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THE NONLINEAR SCHRODINGER EQUATION GROUND STATES
ON PRODUCT SPACES

SUSANNA TERRACINI, NIKOLAY TZVETKOV AND NICOLA VISCIGLIA

We study the nature of the nonlinear Schrodinger equation ground states on the product spaces R" x M*,
where M* is a compact Riemannian manifold. We prove that for small L? masses the ground states
coincide with the corresponding R” ground states. We also prove that above a critical mass the ground
states have nontrivial M* dependence. Finally, we address the Cauchy problem issue, which transforms
the variational analysis into dynamical stability results.

1. Introduction

Our goal here is to study the nature of the nonlinear Schrodinger equation ground states when the problem
is posed on the product spaces R" x M¥, where M* is a compact Riemannian manifold. We thus consider
the Cauchy problems

{iatu—Ax,yu_umw:o, (t,x,y) € R x RY x M¥, (1-1)

u0, x,y) =¢(x,y),
where

n
j=1

and Ay is the Laplace—Beltrami operator on M ;‘ Recall that the Laplace—Beltrami operator is defined in

local coordinates by
1

det(g;,; (y))

where g"/(y) = (g ;(»)) ! and g; ; () is the metric tensor.
We assume that 0 < o < 4/(n + k), which corresponds to L? subcritical nonlinearity. In this paper, we

y; v/ det(g;, ()’))gi’j (»)ay;,

shall study the following two questions:
« the existence and stability of solitary waves for (1-1);
« the global well-posedness of the Cauchy problem associated to (1-1).

Equation (1-1) has two (at least formal) conservation laws: the energy

1 1
Enmk o (u) = /M§ /Rgf (§|Vx,y”|2 - 2+—a|u|2+“> dx dvolyy, (1-2)
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and the L2 mass,

||u||i2(RnXMk):A,[k - |M|2dx dVOlMé (1_3)

Here we denote by dvol M the volume form on M*. Recall that in local coordinates it can be written as
V/det(g; ;(y)) dy. Moreover, the i-th component (in local coordinates) of the gradient (Vyu(y)) is

8" (y)dy,u.
One has the classical Gagliardo—Nirenberg inequality

2 % 24+a—0
(17 S of 71 AN 171 ot (1-4)

where 6 () = (n + k)a /2. Thus 6(«) < 2 under our assumption 0 < o < 4/(n + k). This implies that the
conservation laws (1-2) and (1-3) imply a control on the H' norm which excludes an L? self-focusing
blow-up, and thus one expects that (1-1) has well defined global dynamics. This problem seems quite
delicate for a general M k_ However, if we replace M k with R, it is well known (see [Tsutsumi 1987,
Cazenave 2003] and the references therein) that (1-1) has a global strong solution for every L*(R"+*)
initial data.

Our argument to construct stable solutions to (1-1) follows the one proposed in [Cazenave and Lions
1982]. Hence we shall look at the following minimization problems:

Kp

n,M*,a inf %n,Mk,oz(u) (1-5)

ueH‘(R”xM")
HM“LZ(RnXMk)Zp

and €, ys« o(u) is defined in (1-2). In the following we shall use the notation

M o = {0 € HU R 5 MY 2ol 2ocary = p and €, o (0) = K7 ) (1-6)
The first result we state concerns the compactness of minimizing sequences to (1-5).
Theorem 1.1. Let M* be a compact manifold and 0 < o < 4/(n + k). Then
Kka > —00 and Mﬁ,w,a £ forall p>0. (1-7)
Also, for any sequence u; € HY(R" x M*) such that il L2re x ¥y = o and hm %n Mk (Uj) = K, Mk,a’
there exists a subsequence uj, and t; € R} such that
uj(x + 1, y) converges in H'(R" x M%). (1-8)

The proof of Theorem 1.1 is based on the concentration compactness principle which will be given in
the Appendix. Also, the following stability theorem follows from a standard argument, hence its classical
proof will be recalled in the Appendix.

Theorem 1.2. Let p > 0 be fixed and n, M k o as in Theorem 1.1. Assume moreover that

the Cauchy problem (1-1) is globally well posed for any data ¢ € U, (1-9)
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where W is an H'(R" x M*)-neighborhood ofﬂ/tﬁ Mk o Then the set JI/LZ Mk o S orbitally stable; that is,

for all € > 0, there exists § = §(¢) > 0 such that, for any ¢ € WU with inf _ ;» ) o — vl 1 e x vy < 8(€),
n,M* o

we have

sup irplf lup(®) —vil g @esmty < €,

tER UeMn,Mk,ot

where uy(t, x, y) is the unique global solution to (1-1).

Let us emphasize that the stability result stated in Theorem 1.2 has two major defaults: the first
one is that we don’t have an explicit description of the minimizers JMZ uk o+ the second one is that it
is subordinated to (1-9), that is, the global well-posedness of the Cauchy problem (1-1). The main

contributions of this paper concern a partial understanding of the aforementioned questions.
Notice that [Cazenave 2003] a special family of solutions to (1-1) is given by

i

u(t,x,y) =e " “uppa(x),

where @ > 0 and u,, 4, «(x) is defined as the unique radial solution to
_Axun,w,oc +a)un,w,a = un,w,alun,w,ala» Un,w,a € HI(RZ)v un,w,oz(x) > Oa X € RZ (1‘10)

Next, we set
Npwa = {e"eun,w,a(x +17):teR", 0 eR}. (1-11)

Notice that there is a natural embedding H ! (R CH 1 (R x M fV‘ ). In fact, every function in H' (R?) can
be extended in a trivial way with respect to the y variable on R x M;f , and this extension will belong to
H'(R" x M*). In particular, since now the set N, ,, o, defined in (1-11) will be considered without any
further comment both as a subset of H' (R") and as a subset of H ! (R x M ’y‘), by a rescaling argument,
one can prove that the function

(0,00) 3 ® = ||ty w.all 72, € (0, 00)

(R}
is strictly increasing for any 0 < o < 4/n and

wlingo lun,0.« ”LZ(R?‘,) =00 and Lll_r)% 0.« ”Lz(Rﬁ) =0.

