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SEMILINEAR GEOMETRIC OPTICS WITH BOUNDARY AMPLIFICATION

JEAN-FRANCOIS COULOMBEL, OLIVIER GUES AND MARK WILLIAMS

We study weakly stable semilinear hyperbolic boundary value problems with highly oscillatory data.
Here weak stability means that exponentially growing modes are absent, but the so-called uniform
Lopatinskii condition fails at some boundary frequency 8 in the hyperbolic region. As a consequence
of this degeneracy there is an amplification phenomenon: outgoing waves of amplitude O(s?) and
wavelength ¢ give rise to reflected waves of amplitude O (¢), so the overall solution has amplitude O (¢).
Moreover, the reflecting waves emanate from a radiating wave that propagates in the boundary along a
characteristic of the Lopatinskii determinant.

An approximate solution that displays the qualitative behavior just described is constructed by solving
suitable profile equations that exhibit a loss of derivatives, so we solve the profile equations by a Nash—
Moser iteration. The exact solution is constructed by solving an associated singular problem involving
singular derivatives of the form 9,/ + Bdg, /&, x’ being the tangential variables with respect to the boundary.
Tame estimates for the linearization of that problem are proved using a first-order (wavetrain) calculus of
singular pseudodifferential operators constructed in a companion article (“Singular pseudodifferential
calculus for wavetrains and pulses”, arXiv 1201.6202, 2012). These estimates exhibit a loss of one
singular derivative and force us to construct the exact solution by a separate Nash—Moser iteration.

The same estimates are used in the error analysis, which shows that the exact and approximate
solutions are close in L* on a fixed time interval independent of the (small) wavelength ¢. The approach
using singular systems allows us to avoid constructing high-order expansions and making small divisor
assumptions. Our analysis of the exact singular system applies with no change to the case of pulses,
provided one substitutes the pulse calculus from the companion paper for the wavetrain calculus.
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1. Introduction and main results

In this paper we study weakly stable semilinear hyperbolic boundary value problems with oscillatory data.
The problems are weakly stable in the sense that exponentially growing modes are absent, but the uniform
Lopatinskii condition fails at a boundary frequency g in the hyperbolic region #.' As a consequence
of this degeneracy in the boundary conditions, there is an amplification phenomenon: boundary data of
wavelength ¢ and amplitude O(g?) in problem (1-1) below gives rise to a response of amplitude O (¢).
In the meantime, resonance may occur between distinct oscillations. In the situation studied below, a
resonant quadratic interaction between two incoming waves of amplitude O(¢) may produce an outgoing
wave of amplitude O (¢?). When reflected and amplified on the boundary, this oscillation gives rise to
incoming waves of amplitude O (g). Hence the O (¢) amplitude regime appears as the natural weakly
nonlinear regime.

Let us now introduce some notation. On @Tl ={x=0u" xq)=(,y,xq5)=(t,x") : x4 > 0}, consider
the N x N semilinear hyperbolic boundary problem for v = v, (x), where & > 0:2

(@) Lo(@)v+ fo(v) =0,
®) ¢) =ng<x’, %) on x4 =0, (1-1)
(¢c) v=0and G=0 int <0,

where Ly(d) = 0; + Z‘]{: | Bj0;, the matrix By is invertible, and both fo(v) and ¢ (v) vanish at v = 0.
The function G (x', 6p) is assumed to be periodic in 6y, and the frequency B € R4 \ {0} is taken to be a
boundary frequency at which the so-called uniform Lopatinskii condition fails. A consequence of this
failure is that the choice of the factor &2 in (1-1)(b) corresponds to the weakly nonlinear regime for this
problem. The leading profile is nonlinearly coupled to the next-order profile in the nonlinear system
(1-35)—(1-36) derived below. We also refer to Appendix B for a detailed specific example which illustrates
the nonlinear feature of the leading profile equation.

Before proceeding, we write the problem in an equivalent form that is better adapted to the boundary.
After multiplying (1-1)(a) by (B;)~!, we obtain

L@+ f(v) =0,

!/

¢(v):82G(x’,x ﬂ) on xg =0, (1-2)
&

v=0and G =0 int <0,

where we have set
d—1
L@®) =0+ A;d; with Aj:=B;'B;forj=0,....,d—1.
j=0

ISee Definition 1.4 and Assumption 1.6 for precise statements.
2We usually suppress the subscript €.
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Setting v = eu and writing f(v) = D(v)v, ¢ (v) = ¥ (v)v, we get the problem for u = u.(x)
(@) L@)u+ D(eu)u=0,

4 .

