficult. Using a probabilistic approach,
[Wu 2014; Fournier and Guérin 2009; Alexandre et al. 2015] show uniqueness and existence of weak
solutions for y € [—2, 0]. For y € [—3, —2], existence is known for small-time or global in-time with
smallness assumption on initial data [Alexandre et al. 2015; Arsen’ev and Peskov 1977]. Finally, for the
Coulomb case y = —3, Fournier [2010] showed the uniqueness of weak solutions as long as they remain
in L.

Villani [1998] introduced the so called H-solutions, which enjoy (weak) a priori bounds in a weighted
Sobolev space. However, the issue of their uniqueness and regularity (i.e., no finite-time breakdown
occurs) has remained open, even for smooth initial data; see [Villani 2002, Chapters 1 and 5] for further
discussion.

Guo [2002] employed a completely different approach based on perturbation theory for the existence
of periodic solutions to the spatially inhomogeneous Landau equation in R*. He showed that if the initial
data is sufficiently close to the unique equilibrium in a certain high Sobolev norm, then a unique global
solution exists. Moreover, as remarked in [loc. cit.], this approach also extends to the case of potentials
(1-3), where y might even take values below —3.

Due to the lack of a global well-posedness theory, several conjectures about possible finite-time blow-up
for general initial data have been made throughout the years. Villani [2002] discussed the possibility that
(1-1)—(1-3) could blow up for y = —3. Note that for smooth solutions, (1-1)—(1-3) with y = —3 can be
rewritten as

o f = div(ALfIVf = fValf]) = Tr(ALF1D*f) + /2, (1-4)

where

Alf]l:=AW)* f = : (]I @>*f Aa = —f.

8l |vf?

Equation (1-4) can be thought of as a quasilinear nonlocal heat equation. Support for blow-up
conjectures were given by the fact that (1-4) is reminiscent of the well studied semilinear heat equation

o f=Af+f> (1-5)

Blow-up for (1-5) is known to happen for every L” norm for p > %; see [Giga and Kohn 1985].
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However, despite the apparent similarities, (1-4) behaves differently from (1-5). The Landau equation
admits a richer class of equilibrium solution: every Maxwellian M solves O (M, M) = 0, which holds,
in particular, for those with arbitrarily large mass.

From a different perspective, Krieger and Strain [2012] considered a modified version of (1-4),

O f =alfIAf +af?, (1-6)

and showed global existence of smooth radial solutions starting from radial initial data when o < % This
range for « later was expanded to any « < % by means of a nonlocal inequality obtained by Gressman,
Krieger and Strain [Gressman et al. 2012]. Note that when o = 1, the above equation can be written in
divergence form,

O f =div(a[fIVSf — fValfD. -7

These results put in evidence how a nonlinear equation with a nonlocal diffusivity such as (1-7) behaves
drastically differently from (and better than) (1-5).

Our main results in this manuscript are twofold. The first one gives necessary conditions for the
finite-time blow-up of solutions to (1-4). The second (unconditional) result says that solutions to (1-7) do
not blow up at all, and in fact become instantaneously smooth (even for initial data that might be initially
unbounded). Both results deal only with radially symmetric, decreasing initial conditions; more precisely,
we assume that

fn=0, fineL®RY,
findv =1, / ﬁn|v|2dv=3, / finlog(fin) dv < o0, (1-8)
R3 R3 R3
] < [w| = fin(v) > fin(w).

The normalization of the initial data is standard and follows a standard change of variables. The main
results are the following.

Theorem 1.1. Let fi, be as in (1-8). Then there exist Ty > 0 and f : R3 x (0, Ty) — R, such that f is
smooth and solves (1-4) for t € (0, Ty), with f(-,0) = fin. Moreover, Ty is maximal in the sense that
either Ty = 00 or else the L3/ norm of f accumulates near v =0ast — T, , in particular

lim | f(-,Dllrs) =00, ¥p>3.
=T,

In fact, the above theorem is a consequence of the following sharper result.
Theorem 1.2. There is a constant &g > 91—6 such that if Ty < oo, then
, Jg f,0)dv -
= &0.
[5, alf1(, 1) dv

Neither of the above theorems are enough to guarantee long-time existence of classical solutions

limsup sup {r
r—0t 1e(0,Tp)

to (1-4). However, Theorem 1.2 suggests that (1-4) is in some sense “critical” for regularity. It can be
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shown (see Proposition 5.6) that for any nonnegative f € L' (R?),

rZM <3, Vr>0.
S5, alf1(w) dv
In particular, if the &9 in Theorem 1.2 could be shown to be at least 3 (or in general if the upper bound
in the last inequality could be improved to something less than gg), it would immediately follow that
solutions to the Landau equation (1-4) cannot blow up in finite time. It is not clear if this can be guaranteed
for general f without at least using some partial time regularization.
On the other hand, methods used in the proof of Theorem 1.1 and Theorem 1.2 yield long-time existence
for the modified Landau equation (1-7) (again, in the radial case).

Theorem 1.3. Let fi, be as in (1-8) and such that for some p > 6,
fin€ LD (R).

Then there exists a function f : R3 x Ry — R, smooth for positive times, with f(-,0) = fin which solves,

fort >0,
o f =alf1Af + f~

We approach the analysis from the point of view of nonlinear parabolic equations. The nonlocal
dependence of the coefficients on the solution prevents the equation from satisfying a comparison
principle: if vg is a contact point of two functions f and g, i.e., f(vg) = g(vp) and everywhere else
f(v) < g(v), it does not follow that Q(f, f)(vo) < Q(g, g)(vg). More precisely, for the case where
O(f, f) corresponds to (1-2) one cannot expect an inequality such as

Tr(A[£1D*f)(vo) < Tr(A[g]1D?g)(vo).

In fact, due to the nonlocality of A one only has A[ f](vg) < A[gl(vo). Equality A[ f](vg) = Alg](vo)
holds only when f = g for every v € R®. The maximum principle is not useful either, since at a maximum
point for f we only obtain d; f < — f Aa[ f], which does not rule out growth of the maximum of f. The
same observations apply to Q(f, f) corresponding to (1-7).
On the other hand, if one could construct (using only properties of f that are independent of ¢) a
function U (v) such that
Tr(A[f1D*U)+ fU <0 in R,

alf1AU + fU <0 in R,

then the comparison principle (for linear parabolic equations) would guarantee that f < cU for all times
provided f (¢t =0) < cU. Our main observation is that (under radial symmetry) the above can be made to
work with U (v) = |v|7%, ¥ € (0, 1). From here higher local integrability of f can be propagated, and
from there higher regularity follows by standard elliptic regularization.

A previous attempt by the authors, also based on upper barrier arguments (but meant to cover any
bounded, fast decaying initial data), was ultimately undone by a computational error. However, Theorems
1.1-1.3 show that the use of upper barriers to study (1-4) is fruitful at least for radially symmetric and
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decreasing initial conditions. On the other hand, the authors in [Gualdani and Guillen > 2016] show a
local L*>-regularization estimate using the De Giorgi iteration method for y > —2.

Remark 1.4. After the submission of this article, the authors learned of related work of Silvestre [2016]
on the Boltzmann equation, covering the spatially inhomogeneous case. In that paper, a priori estimates
rely on maximum principle arguments and make use of the regularity for parabolic integro-differential
equations, particularly recent work of Schwab and Silvestre [2016].

Outline. The rest of the paper is organized as follows. After a brief review in Section 2 on nonlinear
parabolic theory that will be needed to construct local solutions to the nonlinear problems, in Section 3
we outline the symmetry properties of (1-4). Section 4 deals with short-time existence. In Section 5
we present a barrier argument that allows us to prove conditional non-blow-up results for the Landau
equation and global well-posedness for the modified Landau equation in Section 6.

Notation. Universal constants will be denoted by ¢, ¢g, ¢y, Cg, C1, C. Vectors in R3 will be denoted by
v, w, x, ¥y and so on. The inner product between v and w will be written (v, w). Bg(vg) will denote the
closed ball of radius R centered at vy; if vg = 0 we simply write Bg. The identity matrix will be denoted
by I, the trace of a matrix X will be denoted Tr(X). The initial condition for the Cauchy problem will
always be denoted by fiy.

The letter 2 will denote a general compact subset of R*>. Q C R* x Ry will be a space-time cylinder
of parabolic diameter R with R > 0 a general constant, unless otherwise specified. Finally, 9,0 will
denote the parabolic boundary of Q.

2. A rapid review of linear parabolic equations
We work with two bilinear operators, namely the one associated to (1-4),
Qc(g, f):=div(Alg]Vf — fValgl) = TH{A[g] D*f1+ fg,
and the one associated to (1-7),

Oxs(g, f):=div(al[g]lVf — fValg]) =alg]lAf + fg.

As is well known, through O (and also Qxs), any g : R* x R, — R gives rise to a linear elliptic operator
with variable coefficients as follows:

¢ — Qr(g.¢) :=div(A[g]V¢ — ¢Valg]) = Tr(A[g]D*$) + ¢g.
¢ — Qks(g, @) :=div(a[g]Ve — ¢Valg]) = alg]lAd + ¢g.
Accordingly, given such a g and initial data fi,, one considers the linear Cauchy problem,

{3tf =0(g, f) InR’ xRy,

2-1
f('?o)zfilh ( )

both for O = O, and Q = QOks.
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Remark. Note that Q. (g, f) and Qxs(g, f) can both be expressed as a divergence, so any solution to
(2-1) preserves its mass over time, i.e.,

IfCL D@y = I finCO) w3y =2 Min, Vi >0.
Lemma 2.1 (see [LadyZenskaja et al. 1968, Theorem 5.1, page 320]). Let fin:R? — Rand g :R3*xR, — R
be nonnegative functions such that for some € (0, 1) we have
fn € L'®)NCHPRY),

2-2
Algl, Valgl € CPPRR x Ry). 2

Then for every § > 0, there exists a unique f : R x R — R with f € C>TF1H2(R3 x Ry) which is a
classical solution of

{atfzaAf—lrQ(g,f) inR3x Ry, 23)

S, 0)= fin,
where Q( -, ) denotes either Q = Q, or Q = Ogs.