As a consequence, for any fixed 0 < @ < 4/n, we have

for all p > 0 there exists a unique w(p) > 0 such that [[un o (o), ll 2@ = P- (1-12)
In the next theorem, the set N, ,, o is the one defined in (1-11) and ‘/‘/LZ,Mk,a is defined in (1-6).
Theorem 1.3. Let n, M¥, « be as in Theorem 1.2. There exists o* € (0, 00) such that

o _
‘Mn,Mk,a = Nn’w(p/ T forall p < p* (1-13)

and

P —
L/l/tn’Mk’a mNn,w(p/W),a = forall p > p*, (1-14)
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where w(,o/\/Vol(Mk)) is uniquely defined in (1-12). In particular for p > p* the elements ole/LZ Mk o

depend in a nontrivial way on the M* variable.

By the approach of Weinstein [1986] one may expect that N, ,, ,, is stable under (1-1) for @ <4/n
and w small enough; see [Rousset and Tzvetkov 2012] for a recent related work. It should however be
pointed out that in such a stability result one would not get the variational description of N, ,, o as is the
case in Theorem 1.3 (o < 4/(n + k)). We underline that, by combining Theorem 1.2 and Theorem 1.3,
we get a stable set for large values of the mass p, and in general it is independent of the solitary waves
associated to the nonlinear Schrodinger equation in R”.

Next we shall focus on the question of the global well-posedness of the Cauchy problem associated to
(1-1) in the particular case n > 1, k = 1. For every n > 1 we fix the numbers

42+ )

pi=pina) ="t and gimqna)=2+a,
no

and for every 7 > 0 we define the localized norms

(2, %, YIxr = Nut, %, VYo -1, 7910 @ 11 (M1 (1-15)
and

l|lu(t, x, )’)HYT = ||Vx14||LP((7T,T);Lq([Rg;LZ(Myl)y (1-16)

Theorem 1.4. Let n > 1 be fixed and o < 4/(n + 1). Then, for every initial data ¢ € H' (R"* x M"), the
Cauchy problem (1-1) has a unique global solution u(t, x, y) satisfying

ut,x,y) €@((=T,T); HH(R*" x M')YNXrNYr forall T > 0.

Remark 1.5. The main difficulty in the analysis of the Cauchy problem (1-1) (compared with the Cauchy

problem in the euclidean space) is related to the fact that the propagator e ~/2xy on R" x M }1 does not satisfy

the Strichartz estimates which are available for the propagator e ~//“&+ on the euclidean space R"*.

Let us now describe some other known cases when (1-1) is well posed in H'(R" x M¥) under the
assumption o < 4/(n + k). Using the analysis of [Burq et al. 2004; Burq et al. 2003], one may prove
such a well-posedness result in the case R x M?, that is, n = 1 and k = 2. Moreover, using the analysis
of [Herr et al. 2010; Ionescu and Pausader 2012], one may also prove such a well-posedness result in the
cases R? x T? and R x T3, respectively.

Notation. Next we fix some notations. We denote by L? and H; the spaces L?(R?) and H*(R?}),
respectively. We also use the notation L,’?,y =LP(R} x M’y‘) and LY LY = LP(RY; L‘f(Mif)). Ifv(¢)isa
time dependent function defined on R, and valued in a Banach space X, we define

I, =f||v(r>||”dr.
oo = J, X

For every p € [1, oo] we denote by p’ € [1, oo] its conjugate Holder exponent. We denote by e~/ the
free propagator associated to the Schrodinger equation on R} x M;‘,.
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2. Some useful results on the euclidean space R} withn > 1

In this section we recall some well-known facts (see [Cazenave 2003]) related to the following minimization
problem on R%:

IV, = inf €,.(u), 2-1)
' ueH]
lull,2=p
where, for o < 4/n,
1 1
Ena) =5 / |Vul? dx — e . lu)?t dx. (2-2)
By an elementary rescaling argument we have
1P = p(8+4a72an)/(470m)11 (2_3)
n,a n,a*
It is well known that
—oo <1}, <0, forallp>0, (2-4)
and
M,a = Nnw(p).a> (2-5)
where N, 4« 18 defined in (1-11),
ME = {u € Hl||lull 2 = p and €, o () = I ,} (2-6)

and w(p) is defined uniquely (see (1-12)) by the relation

”un,w(p),a ”L% =p.

We also recall that the functions u, , o, (defined as the unique radially symmetric and positive solution to
(1-10)) satisty the following Pohozaev type identity (for a proof of (2-7) see the proof of (3-21) in the

next section):

an

|Vytty ool dx = .| dx. (2-7)

Rg 2 +2) Ju

On the other hand, if we multiply (1-10) by u, ., » and integrate by parts, we get

2 2 2
|Vittn,wal” dx + ollun,p.q ”Lz = / [Un,.0l o dx,
Ry * Rz

which, in conjunction with (2-7), gives

200+4—
a)HMn,w,ozH% = % |qun’w’a|2 dx
Re
4o +8—2 1 {
e (5 ) N - 4. dx)
- Hun.a},aH
= Mln,a 3 08)

an—4
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(in the last step we have used the fact that due to (2-5) we have that u, ,  is @ minimizer for €, , on its
associated constrained).
Finally notice that by (2-7) we deduce

Hun,a)ﬂ”L2 on — 4
n,a = %n,a(un,w,a) =

/ |qun,w,a|2 dx. (2-9)
2an Jgn

3. An auxiliary problem

In this section we study the minimizers of the minimization problems

Jn,Mk,oz,)L = inf %n,Mk,a,k(u)9 (3'1)
ueH'(R" x M*)
lull,2 =1
X,y

where
1

A
€ = SIVyul? + 31V = ——|u ) dx dvolyu.
n Mo (1) A§/¥(2| yul“+ 5 Vyul 2—|—a|u| X dvoly

We also introduce the sets
Mo pat . = (w € H' R x MY s wll 2 =1 and €, yr g2 (W) = Ty ptt )
Theorem 3.1. Let n, M*, and 0 < o < 4/(n + k) be given. There exists A* € (0, 00) such that

My ppx 3 =Nnaa Sforall A > A* (3-2)
and
My ppt 3 M Npoo =D forall A < 2, (3-3)

where @ is defined by the condition
vol(M*) lup 5.0l 72 = 1.

