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ON ESTIMATES FOR FULLY NONLINEAR PARABOLIC EQUATIONS
ON RIEMANNIAN MANIFOLDS

B0o GUAN, SHUJUN SHI AND ZHENAN SUI

We present some new ideas to derive a priori second-order estimates for a wide class of fully nonlinear
parabolic equations. Our methods, which produce new existence results for the initial-boundary value
problems in R”, are powerful enough to work in general Riemannian manifolds.

1. Introduction

Let M" be a compact Riemannian manifold of dimension n > 2 with smooth boundary d M, which may
be empty (then M is closed), and f a smooth symmetric function of n variables. We consider the fully
nonlinear parabolic equation

FONVu+x) =€ in M x{r>0}, (1-1)

where x is a smooth (0, 2)-tensor on M = M UM, V>u denotes the spatial Hessian of u, u, = du/dt,
and L(A) = (A1, ..., A,) will be the eigenvalues of a (0, 2)-tensor A; throughout the paper we shall use V
to denote the Levi-Civita connection of (M", g) and assume ¥ € C®°(M x {t > 0}).

While most attention in previous work had been on the two canonical cases, y =0 and x = g, both of
which occur, for instance, in the classical Darboux equations in isometric embedding, there are many
important quantities of the form V2u + x in differential geometry and other areas. A well-known example
is the gradient Ricci soliton equation

V2u + Ric = Ag,

which has been studied intensively, where Ric denotes the Ricci tensor of (M", g). In a different context,
V2u+Ric is known as the Bakry—Emery Ricci tensor of the Riemannian measure space (M", g, e "d Vol,),
on which there are interesting recent results; see, e.g., [Wei and Wylie 2009] and references therein.
When yx as well as ¢ is allowed to depend on u and Vu, there are even more equations of the form (1-1)
and their elliptic counterparts, which arise naturally in connection with important geometric problems,
such as the generalized Minkowski and Christoffel-Minkowski problems in classical geometry, fully
nonlinear versions of the Yamabe problem in conformal geometry, and in other applications including the
Monge—Kantorovich optimal mass transport problem. From both the theoretic point of view and that of
applications, it is important and highly desirable to establish a general existence and regularity theory
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for (1-1) with as few technical assumptions as possible, so that it covers a wide range of applications in
different areas.

In order to study (1-1) in the context of parabolic theory, we follow [Caffarelli et al. 1985] and
assume that f is defined in an open, symmetric, convex cone I" C R" with vertex at the origin, I',, :=
{AeR":A; >0 forall 1 <i<n}CT, and satisfies

0
f=fu=L 0 inr, 1zizn (1-2)
oA
f 1is a concave function in T, (1-3)
and
sup f := sup lim f(A) <O. (1-4)
ar ro€dT A—>2o

Equation (1-1) is parabolic for solutions u € C>'(Mr) with Au]:=A(VZu+yx)elforxe Mandt >0
(see [Caffarelli et al. 1985]); we shall call such functions admissible.

The structure conditions (1-2)—(1-4) are fundamental to the classical solvability of fully nonlinear elliptic
and parabolic equations, and have been standard in the literature since the work of Caffarelli, Nirenberg
and Spruck [Caffarelli et al. 1985]. Condition (1-4) prevents (1-1) from being degenerate, which may occur
if \ful e T =T UAT. So both conditions (1-2) and (1-4) are natural for the nondegenerate parabolicity of
(1-1), without which the C?+%1+%/2 estimates may fail. An important fact is that conditions (1-2) and (1-4)
ensure that (1-1) becomes uniformly parabolic once global a priori C>! estimates are established for
admissible solutions. Consequently, one may obtain C>+%1+%/2 estimates by the Evans—Krylov theorem,
which depends on the concavity condition (1-3).

The short-time existence of admissible solutions is well known from the classical theory of parabolic
equations for given admissible initial data (and boundary data as well when dM # O&) with suitable
smoothness assumptions. The global (long-time) existence and behavior of solutions depend on the
establishment of a priori estimates in C*>!(M7). Our primary goal in this paper is to derive second-order
estimates for fully nonlinear parabolic equations on Riemannian manifolds.

For fixed T > 0, let My = M x (0,T], My = M x (0, T], and let dM7 := d,M7 U 3, My be the
parabolic boundary of My, where

My =0M x[0,T), My =M x {t=0}.
Throughout the paper we assume ¢” := ¢|,—g € C*(M) with
Me"lel,  fOle") >0 in M, (1-5)

and ¢* 1= @lamx=0) € CP@OM x {t > 0}). Let u € C**(M7) N C>'(M7) be an admissible solution
of (1-1) satisfying the initial-boundary conditions

ulimo=¢® in M, u=¢* on d;Mr. (1-6)

The main result of this paper is the following second-order estimates:
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Theorem 1.1. Suppose that there exists an admissible subsolution u € C>'(Mr) satisfying

fOlul) = etV in My (1-7)
Then, under conditions (1-2)—(1-4),
sup | V2u| < Cy(1 + max |VZul). (1-8)
My oMt
In particular, when M is closed,
IV2u| <Ci in Mr. (1-9)
Suppose in addition that
u<g® on My, u=¢' on M. (1-10)
Then
max |V2u| < C,. (1-11)
My

Remark 1.2. In Theorem 1.1 and the rest of this paper, unless otherwise indicated, the constant C; in
(1-8) will depend on

|M|C1(ATT)’ hplcll(];TT)» |’:‘|C2,1(1\TT)a %\f[lfdiSt()\[’J]a or), (1-12)
T
and
A :=sup f —supe“tV (1-13)
r My

as well as geometric quantities of M, while C, in (1-11) will depend in addition on |g0b | C2(iy [0° | ca1 o, myy s
infys, "™V and geometric quantities of dM. If f satisfies

lim [A[*) " fi = o0, (1-14)

[A]— 00
then C; can be chosen independently of A and |u;, |C°( My)> See Remark 2.4.