&

®)  V(euu = eG(x/, al ﬂ) on xy =0, (1-3)
(c) u=0 int<0.
For problem (1-3) we pose the two basic questions of rigorous nonlinear geometric optics:

(1) Does an exact solution u, of (1-3) exist for € € (0, 1] on a fixed time interval [0, Tp] independent of &?

(2) Suppose the answer to the first question is yes. If we let us’* denote an approximate solution on
[0, To] constructed by the methods of nonlinear geometric optics (that is, solving eikonal equations
for phases and suitable transport equations for profiles), how well does us* approximate u, for &
small? For example, is it true that?

lirrg) lue — u2PP| 00 — 07 (1-4)
£—

The amplification phenomenon was studied in a formal way for several different quasilinear problems
[Artola and Majda 1987; Majda and Artola 1988; Majda and Rosales 1983]. The last of these papers
studied amplification in connection with Mach stem formation in reacting shock fronts, while [Artola and
Majda 1987] explored a connection to the formation of instabilities in compressible vortex sheets. Both
papers derived equations for profiles using an ansatz that exhibited amplification; however, neither of
the two questions posed above were addressed. The first rigorous amplification results were proved in
[Coulombel and Gues 2010] for linear problems. That article provided positive answers to the above
questions (question (1) is trivial for linear problems) by making use of approximate solutions of high-order,
and showed in particular that the limit (1-4) holds.

In this paper we give positive answers to the above questions for the semilinear system (1-3). As is
typical in nonlinear geometric optics problems involving several phases, difficulties with small divisors
rule out the construction of high-order approximate solutions.* Instead of constructing the exact solution
ue as a small perturbation of a high-order approximate solution, we construct u, in the form

ug(x) = Ug(x, 90)'90:/3~x’/£,

where U, (x, 0y) is an exact solution of the singular system (1-18). The singular system is solved using
symmetrization and diagonalization arguments [Williams 2002], modified and supplemented with methods
[Coulombel 2004] for deriving linear estimates for weakly stable hyperbolic boundary problems. In
deriving the basic estimate (2-4) for the singular linear problem, a loss of derivatives® forces us to use a

3Let us observe that by the amplification phenomenon, we expect the solution v to (1-1) to have amplitude O (e), so the
solution u to (1-3) should have amplitude O(1). Hence the limit (1-4) deals with the difference between two O (1) quantities.

4Such difficulties are sometimes avoided by assuming that small divisors do not occur; see, for example, [Joly et al. 1993].
But we do not want to make this assumption.

S1n fact, the basic L2 estimate for the singular system (1-18) exhibits loss of a single “singular derivative” 9, + B3y, /¢,
which is optimal according to the analysis in [Coulombel and Gues 2010].
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new tool, namely, a substantial refinement, given in the companion paper [Coulombel et al. 2012], of the
calculus of singular pseudodifferential operators constructed in [Williams 2002]. In the new version of the
calculus, residual operators have better smoothing properties than previously realized and can therefore
be considered as remainders in our problem. The loss of derivatives in the linear estimate presents a
serious difficulty in the application to our semilinear problem. Picard iteration appears to be out of the
question, so in Section 5B we use a Nash—-Moser iteration scheme adapted to the scale of spaces (1-19) to
construct the solution U, (x, 8y) to the semilinear singular problem.

If problem (1-3) satisfied the uniform Lopatinskii condition, then, because of the factor ¢ in the
boundary data G, the equations for the leading profile, ¥° in (1-15), would be linear; and in fact ¥°
would vanish. The weakly nonlinear regime would correspond to a source term G (and not ¢G) in (1-3);
see [Williams 1996; 2000]. Under our weak stability assumption, it turns out that ¥ is nonlinearly
coupled to the second-order profile ¥'! in the profile equations (1-35) and (1-36). To solve these equations,
we first isolate a “key subsystem” (1-42) that decouples from the full system. The basic L? estimate for
the linearization of the key subsystem still exhibits a loss of one derivative, and we are again forced to use
Nash—Moser iteration in order to solve this subsystem. Once the key subsystem is solved, the solution
of the full profile system (1-35)—(1-36) follows easily. It appears in our analysis that the leading-order
amplitude equation shares the weak well-posedness of the original nonlinear problem, but we have not
checked whether the loss of derivative for the amplitude equation is optimal (we conjecture that it is).