We fix a sequence A ; — oo and a corresponding sequence of functions u;; € My, pt o3, In the sequel
we shall assume that

U, (x,y) =0 forall (x,y) € R} x M. (3-4)

Indeed, it is well known that if u,; is a minimizer, |u;,| is also a minimizer. In particular there exists at
least one minimizer which satisfies (3-4).
Notice that the functions u; ; depend in principle on the full set of variables (x, y). Our aim is to prove
that, for j large and up to subsequence, the functions u;; will not depend explicitly on the variable y.
First we prove some a priori bounds satisfied by u;; (x, y). Recall that the quantities 1}, are defined
in (2-1).

Lemma 3.2. Make the same assumptions as in Theorem 3.1. Then we have

lim
j—o00

k
Ju ke, = VOLMMY LY M) (3-5)
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and
lim »; / |Vyuj,|* dx dvoly = 0. (3-6)
j—00 Mk Jry ' Y
Proof. First notice that
k
Tustt o, < VOl 1Y, (3-7)

k
In fact, let w(x) € H be such that [wl2 = 1/y/Vol(MF) and €, o (w) = I’ """ Then we easily
get

1 1
Jn,Mk,a,x_,.f%n,m,a,x,(w(x))=vol<M’<><§ /R Viewld - /R |w|2+“dx)

n
X

k
= vol(M¥k) I, [V Y™
which concludes the proof of (3-7).
Next we claim that
lim / |Vyuj,|* dx dvoly = 0. (3-8)
J=oo Sk JRre !

Assume for a contradiction that this is false. Then there exists a subsequence of A ; (that we still denote
by A ;) such that

lim »; =c0 and / |Vyty,; | dx dvoly > € > 0,
Jj=00 Mk JRn ' ’
and, in particular,

lim (,\j—l)/k |Vyuz,|? dx dvolys = 0. (3-9)
Mk JRn

j—oo

On the other hand, by the classical Gagliardo—Nirenberg inequality (see (1-4)) we deduce the existence
of 0 < u < 2 such that

1
1/ (IVyu> + |Vovl* + |v]?) dx dvol e — / / |02+ dx dvol
2 Ik Jre b 24a i Jw

zlf (|Vyv|2+|va|2+|v|2)dxdvole—C|:/
2 Jut Jre Y Mk

y

nw
(IVyv)? 4+ | Vev* + |v[*) dx dvole:|
R y
> in(f)(1/2t2 —Ct"Y=C(n) > —0
>
for all v € H'(R" x M*) such that ||v]| 2, = 1. By the previous inequality we get
Goattan, () — 10 — 1)/ / 9,012 = —1 4+ CQw
Mk JRY
for all v € H'(R" x M*) such that ||v||L§.y = 1. In particular, if we choose v =u;, ;, we get

nth iy = Ennthan; i) = 50— 1) /M . |Vyuz, |* dx dvolyss — 5 +C ().
y X
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By (3-9) this implies lim,—, oo Jy,, p 5, = 00, Which is in contradiction with (3-7). Hence (3-8) is proved.
Next we introduce the functions
w; () = llus, Cx, DI

Notice that
lwjMliey =1 (3-10)

and, moreover,
/ IVyw;(y)| dvoly < C/ / lun; ¢, VI Vyus; (x, y)| dx dvol
Mk ’ Mk JRe ?

< Cllu;llez NVyusllzz -
Hence, due to (3-8), we get
lim [[Vyw;| 1 =0. (3-11)
Jj—o0 Y

By combining (3-10) and (3-11) with the Rellich compactness theorem and with the Sobolev embedding
whim'y c L°(M") and W1 (M?) ¢ L>(M?), we deduce in the cases k = 1 and k = 2 that (up to a
subsequence)

lim flw;(y) — 1/V01(M1)||L»;, =0 foralll <r <o (3-12)
j—oo ’
and
Iim [|w;(y) — 1/V01(M2)||L; =0 foralll <r <2, (3-13)
Jj—o0o ’

respectively. For k > 2 we use the Sobolev embedding H!(M*) c L?/* =2 (M*) and we get

sup ([ |l > k-2 < Csup [l || L2 g1 k) < 00
J = j ' ‘
(where in the last step we have used the fact that sup j (Nlua 2, + I Vyus, |l L2 y) < 00). By the Minkowski
inequality the bound above implies sup; |[u;, |, 2/«-2 , ,, Which is equivalent to the condition
sup ||w; (y)”Lk/(k—Z) <oo fork>2. (3-14)
: y
j

By combining (3-10) and (3-11) with the Rellich compactness theorem, we deduce that up to a subsequence
lwi(y) — 1/V01(Mk)||L;_ =0 fork>2,
and hence, by interpolation with (3-14), we get
lwi(y)— l/vol(Mk)IlL; =0 fork>2,1<r<k/(k—2). (3-15)
By the definition of I,ﬁ « (see (2-1)) and (2-3) we get

1 2 1 2+
3 RgWxM;(L)’N dx_2+—a " |M/\,-(X,y)| “dx

ller; C- I 2 8+da—2 4— _ _
2 Iy’ = 0l o < g (e e (3-16)
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for all y € M* and all j € N. Next notice that, by definition,

Jn,Mk,a,Aj = %n,M",a,Aj (u)»_,-)
1

:_/ A | Vyus, |> 4 | Veus |2)dxdy—L/ lu|*Y dx dvoly,  (3-17)
2 M{{ Rﬁ J Y J * Y 2 + o Mé Rn M." ’

and we can continue

I 2 —1 2+«
S — \Y% (x, dx — (x, dx ) dvol
—/,%(2/?' ity (6. y) P dx 2+a/m s, (s WP i ) dvolys