Remark 1.3. The assumption u € C*2(M7)NC*Y(M7) does not restrict the applications of Theorem 1.1.
This can be seen as follows. By the short-time existence theorem, (1-1) admits a unique admissible
solution u € C®(M x (0, t5]) N C°(M x [0, 1p]) satisfying the initial-boundary condition (1-10) for
some fy > 0. We can then consider a new initial time, say ¢ = #y/2, in place of t = 0, and may therefore
assume the compatibility condition

fle’h=e”"™ onM and ¢'=¢" on aM x {t =0). (1-15)

Theorem 1.1 is an important step towards solving the initial-boundary problem (1-1) and (1-6) under
optimal structure conditions. It can be applied in many interesting cases to prove new long-time existence
results. Let us give a few examples here.

First, for a bounded smooth domain (with boundary of arbitrary geometric shape) in R" we have
the following result, which is essentially optimal, both in terms of the generality of f and that of the
underlying domain:
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Theorem 1.4. Let M be a bounded smooth domain in R",0 < T < oo, and f satisfy (1-2)—(1-5). There
exists a unique admissible solution u € C X(M7)NCO(My) of (1-1) satisfying (1-6) provided that there
exists an admissible subsolution u € C 21(M7p) satisfying (1-7) and (1-10).

The first initial-boundary value problem for (1-1), or (1-20) below, in R" was treated, among many
others, by Ivochkina and Ladyzhenskaya [1995], who used essentially the same assumptions as in the
elliptic case introduced in [Caffarelli et al. 1985]; see [Lieberman 1996] for further improvements and
references. Jiao and Sui [2015] studied (1-20) on Riemannian manifolds under additional assumptions.
To the best of our knowledge, Theorem 1.4 had not been proved before in the current generality.

We remark that since there are no geometric restrictions on d M, (1-1) and (1-6) may fail to admit a
long-term admissible solution without the subsolution assumption. This is well known and may be seen
from simple examples.

Theorem 1.5. When I =Ty, Theorem 1.4 holds for compact Riemannian manifolds.

Theorem 1.1 applies to a very general class of equations, including f = o, K and f = (o1 o)/ D,
1 <1 < k < n, where oy is the k-th elementary symmetric function defined on the cone I'; :=
{AeR":0;(1) >0 for all 1 <j <k}. Another interesting example is f =log Py, to which Theorem 1.10
applies, where
P = [] Gi+-+r), 1<k=n,
I <--<ig

defined in the cone
Pri={reR": X+ --+x,>0forall 1 <ij <---<ix <n}.

Theorem 1.6. Let f = (04/0)/* D and T =Ty for 0 <1 < k < n, withog = 1, or f = log P,
and I = Py. The parabolic problem (1-1) and (1-6) with smooth data has a unique admissible solution
u € C®(Mr7)NCOMry) provided that there exists an admissible subsolution uecC 2N (M7) satisfying
(1-7) and (1-10).

Theorem 1.6 is known for f = o*kl/k, but seems to be new for f = (ok/ol)l/(k_’) or f =log Py, even
when M is a bounded smooth domain in R"; see also [Jiao and Sui 2015].

Remark 1.7. In Theorem 1.1, the constants C; and C, depend on T only implicitly. For instance, if
the quantities listed in (1-12) are all independent of T, then so is C;. The independence of T from the
estimates is important to understanding the asymptotic behaviors of solutions as ¢ goes to infinity. If one
allows C to depend on T (explicitly), (1-8) can be derived under much weaker conditions, and more
easily.

Theorem 1.8. Under assumptions (1-2), (1-3) and (1-5),
IVZu(x, 1) < CeP'(1 +max |V2ul) forall (x,t) € Mr, (1-16)
T

where C and B depend on |Vul oz, lp? lc2(i7) and other known data. In particular, if M is closed then
IV2u(x, )] < CeB’.
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Note that, by (1-5), the function
. b . b
u = ¢’ +tmin{log f (A[¢"]) — v/}
M

is admissible and satisfies (1-7).
An immediate consequence of Theorem 1.8 is the following characterization of finite-time blow-up
solutions on closed manifolds:

Corollary 1.9. Assume M is closed and f satisfies (1-2)—(1-4). Then (1-1) admits a unique admissible
solution u € C®(M x R™) with initial value function ¢® satisfying (1-5) provided that the a priori gradient
estimate

sup |Vu|<C forall T >0 (1-17)
Mr

holds, where C may depend on T. In other words, if u has a finite-time blow-up at T < oo, then

lim max [Vu(x, t)| = oco.
t—T- xeM

So, the long-time existence of solutions in 0 <t < oo reduces to establishing the gradient estimate (1-17).
This is also true when M # &. Using Theorem 1.1, we can prove the following existence results:

Theorem 1.10. Assume that (1-2)—(1-5), (1-7), and (1-10) hold for T € (0, oo]. There exists a unique
admissible solution u € C*®°(M7)NC%(M7) of (1-1) satisfying (1-6) provided that any one of the following
conditions holds:

1) I'=Ty;
(i) (M, g) has nonnegative sectional curvature;
(iii) there is 8o > O such that, if A; <0,
fi=80 ) fi ondI? forall o> 0; (1-18)

(iv) VZw >y for some function w € C? (1\7) and

> fri=0 inT. (1-19)

The assumptions (i)—(iv) are only needed in deriving the gradient estimates. It would be interesting to
remove these assumptions. When d M = &, Theorem 1.10 holds without the subsolution assumption.

The rest of the article is divided into three sections. In Sections 2 and 3, we derive (1-8) and (1-11),
respectively, completing the proofs of Theorems 1.1 and 1.8. Instead of (1-1), we shall deal with the
equation

fONVu+x) =u+y (1-20)
under essentially the same assumptions on f, with the exception that (1-4) is replaced by

inf (¢; +¢) —sup f >0, (1-21)
s Mt or
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which is needed in the proof of (1-11) . Accordingly, the functions ¢? and u € C>'(M7) are assumed to
satisfy k[gob] el in M and, respectively,

fu) >u;+¢ in My (1-22)

in place of (1-7). Note that if f > 0in " and f satisfies (1-2), (1-3), and (1-19), then the function log f
still satisfies theses assumptions. So (1-1) is covered by (1-20) in most cases, and we shall derive the
estimates for (1-20). In Section 4 we briefly discuss the proof of the existence results and the preliminary
estimates needed in the proof.

At the end of this introduction we recall the following commonly used notations:

3/ u
|l et oty = Z IVl o +Z ;
8[ CO(M )
81
|ulck+a/+ﬁ(MT) — |M|Ck[(MT) + |V M|ca(MT) + a[l )
CH(Mr)
where 0 <o, B <land k,l =1, 2, ..., for a function u sufficiently smooth on M7 . We shall also write

|u |C"(/\TT) = |M |Ck’k(ﬂ77") .
2. Global estimates for second derivatives

A substantial difficulty in deriving the global estimate (1-8), which is our primary goal in this section, is
caused by curvature of M; another is the lack of (globally defined) functions or geometric quantities with
desirable properties. In our proof, the use of the admissible subsolution u is critical. We shall consider
(1-20) in place of (1-1).

Let u € C*2(M7) N C?>'(M7) be an admissible solution of (1-20) and u € C>!(M7) an admissible
function. We assume that u admits an a priori C' bound

lul o1 iy < C- 2-1)
Let ¢ (s) = —log(1 — bs?) and

n=¢(+|Vu—w))+aw—u—3s), (2-2)

where a, b, § > 0 are constants and u € C%Y(M7) is an admissible function; we shall choose § = 1 or 0,

a sufficiently large, and b small enough, namely

1
b<—s, bi=l+sup|Vu—u). (2-3)
8by My
Consider the quantity

W= sup max  (Vegu+ x(§,§))e".
(x’t)eMTEETXanlslzl

Suppose W is achieved at an interior point (xo, fp) € Mt for a unit vector § € T,,M". Letey, ..., e,
be smooth orthonormal local frames about x¢ such that e; =&, V;e; =0 and the U;; := V;ju + x;; are
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diagonal at (xg, fp). So W = Uy (xo, 1o)e"*0-10) 'We wish to derive a bound

U1 (xo, 10) < C. (2-4)
Write (1-20) in the form
u=FU) -y, U={U;}, (2-5)
where F is defined by
F(A) = f(A[A]D
for an n x n symmetric matrices A = {A;;} with eigenvalues A[A] € I". Differentiating (2-5) gives
Uy = FijUijt — Y,
Viu, = FUViUy; — Vi for all &, (2-6)
Vi, = FIV Ui+ FURN UV Uy — Vi

Throughout the paper we denote

. JF y 3?F
Fl=_—_—(U), F/*=_———""(U).
0A;; 0A;j0Ay
The matrix {F"/} has eigenvalues fi, ..., f,, and therefore is positive-definite when f satisfies (1-2),

while (1-3) implies that F is a concave function; see [Caffarelli et al. 1985]. Moreover, the following
identities hold:

FiU; =" fiki. FlUpUg=Y_ fid].
We also note that the F'/ are diagonal at (xo, f).