Next we summarize in three theorems several classical local regularity estimates for parabolic equations
of the form
9 f =div(BVf + fb),

where f: QO — R and Q = Bg(vg) X (fp — R2, 1)) c R? x R, is the parabolic cylinder of radius R
centered at some points xg, fp. The first two theorems are, respectively, a local Holder estimate (from
De Giorgi—Nash—Moser theory) and an L* estimate for f in terms of its boundary data (Stampacchia
estimate); see [LadyZenskaja et al. 1968, Chapter III, Theorem 10.1, page 204 and Chapter IV, Theorem
10.1, page 351 of] as well as [Lieberman 1996, Chapter VI, Theorem 6.29, page 131] for the respective
proofs. The main point of these theorems is that they do not require any regularity assumption on the
diffusion matrix B (beyond ellipticity and boundedness).

Theorem 2.2 (De Giorgi—Nash—Moser estimate). Suppose f is a weak solution of the equation

o f =div(BVf + fb),
where b is a vector field and B is a symmetric matrix such that

Al<B(,t) <Al a.e in Q.
Then there is some a € (0, 1) and C > 0 such that the estimate
[Flceario < C(I1f =) + R*IBllL=(g)) (2-4)

holds, where Q12 := Bg2(x0) X (to — (R/2)2, to) and a and C are determined by ., A, R and d.
Theorem 2.3 (Stampacchia estimate). If f is a weak solution of

& f =div(BVf + fD),
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with B and b as in the previous theorem, then there exists a constant C > 0 such that

I fllLeco) < CUfllzzeo) + 1PNl Le(0))- (2-5)
As before, C is determined by A, A, d and R.

The last theorem recalls interior classical regularity estimates when the coefficients are Holder continu-
ous in time and space. See [LadyZenskaja et al. 1968, Chapter IV] or also [Lieberman 1996, Chapter III,
Theorem 6.17] for a proof.

Theorem 2.4 (Schauder estimates). If B, b € C#-#/ 2(Q), then there is a finite C such that

[D* o200, + 00 flersrio,n < C (A A, R, 1Bllessrgy, I1bllcrsncgy 1 fllL=g))-

3. Radial symmetry

This section is devoted to some technical lemmas. The proofs of the first two propositions are rather
technical and can be found in the Appendix.

Proposition 3.1. Suppose fi, and g( -, t) are both radially symmetric, and let Q( -, -) denote either Q
or Qis. Then any solution of the linear Cauchy problem

& f=0(@ ), [ 0= finl),
is radially symmetric for all t. Furthermore, if fi, and g are radially decreasing, then so is f.

Let i : R - R,. Define
A*[R](v) == (A[h]()D, D), v#0, D:=vfv|™" (3-1)
There are two useful expressions for A*[A#] and a[h] when £ is radially symmetric.

Proposition 3.2. Let h € L' (R?) be radially symmetric and nonnegative. Then

A*[h](v) = ! /h(w)|w|2dw+if UCO (3-2)
127 Jp, 1270 Jpe |wl
1 h(w)
alhlv)=—— | h(w)dw+— | —Zdw. (3-3)
ax|v| Jg, 4 Jpe Tw

The second formula above is simply the classical formula for the Newtonian potential in the case of
radial symmetry; the formula for A*[A] is new and the proof can be found in the Appendix.

Lemma 3.3. Let h € L' (R3) be a nonnegative, spherically symmetric function.

(1) If h is monotone decreasing with |v|, and

/ hdv=>=6>0
Bg,\Bg,
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for some § > 0 and 0 < Ry < Ry, then

AU @) = — K0 L g (3-4)
v . -
T 12r(14+R}) 1+ |v?
(2) If h is bounded, i.e., if ||h||p~r3) = h(0) < 400, then
Bl ooy + [l 1
Alh](v) < a[h]1 52(” Iz (Rf)+|”| ”L“R?))H, Vo e R (3-5)
v

Proof. (1) Let A*[h] be as in (3-2). If |v| > Ry, then

1 1
3f h(w)|w|* dw > %/ h(w)|w|? dw
127 |v] Jp,, 127 0] J g, \Bg,

R} OR;
= 3 h(w,t)dw > 3
127T|U| Bg, \Bg, 127T|U|

A*[h](v) =

Note that Proposition 3.2 guarantees that A*[/] is radially decreasing. Thus,

A*[h](v) > QR(% YveB
v , v .
= 127K f
Combining both estimates, we conclude that
OR} 1
A*[h](v) = >

127(1+R}) 1+ v
(2) If h € L, then we may use (3-3) to obtain the estimate
h(0 1
© dw+ — h(w)dw)]l

4r|v| Jp, 4 Jge

[v]

[h] = alh](VI = (

< (lhll Loy + 1l 1o I, if o] < 1,

and

h h
Alh] < aprll < (M@ (Wiloey e o 0
27 || 1+ v

Proposition 3.4. Let h be a positive and radially symmetric and decreasing function. For any y € (0, 1),
define U, (v) as
Uy, (v) = [v|77.

Then for Q = Qr or Q = Qxs,
Q(h,Uy) < Uy (—5y (1 —y)alhllv| > + ).
Proof. As U, is radial

Ty v 2 g Voo U ’ L v v
VU, 0) = U0 DUy ) = U)o @ o+ Uy (1= @ o).
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Thus, in the case Q = Q,

alh] — A*[h]
v]

In particular, since U)// = —yr‘lUy, U;,/ =y(y+ 1)|v|_2Uy, it follows that

Q(h, Uy) = Tr(A[h1D*U,) + hU, = A*[hU] + U}, +hU,.

Qc(h,Uy) = U, (y(y + DA*[h]|v| > — y(alh] — A*[A]D)|v] > + k).

The thesis follows by noticing that A*[A] < %a[h].
For the case Q = Qxs, an analogous computation shows that

Q(h,U,) =U,(—y(1 —y)alhllv| > +h)
<U,(—3y(1—y)alhllv| "> +h),

where in the last inequality we use y € (0, 1) and a[h] > 0. O

4. Short-time existence

In this section, Q denotes either Q, or Qs. For some nontrivial interval of existence [0, T), a smooth
solution to
{3tf =0(f. /) inR*x][0,T),
F(C,0) = fin,

will be obtained by taking the limit of a sequence of functions { f; }x>0 constructed recursively (as explained
further below). The interval of existence [0, T') is maximal in the sense that either 7 = oo or else the L™
norm of f(-,¢) blows up as ¢ approaches T, so the classical solution cannot be extended to a longer time
interval.

Remark 4.1. As mentioned in the introduction, existence and uniqueness of bounded weak solutions
to (1-4) have been obtained, respectively, by Arsen’ev and Peskov [1977] and by Fournier [2010]. It
is likely (but not at all obvious) that the method used in [Fournier 2010] will carry over to the case of
the isotropic equation (1-7). Thus, for the sake of completeness, we provide in this section a detailed
proof of existence (but not uniqueness) of a classical solution for the nonlinear problem that covers the
isotropic equation. For completely classical solutions this is certainly new for the isotropic equation
(1-7) with o = 1, although the methods used in the proof —a priori estimates for linear equations, which
yield compactness for a sequence of approximate solutions to the nonlinear problem — are fairly well
known, but still somewhat different from the approach used in [Krieger and Strain 2012] for the case
o< %. Uniqueness for classical solutions of (1-4) is contained in Fournier’s [2010] result, since classical
solutions are in particular weak solutions, and as it was just mentioned above, it is likely that this result
can be expanded to cover (1-7).

For technical reasons we first assume that fj, satisfies (1-8) and for some ¢ > 0,

C
fin € CTPRY), |l finllc2+0 (8, 0y < T F Vv e R, (4-1)
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The inequality yields a rate of decay for the second derivatives of fi;, which somewhat simplifies the
existence proof. The assumptions (4-1) are auxiliary, and will be removed (by an approximation argument)
in the proof of Theorem 4.14 at the end of this section.

Fix 6 > 0. A sequence { f,f} x>0 Will be constructed recursively, so that for every &,

£ e L@y, L'®) NLO @) N CHAHPRR < Ry) (4-2)

for some o € (0, 1) independent of k. The construction is done as follows: First, we set fo(v, t) := fin(v)
for all v and 7 > 0. Next, given f | € L®(Ry, L'(R*) N L®(R?)) N C*A1TA2(R3 x Ry), define £
as the unique classical solution to the linear Cauchy problem

{a,f =8Af+Q(f) 1, ) inR xRy,
FC,0) = fin.

The fact that the sequence f,f is well defined and satisfies (4-2) follows by repeatedly applying Lemma 2.1,
making use of the fact that for every k > 1, 8/ € (0, 1),

(4-3)

12 satisfies (4-2) and solves (4-3) = A[f{], Va[f{] € CPF2 (R x [0, 00)). (4-4)

That this is so is essentially a consequence of the fact that A[ fk‘s] and Va| f,f] are convolutions of f,f
with relatively nice kernels; we do not write out the explicit proof of the above fact here, as the proof is
essentially the same as that of Lemma 4.7, where a quantified version of the assertion (4-4) is proved.
Thus, we have entirely constructed the sequence { f,f}k>0, each f,f being also radially symmetric and
monotone, thanks to Proposition 3.1 and (1-8). -

Remark 4.2. Note that, for the purpose of iteration in k, the coefficients A[ fi,] and Va[ fin] (which are
independent of time) are Holder continuous in space thanks to (4-1).