> Ir},a / k wj(y)(4+2a—om)/(4—om) dVOlMlvc
M )
5

= I, vol(M") vol(M*)~(+2a—am/G=an) 4,7, (3-18)

where o(1) — 0 as j — oo and in the last step we have combined (3-12), (3-13), and (3-15) for k =1,
k=72, and k > 2, respectively, and we used our assumption on «. By combining this fact with (2-3), we

l/o:/vol(Mk). (3-19)

liminf J, apk o5, = Vol(Mk)I,,,
J—>00

have

Hence (3-5) follows by combining (3-7) with (3-19).
Next we prove (3-6). For that purpose, it suffices to keep the term A ;|Vyuy, |? in the previous analysis.
Namely, by combining (3-5) with (3-17) and (3-18), we get

k
vol(M*) 1, M) gy = / / |Vyiez, 12 dx dvolyys +h(j), (3-20)
My IRy
where
k

lim g(j)=0 and liminfh(j) > vol(M*) LY "M,

Jj—00 j—00
Hence (3-6) follows by (3-20). O

Lemma 3.3. We have the identity

on

Vs, |* dx dvolyp = ————
/M" R;l ity My 22+ a) wt Jan

s |12+ dox dvolyys. (3-21)

Moreover, there exist J € N such that for all j > J there exists w (X ;) > 0 such that
_A'jAyu)\.j _Axukj +w()"j)u)», :u)leu)lea7 (3_22)
and the following limit exists:

lim w(A;) =w € (0, 00). (3-23)
j—oo

Proof. Since u;,; is a constrained minimizer for €, yt o ;  on the ball of size 1 in L*(R" x M*), we get

d
_[%n,M",a,Aj (En/Z

o i, (ex, Mlem1 =0,
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which is equivalent to

di 2 1.2 2 1
ﬁ[i)‘f /M§f /Rz |Vyus, |” dx dvoly+ 5 € /M§ . |Vt | dXdVOlM§_2+Ol

2 2+
€2 uy, ||in2] =0.
X,y :1

By computing explicitly the derivative (in €), we deduce (3-21).
Next notice that by using the Lagrange multiplier technique we get (3-22) for a suitable w( ;) € R.
On the other hand, by (3-22), we get

/ k / (hj | ¥yt [* 41Vt 1) dx dvolys + Ol 172 = f k / s 27 dx dvolyyy,
My ﬁ B X,y My 2 J

which, by (3-21), gives

— 442
o) = M/ Iqu,\jl2 dx dvoly — A / / |Vyuxj|2dx dvol e,
an MEJRe ’ Mk JRe Y
and hence, by (3-6), we get
— 442
w(j) = —ant At e / |quxj|2dx dvoly +o(1), (3-24)
on Mk R§ y

where lim;_, o, 0(1) = 0.
On the other hand, notice that, by (3-21), we get

an—4

Tustt s = Enptk i, (Us)) = / |Vt |7 dx dvol +1f f A Vyuz, |* dx dvol e,
J J 2an M;f Ry ¥ 2 Mk " Y
and by (3-6)
) 2an
|Vsits,; | dx dvolyy = Iyt ar. +o(1). (3-25)
Mk Jme Yooan—4 7700
By (3-5) this implies
2 x
/ Vs, P dx dvoly = ———volM“) 1Y "™ +o(1), (3-26)
Mk JRe on —

which, in conjunction with (3-24) and (2-4), implies w(A;) > O for j large enough. Moreover, (3-23)
follows by (3-24) and (3-26). O

Next recall that the sets ‘A/Lﬁsa are the ones defined in (2-6).
/ k
Lemma 3.4. Let @ be as in (3-23) and let v(x) € Jl/t,l,’/a vol(M®) be such that v(x) > 0. Then
—Av+ov =vv|%.

Proof. 1t is well known that

—Av+owiv=vv|*
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for a suitable w; > 0. More precisely, we can assume that up to translation v = u, ¢, . Our aim is to
prove that w; = w. Notice that, by (2-8),

1 4o 48 —2 I 4o +8—2 N/ k
oy = XS 2N R ST ST S el (3-27)
vol(M*) an—4 oan—4
On the other hand, by (3-24) and (3-26), we get
-2 8+4 N/ k
w(.) = %:“ vol(M*) 1,V M 1 o(1),
and hence, passing to the limit in j, we get
=2 8+4 N k
o= ORIV (3-28)
oan —
By combining (3-27) and (3-28), we get ® = w;. ]

Lemma 3.5. There exist a subsequence of A (that we shall denote still by X ;) and a sequence t; € R},
such that

lim |luy, (x + 75, y) —uall g @ xpry =0,
J‘)OO
where ug € Ny .o, Uz > 0 and o is defined in (3-23).

Proof. By combining (3-6) and (3-26), and since ||luy,|l;2 = 1, we deduce that u;; is bounded in
JILE =
H'(R" x M*). Moreover, by combining (3-5) with the fact that I,:/a M < 0 (see (2-4)), we get

inf . > 0.
; llu; 1l 24

By using the localized version of the Gagliardo—Nirenberg inequality (A-5) (in the same spirit as in the
Appendix), we get the existence (up to subsequence) of 7; € R such that

W, (x+1,y) =~ w#0 in H'(R" x M.
Moreover, due to (3-4), we can assume that
w(x,y) >0 ae.in (x,y) e R} x M;‘,

and by (3-6) we get V,w = 0. In particular w is y-independent.
By combining (3-6) and (3-23), we pass to the limit in (3-22) in the distribution sense, and we get

—Ayw+ow=wlw|*inR}, wkx)=>0, w#0. (3-29)

‘We claim that
(3-30)

1
lwl: = ——=-
b Vv vol(M*k)
If not, we can assume ||w||L§ = B < 1/4/vol(M¥), and since w solves (3-29) by (2-5), we get

wedl,. (3-31)
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On the other hand, by Lemma 3.4, (3-29) is satisfied by any v € Jl/t,l/ o VOI(Mk). Hence, again by (2-5) and

by the injectivity of the map p — w(p) (see (1-12)), we deduce that, necessarily, 8 = 1/+/vol(M¥).
In particular, by (3-30), we deduce

lim ||ukj(x +7,y)—wlg2 =0
j—00 *Y
Next notice that, by (3-6) and since we have already proved that Vyw = 0, we can deduce that
m [[Vyu;; (x +75, )iz =0=[Vywl .
j—o00 ’ »)

Hence, in order to conclude that u; ; (x + 7;, y) converges strongly to w in H H(R" x M%), it is sufficient
to prove that

Jim (19, 0+ 5, D)2z, = VVOIME) [Vawlz = I Vewllzz

This last fact follows by combining (2-9) (where we use the fact that w € N, 5 o by (3-29) and |w|| 2=
1/+/vol(MF) by (3-30)) and (3-26). O

Lemma 3.6. There exists jo > 0 such that

Vyu,;, =0 forall j > jo.

