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ON THE CONTINUOUS RESONANT EQUATION FOR NLS
II: STATISTICAL STUDY

PIERRE GERMAIN, ZAHER HANI AND LAURENT THOMANN

We consider the continuous resonant (CR) system of the 2-dimensional cubic nonlinear Schrédinger
(NLS) equation. This system arises in numerous instances as an effective equation for the long-time
dynamics of NLS in confined regimes (e.g., on a compact domain or with a trapping potential). The
system was derived and studied from a deterministic viewpoint in several earlier works, which uncovered
many of its striking properties. This manuscript is devoted to a probabilistic study of this system. Most
notably, we construct global solutions in negative Sobolev spaces, which leave Gibbs and white noise
measures invariant. Invariance of white noise measure seems particularly interesting in view of the
absence of similar results for NLS.

1. Introduction

Presentation of the equation. The purpose of this manuscript is to construct some invariant measures
for the so-called continuous resonant (CR) system of the cubic nonlinear Schrodinger equation. This
system can be written as

H — of 2
{zatu—J(u,u,u), (t,x) e RxR=, (CR)

u(0,x) = f(x),
where the operator J defining the nonlinearity has several equivalent formulations corresponding to
different interpretations/origins of this system. In its original formulation [Faou et al. 2013] as the large-
box limit! of the resonant cubic NLS,?> J can be written as follows: for z € R? and x = (x1, x») € R?,
letting x = (—x,, x;), we have

T, for f3)(2) = fR /R S D) SO0t +2) i A T2 dxd

This integral can be understood as an integral over all rectangles having z as a vertex. It has the equivalent
formulation [Germain et al. 2015]

T(fi. for f3) = 27 /R T ) (7 ) (@A )] dr.
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IStarting with the equation on a torus of size L and letting L — oo.
2This is NLS with only the resonant interactions retained (also known as the first Birkhoff normal form). It gives an
approximation of NLS for sufficiently small initial data.
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It was shown in [Faou et al. 2013] that the dynamics of (CR) approximate that of the cubic NLS equation
on a torus of size L (with L large enough) over time scales ~L?2 /&2 (up to logarithmic loss in L), where
¢ denotes the size of the initial data.

Another formulation of (CR) comes from the fact that it is also the resonant system for the cubic
nonlinear Schrédinger equation with harmonic potential given by

id;u—Au+|x|*u = p|u|>u, p€R constant. (1-1)

In this picture, J can be written as follows: denoting by H := —A + |x|> = —8)261 — 8§2 + xl2 + x% the
harmonic oscillator on R2,

T

T(f1: f2: 13) =2ﬂ/4 e fi) e fo) (e e f3)] d.

T
4

As a result, the dynamics of (CR) approximate the dynamics of (1-1) over long nonlinear time scales for
small enough initial data.
The equation (CR) is Hamiltonian. Indeed, introducing the functional

E(uy,uz,uz, ug) = (T (uy, uz,uz), ug)y2

:271/4 / (e iy (e ™ yy) (e itH yy) (e—itH uy) dx di
—Z JR2
4

and setting
E(u) =6, u,u,u),

(CR) derives from the Hamiltonian € given the symplectic form w( f, g) = —4Im(f, g) 12(g2) on L?(R?),
so that (CR) is equivalent to

iatf=%—8ci(j{).

In addition to the two instances mentioned above in which (CR) appears to describe the long-time
dynamics of the cubic NLS equation — with or without potential — we mention the following:

e The equation (CR) appears as a modified scattering limit of the cubic NLS on R? with harmonic tapping
in two directions. Here, (CR) appears as an asymptotic system and any information on the asymptotic
dynamics of (CR) directly gives the corresponding behavior for NLS with partial harmonic trapping. We
refer to [Hani and Thomann 2015] for more details.

¢ When restricted to the Bargmann—Fock space (see below), the equation (CR) turns out to be the
lowest-Landau-level equation, which describes fast-rotating Bose—Einstein condensates (see [Aftalion
et al. 2006; Nier 2007; Gérard et al. > 2015]).

¢ The equation (CR) can also be interpreted as describing the effective dynamics of high-frequency
envelopes for NLS on the unit torus T2. This means that, if the initial data ¢(0) for NLS has its Fourier
transform given by® {$(0, k) ~ go(k/N)}rez2 and if g(¢) evolves according to (CR) with initial data gg

3Up to a normalizing factor in HS, s > 1.
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and ¢(¢) evolves according to NLS with initial data ¢(0), then g(¢, k/N) approximates the dynamics
of ¢(¢, k) in the limit of large N (see [Faou et al. 2013, Theorem 2.6]).

Some properties and invariant spaces. We review some of the properties of the (CR) equation that will
be useful in this paper. For a more detailed study of the equation we refer to [Faou et al. 2013; Germain
et al. 2015].

First, (CR) is globally well-posed in L2(R?). Amongst its conserved quantities, we note

/ lu|>dx and /(|x|2|u|2+|Vu|2)dx=/ aHu dx,
R2 R2 R2

(recall that H denotes the harmonic oscillator H = —A + |x|?). This equation also enjoys many invariant
spaces, in particular:

e The eigenspaces (En)n>o of the harmonic oscillator are stable (see [Faou et al. 2013; Germain et al.
2015]). This is a manifestation of the fact that (CR) is the resonant equation associated to (1-1). Recall
that H admits a complete basis of eigenvectors for L2(R?); each eigenspace Ex (N =0,1,2,...) has
dimension N + 1.

¢ The set of radial functions is stable, as follows from the invariance of H under rotations (see [Germain
et al. 2015]). Global dynamics on L2 Cl([Riz), the radial functions of L?(R?), can be defined. A basis of
normalized eigenfunctions of H for L2 (R?) is given by

rad

1(dY
od(x) = fL(O)(|x| e~ XI2/2 with L(O)(x) =e _'(d_) (e7*x™) for neN.
n!'\ dx

We record that HpRd = (4n + 2)prd,

¢ If 0(C) stands for the set of entire functions on C (with the identification z = x1 +1x;), the Bargmann—
Fock space Lﬁol(Rz) = L%(R%) N (O(C)e 12/ 2) is invariant under the flow of (CR). Global dynamics
on L2 (R?) can be defined. A basis of normalized eigenfunctions of H for L2 (R?) is given by the
“holomorphic” Hermite functions, also known as the “special Hermite functions”, namely

(x1 +ix2)"e_|x|2/2 for n € N.