Proposition 2.1. For any a, C; > 0, there exists a constant b > 0 satisfying (2-3) such that, at (xo, ty), if
U > C]Cl/«/z then

gF”'U,%. +aF' Vi —u)—a, —u)+as <CY F'+C. (2-7)
Proof. We shall assume Uy (xg, tp) > 1. At (xg, t), where the function log Uy 4+ 1 has its maximum,
\Y% ViU
G om0, Y vz 1<i<n, 2-8)
Un Un
and
1 Qs 2 ii
o F ViiU11—U—2F (ViU11)*+ F"'Viin < 0. (2-9)

11 1
We recall the identities, on a Riemannian manifold,
V,‘jkv—Vj,‘kU:R,la-jvlv, (2-10)
Vijkiv — Viijv = Rl’;-’kVimv + ViRl’;-’kav + R Vimv + R;"ilemv + R;-"”Vkmv + VkR;"ilev. (2-11)

It follows that
FiiVUn = F'V Uy — CUy Y FY, (2-12)
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where C depends on [Vu| CO(ir) and geometric quantities of M. By (2-8), (2-9), (2-12), and (2-6), we
obtain

i | B, | B vy i
F'i'Viin—n, < — FI¥Y Ui ViU + — F(ViU)? — +CY Fii, 2-13
il = = e 1UijViUu 07 (ViU11) Un Z (2-13)
Let
J={i:3U; <-Uyn}, K={i>1:3U;>-U}.

As in [Guan 2014b], which uses an idea of Urbas [2002], one derives
lig, o o < i (7.2 11 _ 2_M ii :
FiiVn n,_;F (Vim)?+CF ;(v,n) Ur +CY F (2-14)
For convenience, we write w =u —u, s =1+ |Vw|2, and calculate
Vin =2¢'ViwViyw +aViw,
n: = 2¢'Viw(Viw), +aw, —aé,
Vi =26/ (Virw Vigw + Viw Vigw) + 46" (VewViw)® + aViw,

while
Por= 2 e = gy
§)=—, S)=——"—55 > .
1 — bs? (1 — bs?)?
Hence,
D FTVim? 8@ Y F (ViwViw)? +2[Vwla® ) F" (2-15)
ieJ iel ieJ
and
D (Vi) < Ca® + C(¢)’ U, (2-16)
i¢J

By (2-6) and (2-10), we obtain
FiiVin —n, = ¢/ F'U2 +2¢" F' (ViwVigw)? + a F' Visw — aw, +ad — c¢’(1 +3 F”). (2-17)

It follows from (2-14)—(2-17) that

y y y \V N
¢ FiU2+aF ' Vyiw—aw+as<Ca® Y F”+C(a2+(¢/)2U121)F“—Z}—]W—FC(QS/—FZ Fi*). (2-18)
. 11
ieJ
Note that )
y N U y
FiUk = FUUR + Y FP0R = FUU + =L ) P, (2-19)
ieJ ie
We may fix b small to derive (2-7) when U;; > Ca/ Jb. O

To proceed, we need the following lemma, which is key to the proof of Theorem 1.1, both for (1-8) in this
section and (1-11) in the next section; compare with Lemma 2.1 in [Guan 2014a]. Let vy = Df (L) /|Df (1)|
denote the unit normal vector to the level surface of f through A.
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Lemma 2.2. Let K be a compact subset of I and > 0. There is a constant € > 0 such that, for any
w e K and A € T with |v, —vy| > B,

> G =) = f0 = fO)+e(1+ 3 fi0). (2-20)
Proof. Since v, is smooth in u € I" and K is compact, there is €y > 0 such that, for any 0 < e < ¢y,
K¢ ={u*:=pu—el:pnek}
is still a compact subset of I and
[V —vpel < g forall u € K.

Consequently, if 4 € K and A € I satisfy |v, — vy| > B then |v,c — vy | > B/2.
By the smoothness of the level surfaces of f, there exists § > 0 (which depends on 8 but is uniform
in € € [0, €]) such that
min min dist(d BY/* (1), 97/ #) > 0,

nek 0<e<ep

where E)Bgg /2 (u€) denotes the spherical cap

€ € — I’Le 2
BBf/z(u)={§eaB5(,u): vue.g 2§ 1—ﬁ—}.
Therefore,
0 = min min min  {f()— f(u)}>0. (2-21)
;LEK 056560 {'Ean/z(Me)

Let P be the two-plane through u¢ spanned by v, and v, (translated to «€), and L the line on P
through 1€ and perpendicular to v;. Since 0 < vye-v; <1 — B2%/8, L intersects an/z(ue) at a unique
point ¢. By the concavity of f, we see that

DA =) =Y fi0)E = A)

> f()—fQ)
>0+ f(u)— f(1) forall 0<e <e. (2-22)

Next, by the continuity of f we may choose 0 < €] < €y with | f(u') — f(u)| < %9. Hence
D HM (i —er—xi) = f(w) — F) +30. (2-23)
This proves (2-20) with ¢ = min{6/2, €;}. [l
Remark 2.3. Alternatively, one can first prove
YA —2) =0+ f() — fO).
Then choose € > 0 small such that 0 < f(u) — f(u®) < 6/2. By the concavity of f,

S A0 =) 2 FRO— ) = Fw — FO) -5 (2-24)
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Now add these two inequalities to obtain (2-20).