Once we have constructed the sequence { fk‘S }¢» we focus on showing that it converges locally uniformly
in R3 x [0, Tf) (8 fixed, k — 00) to some function f? in R x [0, T*‘S), where f? is a classical solution of

WfP=8AL+0(f% ). fP = fn

The proof of this fact will take most of this section, and is achieved in Theorem 4.12. The selection of
Tf will guarantee that either Tf =ooorelse || f 3., 1)lo blows up as t — Tf. Then, we take the limit
8 — 0 along a subsequence, making sure f° and its derivatives converge locally uniformly to a solution
of the original nonlinear problem. This is done in Theorem 4.14, where the auxiliary assumption (4-1) is
also removed.

We start by using a differential inequality argument to control the L°° norm of the f,f uniformly in k
and § for at least some time interval depending only on || finl oo g3)-

Lemma 4.3. Let { f,f} i be the sequence defined above. Then for every k € N we have

; fin(0) 1
fe@n =G0 Vie * %@)
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Proof. Since fi;(0) > 0, it is immediate that the estimate holds for k = 0. Arguing by induction, suppose

that
Jfin(0) 1
LR [
1 — fin(0)1 fin(0)
Let us prove the corresponding inequality for f,f. By virtue of fk‘S being smooth, radially symmetric
and monotone decaying, it follows that fk’S 0,1 > f,f (v, t) for all v and ¢ and Dka‘s 0,7) <O forall 7.
Plugging this information into the equation solved by f,f, we obtain

fE,0,0) <

9 20, 1) =27FAL2(0, 1) + Tr(ALf{_ 100, )D*£2(0, 1)) + £ (0, 1) £ (0, 1)
< 2,00, 20, 1).

Then we may integrate the differential inequality

0 0,0) = [ 0,0 £0, )
in time, and it follows that
1200, 1) < fin(O)eho i1 09)ds < £ () fn@/A=Fa@s)ds -y [(), ﬁ)
m

where the last inequality was due to the inductive hypothesis. Since

" fin(0) . _
/0 mds = —log(1 — fin(0)1),

it follows, as desired, that
Sin(0)

s 1
o025 el nw) )

Continuing with our analysis of the sequence { f,f} » We introduce a quantity that will play a crucial
role in what follows: for every T > 0, § > 0, let
M (fin, T, 8) := sup || f{ll Loo@oxo.rp) = Sup_sup f{(0,1). (4-5)
k k 0=<t<T
Lemma 4.3 shows that M (fin, T, §) < oo for at least every T < fin(0)~! and any 6 > 0. For the rest of
this section, we will be concerned only with those T such that

M(fin, T, §) < o0. (4-6)

Remark 4.4. In the following series of lemmas and propositions, culminating with Theorem 4.12,
we use a series of estimates that depend on fi,, T, § and the function M (fi,, T, §). For the sake of
brevity, throughout this section we write C(fin, T, 8), Co(fin, T, 8), C1(fin, T, 8), C'(fin, T, 3) (as well
as c(fin, T, &) et cetera) to denote constants that depend solely on fi,, T, 6 and M (fin, T, §), with the
understanding that the constants may change from one line to the next.

The next proposition says that we can control the L°° norm of the coefficients of (4-3) uniformly in &
and 4, as long as (4-6) holds.
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Proposition 4.5. Let 8, k be arbitrary and M(fi,, T, 8) as in (4-5). Foranyt < T and v € R? we have
the pointwise bounds

2(M(fin, T,6)+ 1)

ALR I, ) <al fA1(v, DT < L] I, 47
M(fin, T,6)+1
IVal 1, 1)] < Tr P (4-8)

Proof. The bound (4-7) follows immediately from (3-2) in Lemma 3.3 applied to & = fk‘s. On the other
hand, from Newton’s formula (3-3) one sees immediately that

Valf] = fw, 1) dw. (4-9)

4r|vf® Jp,

Therefore,

IVal 21w, )] = fw, 1) dw.

axlol? Jy,
Using the fact that ||fk‘3( -, )|l =1 yields

1
8 —
Val 10,01 < s V.0,

while

4
IVal fi1(v, )| < §|v|3||f,;‘(-,z>||m

4 |v|?

< %M(fin, T,8), V(v,t)eBi(0)x[0,T]

Using that 47 |v|?> > 1 + |v|? if |v| > 1, we combine the previous inequalities to obtain the bound

M(ﬁl’la T? 6)+1

Trep YN« R® x [0, T1,

IVal 21(v, 1)] <

which proves (4-8). U

For the purpose of controlling the size of f,f(v, t) for large v, it is necessary to bound the second
moment of f,f, in a manner which is uniform in k.

Proposition 4.6. Let T > 0and é € (0, %) Forany k e N, f,f satisfies the bound
f R, D) dv <3+10(1+M(fin, T, )T, Vtel0,T]. (4-10)
R3

Proof. Let ¢ (v) be a smooth function with compact support. Using the equation solved by f,f , and
integrating by parts, we obtain for every ¢ > 0

¥ f f . np@)dv= f fi (88 + Te(BLA_1D°®) +2(Val f_y], V) dv.
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Above, B[ f,f_l] denotes a[ f,f_l]]l or A[ f,f_l] depending on whether Q = Qs or Q = Q. Integrating
in time, it follows that

f (v, )¢ (v) dv — / i, )¢ (v) dv
= f / R(BAG+Tr(BLA_1D*¢) +2(Val f_;], V) dv d1,

for all 0 <1 < 1. Next, we apply this identity to the sequence ¢;(v) = |v|2nj(v), where n; € Cfo([R3),
and n;(v) — 1 locally uniformly. Due to the integrability of f,f and the bounds (4-7)—(4-8), we have
enough decay at infinity to pass to the limit j — oo in the integral and conclude that the identity also
holds for the function ¢ (v) = |v|2. Therefore, given 0 < t| < ,, we have the identity

/f,f(v,tz)|v|2dv_/f,§(v,z1)|v|2dv:/2[f,§(56+2Tr(B[f,§_1])+4(Va[f,f_1],v))dvdz.

Now, the bounds (3-2)—(3-3) guarantee that in R3 x [0, T] we have

Tr(BLf_ 1) < 2M (fin, T, 8) +2,
(M(ﬁl’lv T7 8) + 1)|U|
14 |v|?

(Valf3_,1,v)| < <M(fin,T,8)+1.

Therefore, as long as ¢t € [0, T],

f 2 / SR (864 2Te(BLA 1) +4(Val f2_,1. v)) dvdt
151

5]
= / /f/f(56+8M(fin, T,58)+ 8)dvdt
151

< (68 +84+8M(fin, T,9))(tr —11).

Taking #; = 0 it follows that for § € (0, %)
/fka(v,tz)lvlzdv S/finlvlzdv+10(l+M(fim T.o)T, Vviel0.T].

Since [ finlv]? dv = 3 by assumption (1-8), this proves the proposition. U

Next, we show how f2 | € LRy, L'(R}) N L= (R?)) N C**/>(R3 x R.) implies Holder continuity
of the coefficients appearing in Q( f,f_l, f), emphasizing that the estimate is uniform in k for § > 0 fixed
whenever T is such that (4-6) holds.

Lemma4.7. Let§ € (0, 1—10) and T > 0 be such that (4-6) holds. Then there is an absolute constant C > 0

such that for any a € (0, 1) we have, for every k > 1, the bound

[A[flf]]C"‘-“/z(R3><[O,T]) < C([flf]cw/z(wx[o,ﬂ) + M (fin, T, 8)+1),
[Va[flf]]cwaﬂ(wx[o,r]) = C([fka]CW"/Z(R&[O,T]) +M(fin, T,8)+1).

Proof. Let n € C*®°(R?) be an even function such that 7 = 1 in B;(0) and 5 = 0 outside B,. Let us write

AR 1= ALFA1+ Al £
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Each A; (i =1, 2) is given by convolutions A;| fk‘s] =K, % fk‘S with the respective kernels

1 1
Ki(v) = (H ’ ®”)n<v>, Ka(v) = (H E L‘i’f)(l — ).
T 8 |v] [v]

[v]?

Let us show that A, A, are Holder continuous in v ant t. We make use of the fact that there is a constant
C(n) such that

3 3
/ |K1(v)| dv +sup K2 ()| + Y sup |9 Ka ()| + Y _ sup |3 K2(v)] < C(),
RS v i=1 v ij=1 "

where the matrix norm used is the standard L? norm |A| = Tr(AA*)!/2. For A; it is straightforward that

A1 (1, 1) — A1 (v2, )] < f |K1 ()| fE (v —w, 1) — fE (w2 — w, )] dw
B>

5(/3 |K1<w>|dw) sup | e —w, 1) — (v —w, B)l,

we B (0)

the above holding for any (v;, t;), so that

[Al]cwar < CfE]cawn.

Next we deal with A,, which in fact will be Lipschitz continuous. Fix e € S? and set K 2..(V):=(K2(v)e, €).
Using the equation for f,f and integration by parts,

3 (Al f21(v)e, e)
— / Kz,e(w — U)atfk‘s dw
B;’

= [ (VuKne(w—v), (ALFP 1+ 8DV, £) dw + f FHOVual £, 1, Vo Koo (w — v)) dw.
B¢ B

Integrating by parts once again,
— | (VuKae(w—v), (AL 1+ 8DV /) dw
Bj

_ / divyy ((ALF 1+ 61) - Viy Koo (w — v)) £ dw
.