1
hol
P (X)) =
" v n!

Notice that Hol! = 2(n + 1)pl°L. It is proved in [Germain et al. 2015] that

hol _hol  _ holy __ hol _
g(q)nl ,(/)nz 7§0n3) anl,nz,n3,n4§0n47 ng =ny +n2—n3, (1'2)

with
'
_ hol _hol hol holy _ TT (n1 4+ ny)!
Unynpnzng = H(Qp) Opy - Oy Ppy ) = 8 o1tz '11'”2'"3'114‘1n1+n2:n3+n4'

As a result, the (CR) system reduces to the following infinite-dimensional system of ODEs when

restricted to Span{gy }nen:

i0icn(t) = Z Ony,nay,n3,nCny (l)cnz(t)ém(l)-

ny,np,n3€eN
ni+np—n3=n
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Statistical solutions. In this paper we construct global probabilistic solutions on each of the above-
mentioned spaces which leave invariant either Gibbs or white noise measures. More precisely, our main
results can be summarized as follows:

¢ We construct global strong flows on

rad(Rz) - ﬂ %rad (Rz
o>0
and on

Xy (R?) := ( ﬂ %“’(Rz)) N (0(C)e1217/2),
o>0

which leave the Gibbs measures invariant (see Theorem 2.5).

e We construct global weak probabilistic solutions on

Xpol (R?) := ( N %“’(Rz)) N (0(C)e171/2),

o>1

and this dynamics leaves the white noise measure invariant (see Theorem 2.6).

Since the *90s, there have been many works devoted to the construction of Gibbs measures for dispersive
equations and, more recently, much attention has been paid to the well-posedness of these equations with
random initial conditions. We refer to the introduction of [Poiret et al. 2014] for references on the subject.
In particular, concerning the construction of strong solutions for the nonlinear harmonic oscillator (which
is related to (CR)), we refer to [Thomann 2009; Burq et al. 2013; Deng 2012; Poiret 2012a; 2012b; Poiret
et al. 2014].

Let us define what we mean by white noise measure in our context. Denote by (e;),>¢ a Hilbert
basis of L2(0, 1) and consider independent standard Gaussians (g,),>0 on a probability space (Q, %, p).
Then it is well known (see, e.g., [Hida 1980, Chapter 2]) that the random series

+o00 t
Bi=Y e [ ents)ds
0
n=0

converges in L2(2, %, p) and defines a Brownian motion. The white noise measure is then defined by
the map

0> W(t,0) = —2() =) gn(@)ealt). (1-3)
n=0

Now consider a Hilbert space K which is a space of functions on a manifold M and consider a Hilbert
basis (e,)n>0 of J. We define the mean-zero Gaussian white noise (measure) on ¥ as u = po W1,
where

+o00
W(x,0) =) gn(w)en(x).

n=0
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Notice that this measure is independent of the choice of the Hilbert basis of J. It is clear that, for
all x e M, Ep[W(x,-)] = 0. Moreover, for all x, y € M we have

+o0
Ep[W(x, YW1, )] =D ea(x)en(y) = 8(x — ).
n=0
since the sum in the previous line is the kernel of the identity projector on K. For more details on Gaussian
measures on Hilbert spaces, we refer to [Janson 1997].

Construction of flows invariant under white noise measures is much trickier due to the low regularity
of the support of such measures, and there seem to be no results of this sort for NLS equations. We
construct weak solutions on the support of the white noise measure on X};ﬂl (R?) using a method based on
a compactness argument in the space of measures (the Prokhorov theorem) combined with a representation
theorem of random variables (the Skorohod theorem). This approach has been first applied to the Navier—
Stokes and Euler equations in [Albeverio and Cruzeiro 1990; Da Prato and Debussche 2002] and extended
to dispersive equations by Burq, Thomann and Tzvetkov [Burq et al. 2014], who give a self-contained
presentation of the method.

Notations. Define the harmonic Sobolev spaces for s € R and p > 1 by
WP =WSP(R?) = {u € LP(R?): H?u e LP(R?)}, % = W2

They are endowed with the natural norms ||u|vs.». Up to equivalence of norms we have, for s > 0
and 1 < p < 400 (see [Yajima and Zhang 2004, Lemma 2.4]),

lellws.e = [|H2ull Lo = (=AY 2ull Lo + [|(x) ull Lo (1-4)

Consider a probability space (€2, F, p). Throughout the paper, {g, :n >0} and {g, s :n >0, 0<k <n}
are independent standard complex Gaussians N¢ (0, 1) (their probability density function is (1/7)e™1? * dz,
dz being Lebesgue measure on C). If X is a random variable, we denote by .Z(X) its law (or distribution).

We will sometimes use the notation L’; =LP(—T,T) for T > 0. If E is a Banach space and u is a
measure on E, we write LZ = L?(du) and ”“”L,‘iE = H lull g HLﬂ' We define X°(R?) = Ne<o X7 (R?)
and, if I C R is an interval, with an abuse of notation we write €(1; X° (R?)) = (), -, €(I; #*(R?)).

Finally, N denotes the set of natural integers including 0; ¢, C > 0 denote constants, the value of which
may change from line to line. These constants will always be universal or uniformly bounded with respect
to the other parameters. For two quantities 4 and B, we write A S Bif A<CBand A~ Bif A<BHB
and A = B.

2. Statement of the results

As mentioned above, we will construct strong solutions on the support of Gibbs measures and prove the
invariance of such measures. For white noise measures, solutions are weak and belong to the space C7 X 1.
We start by discussing the former case.
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Global strong solutions invariant under Gibbs measure.

Measures and dynamics on the space Ep. The operator H is self-adjoint on L?(R?) and has the
discrete spectrum {2N 4+ 2 : N € N}. For N > 0, denote by Ep the eigenspace associated to the
eigenvalue 2N + 2. This space has dimension N + 1. Consider any orthonormal basis (¢n k)o<k <N
of En. Define yy € L?(Q; Ey) by

. N
YN (w,x) = Wi 1;; ENk(@)PN i (X).