The error analysis used to answer question (2) above is based on the estimate for the singular system
(1-18) (see Proposition 2.2) and is discussed in more detail in Section 1E.

This paper can be read independently of [Coulombel et al. 2012]; for the reader’s convenience, we
have gathered all the necessary material on the singular calculus in Appendix A. Before discussing this
more fully, we provide some definitions, notation, and a precise statement of assumptions.

Remark 1.1. We emphasize that our approach for constructing exact highly oscillating solutions for
the system (1-1) can be used without any modification for constructing exact amplified pulses. More
precisely, the estimates and well-posedness argument of Sections 2A, 2B, and 2C for the linearized
singular system (2-1), and the Nash—Moser argument of Section 5B for the nonlinear singular system
(1-18) have all been written so as to carry over verbatim to the case of pulses. Amplification of pulses is
treated in [Coulombel and Williams 2013], where we consider a function G in (1-1) that has suitable
decay properties with respect to its additional variable 9y € R (this functional framework is relevant for
applications to lasers). We refer to [Coulombel and Williams 2013] for the precise statements in the pulse
case. The main difference between the analysis of wavetrains and pulses lies in the leading-order profile
equation and in the construction and estimation of correctors needed in the error analysis. The novelty is
that we can get a rate of convergence for (1-4) while this seems out of reach for wavetrains.

1A. Assumptions. We make the following hyperbolicity assumption on the system (1-1):

Assumption 1.2. There exists an integer g > 1, some real functions A1, ..., A, that are analytic on
R?\ {0} and homogeneous of degree 1, and there exist some positive integers vy, ..., v, such that
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q

d
det[rl + Zg,Bj] = l_[(r + €N forall € = (&, ...,&) € R\ {0).
j=1

k=1
Moreover the eigenvalues A1(§), ..., A,(§) are semisimple (their algebraic multiplicity equals their
geometric multiplicity) and satisfy A1(§) < --- < A4(§) forall § € RY\ {0}.

For simplicity, we restrict our analysis to noncharacteristic boundaries, and therefore make the following
assumption.

Assumption 1.3. The matrix By is invertible and the matrix B := v (0) has maximal rank, its rank p
being equal to the number of positive eigenvalues of B; (counted with their multiplicity). Moreover, the
integer p satisfies 1 < p <N — 1.

In the normal modes analysis for (1-3), one first performs a Laplace transform in the time variable ¢
and a Fourier transform in the tangential space variables y. We let T —iy € C and n € R?~! denote the
dual variables of ¢ and y. We introduce the symbol

d—1
() = —iB;! ((r —iy) [+ nij>, Ci=(t—iy,n) eCxR
j=1
For future use, we also define the following sets of frequencies:
E:={r—iy.m) eCxRTINO0,0:y =0},  Ti={teB:+y + =1},
Eo:={(r.n) e Rx R\ (0,00} =EN{y =0}, Tp:=XTNE.
Two key objects in our analysis are the hyperbolic region and the glancing set, defined as follows.

Definition 1.4.  « The hyperbolic region # is the set of all (z, ) € E¢ such that the matrix (7, n) is
diagonalizable with purely imaginary eigenvalues.

o Let G denote the set of all (7, £) € R x R? such that & £ 0 and there exists an integer k € {1, ..., ¢}

satisfying
) = ) =0
T k = — = VU.
0&q
If 7 (G) denotes the projection of G on the d first coordinates (that is, 7 (7, &) = (7, &1, ..., &4-1)

for all (z, &)), the glancing set G is 4 := 7 (G) C Ey.

We recall the following result, proved in [Kreiss 1970] in the strictly hyperbolic case (when all integers
v; in Assumption 1.2 equal 1) and [Métivier 2000] in our more general framework.