We now continue to prove (2-4). Assume first that u is a subsolution, i.e., u satisfies (1-22). Since
Alu] falls in a compact subset of I,

B := 1 mindist(vy(,, 3T,) > 0. (2-25)
My
Let A = Alu](xo, to) and u = Alu](xo, to). If |v, —vx| > B then, by Lemma 2.2,

FiVw —wi = Y i) =20 = fGo+ F0) = e(1+ ) F7). (2-26)

The first inequality follows from Lemma 6.2 in [Caffarelli et al. 1985]; see [Guan 2014b]. We may fix a
sufficiently large to derive a bound Uy (xg, o) < C by (2-7).
Suppose now that |v, — v;| < B and therefore vy — 1 € I';,. It follows that

.. ,B Kk .
Fii > EZF forall 1 <i <n. (2-27)

Since u is a subsolution, F/V;;w — w, > 0 by the concavity of f. By (2-7) and (2-27), we obtain

bp
2/n

If we allow § = 1, a bound Uy (xg, fo) < C would follow when « is sufficiently large. This gives (1-16)

——UR Y Fit+as<CY F+cC. (2-28)

in Theorem 1.8.
We now consider the case § = 0. First, by the concavity of f,

1
MY fi = UMD = FO)+ D fidi = FUMD) = f() — I Y=Y fie (229

Hence,
2 i ll 11 i

U D F" = 2 S(f(UnD —u = w>——ZF e > FT (2-30)
when Uy is sufficiently large. A bound U (xg, o) < C therefore follows from (2—28). The proof of (1-8)
in Theorem 1.1 is complete.
Remark 2.4. If (1-14) holds, a bound Uy (xg, ty) < C follows from (2-28) directly and is independent
of |Mt |CO(ATT)
Remark 2.5. If u is an admissible strict subsolution, i.e.,

Su) >u+¢¥+6 in My (2-31)

for some § > 0, then we can choose € > 0 such that A[u] := A[u] —€l € I" and
FOu) > u+ v + % in Mr. (2-32)

By the concavity of f, we see that

S G GiTu] = Ailu)) = £OTud) = F D =, —u,+ 5.
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Therefore, one can derive (2-4) directly from Proposition 2.1. This can be used to prove Theorem 1.8 as
u = @ 4 At is a strict subsolution of (1-20) for any constant A < infy; f(A[¢”]) — sup My V-

3. Second-order boundary estimates

Let u € C>'(Mr) be an admissible solution of (1-20) and (1-6), and u e C%Y(M7) an admissible
subsolution satisfying (1-22) and (1-10). In this section, we derive (1-11) under conditions (1-2), (1-3)
and (1-21) on f. Clearly we only need to focus on d; M.

For a point xy € 0 M we shall choose smooth orthonormal local frames ey, ..., e, around x¢ such
that e,, when restricted to 0 M, is the interior unit normal to dM. By the boundary condition u = ¢*
on d; M, we obtain

[Vopu(xop, )| <C forall l <o,B<n, 0<t<T. (3-1)

Let p(x) and d(x) denote the distances from x € M to xo and dM, respectively. Let M? =
{(x,t) €e Mt : p(x) < 6}, and 8M§ be the parabolic boundary of M?.,

OMS. = M3\ M3..

We fix §p > O sufficiently small that both p and d are smooth in M?O. Let & denote the linear parabolic
operator

Fw = FijVijw — wy.

‘We construct a barrier function of the form

W= A+ A’ — A3 Y IViu—9)I, (3-2)
I<n
where
Nd?
v:u—y+sd—T. (3-3)

Lemma 3.1. Assume that (1-2), (1-3) and (1-21) hold. For constant K > 0, there exist uniform positive
constants s, 8 sufficiently small, and A\, Ay, Az, N sufficiently large, such that ¥ > K (d + ,02) in M‘ST
and

PW < —K(1+Zf,-|,\,-| +Zf,~) in M3. (3-4)

Proof. This is a parabolic version of Lemma 3.1 in [Guan 2014a]. Since there are some substantial
differences in several places, for completeness we include a detailed proof.
First we note that, since u is a subsolution, £(u — u) < 0 by the concavity of f, and, by (2-6),

Vi =@ < C(1+ Y fill+ Y i) forall 1<k <n. (3-5)
It follows that

SNV — P =2 Y FIUaUp—C(1+ Y filkl + Y fi). (3-6)

I<n l<n
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By Proposition 2.19 in [Guan 2014b], there exists an index r such that
Y FUiUuU = 3 > fikd (3-7)
I<n i#r
At a fixed point (x, 1), denote u = A(Vzg + x) and A = A(V2u + x). As in Section 2 we consider two
cases separately: (a) v, —v;| < B, and (b) |v, —v;| > B, where B is as given in (2-25).

Case (a): v, —vy| < B. We have, by (2-27),

Z%ka forall 1 <i <n. (3-3)
n

We next show that this implies the following inequality for any index r:

Y firtzeo) frii—Coy . fi (3-9)
i#r
for some ¢, Co > 0.
Since ) A; > 0, we see that

2
Sais(-Xu) =y (3-10)
)\,l'<0 }\,i<0 )\i >0

Therefore, by (3-8) and (3-10), we obtain, if A, <0,

fAr<nf, Y A< :;_Zf,xz

Ai>0 Ai>0
On the other hand, by the concavity of f,
A
Zﬁ(b—M)Zf(bl)—f(/\)=f(b1)—uz—¢25 (3-11)

for b > 0 sufficiently large. It follows that, if A, > 0,

fhe b)Y fi= D fiki

ri<0
By (3-8) and the Schwarz inequality,

Bl Zf <f2A2<2b2<Zﬁ> +2> K D> f <2(Zm2+b22ﬁ)2fk

<0 ri<0 1i<0

This finishes the proof of (3-9).
Letting b = n|A| in (3-11), we see that

A
4+ DAY fi= Y filnldl =2 = f@IAD = £0) = 5. (3-12)

and consequently, by (3-8),

S 2 ﬁl?»l

(3-13)