The distribution of the random variable yn does not depend on the choice of the basis, and observe that

the law of large numbers gives

N

1
”VN”iZ(W) N1l Z lgn k(@) =1 as. when N — +o0.
k=0

Then we define the probability measure uy = ygp := po y]\_ll on Ey.

The L? properties of the measures py have been studied in [Poiret et al. 2015] with an improvement
in [Robert and Thomann 2015]. We mention in particular the following result:

Theorem 2.1 [Poiret et al. 2015; Robert and Thomann 2015]. There exist ¢, C;, Cy > 0 such that, for
all N > Ny,

un[ue En:CiN2(log N2 ull 2y < ull oo g2y < CaN V2 (log N) 2 Ju| 22y ] 2 1-N °.

This proposition is a direct application of [Robert and Thomann 2015, Theorem 3.8] with h = N ~!
and d = 2. Notice that, for all u € Ex, we have ||uss = (2N + 2)*/2||lu|; 2. The best (deterministic)
L°° bound for an eigenfunction # € E is given by [Koch and Tataru 2005]:

[u]l oo 2y = CllullL2g2)s 2-1

and this estimate is optimal, since it is saturated by the radial Hermite functions. Therefore, the result
of Theorem 2.1 shows that there is almost a gain of one derivative compared to the deterministic
estimate (2-1).

It turns out that the measures @ are invariant under the flow of (CR), and we have the following:

Theorem 2.2. For all N > 1, the measure [ is invariant under the flow ® of (CR) restricted to E .
Therefore, by the Poincaré theorem, | -almost all u € E are recurrent in the following sense: for
un-almost all ug € En there exists a sequence of times t, — 400 such that

L m [ @ (o —uoll L2(g2) = 0.

In the previous result, one only uses the invariance of the probability measure p under the flow and
no additional property of the equation (CR).
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Gibbs measure on the space X°(R?) and a well-posedness result. In the sequel we either consider
the family (1), of the radial Hermite functions which are eigenfunctions of H associated to the
eigenvalue A" = 4n + 2, or the family (¢I°"),>¢ of the holomorphic Hermite functions which are
eigenvalues of H associated to the eigenvalue A1 = 27 + 2. Set

Xr(a)ld(Rz) = m %rad (Rz

>0
Xy (R?) 1= ( ﬂ %‘“(Rz)) n (@(C)e—IZIZ/z).
o>0

In the following, we write X ?(R?) for Xod([Riz) or X, l([Riz) @, for gorad or (p201, etc.
Now define y, € L2(Q2; X2(R?)) by

Vel x) = Zgjﬁ) 0p (%)

and consider the Gaussian probability measure i, = (Yx)sp := poy; !

Lemma 2.3. In each of the previous cases, the measure iy is a probability measure on X2 (R?).

Notice that, since (CR) conserves the %! norm, 1, is formally invariant under its flow. More generally,
we can define a family (o g)g>o of probability measures on X 9(R?) which are formally invariant
under (CR) in the following way: define, for 8 > 0, the measure p, = p, g by

dpa(u) = Cpe PP dp(u), 2-2)

where Cg > 0 is a normalizing constant. In Lemma 3.2, we will show that €(u) < +00 p4-a.s., which
enables us to define this probability measure.

For all B >0, p«(X2(R?)) = 1 and p«(L2(R?)) = 0.
Remark 2.4. We could also give sense to a generalized version of (2-2) when 8 < 0 using the renormalizing
method of Lebowitz, Rose and Speer. We do not give the details and refer to [Burq et al. 2013] for such a
construction.

We are now able to state the following global existence result:

Theorem 2.5. Let 8 > 0. There exists a set & C X2 (R?) of full px measure such that, for every f € %,

the equation (CR) with initial condition u(0) = f has a unique global solution u(t) = ®(t) f such that,

forany 0 <s < ;

ut) — f € 6(R; % (R?)).
Moreover, for allo > 0 and t € R,
u(O)ll3e-0 @2y < CA(S, ) +1In'/2(1 +|¢]))

and the constant A( f, o) satisfies the bound . (f : A(f,0) > A) < Ce=M,
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Furthermore, the measure p, is invariant under ®: for any p.-measurable set A C X and any t € R,

px(A) = px(P(1)(A)).

White noise measure on the space X, ll (R?) and weak solutions. Our aim is now to construct weak
solutions on the support of the white noise measure. Consider the Gaussian random variable

= hol 1 (R (31 +ix2)"gn() —Ix12/2
/0.0 = 3 ea0lef ) = ﬁ(g 2l )e 23)

and the measure ;. = poy~!. Asin Lemma 2.3, we can show that the measure y is a probability measure

on
Xpot (R?) := ( N %“’(RZ)) N (0(C)e1717/2),
o>1

Since [|u[|z2(g2) is preserved by (CR), u is formally invariant under (CR). We are not able to define
a flow at this level of regularity; however, using compactness arguments combined with probabilistic
methods, we will construct weak solutions.

Theorem 2.6. There exists a set X C X};ﬂl (R?) of full . measure such that, for every f € X, the equation
(CR) with initial condition u(0) = f has a solution

ue () 6R: % (R).

o>1

The distribution of the random variable u(t) is equal to p (and thus independent of t € R):

fol(RZ)(u(l)) = ngl(RZ)(u(O)) =u for all t e R.

Remark 2.7. One can also define the Gaussian measure . = poy~! on X 1(R?) = (,~; ¥ °(R?)
by

+o00 1 n
y(.x) = ;0 iw k;n En e (@)¢nje(x). hn=2n+2,
(where the ¢, x are an orthonormal basis of eigenfunctions of the harmonic oscillator and the angular
momentum operator). Since [[u|51 (g2) is preserved by (CR), w is formally invariant under (CR), but we
are not able to obtain an analogous result in this case.

The same comment holds for the white noise measure &t = poy~! on X r;dl (R?) =Ny=1 .3 (R?)
with

+o0
y(@.x) =Y gn(@)ef(x).
n=0

which is also formally invariant under (CR).