Proposition 1.5 [Kreiss 1970; Métivier 2000]. Let Assumptions 1.2 and 1.3 be satisfied. Then, for all
¢ € B\ B, the matrix A(¢) has no purely imaginary eigenvalue and its stable subspace E°(¢) has
dimension p. Furthermore, E° defines an analytic vector bundle over B\ Eq that can be extended as a

continuous vector bundle over E.
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For all (z, ) € By, we let E°(r, ) denote the continuous extension of E° to the point (z, ). The
analysis in [Métivier 2000] shows that away from the glancing set ¢ C Eg, E°(¢) depends analytically on
¢, and the hyperbolic region 3¢ does not contain any glancing point.

To treat the case when the boundary operator in (1-3)(b) is independent of u, which is to say ¥ (cu) =
¥ (0) =: B, we make the following weak stability assumption on the problem (L(9), B).

Assumption 1.6. e« Forall ¢ € E\ Ep, ker BNE*(¢) = {0}.
e The set Yo :={¢ € Xo: ker BNE’(¢) # {0}} is nonempty and included in the hyperbolic region #.

e For all (S Yo, there exists a neighborhood V" of ¢ in X, a real valued 6*° function o defined
on V', a basis E1(¢), ..., E,(¢) of E°(¢) that is of class €°° with respect to ¢ € V', and a matrix
P () € GL,(C) that is of class 6> with respect to ¢ € V', such that

forall¢ €V, B(Ei() --- E,(Q))=P(@)diagy +io(¢),1,...,1).
For comparison and later reference we recall the following definition.

Definition 1.7 [Kreiss 1970]. As before let p be the number of positive eigenvalues of B;. The problem
(L(9), B) is said to be uniformly stable or to satisty the uniform Lopatinskii condition if

B:E'(t) > C?
is an isomorphism for all ¢ € X.

Remark 1.8. Observe that if (L(0), B) satisfies the uniform Lopatinskii condition, continuity implies that
this condition still holds for (L(d), B + V), where v is any sufficiently small perturbation of B. Hence
the uniform Lopatinskii condition is a convenient framework for nonlinear perturbation. The analogous
statement may not be true when (L (d), B) is only weakly stable. Remarkably, weak stability persists under
perturbation in the so-called WR class exhibited in [Benzoni-Gavage et al. 2002], and Assumption 1.6
is a convenient equivalent definition of the WR class; see [Coulombel and Gues 2010, Appendix B].
In order to handle general nonlinear boundary conditions as in (1-3), we strengthen Assumption 1.6 in
Assumption 1.12.

Boundary and interior phases. We consider a planar real phase ¢ defined on the boundary:

po(t,y):=tt+n-y, (z,n) € Eo. (1-5)

As follows from earlier works (see, for example, [Majda and Artola 1988]), oscillations on the boundary
associated with the phase ¢g give rise to oscillations in the interior associated with some planar phases
¢n. These phases are characteristic for the hyperbolic operator Ly(d) and their trace on the boundary
{xs = 0} equals ¢p. For now we make the following assumption.

Assumption 1.9. The phase ¢ defined by (1-5) satisfies (z, n) € Y. In particular (z, ) € .

Thanks to Assumption 1.9, we know that the matrix s{(z, ) is diagonalizable with purely imaginary
eigenvalues. These eigenvalues are denoted by i w1, . . ., iwy, where the w,,s are real and pairwise distinct.
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The w,,s are the roots (and all the roots are real) of the dispersion relation

d—1
det|:gl +> n;B; —l—a)Bdi| =0.
j=1

To each root w,, there corresponds a unique integer k,, € {1, ..., g} such that T + A, (n, w,,) =0. We
can then define the following real® phases and their associated group velocities:

forallm=1,.... M, ¢u(x):=do(t,y) +0nXxa, V= Vi, (1, 0n). (1-6)

Let us observe that each group velocity v, is either incoming or outgoing with respect to the space
domain [F\Ri: the last coordinate of v,, is nonzero. This property holds because (z, ) does not belong to
the glancing set . We can therefore adopt the following classification.

Definition 1.10. The phase ¢,, is incoming when the group velocity v,, is incoming (that is, when
0g, Ak, (1, @m) > 0), and it is outgoing when the group velocity v,, is outgoing (dg,Ax,, (1, @n) < 0).