1
= / F AL DL Ko e(w —v) dw+ | fEVyalf )]+ Vi Ko o(w —v) dw
Bj By
+48 f,waKz,e(w—v)dw.
BS
Gathering all of the above, it follows that

3 (Ax[flle, e) = / fTe(ALF | 1D2 Ko o (w — v)) dw
B

+2 f FEVwal f211, Ve Ko e(w —v))dw+38 | fEA,Kae(w —v) dw.
By By
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Therefore, we have the bound

19 (A2l f{1(v)e, e)]
< ID*Kaell L IALR Mzl £l or + 20V Ko el IVal FE ool £l + SN AR ell ool £l
< IKzellc2NALF e + IVal £2_ 1l = + 8)
< IK2ellc2BM (fin, T, 8) +4),

where we used (4-7)—(4-8) and § € (O, 11—0) in the last inequality. Since || K2.|| < C(n) for all e,
10: (A2l f{1()e, )] < 4C (M (fin, T, 8) + 1).
This immediately implies a Lipschitz bound in time for A,, namely

|A2(v, 1) — Az (v, )| < 12]|Kallc2(M (fin, T, 8) + DIt1 — 12|, Yv € R, 11,1 > 0.

For the spatial regularity, from the definition of A, and the triangle inequality it follows that
[Ax(vr, 1) — Ax(v2, )| < f |K2(w —v1) — Ka(w — v2)| £ (w, 1) dw
<C(m)lvy — vy /f;f(uh Hdw Vv, v eR3 >0,

Then, thanks to ||ka( -, )]l = 1, it follows that
| A2(v1, 1) = Ao(v2, D] < Cvr —v2l, Vi, v2 €RY, 1> 0.
Finally, we combine the estimates in time and space to see that

[A2(v1, 1) — Az (v2, 02)| < |Aa(v1, 1) — A2(v2, 1) + [Az(v2, 1) — A (2, )]
SISCM(fin, T,8) + D) (Jvg —va| + 161 —12]),  Y(vi, 1), i =1,2.

|a/2

Since |vy — |+t — | < |vi—n|*+ |t — B when |v; — v;|, |t] — 2| < 1, we conclude that

[A2]caar@sxio,ry) < ISCM (fin, T, ) + 1).

The proof of Holder regularity for Va[ fk‘S 1(v, t) can be done in an entirely analogous manner, writing
the kernel as the sum of integrable and C? parts. One may also make a slightly different argument,
using the fact that since f,f is spherically symmetric, we have the identity (4-9), which yields a similar
bound. ]

For the purposes of the proof of existence of solutions, we require several parabolic estimates that
are local in space but uniform up to t = 0. Notice these are different to the interior estimates stated in
Section 2, namely Theorems 2.2, 2.3 and 2.4, which will be of chief importance in later sections. The
parabolic estimates hold in a space-time cylinder, which starts at time ¢ = 0, and are in terms of norms
of the initial data. They guarantee in particular that under the auxiliary assumptions (4-1) on fi, the
functions fk‘S have spatial decay on their second derivatives.
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Lemma 4.8 (Holder estimate for regular initial data). There exists some o € (0, 1) and constant c, which
only depends on 8, fin, T and [ finlc2+s w3y, such that for any v € R3 and k > 1,

[ cwarsyxio.rn < €@ M(fin, T, 8), [finlctByy)- (4-11)

(Schauder estimate up to the initial time). Let 8 € (0, 1). Then for any v € R3 k>1,

Lfelczratserzs 0. < CULR ILemwxior + Linlcssyw)- (4-12)
where C = C(fin, T, §).

Proof. For the proof of the first estimate we refer to [LadyZenskaja et al. 1968, Theorem 10.1, page 204].
Note that the constant does not depend in any way on the regularity of the coefficients in the equation
solved by f,f, and depends only on the ellipticity constants and the regularity of fj,. The second estimate
follows from [LadyZenskaja et al. 1968, Theorem 10.1, page 351], noting that the space-time Holder
norm of the coefficients A[ f,f_l], Val f,f_l] is bounded by a constant C( fi,, 7, §), thanks to Lemma 4.7
and the first estimate (4-11) applied to fk‘s_ | (When k > 1; f(;S = fin for k = 1, which is regular in space
and constant in time). O

Next we show that the diffusion matrices A[ fks 1+ &I are Holder continuous in a manner which is
uniform in k (but possibly depending on §). In this case, standard estimates for linear parabolic equations
yield Holder bounds on the second-order spatial derivatives and first-order temporal derivatives for f,f,
these being uniform in k. Particularly, since we are assuming a spatial decay for the second derivatives of
fin (see (2-2)), the same holds for f,f.

Proposition 4.9. Let § € (0, ;) and 0 < T < 00 be such that (4-6) holds. Then there is a C depending
onlyon fin, 8, T, M(fin, T, 8) such that

ID £l wyxpo.ry < CA+ )7, Vv eR. (4-13)

Proof. We first show that f,f (v, t) decays as (14 |v|°)~! for v large. Fixing v € R?, the spherical symmetry
and radial monotonicity of fk’S implies that

zn|v|3f£<v,r>s/

) 4 S 2
fiw,dw < — | f(w, H)|w|”dw.
6 B\ Bjv|2 v|* Jr3

Using the second moment bound (4-10), we arrive at the estimate

fow, < (3+10(1 + M (fin, T, 5NT)

7|v]3
for all [v] > 1 and ¢ € [0, T]. Since f,f(v, 1) < M(fin, T,d) as long as t < T, we conclude that

C'(fin,T,9)

AR V(v,1) e R*x [0, T, (4-14)
v

fw )<

with C'(fin, T, 8) := max{M, 2 (3+10(1 + M(fin, T, 8))T)}. The bound follows, combining the initial
bound (4-1), the decay estimate(4-14) and the estimate (4-12) from Lemma 4.8. [l
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So far we have shown the existence of the sequence { fk’s}, and proven several uniform estimates which
are uniform in k for times T < T.2. Moving towards obtaining a limit from this sequence, we prove an
iterative estimate on the size of the functions { f,f — f/fq} i in R3 x [0, T, for 8 > 0 fixed and T such that
C(fin, T, ) < o00.

Lemma 4.10. Let § € (0, 15) and T > 0 be such that (4-6) holds, and let w} = f{_| — f? for each k > 1.

There is a number 0 < Ty < T, Ty = To(fin, T, 8) with the following properties:
(1) Foreachk > 2,
lwic s 0 ) ll e @ xgo.751) < 3 1Wk—1s D) Il @3 x10.701-
(2) Foreachk >2andl =1, ...,y we have
1w W, D) | Loo@xinran < 31Wko1 @ DO @iy + 20w 0= 0 0w )
Here Iy € N is the largest such that (Io— 1)Ty < T, and t; := min{lTy, T}.

Proof. We drop the superscript § for convenience. Using the equations for f;_; and f; we get that

wg = fr—1 — fi satisfies
{8twk = 8 Awy + Tr(A[ fi—21D*wi) + fe—owi + Tr(A[we—11D*fi) + fiwg—1, fort >0, “15)
wi =0, forz =0.
Step 1. According to Proposition 4.9, there is a positive constant C( fin, T, ) such that
ID*f (0, D) < C(fin, T. )1+ )™, VYveR’, 1€[0,T]. (4-16)

The estimate (4-16) and the estimate (3-5) applied to wi_; imply the inequality

lwi—1(- 5 Ol ooy + lwk—1C-, Dl L1w3)
1+ v '

which holds for any (v, t) € R3 x [0, T]. On the other hand, (v)~* € L'(R?). Therefore,

| Tr(Alwi—11D*fie (v, )| < C(fin, T, 5)(

lwe @)l = fR weQ, D1 )™ dv < we@ @)l ) g)-
Substituting this in the last estimate, we arrive at the bound,

| Tr(A{wi—11Dfi (v, D)| < C(fin, T, O)llwi—1 ()0 | oosy (1 4+ [0) 7
Step 2. Consider the function o (v) := (v)™* = (1 + |v|?) 2. We have

Dho(v) = —4(1 + |v[») v,
D?ho(v) = =41+ |v|>) T+ 240 + v) v @ v.
In particular,

Ahg = 12(|v]* = 1)(v) 78,
Tr(A[ fi—21D?*ho) = —4(v) " Cal fi_z] +24(v) "3 (A[ fri—alv, v).
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Using the inequalities llv]? — 1], |v]? < (v)?, the above leads to
|8 kol < 128(v)~°,
| Tr(ALfi—21D%ho)| < 4(v)~%al f—21+24(v) °al fi2l.
Then, recalling that § € (O, %) =128 < %, we combine the above inequalities into one,

|8 Ao + Tr(AL fi—21D*ho)| < 28(1+ al fi—21){v) " < 56(1 + C(fin, T, 8))ho,

where we have used (4-7) to bound a[ fi—»].

Step 3. Next, let
Ho(v, 1) := RA™! (e — Dho(v),

for A, R > 0 to be determined. It is immediate that
d;Hy = AHy+ Rhy.
The last inequality in Step 2 implies that
|8 AHo + Tr(A[ fi—21D*Ho)| + fi—2Ho < 60(1 + C(fin, T, 8)) Ho.
The estimates from Step 1, the definition of 4g(v) and (4-14) yield
Tr(Alwi—11D*fi) + fiwk—1 < Collwi—1 () (v)* || Lo sy o (v),
with Co = Co(fin, T, §). In light of this, for any Ty € (0, T'), we choose A and R to be

A=601+C(fin,T,96)),

R=Co sup [lwe—1()(0)* |l ms)s

0<t<Ty

in which case we have, for any (v, 1) € R3 x [0, Tol,

0 Ho > 60(1 + C(fin, T, 8))Ho + Co(llwi—1 (-, Dl oomsy + lwi—1 (-, Dl 13y ) o
> 8 AHy + Tr(A[ fr—21D*Ho) + fi—2Ho + (Tr(Alwg_11D*fi) + fiwg—_1).