Plan of the paper. The rest of the paper is organized as follows. In Section 3 we prove the results
concerning the strong solutions and in Section 4 we construct the weak solutions.
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3. Strong solutions

Proof of Theorem 2.2. The proof of Theorem 2.2 is an application of the Liouville theorem. Indeed,
write uy = ZI]<V=0 cN.kPNk € En; then

(N + I)N—H N ) N
dun = WCXP(—(N +1) Z lenv il ) 1_[ dank dby k.
k=0 k=0

where ey, =ank +ibni.
The Lebesgue measure ]_[,](V:O dap k dby i is preserved since (CR) is Hamiltonian and Z,JCVZO len & |2 =
[E75% ||]242 is a constant of motion.

Proof of Theorem 2.5. We start with the proof of Lemma 2.3.

Proof of Lemma 2.3. We only consider the case X?(R?) = leol([Riz). It is enough to show that
Yoot € X (R?) p-a.s. First, for all 0 > 0, we have

+o00 1

|gn
[ 1o ey ) = fﬁ%WWH@@=CZaTFﬂ<wQ G3-1)

n=0
therefore Yhol € (Ng=o L2(2; #79 (R?)). Next, by [Colliander and Oh 2012, Lemma 3.4], for all 4 > 1
there exists a set 24 C 2 such that p(Q%) <exp (—A‘s) and, forall w € 4, &> 0and n > 0,
|gn(@)] < CA(n+ 1)°.

Then, for w € | 4>, 24, we have Z,J{:o?) "gu(w)//Aoln! € O(C). O

We first define a smooth version of the usual spectral projector. Choose x € 65°(—1,1) sothat 0 < x <1
with x =1 on [—— —] We define the operators Sy = x(H/An) as

o] o'} )\,*
SN( Z Cnfpr:) = Z (K* )Cn(Pn
n=0 n=0

Then, for all 1 < p < 400, the operator Sy is bounded in L?(R?) (see [Deng 2012, Proposition 2.1] for
a proof).
Local existence. It will be useful to work with an approximation of (CR). We consider the dynamical
system given by the Hamiltonian ¥ (1) := #(Spyu). This system reads

{iatuN =T n(un). (t.x) eRxR?,

MN(O, X) = f’

with Ty (uy) := SNT(Syu, Syu, Syu). Observe that (3-2) is a finite-dimensional dynamical system
on Q},]cv o Ek and that the projection of u () on its complement is constant. For 8 > 0 and N > 0, we

(3-2)

define the measures p by
pl () = C e PN dy, (u),
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where C é\f > 0 is a normalizing constant. We have the following result:

Lemma 3.1. The system (3-2) is globally well-posed in L*(R?). Moreover, the measures ,oiv are invariant
under its flow, denoted by ® .

Proof. The global existence follows from the conservation of [|u x || 2 (g2). The invariance of the measures
is a consequence of the Liouville theorem and the conservation of ZZO=0 Ak lck|? by the flow of (CR)
(see [Faou et al. 2013]). We refer to [Burq et al. 2013, Lemma 8.1 and Proposition 8.2] for the details. [

We now state a result concerning dispersive bounds of Hermite functions.
Lemma 3.2. Forall2 < p < +o00,
11
el Lo (gay < Cn2r ™%, (3-3)
5l Lagaay < Crn3 (nm)3. (3-4)
Proof. By Stirling, we easily get that ||l Loordy = C n~1/4 which is (3-3) for p = oo; the estimate

for 2 < p < oo follows by interpolation. For the proof of (3-4), we refer to [Imekraz et al. 2015,
Proposition 2.4]. O

Lemma 3.3. (i) We have
AC >0 d¢c>0 VA>1 VN =1
fx (€ X)(R?) ”e_itHSNu”L4([—n/4,7r/4]le2) > 1) < Ce™*. (3-5)
(ii) There exists B > 0 such that
AC >0 dc>0 VA>1 VN > Ny > 1
pa (€ X2R2) e ™ (S — Snyull Larn/anjaxmzy > A) < CemeNo** (3.6)

(iii) In the holomorphic case, for all2 < p < +o00 and s < % — %,
AC >0 J¢>0 VA>1 VN >1

ot (1 € X0 (R2) < e ™ ull Lot /amjapyws o @2y > ) < Ce™*, a7
ot (u € Xy (R?) : ||e_itH”||L8/3([_,,/4,n/4]XR2) > 1) < Ce™M,

(iv) In the radial case, for all s < %,
AC >0 3¢>0 VA>1 VN >1

rad (1 € XQa(R2) < e H ull Lo jampapusaazy > 1) < Ce™* . (3-8)
Proof. We have that

pa (€ X2R) e ™ Snull pan/anjaixrz) > A)

_ (IS it (P &n(@) .
"’( 2" X(AN) )

n=0

> )\).
L4([—7/4,7/4]xR2)
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Set

A n(aﬂ
Flw,t,x)=) e ( :)g @p ().
5 g

Let g > p > 2 and s > 0. Recall here the Khintchine inequality (see, e.g., [Burq and Tzvetkov 2008,
Lemma 3.1] for a proof): there exists C > 0 such that, for all real k > 2 and (a,) € £2(N),

> gnlw) an e cﬁ(ZlanF)z (3-9)

n=0 Lp n>0

if the g, are i.i.d. normalized Gaussians. Applying it to (3-9) we get

oo

L* * 2 % 2
|2 F(w.1.x)]| 4 fcﬂ(sz(ﬁ)—%”;ﬂ ) = (Z 1.0 )

n=0

and using the Minkowski inequality for ¢ > p twice gives

> Hwﬁ(X)Hip(RZ))i (3-10)

s/2 s/2
|H*2Fo,t,9)llpgr < I|H F(w,z,x>||Lngg)sCﬁ(’§ s

We are now ready to prove (3-5). Set p =4 and s = 0. By Lemma 3.2 we have [|¢;; || L4g2) = Cn~1/8,
so we get, from (3-10),

IF@.t. 9.1, < C V4.
The Bienaymé—Chebyshev inequality then gives
PIF@.0.)l s >4) = 07 [F@.1.0)l g s )T < (CL71 /).
Thus, by choosing ¢ = §A% > 4, for § small enough we get the bound

_ckz
p(IF(@.t.3)l s >h) < Cem,

which is (3-5).
For the proof of (3-6), we analyze the function

* A* A* n *
= (o) 225 i

and we use that a negative power of Ny can be gained in the estimate. Namely, there is y > 0 such that

|G (@.2.5)]Ipg s < CVaN, "

which implies (3-6).
To prove (3-7)-(3-8), we come back to (3-10) and argue similarly. This completes the proof of
Lemma 3.3. O
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Lemma 3.4. Let B > 0. Let p € [1, oo[; then, when N — 400,
Cyle PN s Cpe™PHWin LP(dpiy ().
In particular, for all measurable sets A C X2(R?),
P (A) = pu(A).