_BIAL A
(n+1)f 2
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provided that |A| > R for R sufficiently large.
It now follows from (3-6), (3-7), (3-9), (3-13) and the Schwarz inequality that, when |A| > R,

Y VI —@)P =1 Y ikl 42l -C—=C1 Y f; (3-14)

I<n

for some ¢y, C; > 0. We now fix R > C/cy.
Turning to the function v, we note that, by (3-8),

Pv < Lu—u)+C(s+Nd) Yy F' = NFIV;dV;d < (C(s + Nd) — 57]\’) dOFT (319
n

since £(u —u) <0 and |Vd| = 1. For N sufficiently large, we have
$v<—> fi in M}, (3-16)
and therefore, in view of (3-14) and (3-16),
PU < —Asey <|A| +3 ﬁkf) A+ CA+CiAD Y fi (3-17)

when |A| > R for any s € (0, 1] as long as § is sufficiently small. From now on Aj is fixed such that
AszciR > K, so Az > CK/C%.
Suppose now that |A| < R. By (1-2) and (1-3), we have

2R fi= Y fiki+ fFQRD = f(1) = —R Y _ fi+ f(2R1) — f(R1). (3-18)
Therefore,
2R1) — f(R1
S e JCRSRY
3R
It follows from (2-27) that there is a uniform lower bound
C
fiZ%ZﬁcElB\/ﬁR forall 1 <i <n. (3-19)
Consequently, since |Vd| =1,
y B
i.dV. L )
Fiv,dV;d > 2ﬁ(cR+Zﬁ)'

From (3-15) we see that, when ¢ is sufficiently small and N sufficiently large,
v < —(1 +3° f,~> in M2 (3-20)
Combining (3-6), (3-7), (3-9), and (3-20) yields
W < —Ascr ) fidi +(—A1+CA+CA) Y fi— AL+ CA;s (3-21)

We now fix N such that (3-16) holds when |A| > R, while (3-20) holds when |A| < R, for any s and §
sufficiently small.
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Case (b): v, —vy| > B. It follows from Lemma 2.2 that, for some ¢ > 0,
Pu—wz Y fiwi—r) — @—wize(1+ 3 f).

By (3-15), we may fix s and § sufficiently small such that v > 0 on 1\7% and

€ .
gv=-S(14)f) in M. (3-22)
Finally, we choose A; large such that

(Ay—K)p* = A3 ) [Viu—@)* on dMj,

I<n

and then fix A; sufficiently large so that (3-4) holds. In case (a) this follows from (3-17) when |A| > R,
and from (3-21) when |A| < R. In case (b) we note that, from (3-6) and (3-7),

PU < Ao+ ArEp? — As Zﬁ,\%+CA3(1 +3 filkil +Zf,~)
i#r
< A% —A3Zfl-/\%+CA3(1 +Zf,-|x,-|) +C(A2+43) ) fi.
i#r
Suppose now that A, < 0. Then,
Yo Alil=2) " fii=Y firi<ed fili—Lv+C Y fi+C.
1i>0 1i>0
Similarly, if A, > 0,
DAkl =Y fini =2 fihi<e Y fii+Fv+C)Y | fi+C.
)\.[<O )\,‘<O
By (3-22) we obtain (3-4) when A is chosen sufficiently large. O

Applying Lemma 3.1, by (3-5) we immediately derive a bound for the mixed tangential-normal
derivatives at any point (xg, fo) € oM,

|Vaatt(x0, 10)] < C forall a < n. (3-23)
It remains to establish the double normal derivative estimate
|Vinu (xo, 19)| < C. (3-24)

As in [Guan 2014a; 2014b], we use an idea originally due to Trudinger [1995].

For (x,t) € o, M7, let U (x, t) be the restriction to 7,0M of U(x, t), viewed as a bilinear map on
the tangent space of M at x, and let ’(U) denote the eigenvalues of U with respect to the induced
metric on d M. We next show that there are uniform positive constants cg, Ry such that, for all R > Ry,
(M (U (x,1),R) T and

F(NO @, 1), R) = f(MU(x, 1)) +co, forall 0<t<T, x€dM. (3-25)
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It is known that (3-25) implies (3-24); see, e.g., [Guan 2014b].
For R > 0 sufficiently large, let

mp = min[f 3 (0), B) = fFRW))],
cr = min[ f /(). B) = FOU))].

Note that ('(U(x, 1)), R) € I and (A'(U(x, 1)), R) € T for all (x, ) € 3, Mr and all R large, and it is
clear that both mg and cg are increasing in R. We wish to show that, for some uniform ¢y > 0,

m:= lim mg > cp.
R— o0

Assume m < oo (otherwise we are done) and fix R > O such that cg > 0 and mg > m/2. Let
(x0, t9) € 0, M7 be such that mg = f()J(Z?(xo, 1)), R). Choose local orthonormal frames ey, ..., e,
around xo as before such that e, is the interior normal to M along the boundary and Uyg(xo, 1)
(1 <a, B <n-—1)isdiagonal. Since u —u =0 on d; M, we have

Usp —Uup = —Vu(u —u)ogsg on oMy, (3-26)
where o = (Vyep, e,). Similarly,
Uap — Vap® — Xap = —Vu(u —@)ogp on d;Mr. (3-27)
For an (n — 1) x (n — 1) symmetric matrix {ry g} with ()»/({I"a,}g}), R) e I', define

Flrap) == f (M ({ra.p}), R)

and
aF
8I’aﬂ

FS"S = [Uap (x0, 10)].
We see that F is concave since f is, and therefore, by (3-26),

Vi (u — u)(xo, fo)ﬁgﬁaaﬁ(xo) > F[Uqp(x0, 10)] — FUgp(x0, 10)] = cg —mp.