This means that Hy is a supersolution of (4-15), the parabolic equation solved by wy. Furthermore,
Hy(-,0) =wg(-,0) =0. Then, thanks to the comparison principle,

wy < Hy in R? x [0, Tp).
The same argument applied to —wy, yields
m < Hy in R x [0, Tp].
We have shown that there are constants Co( fin, T, 6) and C;(fin, T, §) such that

lwi (v, )] < Collwi—1 (v, )WYl Lo @ixgo. 7o €T = D)™ in R x [0, Tyl
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In particular, there is a Ty, depending only on 7" and Cy( fin, T, 8), such that

Toe (0.T) and Co(e“'VmTOT0 1) < 1.

This results in the estimate

lwi (v, )l e @ixgo,n) < 5 lwe—1 @, D) o @ixio,n)-
and the first part of the lemma is proved.
Step 4. Fix k > 2. Assume for now that 27y < T —the same 7Ty as in Step 3 — and define the function
H1:R3X[T0,oo)—>[R{by
H (v, 1) := RA™ (770 — Do) + i (To) ()| oo sy ho (v),

where A and R are to be determined. A straightforward computation yields

8, Hy = Ry (v)
= A(RAT (7T — Dhg(v) + [wi(To) (V)| Lo @3yho (V) + Rho(v) — [[wie(To) (v)* | Lo @3y o (V)
= AH; + Rho(v) — |wi(To) (v)* | Lo 3y o (V).

As in the previous step, we have

SAH + Tr(A[ fi 2)D*Hy) + fi—o Hy + Tr(Alwi_11D2fi) + frwi—1 + 27 A fi
< 60(1 4+ C(fin, T, 8)) Hy + hoCollwi—1 (v, 1){()* | oo s [1.270])
= AH +ho(R — Allwi (v, To) ()* | e w3)) = 0, Hy

by choosing

R =Collwe_ (v, l)(v)4||L°°(R3><[To,ZTO]) +60(1 + C(fin, T, 8)) |lwi (v, TO)(U)4||Loo(R3).

Likewise, H (-, Tp) > wi (-, Tp). Then, just as before, the comparison principle says that H (-, 1) > wi (-, t)
for t € [Ty, 2Tp],

lwi (v, )] < Co (e T — 1) lwi—y (v, )WV Lo @ zy.275) (V)

+ lwi (v, To) () Il ooy (€€ TP — 1) ()™ + lwk (v, To) () oo oy ()
Hence for ¢ € [Ty, 2Tp] we get
lwie (v, Y o @ sy 2z < 31wt @, DY o @im.2ny + 21wk, To) (L + 0152 oo @)

This yields the second estimate in the case [ = 2. The above argument can be repeated to obtain a further
estimate in the interval [27y, 37p], and so on. After a finite number of iterations we will reach some
lp € N such that (lp —1)7p < T and lyTp > T. In that case we repeat the above argument on the interval
[(lo — 1)Tp, T, yielding the respective bound and completing the proof of the second estimate. U
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The next lemma shows that if § € (O, %) and T is a time for which (4-6) holds, the sequence fk‘s

converges uniformly in R3 x [0, T] to a continuous limit f 8,

Lemma 4.11. Let {fk‘s}k, S (O, %), and T > 0 be such that (4-6) holds. Then there is a continuous

function f°:R3x [0, T] — R such that
111?1 = f]§||L°°(R3><[O,T]) =0,
H/?l 1% = Rolle,7;01 @) = O
Proof. Let Ty > 0 and [y and # be as in Lemma 4.10. Define, for [ =0, 1, ...,y and k € N,
Exp = lwe(, D) | Lo@xgn .-
Then Lemma 4.10 says that the recursive relations

1
Er1 < 7Ek-1.1,

Exy <4Ex -1+ 3Ex_1;

hold for k >2 and [ =0, ..., [p. We claim that these recurrence relations guarantee the summability in k&
of the sequence {Ey ;}x for any fixed [ =1, ..., [p. The first recurrence relation implies that E; ;| decays
geometrically, thus we immediately have

00
Z Ek,l < Q.
k=3

Next, suppose that for some 1 <[ < [y we have

00
Z Ek,l < Q.
k=3

Taking the sum for k from 3 to N of the second recursive relation, we get

N N
1 1
kX_; §Ek,1+1 <4 2 Ev;+ §E2,1+1-

We can then pass to the limit N — +o0, and use the summability for Ey ; to obtain

oy
Z EE"”“ < +o00.

Combining the summability of the sequences {Ey ;}x for every [ <lp, we conclude that

D I, ) = fier 0, D))l @oxgo,ry) < 00
k
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Since (v) > 1 for all v, and (v)~* = (1 + [v|>)~2 € L!(R?), this implies that

D i = fimtllze@xpo.y < 00,
k
D e = femillzeo. ey < 00
k

This summability implies { fx} is a Cauchy sequence in each norm, proving the lemma. O

Theorem 4.12. For each § € (0, %), there is a time T® = T2 (fin) with 0 < T < 0o and a function f? in
Col (R x [0, T,)) such that

{atf‘S =S8Af +Q(f° [ inRP < [0,T),
fa( ) 0) - fim
Moreover, either T? = 0o or

limsup || £21l oo (o.7: Loom3y) = 00

T—>TS™

Proof. Step 1. Let
T :=sup{T >0 | M(fn, T,8) < oo}

By Lemma 4.3 we have T2 > (2 £;,(0)) ™!, thus T > 0. It may certainly be that 7Y = co. Now, we may
apply Lemma 4.11 to fk‘s and any fixed 7 < T, resulting in a continuous function f% : R*x [0, T?) — R

such that
fk‘S — f% uniformly in R* x [0, T), VT < Tf.

On the other hand, we have the estimates from Lemma 4.8, which guarantee, by the Arzela—Ascoli
theorem, that for any subsequence k, — oo there is a subsequence k;, such that 9, f,f, and D? f,f, converge
locally uniformly in R? x [0, T) as n — oo. Since fk‘s — f locally uniformly andn{k,,} was a”rbitrary, it
follows that (i) f? € C120C1 (R3x [0, T)), and (ii) the sequences D> f,f and o, f,f converge locally uniformly
to D?f% and 9, f? as k — oo, respectively.

Step 2. Let us show the matrices {A[ £’]}, converge locally uniformly in R x [0, %) to A[f?]. Indeed,
let ¢ € [0, Tf ) and apply the estimate (3-5)to g = | frx(-, 1) — f,f (-, t)| (which is a nonnegative, bounded,
spherically symmetric function), which leads to the bound

AL, ) — AL, D1 < 2(1 (-, ) = F2CL O llie@ey + LG t) = 20 Dllpwe))

for all v and r < Tf. Then Lemma 4.11 shows that A[ f,f ] converges uniformly to A[ f %] uniformly in
R3 x [0, T'] for every T < Tf.

Step 3. Thanks to the local uniform convergence of fk‘s , D? f,f , 0 f,f and A[ f,f ] proved in the previous
two steps, we can pass to the limit in the equation for fk‘S and conclude that

WP =8Af + 0% 5 inR3x [0, TP).
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Step 4. We show here that if T? is finite, then the L> norm of (-, ¢) goes to infinity as t approaches T?.
Arguing by contradiction, suppose that 7 is finite, and

lim sup f‘S(O, 1) < +4o0.
T—TJ

Since f? is continuous and bounded for any ¢ < T, then f° is bounded for any ¢ < T? and in particular,
20,7 —e)<C, &>0.

The uniform convergence of fk‘S — f® forall t < T? shows that for any small enough & > 0 there is some

ko such that
0, TP —e) <2C,  Vk > k. (4-17)

Since supy, f(0, TP — &) < +00, we have that (4-17) implies
00,12 —¢)<C, Vk=1.

Then the differential inequality argument from Lemma 4.3, applied with starting time shifted to 7 — &,

proves that -
[0, T, —e+1) < —, Vk>1,0<t< <.
1-Ct C

Taking now 7 = 1/(2C) and & = 1/(4C) yields
f80, 1) +¢) <2C,
which contradicts the maximality of 7.2 and the theorem is proved. U

Next, we show that as long as f %(v, t) is bounded in a time interval [0, T'], the mass of f 8(v, t) cannot
escape to infinity nor concentrate at the origin. The bound is independent of §. A consequence of this
result is a local lower bound for A[ f 9] along radial directions.

Proposition 4.13. Let 6 € (O, %), let £° be a function given by Theorem 4.14, let T < T*‘S and let M > 0
be such that
12N oexo. 11 < M.

Then there are radii v ( fin, T, M) and R(fin, T, M) such that 0 <r < R < oo and

f‘s(v,t) dv >

1 viep. 1. (4-18)
Bx\B, 2

As a consequence, there is a positive constant co = co(fin, T, M) such that
*r 6 €0 3
A [flv, 1) > ——, VYveR’, t€[0,T], keN, (4-19)
143

where A*[ -] is as defined in (3-2).
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Proof. Given R > 0, the mass of f° outside B(0) may be estimated via its second moment

2
5 5||
dv <
B;f < f V=

/ P, Ov]* dv.
Moreover, for any r, R with R > r > 0 there is the obvious lower bound

/ ,dv=1- f‘s(v,t)dv—/f‘s(v,t)dv
Br\B, BS

>1——/ f (v, t)|v| dv — M, (4-20)

using the fact that || f2(-, #)||;1 = 1. Following exactly the same steps as in the proof of Proposition 4.6,
one can show
/ i, Hv)*dv <3+ 101+ M)T, Vtel0,T]. (4-21)
R3

Hence (4-18) follows from (4-20) and (4-21) by choosing
R:=2G+10(1+M)T)'"?,
ri=@rM)"'3.
Finally, (4-19) follows from (4-18), the selection of R and r above and Lemma 3.3. O

Theorem 4.14. Given fi, as in (1-8), there is a time T, and a function f € C10C (R3 x (0, T.,)) with initial
data fin, which solves (1-4) or (1-7). Moreover, either T, = o0 or

lim sup || f |l oo (m3x[0,:7) = 0©
t—T,

The initial data is achieved in the sense that for any ¢ € C é’o(IR3) and any t € (0, T,) we have

fR 08 dv - fR () dv=— /0 f (BLFIVS — fValfl, V) dv d.