Proof. Let Gév(u) = e PN gpq Gg(u) = e AW By (3-6), we deduce that Hy (1) — ¥(u) in
measure with respect to (.. In other words, for ¢ > 0 and N > 1, we let

AN ={u e XJ(R?): |Gy () — Gp(w)| <&},
then i, (A% ) — 0 when N — +o0. Since 0 <G, Gy =1,
1Gs =GR s, <1(Gp—GEay . llrn, +1(Gg— G g zs,

< e(x (AN )P+ 2(pa (A NP
<Ce¢

for N large enough. Finally, we have, when N — +o0,

—1 —1
Cé\’ = ([e_ﬂ%N(”) du*(u)) — (/e_’g%(”) d/L*(u)) = Cg,

and this ends the proof. O

We look for a solution to (CR) of the form u = f + v; thus v has to satisfy

i0,v=9(f+v). (.x)€RxR, (3-11)
v(0,x) =0,
with T (1) = J(u, u, u). Similarly, we introduce
: . 2
idioy =IN(f +vN), (1,x) e RxR?, (3-12)
v(0,x) =0.

Recall that X?(R?) equals X&I(Rz) or Xrgd([Riz). Define the sets, for s < %,

Sa(D) ={f € X2 : e £l paq_n/an/apwse@) < D
choosing p(s) =4/(1—2s), so that s < %—

flol(D)
={f € Xgu®*) : e™" [l /3 njamsaprsis@ey + 1€ L Low o/t mjapwsro @2y < D}

1
;7

In the sequel, we write A5 (D) for A} (D) or A3 (D). Then we have the following result:
Lemma 3.5. Let 8 > 0. There exist ¢, C > 0 such that, for all N > 0,

pN(A5(D)Y) < Ce™P* p (A5(D)) < Ce™P” and  puu(A5(D)°) < Ce <P”,
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Proof. Since B > 0, we have pN (43 (D)), px (A5 (D)) < Cu« (A5 (D)°). The result is therefore given
by (3-7) and (3-8). O

Proposition 3.6. Letr s < % There exists ¢ > 0 such that, for any D > 0, setting (D) = ¢D ™2, for any
f € AS.(D) there exists a unique solution v € L™ ([—t, t]; L>(R?)) to the equation (3-11) and a unique
solution vy € L®([—t, t]; L2(R?)) to the equation (3-12), which furthermore satisfy

01| oo ((—z,e396s @2))» VN | oo (.10 w2)) < D-
The key ingredient in the proof of this result is the following trilinear estimate:

Lemma 3.7. Assume that,for 1 < j <3and1 <k <4, (pjk.qjk) €2, +o0[? are Strichartz admissible
pairs, that is, they satisfy

and they are such that, for 1 < j <4,

1 1 1 1 1 1 1 1

Y+t =4 — 4 — 4+ —=1.

Pj1 Pj2  Pj3  Dj4 qdj1 dj2  4j3 4j4
Then, for all s > 0, there exists C > 0 such that

1T 1.z, us) lges ey < Clle™ gl poriagsans eyl orz parz e Hus | pois pars

—itH

+ Cle™ ™y || ooy pan le™ g || prazapsan || Hus || pr2s pazs

+ Clle™ ™ uy || posi pasi e M ua||prsz pasa e P usg| L rssaps.ass,
with the notation LPWS9 = LP ([—m/4, /4], W54 (R?)).
Proof. By duality,

1Ty, us, u3)||%s(R2)

2
= sup (HY T(uy,uz,u3), u)[2g2)
”u"LZ(R2)=1

INE]

=27 sup f H2 (7™ uy) (e uy) (e itH uz)) (e~ H u) dx dt.
”u”LZ(R2)=1 _% R2

Then, by Strichartz, for all u of unit norm in L? and for any admissible pair (p4,¢4),

1 ursuz, uz)llges gy < ClE™ un) e M uz) e uy)| i

le ul|praraa

LPaws 44
—itH,, \(a—itH, \(oitH .
= CllE™  un) e  u) e Huz)|| s

We then conclude using (1-4) and applying the following lemma twice. O

We have the following product rule:
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Lemma 3.8. Let s > 0, then

e vllws.a = CllullLar [Vl v.qp + CllvIL2 1]l 505

forl <gq<oo,1<qy,qs <ooandl =<q}, q, < oo such that

1 1 1 1 1
q q1 q, q2 q,

For the proof with the usual Sobolev spaces, we refer to [Taylor 2000, Proposition 1.1, p. 105]. The
result in our context follows by using (1-4).

Proof of Proposition 3.6. We only consider (3-11), the other case being similar by the boundedness of Sy
on L?(R?). For s < 1, we define the space

Z5(v) = {v € 6([—7, 7] % (R*)) : v(0) = 0 and ||v| zs(r) < D},

with V]| zs(r) = ||v||L<[>fr L R2) and, for f" € A% (D), we define the operator

t
K@) =—i / I(f +v)ds.
0
We will show that K has a unique fixed point v € Z%(1).

The case of radial Hermite functions: By Lemma 3.7 with (pjx.gjx) = (4,4), we have, for all v € Z*(7),
K@) zszy = TIT(S + )l Z5r)

—isH 3
<Crt ” le™ 7 (f + v)(t)||L4(s€[—7'r/4,7r/4])‘Ws>4(R2) ”L?Z[—r,r]' (3-13)
Next, by Strichartz and since v € Z%(7),

“e—isH(f + V)OI L4 (se[—n/a,7/a)Ws-4(®R2)

< e™ | Lacseln/ansapwsa@ey + 1€ F0O | Lagseron/a.m/ayws4@2)
< C(D + [[v®)llses m2))
<2CD.