Suppose that

~ CR
V(e = ) (xo. 10) F o (x0) <
then mg > cg/2 and we are done. So we shall assume
~ CR
V(e = 1) (x0. 10) Fg o (x0) > -
Consequently,
~Oéﬁ CR
FO Oup (xg) > > 2€iCcR (3-28)

2V (u —u)(xo, t0)
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for some constant €; > 0 depending on maxjy, s, |Vu|. By continuity, we may assume 7 := Fg b Ouf = €1CR

on ]\7% by requiring § to be small (which may depend on the fixed R). Define, in M2,

P =-V,(u—9p)+ % (3-29)

where

0 = FP (Vap + Xap — Unp (X0, 10)) — tt; — ¥ + 14; (x0, o) + ¥ (x0, fo)

is smooth in M%. By (3-5), we have

§£¢§—§£Vnu+c(1+ZF”>§C(1+Zﬁlxi|+2ﬁ). (3-30)
From (3-27), we see that @ (xg, #9) = 0 and
® >0 on MMMy, (3-31)
since, for (x, t) € d; Mr, by the concavity of F ,
Fo? (Uap (x, 1) = Uag (x0, 10)) = F (U (x, 1) = F(U (x0, 10))
= F(U(x, 1)) = mg — ;(xo, 1o) = (xo, o)
> Y (x, 1) +u(x, 1) —u(xo, o) — ¥ (xo, fo).
On the other hand, on 8bM% we have V(1 — ¢) = 0 and therefore, by (3-31),
@(x,0)>d(x,0)—Cd(x) > —Cd(x), (3-32)

where C depends on C! bounds of V2¢(-,0), u,(-,0), and ¥ (-,0) on M, and £ € OM satisfies
d(x) =dist(x, x) for x € M; when d(x) is sufficiently small, x is unique.
Finally, note that |@| < C in M % So we may apply Lemma 3.1 to derive ¥ + @ > 0 on E)M% and

PW+P)<0 in Mi (3-33)

for Aj, A, and As sufficiently large. By the maximum principle, ¥ + @ > 0 in M%. This gives
V@ (xg, tg) = —V, ¥ (x0, t9) = —C, since ® + ¥ = 0 at (xg, ty), and, therefore, V,,,u(xg, t9) < C.
Consequently, we have obtained a priori bounds for all second derivatives of u at (xg, fo). It follows that
A(U (xo, tp)) is contained in a compact subset of I' (independent of u) by assumption (1-4). Therefore,
_ f(AMU(xo, 10)) + Rey) = f(2(U (x0, 10)))

= 0,
Co B >

where e, = (0,...,0, 1) € R". By Lemma 1.2 in [Caffarelli et al. 1985], we have

m>=mp > f (MU (x0,10)) + R'en) —co— f (AU (x0, 10))) > co

for R’ > R sufficiently large. The proof of (1-11) in Theorem 1.1 is complete.
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Remark 3.2. When M is a bounded smooth domain in R", one can make use of an identity in [Caffarelli
et al. 1985], and modify the operator &, to derive the boundary estimates without using assumption (1-19).
We omit the proof here since it is similar to the elliptic case in [Guan 2014a], which we refer the reader
to for details.

4. Existence and C! estimates
In order to prove Theorem 1.10, it remains to derive the C! estimate

lulcogizyy + _max (IVul+ ) < € @-1)
M

x[10,T]

for any ty € (0, T'), where C may depend on fq. Indeed, by assumption (1-4) we see that (1-1) becomes
uniformly parabolic once the C?! estimate

|l 2t 3 xpno. ) = €

is established, which yields |u]cotai+a/2 (375 [0, 77) < C DY the Evans—Krylov theorem (see, e.g., [Lieberman
1996]). Higher-order estimates now follow from the classical Schauder theory of linear parabolic equations,
and one obtains a smooth admissible solution in 0 <t < T by the short-time existence and continuation.
We refer the reader to [Lieberman 1996] for details.