Proof. By Lemma 3.5 we can assume that
w, > up in H'(R" x M"). (3-32)
We introduce w; = /—Ayu; . Notice that due to (3-22) the functions w; satisfy
—AjAyw; — Axwj + o )w; = = Ay, luy,|%), (3-33)

which, after multiplication by w;, implies
/m /R,;[Mlvywm +IVew; P+ oG plw; P = =By s, 1*Ywjldx dvolye =0. (3-34)
In turn this gives
0= [ [ 0= 11903 = b Dy s i voly
" [M’s R (Vyw;? +1Vew; ? + @lw; 1> + /= Ay (s, (@ + Dlugl® = luz,; |*)w; dx dvol
+ /Mk @G = @)|w;|dxdy = I +1I; +1II;.  (3-35)

Next we fix an orthonormal basis of eigenfunctions for —A, that is, —A,@r = i@ and @y = const.
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We can write the following development:

w;j(x, y) = Z aj k()@ (y) (3-36)

keN\{0}

(where the eigenfunction ¢y does not enter in the development). By using the representation in (3-36), we

get
b= Y05 - ik [ Jauefdy- @D Y [ et laor dr (3-37)
k£0 Ry k#0 ¥ B
and by (3-23) we get
;= o(1)||w, ||§§_v. (3-38)
By combining (3-37) with (3-38), we get
L+ >0 (3-39)

for j large enough. In order to estimate II;, notice that, by the Cauchy—Schwartz inequality, we get

‘/ A/ VA (o4 D — lun ) w; dx dvoly
Mg JIRY

< |4/ _Ay(ukj (o + Dug|* — |M}‘-i |a))||Li(n+k)/(n+k+2)L?v(n+k)/(n+k+2) ||wj ||L§ff;+k)/(n+k72> (3-40)

< C ” Vy (u;Lj ((Ol + 1) |u5)|a — |I/t)\j |a)) || 120K/ (ntk+2)  2n+k)/ (n+k+2) || w; ||L2(n+k)/(n+k—2) s
x y X,y

where in the last step we have used the following estimate: for all p € (1, co) there exist c(p), C(p) >0
such that

cPIY=Byfllp < IV Fllp < CIY=Ay fllpy- (3-41)

Indeed, using [Sogge 1993, Theorem 3.3.1], we have that ,/— A, is a first-order classical pseudodifferential
operator on M with a principal symbol (g%/ (y)&; 5,-)1/ 2. Observe that

C Y g mEE <> 1Y g (g
i,j i J

Moreover, one can assume that in (3-41) f has no zero frequency. Then one can deduce (3-41) by working

2
<GlEP <Gy g (& &)

i,j

in local coordinates, introducing a classical angular partition of unity according to the index [ € [1, ..., k]

such that
> e (g
J

and, most importantly, using the L? boundedness of zero-order pseudodifferential operators on R¥ (for
the proof of this fact we refer to [Sogge 1993, Theorem 3.1.6]).
Next, by the chain rule, we get

2

’

Y g mEE <c
ij

Vy (0, (@ + Dlug|® = |up; 1)) = (@ + D) Vyuy, (Jupl® —us, %),
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and by the Holder inequality we can continue the estimate (3-40):

.<C || ||Vybt)”. ”L? | lug|* — |u}"j | ||L§ 2R/ r+2) lw; ||L§§§{+k)/(n+k—2),

where
1 1 . n+k+2

q+?_ 2n+k)’

and, again by the Holder inequality in the x-variable, we can continue
o S CIVyun,ligs MHMual® = lus 1“lley, w200

Notice that if we fix

2(n +k) n+k
gq=———"->- and r= ,
n+k—-2 2
then, by combining the Sobolev embedding
Hxl,y C L)ZC%Jrk)/(nJrku) (3-42)

with (3-32) and (3-41), we can continue the estimate:

2
o =Ayus g Mlwillgy = o(Mlw;liz
where lim;_, », 0(1) = 0. By combining this information in conjunction with the structure of 1I;, we get

II; > ||w; (I=o(1)) =0 for j > jo. (3-43)

2
” Hxl,)
By combining (3-35), (3-39), and (3-43), we deduce w; = 0 for j large enough. O

Proof of Theorem 3.1. By using the diamagnetic inequality, we deduce that (up to a remodulation factor
¢'?) we can assume that v € My, prk o 5 18 Teal valued. Moreover, if v € M, psx o 5., then also [v] € M, kg 5
By a standard application of the strong maximum principle, we finally deduce that it is not restrictive to
assume that v € M, px o, and v(x, y) >0 for all (x, y) € R} x M;‘,.

First step: there exists A > 0 such that for all v € Moy pgk g 3> V(X, y) > 0we have Vyv =0 for all A > L. As-
sume that the conclusion is false. Then there exists A ; — 0o such that u; , (x, y) € My, pk o np0 Uy (X, ) >
0 and Vyu;; # 0. This is absurd due to Lemma 3.6.

Second step: conclusion. We define
A= ir)}f{)» >0:V,v=0 forall vel, pykq,}

By the first step, A* < co. Moreover, it is easy to deduce that if A > A*, the minimizers of the problem
Ju m¥ o5, are precisely the same minimizers as those of the problem 1,V vol") " \hich in turn are
characterized in Section 2 (hence we get (3-2)).