In all that follows, we let $ denote the set of indices m € {1, ..., M} such that ¢,, is an incoming
phase, and O denote the set of indices m € {1, ..., M} such that ¢,, is an outgoing phase. If p > 1, $ is
nonempty, while if p < N — 1, 0 is nonempty (see Lemma 1.11). We will use the notation

d d—1
Lo(t.&) =71+ &Bj, L(B.on) =onl+Y_ BAr,
j=1 k=0

:B:: (I7 H)’ x/:(t’ y)s ¢0(X/)=,3~x/.

For each phase ¢,,, d¢,, denotes the differential of the function ¢,, with respect to its argument x =
(t, y, xq). It follows from Assumption 1.2 that the eigenspace of s4(8) associated with the eigenvalue i w,,
coincides with the kernel of Ly(d¢,,) and has dimension vi,,. The following well-known lemma, whose
proof is recalled in [Coulombel and Gues 2010], gives a useful decomposition of E* in the hyperbolic
region.

Lemma 1.11. The stable subspace E°(8) admits the decomposition
E'(B) = D ker Lo(dgm), (1-7)
mey
and each vector space in the decomposition (1-7) admits a basis of real vectors.

To formulate our last assumption we observe first that for every point { € 7€ there is a neighborhood V'
of 4 in ¥ and a C* conjugator Q(¢) defined on V" such that

iw1(§) Iy, 0
Qo)) Q4 (2) = =:—D (), (1-8)
0 1wy (&)1,

o1t (z, n) does not belong to the hyperbolic region 3¢, some of the phases ¢, may be complex; see, for example, [Williams
1996; 2000; Lescarret 2007; Marcou 2010]. Moreover, glancing phases introduce a new scale /¢ as well as boundary layers.
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where the w; are real when y = 0 and there is a constant ¢ > 0 such that either
Re(iwj) < —cy or Re(iw;)>cy forall¢ €.
In view of Lemma 1.11, we can choose the first p columns of Q ! (¢) to be a basis of E°(¢), and write

051(0) =0 (©) Qour(O)]-

Choose J’ so that the first J’ blocks of —D; lie in the first p columns, and the remaining blocks in the
remaining N — p columns. Thus Re(iw;) < —cy ifand only if 1 < j < J'.
Observing that the linearization of the boundary condition in (1-3) is
u+— Y (eu)u + [dy (su)it]eu,
we define the operator
B(vi, vo)u =P (v)u + [dy (v)u]vy, (1-9)
which appears in Assumption 1.12. For later use we also define

D(v1, vo)u = D(v)u + [dD(vy)it]va, (1-10)

as well as
B(vy) :=B(vy, v1), D(vy) :=D(vy, V). (I-11)

We now state the weak stability assumption that we make when considering the general case of
nonlinear boundary conditions in (1-3).

Assumption 1.12.  « There exists a neighborhood O of (0, 0) € RV such that for all (v;, v2) € O and
all ¢ € B\ Eop, ker B(vy, vp) NE*(¢) = {0}. For each (vy, vp) € O, the set

Y (vi, v2) :={¢ € o : ker B(v1, v2) NE'(§) # {0}}

is nonempty and is included in the hyperbolic region #. Moreover, if we set Y := U(v1 o L1, 02),
Y C % (closure in ).

« For every ¢ € Y, there exists a neighborhood " of ¢ in ¥ and a C* function o (vq, v2, Z) on O x V'
such that for all (v1, v2,¢) € 0 xV we have ker%_(vl, vp) NE*(¢) # {0} if and only if ¢ € ¥y and
o (v, v2,¢)=0.
Moreover, there exist matrices P; (v, vz, {) € GL,(C), i =1, 2, of class C* on O x V" such
that, for all (vy, v2,¢) €O x ¥V,

Pi(v1, v2, $)B(v1, v2) Qin($) P2(v1, v, §) = diag(y +io(vi, v2,¢), 1, ..., 1). (1-12)