Let h € C*(M7) be the solution of Ah + try =0in My with h = @ on dMy. By the maximum
principle we have u < u < h, which gives a bound

lul cociayy +max |Vul < €. (4-2)

For the bound of u,, we have the following maximum principle:

Lemma 4.1. We have

lur (x, )] <max |u;| +1sup Y| forall (x.1) € Mr. (4-3)
T

My

Suppose moreover that there is a strictly convex function h € C*(M) with V?h > cog for some co > 0.
Then

2|h|C0(117[)

sup |u;| < max |u,| +2sup ||+ sup | V2] (4-4)
My aMr My My

Proof. We have the identities Lu, = ¢, and

L+ )| = |FIVip) < V2 ) FY.
Therefore,
L(+u; — Bt) =4y, + B >0

for B > sup,,, |Y:|. This gives (4-3), by the maximum principle. Similarly, (4-4) follows from

(& +9) + Bh) = (coB— |V>Y]) Y F* >0
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for B > ¢, Usup My |V24/| and the maximum principle. ]

It remains to derive the gradient estimate

sup | Vu|> < C(|ul oz, + sup [Vul?) (4-5)
My oMr
in each of the cases (i)—(iv) in Theorem 1.10. We shall omit case (i), which is trivial, and consider
cases (ii)—(iv), following ideas from [Li 1990; Urbas 2002; Guan 2014b] in the elliptic case.

Let ¢ be a function to be chosen and assume that |Vu|e? achieves a maximum at an interior point
(x0, t0) € M7. As before, we choose local orthonormal frames at xo such that both U;; and F iJ are
diagonal at (xg, to), where

Vkuvku, VkuViku .
>0, ————4V;¢p=0 foralli=1,...,n, 4-6
wap T T TV l ' o
i VkuViigu + VieuVigu (ViuViu)? i
Fii —2F Fiiv,¢ <0. 4-7
Vil Vult + i < (4-7)
We have, forany 0 <€ < 1,
C
Y (Vi) =) (Ui = xiw)* = (1 = Uji == (4-8)
k k
and
? C
(kauviku) < +e)|V,~u|2U,-2,-+?|Vu|2. (4-9)
k

Lete =1 and J = {i : 2(n +2)|V;u|> > |Vu|*}; note that J # @ and, by (4-8) and (4-9),

i i C
2 FH(VuPViu Vi = 2(VeuVign)?) 2 ) F (VulP(1 =€) =201+ ) [Viu)U7) = [ Val?
i¢J i¢J
> —%qulz. (4-10)
We derive, from (2-10), (4-6), (4-7) and (4-10),
YFUUL = 2\Vul? Y FUVigP 4 [VuP(F Vi — ¢) < C(1 = Ko|Vul) Y F" +C|Vul, (4-11)
ieJ
where K() = infk,l Rklkl-
Let
¢ = —log(1 —bv?) + A(u + w — Br),

where v is a positive function, and A, B and b are constant, all to be determined; » will be chosen
sufficiently small such that 14bv? < 1 in My, while A = 0 in cases (ii) and (iii). By straightforward

calculations,

2bvV;v 2bvv,
Vig = = b2 +AViu+w), ¢ = T= b2

+ A(u; — B)
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and
Vo 2bvV;iv +2b|V;v|? 4b2v2|V,-v|2+Av 4+ )
o — U+ w
N 1 —bv? (1 —bv2)? e
2bvViiv  2b(1 +bv?)|Vv|?
_ 2bvVyv (1+bv7)| Vv AVt w).

=1 (1 —bv?)?
Plugging these into (4-11), we obtain
N (b1 =Tbv?)|V;v|?
1 piigr2 2 ii ! 2
F'U;+|V F —CA
3 ll+| I/ll ; ((n+2)(1—bv2)2

2bv|Vul?
1 —bv?

(F'"Viiv —v) + AIVul*(F" Vi (u + w) — u; + B)
<C(1=Ko|Vu) Y F'+C|Vu|. (4-12)
In both cases (ii) and (iv), we take

v=u—u+sup(u—u)+1>1.
My
Let i = A(V2u(xo, t0) + x(x0)), A = A(V?u(xo, o) + x(x0)), and B as in (2-25). Suppose first that
|v, —va| > B. By Lemma 2.2 and the assumptions that ) fiA; > 0 and V2w > yx, we see that

FiVii(+w) —u,+ B> F'Vijv—v+(B—u)>ey Fl+e+(B—u)

forsome ¢ > 0. Let A=A K, /¢, K, =max{—Kj, 0}, and fix Ay, B sufficiently large. A bound |[Vu|=<C
follows from (4-12) in both cases (ii) and (iv).
We now consider the case |v, —v;| < B. By (2-27) and (4-12), we see that, if [Vu| is sufficiently large,

ﬁ(mz +c1|Vul Z F'' < F'U2 4 2¢1|Vul* Z Fil < C(1=Ko|Vul? Z Fi' 4 C|Vu|, (4-13)

Jn

where c¢; > 0.

ieJ

Suppose |A| > R for R sufficiently large. Then

B 2 4 i 2Bt o o - )
N )Y F 2 =1Vl > Fl> | Vu (4-14)
for some uniform ¢, > 0. We obtain from (4-13) and (4-14) a bound for |Vu(xq, ty)|.

Suppose now that |A| < R. Then }_ F'’ has a positive lower bound, by (3-18) and (3-19). Therefore, a
bound |Vu(xg, to)| follows from (4-13) again. This completes the proof of (4-5) in cases (ii) and (iv).

For case (iii) we choose A =0 and ¢ = (u — gfu +1)2. By (4-12)
T

IVul* Y F* < C(1 = Ko|Vul®) Y F' 4 C|Vul. (4-15)
ieJ
By (4-6) we see that U;; < 0 for each i € J if |Vu| is sufficiently large, and a bound for |Vu(xg, t9)|
therefore follows from (4-15) and assumption (1-18).
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