Here B[ f] denotes Al f] or al f]1 depending on whether we are dealing with (1-4) or (1-7).

Proof. Step 1. Let us assume first that f;i, satisfies the additional assumptions (4-1); this assumption will
be removed in the final step. For each n € N, let f,, :== f% and T}, := *8" correspond to f° with § = 107",
as constructed in Theorem 4.12. Then each f;, is a spherically symmetric, monotone solution to

U fo= 1M+ O fi) MR XI0.T), o0, 0) = fin(o).

Moreover, for each n, we have that either 7, = oo or else || f,(-, )]loo = 00 as t — Tj,.

We define T, by
T, :=inf{T | liminf M (fin, T, 10™") = o0}, (4-22)
n

with the understanding that 7,, = oo if the set above is empty. As before, it is not difficult to see that
T, > (2 fin(0))~!. See Remark 4.15 for further discussion about the definition of 7.
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Step 2. Let us show, then, that there exists a solution in R3 x (0, T). Let T; be a strictly increasing
sequence of times, with lim 7; = T. Fix j, then since T; < T there is a subsequence {n; i}, njx — 00

as k — o0, such that
sup M (fin, T, 107"7%) < o0.
k

The above combined with Proposition 4.13 implies there is a constant ¢ = c¢( fi, ;) such that for all

k € N we have
c(fin, Tj)

TP I, V(1) eRx,T).

Alfp ), 1) =
The interior Holder estimate (Theorem 2.2) then says that for any cylinder Q & R3 x (0, T) we have

[fnjilcearo) = C(Q, Tj), Vk.

From here, the same argument as in Lemma 4.7 shows that A[f,,; ] and Val[ f,, ] are C%/? uniformly
in k in compact subsets of R x (0, T;). Accordingly, the uniform regularity of these coefficients together
with the Schauder estimates (Theorem 2.4) guarantee that for every cylinder Q & R3 x (0, T;) we have a
constant C(Q, T;) independent of k such that

[fnj,k]C2+°{'l+°‘/2(Q) S C(Q, T])

Then, the Arzela—Ascoli theorem and a Cantor diagonalization argument yield local uniform convergence
of f, to a function f in R® x (0, T') which will be differentiable in time and second-order differentiable
in space. In particular, f] is a spherically symmetric, monotone solution to

o fj=0(f;. [ mRx©.T),  f;(-.0)= fa,

with fi, as in (1-8). We can take this argument one step further and apply the Arzela—Ascoli theorem one
more time to the sequence { fj} ;j and conclude that along a subsequence they (along with their derivatives)
converge uniformly in compact subsets of R3 x (0, T,) to a function

fiR}%(0,T,) > R

which is again a solution. In summary, we have constructed a function f : R3 x (0, T,) which is
differentiable in time and second-order differentiable in space, such that

atf: Q(fv f)

and
fR T 06 dv - /R ) dv=— /0 / (BLFIVf — fValf]. Vé) dvdt,
Vo e CX(R?), 1 €(0,T,). (4-23)

Moreover, the function f has the property that for every T < T, there is a sequence ny — 0o such that
the functions f,, defined in Step 1 converge to f locally uniformly in R? x [0, T].
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Step 3. It remains to show that if T, < oo, then the solution built in Step 2 blows up in L* as time
approaches T,. We argue by contradiction, similarly to the proof of Theorem 4.12, but with slight
modifications accounting for the fact that we do not know whether the functions f, have a unique limit
as n — oo (see Remark 4.15 for further discussion). Suppose C > 0 is a constant such that

lim 0o (TR < C.
Hm I f Nl oo 310, 77)

Let ¢ > 0 be a small number (to be determined). According to Step 2, there is a sequence ny — 0o such
that f,, — f locally uniformly in R3x [0, T, —¢ /2]. In particular, there must be some k¢ > 0 such that

I fui Lo (B 10,7 —e) < 2C, Yk > ko.

As in the proof of Theorem 4.14, choosing ¢ such that 2e(2C) < %, the differential inequality argument
guarantees that

I fr | oo @3scio, e <4C,  Vk > ko.
This shows there is a positive ¢ > 0 such that

liminf M (fi,, T, 107") <00, VT <T,+e.
n

This is impossible, since Ty is the infimum of {7 | liminf M (fi,, T, 10™") = oo}. This contradiction
n
shows that )
Tlgr} I f 1l oo w3 x10,77) = ©©,

and the theorem is proved at least for f;i,, for which (4-1) holds.

Step 4. In order to remove (4-1), given fj, for which only (1-8) holds, let fifln) be a sequence of functions
such that (4-1) holds for each fi;”) (with a constant ¢ that may depend on #n) and such that

im | fin = figle = m || fin — fisll 21 = 0.

Let £ be a corresponding sequence of solutions as constructed in Steps 1-4 above. Then each f™ is
defined up to some time T ,. The times T} , are bounded uniformly away from O since fi, € L*. The
functions £ enjoy uniform local a priori estimates, therefore the same compactness argument from
Step 2 allows us to pick a subsequence n; — oo and a time T, such that the functions £ and their
derivatives have a local uniform limit as k — oo to a function f : R x (0, 7,) — R which is a smooth
solution to the nonlinear equation and which blows up in L*° as time approaches T. Finally, fixing a test
function ¢ and ¢ € (0, T), we may apply (4-23) to each £ and conclude that f satisfies the respective
relation in the limit, proving the theorem. U

Remark 4.15. It is worth comparing the definition of ;) in Theorem 4.12 with that of T in Theorem 4.14.
In the present situation, a priori it is unclear whether the sequence f;, has a unique limit as n — oc.

Hence, if we define
T, :=sup{T | sup M (fin, T, 107") < 00},
n

the existence of a subsequence bounded for times strictly greater then 7* does not contradict the definition
of T*. However, the contradiction holds if 7™ is defined via the liminf as in (4-22). In the proof of the
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former theorem, matters were simplified by the fact that { fk’s} « Was a Cauchy sequence (for § fixed),

meaning in particular that if it is shown that a subsequence of f,f remains bounded in [0, 7], then the entire

sequence remains bounded. This was key in proving the maximality of the interval of existence (0, T%).

5. Pointwise bounds and proof of Theorem 1.1

Conditional pointwise bound. The first lemma of this section (Lemma 5.2) is the key argument for the
proofs of Theorem 1.1 and Theorem 1.3. It consists of a barrier argument based on the observation that
the function U (v) = |v|~7 is a supersolution for the elliptic operator Q( f, - ) under certain assumptions
on f (this is where the radial symmetry and monotonicity is needed). It affords control of certain spatial

L? norms of the solution, and from these higher regularity will follow by standard elliptic estimates

(Lemma 5.5).

First, we prove an elementary proposition that will be of use in proving the key lemma.

Proposition 5.1. If h is a nonnegative, radially symmetric and decreasing function, then

h d
h(v) {rz—fB’ (w) dw }UI_Q, Vv e R’

8
alhlw) = T, alhl(o) dw

Proof. First of all, since £ is radially symmetric and decreasing,

1
| By (0)] JB,,0)

On the other hand, since 2 > 0 and (in particular) a[k] is superharmonic,

h(w) dw > h(v).

1 -3
h _ h dw = h dw,
AR = T o S 1= 150y, IO

Therefore,
hw [, hw) dw

alhl(v) — fB‘U‘(O)a[h](w)dw’

[r2 fBrh(w) dw ]

fBra[h](w) dw

which implies that

V) g2 sup
alh](v) r<|vl

Yo e R

O

Lemma 5.2. Suppose f : R>x [0, T] — Ry is a classical solution of (2-1). Let y € (0, 1) and suppose

there exists some Ry > 0 such that

2 fBr g(w, t)dw
[5 alglw, 1) dw

1
<—y(l—-y), Vr<Ry t<T.
_24V( Y) r<Ro

Then

fu, 1) < max{%Rg—3, (

3
4

v/3 -
) Wl 1017 in Bry x 10, 71

(5-1)
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In particular, the conclusion of the lemma holds for some Ry > 0 whenever there is a modulus of continuity
w(r) and some Ry > 0 such that

, Jp 8w, t)dw
-
fBra[g](w, t) dw

Remark 5.3. It is easy to see that for any radially decreasing function A (v), the condition that 4 belongs

sup sup
r<|v| te[0,T]

} =o(v), VYO<v|<R;. (5-2)

to L? . (R%) implies that & lies below a power function of the form 1/|v|*/”, and vice versa. More
isely,
precisely. N
1@y, =€ e hw (=) I, (5-3)

Proof of Lemma 5.2. Let U, = |v|””. Then Proposition 3.4 says that
0(g. Uy) = Uyalg)(—3r (1= plu 2+ L),
A 3 alg]

Applying Proposition 5.1 with h = g(-, 1),

{rz fBrg(w,t)dw ] 1

- — -2
[, alglw, 1) dw <3rd=pl™,

where we used (5-1) to get the last inequality. It follows that

5 (v, 1) < 8v|"2 sup
a

[g] r<lv|

Q(g,U,) <0, 1in Bg,x[0,T]. (5-4)

In particular, if there is a modulus of continuity as in (5-2), then Q(g, U,) <0in Bg, x [0, T'] provided
Ry is chosen so that w(Rg) < ﬁ.
On the other hand, given that f (v, t) is radially decreasing and lies in L' (see (5-3)),

3
fu, 1)< 1f Nl ey = prr YveR?, tel0, T, (5-5)

47 |v|3
where we used that || f(-, )| 1g3) = 1 for all ¢. Finally, the function ﬁy(v) defined by

~ 3
is a supersolution for the equation solved by f in B,, x [0, T']. Moreover, clearly 17,, lies above fi in Bg,,
while by (5-5), ﬁy lies above f in dBg, x [0, T']. Then the comparison principle implies that f < ﬁy in
B,, x [0, T'], and the lemma is proved. O

The next lemma deals specifically with solutions to the nonlinear equations (1-4) or (1-7). It controls
from below the integral of a solution in some ball Bg. For the case of the Landau equation (1-4), the
constant is independent of time (by conservation of mass and second moment), while for the Krieger—Strain
equation (1-7) the bound decays exponentially in time.