For nonlinear boundary conditions, the phase ¢ in (1-5) is assumed to satisfy (z, n) € T(0, 0), or,
in other words, the intersection ker B NE*(z, n) is not reduced to {0} (the set Y in Assumption 1.6 is a
short notation for Y (0, 0)). The phases ¢,, are still defined by (1-6) and thus only depend on L(9) and B,
and not on the nonlinear perturbations fy and ¥ (¢u) — ¥ (0) added in (1-3).
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Remark 1.13. (1) The properties stated in Assumption 1.12 are just a convenient description of the
requirements for belonging to the WR class of [Benzoni-Gavage et al. 2002]. Like the uniform Lopatinskii
condition, Assumption 1.12 can, in practice, be verified by hand via a “constant coefficient” computation.
More precisely, for (v, v2) near (0, 0) € R?N and ¢ € X, one can define (see, for example, [Benzoni-
Gavage and Serre 2007, chapter 4]) a Lopatinskii determinant A (vy, vz, ¢) thatis C* in (vy, v2), analytic
in¢ =(t—iy,n) on X\, and satisfies

A(vy, vp,¢) =0 if and only if ker B(vy, v2) NE*(¢) # {0}.

In particular, A(vy, vo, -) is real-analytic on #.
Following [Benzoni-Gavage et al. 2002] (see also [Benzoni-Gavage and Serre 2007, chapter 8]), we
claim that Assumption 1.12 holds provided

GA{LEeTIA®0,0,0)=0}C¥ and A(0,0,¢)=0=3,A(0,0,¢) #0, (1-13)

and thus it only involves a weak stability property for the linearized problem at (v{, v2) = (0, 0). Indeed,
the implicit function theorem then implies that, for (vy, vp) near zero and (7, ) near g, the set

{(Ta 77) € ZO : A(Ul, V2, T, 77) = O}

is a real-analytic hypersurface in . On the other hand, an application of the implicit function theorem to
A(vy, va, z, 1), for (z, n) € X, shows that the real dimension of the manifold

{(z,m) € ¥:A(vy,v2,2,n) =0}

must be the same, that is, d — 2. The two zero sets must then coincide; there are no zeros in X \ X.
The function o and the neighborhoods O and V" arise in a factorization of A given by the Weierstrass
preparation theorem. The construction of the conjugating matrices P;, i = 1, 2 follows from a construction
in [Sablé-Tougeron 1988, Pages 268-270].

Instead of assuming (1-13), we have stated Assumption 1.12 in a form that is more directly applicable
to the proof of Proposition 2.2 and to the error analysis of Theorem 4.1.

(2) To prove the basic estimate for the linearized singular system, Proposition 2.2, and to construct the
exact solution Uy to the singular system (1-18), it is enough to require that the analogue of Assumption 1.12
holds when %B(vy, vy) is replaced by B(vy) := B(v1, v1). However, for the error analysis of Section 4 in
the case of nonlinear boundary conditions, we need Assumption 1.12 as stated.

The next lemma, proved in [Coulombel and Gues 2010], gives a useful decomposition of CV and
introduces projectors needed later for formulating and solving the profile equations.

Lemma 1.14. The space CV admits the decomposition

M
CV = @ ker Lo(dénm), (1-14)
m=1
and each vector space in (1-14) admits a basis of real vectors. If we let Py, ..., Py denote the projectors

associated with the decomposition (1-14), we have Im Bd_lLo(dqu) =ker Py, forallm=1,..., M.
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1B. Main results. Foreachm € {1,..., M} we let

Y,k kZl,...,Uk

m?

denote a basis of ker Lo(d¢,,) consisting of real vectors. In Section 4 we shall construct a “corrected”
approximate solution u of (1-3) of the form

ug(x):°lf°<x,%>+8°lfl<x,%)—I—sz%i(x,%,%), (1-15)
where ¢ := (@1, ..., ¢p) denotes the collection of all phases,
Vion
OVO(X, %) = Z Zo'm,k<x, (b?m)rm,k,
med k=1 (1-16)

M vklﬂ
OVI (-x’ %) = OKI (-x) + Z Z Tm,k <-xa ¢?m)rm,k +%OV07
m=1 k=1
and the o, ¢ (x, 6,,) and 1, 1 (x, 6,,) are scalar C ! functions periodic in 6, with mean 0 which describe the
propagation of oscillations with phase ¢,, and group velocity v,,. Here % denotes the nonlocal operator

RVO = —R[L(3,)V° + D))

for R defined as in (1-32). The last corrector 82%2 (x, 6o, &7) in (1-15) is a trigonometric polynomial
constructed in the error analysis of Section 4.