Therefore, from (3-13) we deduce

1K)l zs () < CTD?,

which implies that K maps Z*(z) into itself when t < ¢D~2 for ¢ > 0 small enough.
Similarly, for vy, v, € Z%(t), we have the bound

1K (v2) = KDl z5(r) < CTD* vy = vill 25(o), (3-14)
which shows that if 7 < ¢D™2 then K is a contraction of Z*(z). The Picard fixed point theorem gives
the desired result.
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The case of holomorphic Hermite functions: For s < % recall that we set p = p(s) =4/(1 —2s), so

1 1
that s < 275 We have

K@) zs@) = tlT(f +v)llzs5 )
<Ct(1Tf £ Dllzs +NT S L)l zs + 1T (Sov,0) ] zs + 1T (0, v, 0) || 25)-

We estimate each term, thanks to Lemma 3.7 and Strichartz. The conjugation plays no role, so we forget
it.
For the trilinear term in v,

g <C —it'H _ |3 <C 3 )
7000k =l aldy L = Clolgs

For the quadratic term in v, for § > 0 such that 2/(% +8) + % +1=1,

17,0, Al < Cle™ ol F 5555 eponsampaprsisalle”" N Lowein/amapwsr @)
+ e vl pareimnya,mrapwss@ e ol Lareionya m/ap Lo
< e £l Laqrelon/am/apri@)
< CD||v||§€S(R2).
For the linear term in v, with the same § as above,
1T, £, llses <C ”e_it/HU”L8/3+3(t’e[—:r/4,7r/4])L8/3+3(RZ) ”e_it/Hf||L8/3+3(t’e[—yr/4,7r/4])L8/3+3(RZ)
X ||e_it/Hf”Ll’(t’e[—n/4,n/4])°WS=1’(R2)
+ ”e_it/Hv||L4(t’E[—ﬂ/4’7T/4])W"’4(R2)”e_it/Hf”i‘*(t’e[—n/4,n/4])L4(R2)
< CD?||vlyes 2y
For the constant term in v,
1TSS lges = C”e_it/Hf||28/3+6(t/e[_,r/4,n/4])L8/3+8(RZ)||e_it,Hf”LP(t/e[—n/4,n/4])WS~P(R2)
<CD*.
With these estimates at hand, the result follows by the Picard fixed point theorem. O

Approximation and invariance of the measure.

Lemma 3.9. Fix D> 0and s < % Then, for all € > 0, there exists Ny > 0 such that, for all f € A5 (D)
and N > N,

[®(0) f — PN (D) [l Loo (=1 2119 ®2)) = &
where t; = ¢D™2 for some ¢ > 0.

Proof. Denoting for simplicity T(f) =J(f, f, f),

vy = —i /0 [SN(T(f +v) = T(f +w) + (1= S\T(f +v)] ds.
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As in (3-14), we get

T

[v—vnlzs@) = CTDZ””‘”N”Z-‘(t)"‘[ (1 =SN)T (S + v)llges m2) s,
T

which in turn implies, when CtD? < %,

T

[v—vnllzs() 52/ [(1=SN)T (S + v)llges m2) ds-
T

Choose 1> 0 so that s +7 < % Then, by the proof of Proposition 3.6, |7 ( f + v)||LE>3 N (R2) <CD3
if T < coD™? and, therefore, there exists Ny = Ny(e, D) which satisfies the claim. ' O

In the next result, we summarize the results obtained by de Suzzoni [2011, Sections 3.3 and 4]. Since
the proofs are very similar in our context, we skip them.
Let D j = (i +j/%)V2, with i, j €N, and set Ty j = Y_)_, 11(Dj ). Let
Eni =S ON(ET ) f € AL(Dij+1) forall j € N}
and

;= limsup Ty, T:=|J 3.
N—>+o00 ieN

Proposition 3.10. Let > 0; then:

(i) The set X is of full p. measure.

(ii) Forall f € X, there exists a unique global solution u = f + v to (CR). This define a global flow ®
onx

(iii) For all measurable set A C X and all t € R,
px(A4) = px(P(2)(A)).

4. Weak solutions: proof of Theorem 2.6

Definition of 7 (u,u,u) on the support of p. For N > 0, denote by Il the orthogonal projector on
the space @2/:0 E (in this section, we do not need the smooth cut-offs Sa7). In the sequel, we write
Jw)=Tw,u,u)and Iy (1) = DT (M yu, Dyu, Hyu).

Proposition 4.1. For all p > 2 and all 6 > 1, the sequence (T ny(u))N>1 is a Cauchy sequence in
LP (XY R?), B, du; %#~° (R?)). Namely, for all p > 2, there exist § > 0 and C > 0 such that, for
alll <M <N,

[ 1T T @l oy it < O
X—1(R2) )
We denote by T (u) = I (u, u, u) the limit of this sequence and we have, for all p > 2,

”g(”)“LZ%—U(RZ) = GCp. (4-1)
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Before we turn to the proof of Proposition 4.1, let us state two elementary results which will be needed
in the sequel.

Lemma 4.2. Foralln e N,
S E s
Hk - kol (e —n)l
k=n2 n k=n2 n!(k —n)!
Proof. For |z| <1 wehave 1/(1 —z) = ZZ;% z¥ . If we differentiate this formula n times we get

+o0
n! k'

which implies the result, taking z = % O
Lemma 4.3. Choose 0 <e <1 and p, L > 1 so that p < L®. Then
;' <C 2—L/ 2
2E(L-p)t T~
Proof. The proof is straightforward. By the assumption p < L%,
!
L pr<cot,
(L—p)!
which was the claim. O

Proof of Proposition 4.1. By the result [Thomann and Tzvetkov 2010, Proposition 2.4] on the Wiener
chaos, we only have to prove the statement for p = 2.
Firstly, by definition of the measure p,

| o 10 = T 0y i) = 1IN @) = Tas ¢ @Dy )