Lemma 5.4. For f solving (1-4), there is a constant R > 0 such that

f(v,t)dv >

1
=, t>0. (5-6)
Bgr 2
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For f solving (1-7) and any radii R > r > 0, there are > 0 and Cy > 0 such that

/ f, 1)dv > Coe #! / fin@)dv, t>0. (5-7)
Bg\B,

B4gr\B;)a

Proof. If f solves (1-4), then

/ fv, ) dv < R—Zf f, 0)|v*dv <3R2.
Br(0)¢

Br(0)°
Thus

f,0)dv=1 —/ fv,t)dv>1—3R72.

Bgr(0) Bgr(0)¢

Estimate (5-6) follows by choosing R large enough. The corresponding estimate (5-7) for f solving (1-7)

follows a similar argument used in [Krieger and Strain 2012], and the derivation of the estimate is done

in detail in the Appendix. (I
The next lemma says that any solution f to (1-4) or (1-7) is a bounded function for all times, provided

that f satisfies (5-2).

Lemma 5.5. Let f : R? x [0, T] — R be a radially symmetric, radially decreasing solution to (1-4) (or

(1-7)) with initial data as in (1-8) and such that for some Ry > 0, we have

2 fBrf(w,t)dw <i
fBra[f](w,t) dw — 24

y(l—y), Vr<Rp t<T.

Or, assume that there is some modulus of continuity w(r) such that

5 [z f(w,1)dw
sup sup 1r L <w(v]), VY0<r <Ry (5-8)
r<|v| te[0,T] fBra[f](wv t) dw
Then
sup  [|f (s Dllpeomsy < Co (5-9)
1e[T/2,T]

for some constant Cy depending only on fi,, T and Ry.

Proof. The assumptions of the lemma are simply the same as those of Lemma 5.2 with g(v, t) = f(v, 1),
from which it follows, using also (5-3), that

3 -3(1-1/p) ( 3 )1/1’ } _3/
su S| <max|-—R = ally e v| 7P
1Dty <m0 () b ol

= CO(fin» RO’ p)

for some p > 6. By interpolation and the Sobolev embedding, it follows that || f( -, #)[/z6r3) and
Valf (-, )]llp~r3) are bounded by some constant C determined by Co( fin, Ro, p). Then, applying
(2-5) from Theorem 2.3 with Q = Bg, x [0, T], we arrive at

I f oo By joxIT/2.7]) = Clilfll 20 + RGIVal fllL=o)} < 00

for some C = C(fin, Ry, T), and the lemma is proved. |
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Proof of Theorem 1.2. According to Theorem 4.12, for fi, € L, there exists a time Ty > 0 and a solution
f(v,t) to (1-4) defined in R3 x [0, Tp) and with initial values fin-
The time T} is maximal, in the sense that Ty = oo or else

lim || f (-, D)l oo w3y = 00. (5-10)

t—>T,

Moreover, since f € L™ in R3 x [0, 7] for every t < Ty, interior regularity estimates (see Theorem 2.2 and
Theorem 2.4) show that f must be twice differentiable in v and differentiable in ¢ as long as ¢ € (0, T').
Finally, arguing by contradiction, let us assume that

5 fBrf(v,t)dv 1
r < —.
[5, alf1(v, 1) dv 96
In this case, there must be some Ry > 0 such that
,1)d
r2 fBrf(v ) v 5 1
S alf1(v. 1) dv

This means Lemma 5.5 can be applied with T = T, and it follows that

limsup sup
r—>0+ 1€(0,Tp)

sup
1€(0,Tp)

—, Vr <Ry
96

sup  [[f (-, Dl ooy < 00,
t€[To/2,To]

which contradicts (5-10), and the theorem is proved. U

Proof of Theorem 1.1. As in the proof of Theorem 1.2, we have a solution f (v, t) defined up to some
maximal time Tp. In case Tp < 0o, we know that || f(-, £)[|L~ goes to infinity as # — T,". As before, this
f (v, t) is twice differentiable in v and differentiable in ¢ for ¢ € (0, T').
Now assume the L3/ norm of f(-,t) does not concentrate at 0 as t — T ~. That is, suppose there is a
modulus of continuity w( -) such that
sup || f (-, OllLsnp,) < @@).
1€(0,Ty)

Then there is some C > 0 such that

L) d 4_7T ’ d
2 J5 f,1)dv _ 13r [5, [, 1)dv §Cl/ Foydv, Yr0, 1e0,Th).
[5, alf1(v, 1) dv 7 [, alf1w, ) dv " JB,

Then Holder’s inequality says that

5 fB,f(U’ t)dv
,
[5 alf1(v, 1) dv

It follows that if Ry > 0 is chosen so that C’w(Ry) < &, then Lemma 5.5 can be applied to conclude

<C'f (-, DllsnE,) < Co®).

96°
again that
sup 1S (-, Dl ooy < 00,
t€[To/2,To]
which as before directly contradicts lim || f(-,?)|L~ = 0o, and the theorem is proved. [l

t—>T,
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To end this section, we present a computation indicating that for an arbitrary function f the quotient
appearing in the assumption of Theorem 1.2 is always smaller than or equal to 3.

Proposition 5.6. Let h € L' (R?) be a nonnegative function. Then

P fBr h(v) dv

fBra[h](U) T <3, Vr>0.

Remark 5.7. It could be of use in understanding the blow-up or (non-blow-up) of (1-4) to characterize
those & for which the above quotient goes to 0 as r approaches 0. In particular, it would be useful to
understand this when /£ is not necessarily in a regular enough L? space or Morrey space, namely when A
is such that

thL3/2 or supl/ hdv = oo.
B,

loc
r>0 "

Proof of Proposition 5.6. Let us write a(v) = a[h](v) for the sake of brevity. Note that

/a(v)dx:/ a(v)XB(v)dv=L/ / h(w)lv—w|_1)(3r(v)dwdv.
B, R3 4 R3 JR3

The goal is to compare the two integrals

L/ / h(w)|v—w|_1XBr(v)dwdv and r2/ h(v)xp,(v) dv.
4 R3 JR3 R3

Note that
//h(w)w—wr‘xB,(v)dwdv:/ h(v)(xp, * ®)(v)dv, ®(v)= (4m|v])~'.
R3 JR3 R3

It is not hard to compute ®p := xp, * ® directly. Indeed, it is the unique C'! solution of
Adp =—xp, Pp — 0atoo,

which has the simple expression

1,2, 1.2
—=z|v|*+ 57 in B,,
q’B,(x)Z{ 0 g

3! in BC.

It follows that

/a(v)dv:/(%rz—g|u|2)h(u)dv+§ h(v)lvl_ldvz/(% 2= vl?)h(v) dv.
)i B, B,

B

This proves the stated bound, since the last inequality guarantees that

2
/ a(v)dv > r—/ h(v) dv. O
B, 3 Js,
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6. Mass comparison and proof of Theorem 1.3

In this section we apply the ideas from previous sections to construct global solutions (in the radial,
monotone case) for (1-7), namely

a f =alf1IAf + £

In view of Lemma 5.5, the fact that Ty = oo in Theorem 1.1 results from a bound of any L? (R?) norm
of f with p > % For (1-7), the bound of any L”(R?) norm of f with p > % will be proven by a barrier
argument done at the level of the mass function of f (v, t), which is defined by

Mg (r, t):f f,t)dv, (r,t) e Ry x (0, Tp).
Br

Depending on which problem f solves, the associated function M(r, t) solves a one-dimensional
parabolic equation with diffusivity given by A*[ f] or a[ f].

Proposition 6.1. Let f be a solution of (1-4) or (1-7) in R3 x [0, To]. Then M(r, t) solves, respectively,

N 2( My " .
GMy =A%, M;+ =L —A*)o,M; in Ry x (0, Tp) (6-1)
r\8mr
2 ( M; .
8th=a3rer+— 8——61 8er in Ry x (0, Tp). (6-2)
r nr

Proof. We briefly show how to obtain (6-2); for (6-1), the calculations are identical. Using the divergence
theorem and the divergence expression in (1-7), we get

oMy = fd @LfIVf = fValfl.n)do = 4wr¥(alf1d, f — foalf).
B
Furthermore, straightforward differentiation yields the formulas
Ao, f =r?8,(r 28, My), dralfl=—@rr’) ' M;.
Substituting these in the expression for d; M ; above, we get
My = a[f]r23,<riza,Mf) - ﬁMfa,Mf.
Expansion and rearrangement of the terms result in

aM—(23M+aM)+MfaM—aM+2 My 9 M
My =a(=20Mp+0, My )+ —50-My=ad, My+—{ o= —a oMy,

and the conclusion follows. |

Define the linear parabolic operator L in Ry x (0, T) as
2( My

Lh:=03h—adh——|———alf])oh.
r \8mr

The above proposition simply says that LM =0 in Ry x (0, T'). The next proposition identifies suitable
supersolutions for L.
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Proposition 6.2. Ifm € [0, 2] and h(r,t) =r™, then Lh > 0in Ry x (0, T).