Next we prove that A* > 0. It is sufficient to show that

k
A AN (3-44)

Tim J, v < vol(M*)



THE NLS GROUND STATES ON PRODUCT SPACES 87

(see (2-1) and (3-1) for a definition of the quantities involved in the inequality above). Let us fix
p(y) € C®(M*) such that

f ) |,0|2dV01M5 =1
" .

and ,oz(yo) # 1/vol(M kY for some Yo € M¥ (that is, o (y) is not identically constant). Then we introduce
the functions

2a
_ a—
V@) =MV Q)" 0,
where Q(x) is the unique radially symmetric minimizer for I, o 1/ vol(M) . Then we get
8+4a—2an

I G DI = () and € a(rx, ) =1, (o) “™"

and, as a consequence, we deduce

/Mk/n<"v Clh _F"”(’“ y)|2+“> dx dvolyy

1 +4a—2an
=1, /(p(y)) - Amand voly

4—40m+2a e ~
—Qan —
< Ir},a <\/]Mk (p ()7))2 dVOlM{{) VOl(Mk) 4—an — Inl w VOl(Mk) 4—an ,

where in the last inequality we have used the fact that Inl’ « < 0in conjunction with the Holder inequality
(moreover, we get the inequality < since by hypothesis p(y) is not identically constant). As a byproduct
we get

1 6, gt (9 (3, 1)) < 1) VOl (M) 26470 — vol(ar4) Y
(where we have used (2-3)), which in turn implies (3-44).
Let us finally prove (3-3). It is sufficient to show that if v € M, px 4 ; for A < A*, then Vv # 0.

Assume for a contradiction that this is false. Then we get A1 < A* and vy € A, ps# 4 5, such that V,v; =0.
Arguing as above implies that

k
Tyt = vol(MF) I,/ M. (3-45)

On the other hand, by the definition of A*, there exists A2 € (A1, A*] and v3 € M,, pp# 4 5, Such that V,vp #0.
As a consequence, we deduce that

J 1/+/ vol(MF)

k
n, Mk o < %n,Mk,a,Az(UZ) = Jn,M",a,)»z = VOI(M )In,a

where in the last step we have used (3-7). Hence we get a contradiction with (3-45). [l
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4. Proof of Theorem 1.3

The homogeneity of the euclidean space R” will play a key role in the sequel. Due to this property we
shall be able to reduce the proof of Theorem 1.3 to the problem studied in the previous section.
In view of Section 2 it is sufficient to prove that there exists p* > 0 such that

vE ‘/‘/LZ,Mk,a implies Vyv =0 for p < p* 4-1)
and

vE MZ,M",O{ implies Vyv # 0 for p > p*. 4-2)
By an elementary computation, we have that the map

4/(4—an) 20/ (4—an)

Si2u—p u(p x,y) €Sy,

where
Si={ve H'R"x M"): vl =4}

is a bijection. Moreover, we have
G, a(p4/(4—om)u(p2a/(4—om)x’ )

= pB-2an)/(—an) / / |Vyu|* dx dvol yy + p®2mtde)/(@—em) / / |Vyu|? dx dvol
my TRy ’ my Ry '
1
_ p(8*2an+4a)/(4*an) _ / |u |2+"‘ dx dvol
2 +a Mk R: ’

— p(8—20m+40{)/(4—0m) (lp—4a/(4—an)/ |Vy1/£|2 dx dVOle
2 Mk JRe !

1 1
+§/Mk RﬁIVXMI2—H—alulzﬂ/ddxdvolM;g).

In particular, (4-1) and (4-2) are satisfied provided that there exists p* > 0 such that
v € My, pk o p-ia/@-any  implies Vv =0 for p < p* (4-3)

and

v € My, ppk g p-tesd-any  implies  Vyv # 0 for p > p*, 4-4)

which in turn follow by Theorem 3.1.

5. Proof of Theorem 1.4

The main tool we use is the following Strichartz type estimate (whose proof follows by [Tzvetkov and
Visciglia 2012]).
Proposition 5.1. For every manifold M*, n > 1 and p, q € [2, o] such that

2 n

ShE2E om0,
p q 2
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there exists C > 0 such that

t
—itAy, —i(t—5)As.y
lle™"! Cfllerrgm + Hf e TR F(s) ds <CUlflzm FWFIp g ) (5-1)
! 0 LPLYH] ' Py

t
||vxe—”Ax->'f||LmL%+Hvx / e TR F(s) ds < CUVflr2z HIVeFll g 2)s (5-2)
) 0 ’ t =X My

LYLiL?
and
t .
/ eI R (s) ds <CIFl, ¢, (5-3)
0 LPLiL? P
Moreover,
. t .
le= B fll ozt + | [ e 109850 F(s) ds <CUflzm +IFppey) (G4
t x"ly Xy Lt Lx H]
0 L¥L2H] Y
and

t
IVee™ % fllggeraes + HV / ¢TI0 F(s5) ds < CUVe S22 HIVeFlL o) (5-5)
x ) 0 £ t x Lty

L¥L2L2
Next we shall use the norms | - ||x, and || - ||y, introduced in (1-15) and (1-16) for time dependent
functions. We also introduce the space Z7 whose norm is defined by
Ivllzy = lvlix, + vl
and the nonlinear operator associated to the Cauchy problem (1-1):

1
Tp(u)=e "hvrp 4 / e =980y () [u(s)|® ds.
0

We split the proof of Theorem 1.4 in several steps.