Therefore, it is enough to prove that (T x(y))n>1 is a Cauchy sequence in L2(2; #~°(R?)). Let
1<M <N and fix ¢ > % By (1-2), we get

1 8n18&n>8n; hol _hol _ hol
H™ T N(y) = Z(nl+n2—n3+1)a¢(¢”?"p”g’¢”§)

T Z (nl +n2)' gnlgnzgng hol
8 L 2”1+”2\/n1'n2'n3‘(n1+n2—n3)'(n1+n2—n3+1)0‘ ni1+tny—n3

N
N
(n1 +ny)! hol
g (»+1 )a(z2”1+”2\/nl!nzln3!p'gn1gn2gm “r
N

with
={n€N3:O§n-§N 0<n;+n,—n3 <N},

A(p) neN?*:0<n; <N,n +ny—n3=p} if 0<p=<N.
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Therefore,

1T8 0 = Tr ey
N _
n? 3 1 3 (n1 4 n2)! (M1 + m2)\ gn, &nr&nz my Emas&ms

64 - 22 =0 (p+ 1)2a( YedD D amitnapmitme pl/ni\ny\ngl/my\mylms!
- nm)E€A N XA N

where A%)N is the set defined by
AJ(‘I,}’)N = {n eN? :0<nj <N,n;+ny—n3=pef{0,...,N} and max{n;,ny,n3, p} > M}
Now we take the integral over 2. Since (g5),>0 are independent and centered Gaussians, we deduce that
each term in the right-hand side vanishes unless one of two cases holds:
Case 1: (ny,n3,n3) = (my,ma,ms3) or (ny,na,n3) = (mp,my, ms).
Case 2: We have one of
(ny,n2,my) = (n3,may,ms3), (ny,nz,my) = (n3,my,ms),

(n1,ny,m3) = (my,n3,my), (ny,ny,mz) = (my,n3,my).

‘We write

J TN = Trt Py d = J1 +

where J; and J, correspond to the contribution in the sum of each of cases 1 and 2, respectively.

Contribution in case 1: By symmetry, we can assume that (ny,7n,,n3) = (m,m,, m3). Define

B](\f;’)N: {neN?:0<n; <N and max{n|,ny.n;+ny—p,p}>M}.

Then

1 ((ny +na)?
J1=C .
! 1;) (14 p)*« ; 22(14m2) plp iyl (ng +ny — p)!

In the previous sum, we make the change of variables L = n; 4+ n, and we observe that on B](\f;)N we

have L > M ; then

e | L (L!)?
I= Z(l—l—p)z" Z Z 22L plp (L —ny)! (L — p)!

p=0 L>p+M n;=0

1 L!
:CZ(1+p)2a Z 2Lp!(L—p)!’

p>0 L>p+M
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L

" ) = 2L Let & > 0 and split the previous sum into two pieces:
1

where we used the fact that Y5 _ (

Mée 400

nseY e Y ey oy
1= 2 L Pt 2 L p! !
oWt = 2L =pt e (L p)* = 28 pl (L = p)!
% : io = io :
<C - +2C ———=tJn+Jia,
2 Lyi(L = p) 2
s—o At =5 25 pH(L — p)t petriqs AT P

by Lemma 4.2. For the first sum, we can use Lemma 4.3, since p < M¢ < L?; thus

M 1 R oo
ey o P Loy Locews
| L/2 L/2
p:() (1 +p) ap. L=M 2 L=M 2

Next, clearly, J1, < CM —8 because o > % and this gives J; < CM -4

Contribution in case 2: We can assume that (nq,n,,m;) = (n3,m,,m3). Then, for n, m € AE\Z)N’ we

have n, = m, = p. Moreover, by symmetry, we can assume that n; > M or p > M. Thus,

+ +
n<cy ! Z“’ Z"" (n1 + p)\(my + p)!
TS (2 L e amE My m | (p)?

+00 400
1 (ny+ p)l(my + p)!
+C Z 2 Z Z =:Jo1 + J2a.
+ +25 . 0m 1 (p))2
p=M+1 (I+p)™ ni=0m;=0 2mwp2miTPuylmy ! (pl)

To begin with, by Lemma 4.2, we have

T v
2=C Y ;(fﬂ)( 3 D)
p=M+1 (1 +p)2a n1=0 2”1+pn1!p! m1=0 2m1+Pm1!P!
1
=4C Z — <M.
o =
p=M+1 (1+p)*

Then, by Lemma 4.2 again,

+ +
ey (3 mEpt ) (X kg
2 (14 p)* 2m+pp ! p! o 2mitpm! p!

p=0 ni=M+1 m;=
+o00
1 (n1+ p)!
ey (Y et
2 ni+ I p!
p>0 (1+p)= n=M+1 21" Pny L p!
Mée 400 400 400
1 (n1 + p)! 1 (ny + p)!
ey (8 ) e 3L (Y ment
2 0,1 2 +p5,1 pl
o (1+ p)* nleHZ”l Pnylp! p= Mot (1+ p)*@ v 2m+Ppyl pl

= K] + Kz.
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On the one hand, by Lemma 4.3,

ME‘

400
1
K, <C S — 2—”1/2) <CcM™®
1 (pz=o (1+p)2"‘p!)( 2

n=M+1

and, on the other hand, by Lemma 4.2, since o > %

+o00 1
Ky<C Y ———<CM™’
plrt o A PP

Putting all the estimates together, we get J, < CM =8 which concludes the proof. O

Study of the measure vyy. Let N > 1. We then consider the following approximation of (CR):
id;u =3I N(u), (l,x)e[R{lez,
u(0,x) = f(x) € X1 (R?).
The equation (4-2) is an ODE in the frequencies less than N and (1 — [T x)u(z) = (1 —Iy) f for

allz e R.
The main reason to introduce this system is the following proposition, whose proof we omit.

(4-2)

Proposition 4.4. The equation (4-2) has a global flow ®p. Moreover, the measure |4 is invariant
under ® y: for any Borel set A C X~V (R?) and for all t € R, (O (1)(A)) = u(A).

In particular, if Zy—1(v) = pu then, for all t € R, Zy—1(Pn(t)v) = 1.