Proof. By direct computation we see that

Lh=—mr"? ((m —Da+ 2(& — a[f]>>.
8mr

On the other hand,
f . My

v
e 4mlv| T 4mr

1
a[f](l’)=4—/ Sfdv+
Tr JB,
. 1 Mf
which guarantees that Ea[ flr) = 3y Thus,

Lh=mr"m> ((1 —m)al f] +2<a[f] — g:%)) >mr" 22 —m)al f]> 0,

the last inequality being true for m < 2. U

Proof of Theorem 1.3. Assume fi, € L*, in which case Theorem 4.12 yields a solution f (v, ) that exists
for some time Ty > O (possibly infinite). As the bound for f (v, ) will not rely on the L° norm of fi,
but an Lf;,eak norm of fj,, the existence of a solution for unbounded initial data in L? (p > 6) will follow
by a standard density argument.

Since p > 6, there is some « > 0 and some Cq > 0 (depending only on || f | L\l:/cak) such that

My 0.0 = [ fudv < Cor'™
B,
Moreover, since f (-, t) has total mass 1 for every ¢t > 0, we also have
Mg(r,t) <1, Vr>0,1t€(0,T).

Proposition 6.2 says that # = Cr!** is a supersolution of the parabolic equation solved by M £ in
R+ x (0, T). Then, choosing C := max{Cy, 1}, the comparison principle yields

My(r,t) <h(r)=Cr'™, Vre(0,1), te(0,T). (6-3)

3C 1

Since f (v, t) is radially symmetric and decreasing, bound (6-3) implies that f(|v], ) < e IS for
v

v € By and r € (0, T); hence there is some p’ > % and some C, > 0 such that

||f('at)||Lp’(Bl)§Cp’, VIE(O, T)-

Then Lemma 5.2 says that f(v, t) is bounded in R3 x (0, Tp). By Lemma 5.5 and the characterization of
Tp in Theorem 4.12, it follows that Ty = 4-00, so the solution is global in time. O

The method of the proof for Theorem 1.3 falls short in preventing finite time blow-up for (1-4). In any
case, it at least gives another criterion for blow-up, the proof of which is essentially the same as that of
Theorem 1.3.
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Corollary 6.3. Suppose that for all t € [0, Ty] there is some ry > 0 and 0 < A < 87 such that
My¢(r,t) <ArA*(r,t), Vr <ry.
Then any solution to (1-4) is bounded for any t > 0.

Appendix

Proof of Proposition 3.1. The radial symmetry of any solution f to (2-1) follows by the uniqueness
property of (2-1) and by the fact that Q(g, f) commutes with rotations, as shown below. We first rewrite
the collision operator as

0(g, ) =div(A[g]Vf — fValgl) = alg]Af — div(A[g]Vf) + fg,
with
g(jv—
AV = / L (V5 ). y)ydy.

Let T be a rotation operator. Since g is radially symmetric, so is a[g]. Hence
a[g]A(f o) =algoTIA(foT) = (algloT)(AfoT) = (alg]lAf)oT,
taking into account that the Laplacian operator commutes with rotations. Moreover,
- . g(lv—yD
div(A[g]Vf(Tv)) =div </ TOF (Vf(Tv), y)ydy
: glv—=yD .
=div T(T Ve f(@)r,s ¥)ydy
. g(T(w—=y)D
= le(/ T hF (Ve f @ le=0, Ty)T* Ty dy

To —
:le(T*f w<vzf(2)|z='ﬂ'v’ )y dy)

=V (Tv)
=Tr(T*Jac(V)|,=1,T) + V(Tr(T*)) -V (Tv)
—_——
=0

=Tr(TT*Jac(V)|,=1»)
=Tr([ Jac(V)|_;,)

_ div( / %wzm, Yy dy) oT.

Hence Q(g, f(Tv)) = Q(g, f) o T. Now we rewrite the linear equation (2-1) in spherical coordinates:

*k
0, f = A0, f +9=A

o f+ fg. (6-4)
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with A*[g](v) := (A[g](v)D, D), :=v/|v| and differentiate (6-4) with respect to r. The function w :=9, f
satisfies the inequality

_ * _ Ak
dw < A*d,w + & rA dw + wg + 9, A*8,w + ar(“ A )w
If w(-,0) <0 it follows from the maximum principle that w( -, t) <0 for all # > 0. In other words, the
(negative) sign of 9, f is preserved in time. O

Proof of Proposition 3.2. The identity (3-3) is classical and a proof can be found in [Lieb and Loss 2001,
Section 9.7]. To prove (3-2), let v € R? be nonzero and r := |v|. Then

A 1 1 v—w v—w \ . .
(A[g](v)v,v)=—/ g(w)((l[— ® )v,v) dw.
87 Jm3 v —w]| lv—w| ~ |v—w]

vV —w vV—w PN A 2
I— Q v,V =1—COS(0(U))) ,
[lv—w| ~ |Jv—w|

where 6 denotes the angle between w — v and v. Consider, for 0 < ¢, r, the function

_ A\2
I(r, t)::/ ﬂdw
3B,

v —w|

Note that

The function / (r, t) encodes all the information about A*. In particular, integration in spherical coordinates
yields the expression

1 [e.8]
A*[h](v) = g/o FOI(v], ) dt.

As it turns out, I (r, t) has rather different behavior according to whether r < ¢ or not. By averaging in
the v variable, it is not hard to see that

2
t
I(r,t) = r—4](t, r), Vr<t.

Accordingly, we focus on I (r,t) when r > ¢t. To do so, denote by 8 the angle between w and v and

observe that
12 — 12 cos(0)? 12— w%

v—wl> T ju—w?

1 —cos(§)? =sin(9)? =

where w; = (w, 0). Thus,

2_ .2 2_ .2
I(r,t)Z/ T dw:/ 2t — % dw
a8, [V —w|? aB, (17 —wi + (r —wp)?)3/2

/ 2 w2 ., / 2(1—2%) 24
oB, (17 —2rw; +r2)3/?2 o8 3(1-2(5)z1 + (§)2)3/2

/ =g td
= Z.
on (1=2()a+ ()"
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This surface integral can be written entirely as an integral in terms of the variable z; € (—1, 1):

I(rt)=2 z/l L-gf d
r, = LTl 21
-t (1=2(5)z + (5

For brevity, set for now s = r/¢. Then

/1 1—z7 iz 254287425 -2 25t 257 25 -2
1 (1 =25z +52)3/? 3352 25+ 1 3352425+ 1
25t 4253425 —2 25t —253—25—2
T 393Gk —1)  383(41)

25t 42534252 N 25+ 253+ 2542
3s3(s — 1) 3s3(s+1)

Furthermore,

3s3(s = 1) + 3s3(s +1) s—1 + s+1
PSS s DG+ D+ G+ +s+Ds—=1)
s2—1

2544253 425 —2 254253 425+2 2 [—st434s—1 st+sP4s5+1
ETE
2 (-
343

_ 2 2522 B 4
T 353 521 3s3°
Then, since s = r/t, we conclude that

e
I(r,t) =8n—, fort <r,
r.0) 3r3

1
I(r,t)=8m—, fort>r.
3t
Going back to A*[h], the above leads to

*[h]l(v) = /rh(t)l(r, 13 dt+/ooh(t)l(r, 1) dt
1 o0
=33 h(t)t dt+3/r h(t)tdr. O

Proof of Lemma 5.4. This argument is inspired by the one in [Krieger and Strain 2012, Section 2.6]. For
B, R,r (with0 <r < R, 0 < B), consider the function

D, 1) :=e P (Jv] — R)*(Jv| —r)°.

Since @ is a C!*! function with compact support, we have

if f(v,t)@(v)dv:—/ (an—fVa,VCD)dvzf fdiv(aVCD)dv—i—/ f(Va, V@) dv.
dl R3 R3 R3 R3
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Hence,
div(aV®) + (Va, VO) = aAd +2(Va, V)
2 2 +00
=ad"+ —(a+|v|a)® :aCD”—i——CD// sf(s,t)ds.
|v] vl Jp
We have

() =2(R=s5)(s—r)(—(s—=r)+R—5)=2(R—s5)(s —r)(R+r —2s5),
®"(s) =2(R—=s5)(r +R—2s)—2(s —r)(r+ R —2s) —4(R —5)(s —r),
QD/(r) = QD/(R) =0, CD”(r) = CD”(R) =2(R — r)z’
|®"|, |®'| < Cs,r.rP, [v] € (1 +3)r, (1 =38)R).
Hence in a small neighborhood of |[v] = R and |v| = r one can show that — / f,H)®(v)dv > 0;

more precisely,
div(aV®)+ (Va,V®) >0 in B\ Ba—syr U B(1+5)r \ By.

gl m3)
v

Since a[g](v) < , it follows that

—/ F(v, )W) dv> —Cs, R”g”“("“/ Fv, D) dv
r Bi-5)rR\B(1+6)r

||g||L1(R3)C er Fw. D) dv.

This above differential inequality implies

/ f, HP W) dv> e—ﬂT/ fin®(v)dv, Vi<T,
R3 R3
where f = C g llgll 1. Finally, since

®(v) < 3(R—r)> inBg\B., @)= 3R>

we conclude that

R2r2
/ f(v,t)dv > —4e—ﬂT/ fin(W)®@)dv, Vit<T. O
Br\B (R—r) Br2\Bar
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