5A. Local well-posedness. We devote this subsection to proving the following: for all ¢ € H'(R" x M)

there existsa T =T (||| g1 (mr x pr1)) > 0 and there exists aunique v(z, x) € ZrN€ (=T, T); HY R*xM"))

such that T,v(r) = v(r) forall t € (=T, T)

First step: for all p € H'(R" x M") there exist T = T (|¢|l g1 g xarr) > 0. R = R(l@ |l g1 o xarr)) > O

such that 7 ,(Bz; (0, R)) C Bz;(0, R) for all T < T. First we estimate the nonlinear term:

I e | TGRS PN PTG Y P

(where (p, gq) is the couple in (1-15) and (1-16)). After applying the Holder inequality in (z, x), we get

= Nl 0 < C g el

ap apyaq 1
L ¢ Lx Hy

where we have used the embedding Hy1 C L7 and we have chosen



90 SUSANNA TERRACINI, NIKOLAY TZVETKOV AND NICOLA VISCIGLIA

By direct computation we have

ag=q and ap < p. (5-6)

By combining the nonlinear estimate above with (5-1), (5-6), and the Holder inequality (in the time
variable), we get

1T guellxy < CUilzmy + T “llull it (5-7)

with a(d) > 0.
Arguing as above, we get

o o I o
IV GulalN gy = OOVl prang ey = Clieli Nl

where p and ¢ are as above and we have used the embedding H}l, C L°. As a consequence of this
estimate and (5-2), we get

1T gully, < CUVs@ll2 + TP lully, lul,) (5-8)

with a(d) > 0.
By combining (5-7) with (5-8), we get

d
1T ullzy < CU@l g @ty + TPlluliz, lullg,).

The proof follows by a standard continuity argument.
Next we introduce the norm

”w(t’ xs y)”ZT = ||w(t7 x7 y)”Lp((,T’T)’LzL%)
and we shall prove the following.

Second step: Let T, R > 0 as in the previous step. Then there exists T' = T'(||@ll g1 gnspty) < T such
that J , is a contraction on Bz, (0, R) endowed with the norm || - || T It is sufficient to prove

d
1T pv1 = Tyuallz, < CTPljvr —wallz, sup {(Jvilz;)* (5-9)
i=l1,
with a(d) > 0. Notice that we have
o o o
o101l = v2lval®l g pypg gy < ClHIoE=valliz Qi+ 10220 | gy

< CT*Dljvi —vallz, sup {llvillz ),
i=1,2
where we have used the Sobolev embedding H; C L§° and the Holder inequality in the same spirit as in the

proof of (5-7) and (5-8). We conclude by combining the estimate above with the Strichartz estimate (5-3).

Third step: existence and uniqueness of the solution in Zy, where T' is as in the previous step. We apply
the contraction principle to the map J, defined on the complete space Bz, (0, R) endowed with the
topology induced by | - ||z ,. It is well known that this space is complete.
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Fourth step: regularity of the solution. By combining the previous steps with the fixed point argument,
we get the existence of a solution v € Z7. In order to get the regularity v € €((=7", T'); H'(R" x M)),
it is sufficient to argue as in the first step (to estimate the nonlinearity) in conjugation with the Strichartz
estimates (5-4) and (5-5).

5B. Global well-posedness. Next we prove that the local solution (whose existence has been proved
above) cannot blow up in finite time. The argument is standard and follows from the conservation laws

lu@lizz, = lgllzz - (5-10)
CotaWO) + 3O, =% a(@)+3ll0l7; . (5-11)

where €, /1 , is defined in (1-2). By the Gagliardo—Nirenberg inequality we deduce
WO F 310D 2 18O 1 cprty = ClOE ™ WO s g cpr
for a suitable u € (0, 2). By combining the estimate above with (5-10) and (5-11), we get
311 o carry = CRITE ™ WO s gy < et @) + 3110l -
Since p € (0, 2), it implies that [|u(2)|| g1 g x p1y cannot blow up in finite time.

Appendix

For the sake of completeness we prove in this appendix Theorems 1.1 and 1.2. Our argument is heavily
inspired by [Cazenave and Lions 1982] even if, in our opinion, the following presentation of Theorem 1.1
is simpler compared with the original one.

Proof of Theorem 1.1. For any given p > 0 we shall denote by u; , € H/(R" x M k) any constrained
minimizing sequence, that is,

(A-1)

- o
”uj,PHL%.y =p and jll)ngo%n,Mk,a(ujsp) = Kn,M",a

Next we split the proof into many steps.

First step: K,’; Mkg > —O0 andsup; lluj , ||Hxl_y < oo forall p > 0. By the classical Gagliardo—Nirenberg
inequality (see (1-4)) we get the existence of u € (0, 2) such that

Gttt ) + 17 —szf Vit p P+ it 2 dx VoL M = ()7 1 g
M

> inf(1/2t> — C(p)t") > —oo.
t>0

The conclusion follows by a standard argument.
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Second step: the map (0, 0) > p — Krf Mk o 1S continuous. Fix p € (0, 00) and let p; — p. Then we
have

K:,]Mk,p <Enmta <&”j,p>
P
( )( IVestiplls, — 5 (p’) || ,-,pngga)
-(“~ )( ||vxyujp||u\—H%uu,-,p@@+2+La(&)2(1—(%)a)uuj,pugg,
= (319l = 5 225 ) + ((%) 1) (319l = s i)

2
e (Y (= () Vit
24a\ p 0 PRI

Since we are assuming that p; — p and sup,, |lu; p |l 1 (g < prky < 0O (see the first step), we get

< K”

n,MKoa — n,Mka

lim sup K"

j—>00
To prove the opposite inequality, let us fix u; € H Y(R" x M*) such that
. 1
lujllz, =pj and €,k o) <K + 3 (A-2)
By looking at the proof of the first step, we also deduce that u; can be chosen in such a way that

sup (|24 1| 1 e sy < 00 (A-3)
j

Then we can argue as above and we get

, P 1 ) 1 2+
Kn Mk, o = %n,Mkvo‘ (,O_juj) - <§”vx,yuj ”Liy B 2 +a ””j“Liga)

1Y . 1 2 1 1% 2 0 o 2
~ -1 NV v 2 _ +a ~ 1—(1 = |2t o )
+<(ﬂj) )(2” wotiliz, =5 J”L”“) 2+a(,0j) ( (m) )”u’”Liﬁf’

By using (A-2), (A-3), and the assumption p; — p, we get

< liminf Kp’
J—)OO

P
Kn Mk o

Third step: for every p > 0 we have (up to subsequence) inf; |[u; , || L2 > 0. It is sufficient to prove that

K;f,M",oz < 0. In fact, we have
k
K? i 0 < VOUM )€, 0y 0.0) = vOl (M) 7Y "M < 0, (A-4)

where €,  is the energy defined in (2-2) and w is chosen in such a way that ||u, 4.« ||L§ = p/+/vol(MF).
Notice that in (A-4) we have used (2-4) and (2-5).
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Fourth step: for any minimizing sequence u;j ,, there exists t; € R" such that (up to subsequence)
uj »(x +1tj,y) has a weak limit u # 0. We have the localized Gagliardo—Nirenberg inequality:

)2/(I1+k+2) ||U”(n+k)/(n+k+2) (A-S)

||U||L2+4/(n+A> < C sup(|lvll;2 oy HIR M)

xeR"

where
Q% =x+10,1]" forall x € R".