We denote by vy the measure on €([—7, T']; X ~1(R?)), defined as the image measure of ;& under the
map

XN (R?) — (T, T); X '(R?)),
vi> On(7)(v).

Lemma 4.5. Let 0 > 1 and p > 2. Then there exists C > 0 such that, forall N > 1,

<C.

r =
Ly

[ —
Proof. Firstly, we have that, foro > 1, p>2and N > 1,

=C.

H ||u||L1}%;” ‘ LY,

Indeed, by the definition of vy and the invariance of p under ® -, we have
lullzs rpsze = QTP 0l Lpsce = QTP IyllLy o
Then, by the Khintchine inequality (3-9) and (3-1), for all p > 2,
Iz = CV/PIY L2550 = C.

We refer to [Burq et al. 2014, Proposition 3.1] for the details.
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Next, we show that H ||3,u||L§%;a ”ng =< C. By definition of vy,

dul|? _(,=/ deull?y _.d :/ 3 ON OIPp. o du(v).
1017y spze = o pry Pl pe @ = [ 10N O@IE g di)

Now, since @ (7)(v) satisfies (4-2) and by the invariance of i, we have

0012y g ee = /X oy 1TV OV OOy o () =27 /X 17N 2o dpt(v)

~1(R?)
and we conclude with (4-1) and Proposition 4.1. O
The convergence argument. The importance of Lemma 4.5 above comes from the fact that it allows us to

establish the following tightness result for the measures vpr. We refer to [Burq et al. 2014, Proposition 4.11]
for the proof.

Proposition 4.6. Let T' > 0 and o > 1. Then the family of measures

(WNINz1 with vN = ZLgry—o(un ()t €[=T,T])
is tight in €([—T, T]; #7° (R?)).
The result of Proposition 4.6 enables us to use the Prokhorov theorem: for each 7" > 0 there exists

a subsequence vy, and a measure v on the space €([—7, T]; X ~1(R?)) such that, for all 7 > 1 and all
bounded continuous functions F : €([—7, T]; #~*(R?)) — R,

/ F(u)dvy, (u) — F(u)dv(u).
C([~T,T1;5~ = (R2)) C([~T,T1;5* (R2))

By the Skorohod theorem, there exists a probability space (5, F, P), asequence of random variables (i v, )
and a random variable i with values in €([—7, T']; X ~!(R?)) such that

Luntel[-T.T)=ZLun;te[-T,T))=vn,, ZL@ute[-T,T])=v, (4-3)
and, for all T > 1,
iin, — @ p-as.in €(~T, T]; % “(R?)). (4-4)
We now claim that Zy—1 (upn, (1)) = Ly—-1(iin, (1)) = p forall t € [-T,T]and k > 1. Indeed, for
all t € [T, T, the evaluation map
R ¢(-T.T]; X 1 (R?)) - X (R?),

urult,-),
is well-defined and continuous.
Thus, for all ¢ € [T, T], up, (¢) and it y, (t) have same distribution (R;)#vy, . By Proposition 4.4,
we obtain that this distribution is p.
Thus, from (4-4) we deduce that

Ly—1(u(t))=pn forall t e[-T,T]. (4-5)



1754 PIERRE GERMAIN, ZAHER HANI AND LAURENT THOMANN

Let £ > 1 and ¢ € R and consider the random variable X} given by

t
Xie =, (0 = Rolun ) +1 [ Ty (ung) .
0
Define X k similarly to X}, with u, replaced by iy, . Then, by (4-3),

Lo x—1(XN) = L, x—1(Xn,) = 8.

In other words, X, k =0 p-as. and uy, satisfies the following equation p-a.s.:

t
i, (1) = Roliin, (1)) —i /0 T, (i) ds. 4-6)

We now show that we can pass to the limit k — +o00 in (4-6) in order to show that i is p-a.s. a solution
to (CR), written in integral form as

t
ii(t) = Ro(ii(t)) —i /O I (ii) ds. 4-7)

Firstly, from (4-4) we deduce the convergence of the linear terms in (4-6) to those in (4-7). The
following lemma gives the convergence of the nonlinear term:

Lemma 4.7. Up to a subsequence,
TN N, — T(@@) p-as.in L*(~T, T]; % ° (R?)).

Proof. In order to simplify the notations, in this proof we drop the tildes and write N = k. Let M > 1
and write

Tpe(ui) =T W) = (T (ure) = T () + (T (i) = Tag i) + (Tag ) —Tag () + (T v () =T (u).
To begin with, by continuity of the product in finite dimensions, when k — 400,
Ty (ug) = Tar(u)  p-as.in L2((—T, T]; % °(R?)).

We now deal with the other terms. It is sufficient to show the convergence in the space X :=
L?(Q x [T, T]; %° (R?)), since the almost sure convergence follows after extraction of a subsequence.
By definition and the invariance of p, we obtain

190 (©) = T2, dvg(0)

1T a0 i) — T (i) |2 = [@ R

~ / 173 (@k () (1) — T @)1 4o di(f)
X-1(R?) T

— a _ o 2

~ fX T =TI o i)

_ ar _ar 2_(7 ,
=27 [ M) =T e dnt)

which tends to 0 uniformly in &k > 1 when M — +o00, according to Proposition 4.1.
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The term || T pr (1) — T (1) ||x is treated similarly. Finally, with the same argument, we show

1T% (i) = T i) llx = CllTe(S) =T L2560

which tends to 0 when k& — +oc0. This completes the proof. O

Conclusion of the proof of Theorem 2.6. Define f =1u(0) := Ro(it). Then, by (4-5), Ly—1( f )=u
and, by the previous arguments, there exists Q' C © such that ﬁ(Q/) =1 and, for each 0’ € Q/, the
random variable i satisfies the equation

t
i=f—i| F@d: (t1,x)eRxR2. (4-8)
0

Set ¥ = f (); then u(X) = 13(5/) = 1. It remains to check that we can construct a global dynamics.
Take a sequence 7y — 400 and perform the previous argument for 77 = 7. Forall N > 1, let X be
the corresponding set of initial conditions and set ¥ = | ey - Then pu(X) = 1 and, for all f SN
there exists

i €6’ X 1(R?))

which solves (4-8). This completes the proof of Theorem 2.6.
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