The estimate above can be proved as follows (see [Lions 1984] for a similar argument on the flat space
RI*T%). We fix x;, € R" in such a way that |, Y, = R" and meas, (Q% N Qﬁj) = 0 for i # j, where
meas, denotes the Lebesgue measure in R". By the classical Gagliardo—Nirenberg inequality we get

2+44/(n+k) 4/(n+k) 2
vl 2+4//(n+k) <Clv ||/ vl

Q1 xMFky*
QX, x Mk Q XM h

The proof of (A-5) follows by taking the sum of the previous estimates on /1 € N.
Due to the boundedness of u; , in H H(R™ x M*) (see the first step), we deduce by (A-5) that

2 k+2
0<e= 1nf||u] oll 2o < C sup Jlujpl [lntk+2) (A-6)
xeRn Q x Mk

(the left side above follows by combining the Holder inequality with the third step). The proof can be
concluded by the Rellich compactness theorem once we choose a sequence 7; € RY in such a way that

inf ||u; 2 >0
nf gl

(the existence of such a sequence 7; follows by (A-6)).

Fifth step: the map (0,p) 2 p — p‘zKlka a

minimizing sequence for K”' . Then we have
n,M* o
02 P2
K ko < €nmha (Euml)

2
02 1 2 1 P2 24
= (E) <§”Vx,yuj,p1 ”Liy - 2ta ( ) || Uj p, ”LZ%
2 2 o
P2 1 2 1 2 1 ,02 02 2
= (E) <§”vx,yuj,,01 ”I‘)Zc.y —2+—a||’fij,,o1 ||L;:ga +— Pt 1- E ||Mj,p1 ||Lizr§g
22\ (1 ) 1 2 1 (mY 2\ )
< =) 311V yu; — T 1—( =) )infllu; 1512,
B (Pl) (2” eyttyoilliy, =55y Wi “L2~+.v°')+2+ot( ) ( (P]) )n} Wiz

2+o
¥

2
02 02 p1
Kan <(p1>Kan

is strictly decreasing. Let us fix p; < p and u; , a

By recalling (see the third step) that inf; ||u; ,, || > 0, we get
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Sixth step: Let u be as in the fourth step. Then | u|| L2, =P Up to a subsequence we get
uj p(x +1,y) = u(x,y) #0 ae.in (x,y) € R} x M;‘,
and hence, by the Brezis—Lieb lemma [1983], we get
lj.p 7, 3) = 88, IR = lugp (475, I = G DI +o(D. (A7)

Assume that ||i| .2 ,=0. Our aim is to prove 68 = p. Since u # 0, necessarily 6 > 0. Notice that since
L?  is a Hilbert space, we have

PP =y, (4 DGy = (47, 3) — a0 Y7, A+ Ayl +o).  (A8)
and hence

s p (6 + 77, 3) = 8, Y72 = p* =67 +o(1). (A-9)

By a similar argument,

[ [ 1954 5090 = Vit P dxdy
Mk JRE
+ f k f V3 () p (X475, )= Vyii (x, y)|* dx dvol s+ f (Vi )PV Y)IP) dx dvolyy
M IRy T JME IRy
:/k (Ve (jp (x4 7, P + Vot o (x + 75, )IP) dx dvolys +0(1).  (A-10)
Mk JRe '

By combining (A-10) with (A-7), we get
K = 10 0 p (025, 30) = B0 (0 p (05, ) =08, Y+ (0D, (A-1D)

and we can continue the estimate as follows:

/2—92 1
.>K " +0()+K3,Mk

n, Mk, o

where we have used (A-9). Hence, by using the second step, we get

p A\ p*=0?
Kn Mk o = Kn,M",oz + Kn Mk, o
Assume that 8 < p. Then, by using the monotonicity proved in the fifth step, we get

p*—0% 62 o
p= ——K + = Kan =K

0
K n,Mk,a n,MFk,a
and we have an absurdity. (I

n,Mk, o

Proof of Theorem 1.2. Assume for a contradiction that the conclusion is false. Then there exists p and
two sequences ¢; € H'(R" x M*) and ¢; € R such that

lim disty 1 gn ey (@), M Mk,a) =0 (A-12)

J—)
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and
li].rgir.}fdistHl(Rank)(uw (), A/LZ’M,{’O[) > 0, (A-13)
where u,,; is the solution to (1-1) with Cauchy data ¢;. By (A-12) we deduce the following information:
. . o
]li)ngo ”(p]”Lg‘v =p and ]li)n;o%n,Mk,a((p]) = Kn,Mk,ot’
and hence, due to the conservation laws satisfied by solutions to (1-1), we get
. . P
Jim g, (4llz, = o and  lim €, o, (1) = K7
In turn, by an elementary computation, we get

~ . ~ o
lijli2, =p and ]151010 Cnmk o)) =K i,

(more precisely i; is a constrained minimizing sequence for K ,f Mk o)» Where

- ”(pj(tj)
i =p——"t——.
gy (7.

Moreover, by (A-13), it is easy to deduce

hm inf diStHl (R x M*) (ﬁj, M
J—> 00

P
n,Mk,a) >0,

which is in contradiction with the compactness of minimizing sequences for K 5 yt o from Theorem 1.1. [J
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