The next theorem, our main result, is an immediate corollary of the more precise Theorem 4.1. Here we
let Q7 :={(x,00) = (t,y,x4,60) e R xT':x; >0, <T}and bQp :={(t, y,00) e R x T : ¢ < T}.
The spaces E* are defined in (1-19).

Theorem 1.15. We make Assumptions 1.2, 1.3, 1.6, and 1.9 when the boundary condition in (1-3) is
linear (W (eu) = ¥ (0)); in the general case we substitute Assumption 1.12 for Assumption 1.6. Fix T > 0,
set My :=3d + 5, and let

w=[d+1)/2]+My+3 and p:=2u—[(d+1)/2].

Consider the semilinear boundary problem (1-3), where G(t, y, 6y) € HH (bS27). There exists gy > 0 such
that if (G) gu+2pq,) s small enough, there exists a unique function U, (x, 6y) € E*=Y(Qr) satisfying the
singular system (1-18) on Qr such that

ug(x) := Ug(x, x/_,B)

&

is an exact solution of (1-3) on (—oo, T'] X @i for 0 < & < ¢gg. In addition there exists a profile VO(x, 0)
as in (1-16), whose components o, ; lie in H “=1(Qr), such that the approximate solution defined by

ulPP .= °V0(x 9)
& ’ e

satisfies

lim |u, —uiPP|po =0 on (—o0, T]x @‘i.
e—0
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Observe that although the boundary data in problem (1-3) is of size O (¢), the approximate solution
ug® is of size O(1), exhibiting an amplification due to the weak stability at frequency B. The main
information provided by Theorem 1.15 is that this amplification does not rule out the existence of a
smooth solution on a fixed time interval, that is, it does not trigger a violent instability, at least in this
weakly nonlinear regime. As far as we know, the derivation of the leading-order amplitude equation
(1-42) is also new in the general framework that we consider. This amplitude equation shares some
features of the Burgers equation and we expect that its solutions may develop singularities in finite time;
see similar discussions in [Majda and Rosales 1984]. We hope that the analysis developed in this article
will be useful in justifying quasilinear amplification phenomena such as the Mach stems or kink modes
formation [Artola and Majda 1987; Majda and Artola 1988; Majda and Rosales 1983], but there are still
many obstacles along the way.

Remark 1.16. (a) In order to avoid some technicalities, we have stated our main result for a problem (1-3)
where all data vanish for r < 0. This result easily implies a similar result in which outgoing waves defined
in ¢t < 0 of amplitude O(¢) and wavelength ¢ give rise to reflected waves of amplitude O(1). In either
formulation, analysis of the profile equations (see Remark 1.28) shows that the waves of amplitude O (1)
emanate from a radiating wave that propagates in the boundary along a characteristic of the Lopatinskii
determinant.

(b) We have decided to fix T > 0 at the start and choose data small enough so that a solution to the
nonlinear problem exists up to time 7. One can also (as discussed in Remark 3.7) fix the data in the
problem (G in (1-3)) at the start, and then choose T small enough so that a solution to the nonlinear
problem exists up to time 7.

In the remainder of this introduction, we discuss the construction of exact solutions, the construction of
the approximate solution V°, and the error analysis. Complete proofs are given in Sections 2, 3, 4, and 5.

1C. Exact solutions and singular systems. The theory of weakly stable hyperbolic initial boundary value
problems fails to provide a solution of the system (1-3) that exists on a fixed time interval independent of
g.” In order to obtain such an exact solution to the system (1-3), we adopt the strategy of studying an
associated singular problem first used in [Joly et al. 1995] for an initial value problem in free space. We
look for a solution of the form

ug(x) = Ug(x, 00)6g=go(x') /&> (1-17)

where U, (x, 6p) is periodic in 6y and satisfies the singular system derived by substituting (1-17) into
problem (1-3). Recalling that L(9) = d; + Z‘j;(l) A;0; we obtain

d—1
i0 a
8dUs+ZAj (81 + '3]890> U8+D(8U8)U£ = adus +A <8x’+ 18890> U +D(8U8)Us :O,
j=0

w(SUE)U8|xd:0:8G(X/,90), (1-18)

U,=0 int<0.

7This would be true even for problems (L(d), B) that are uniformly stable in the sense of Definition 1.7.
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The special difficulties presented by such singular problems when there is a boundary are described in
detail in the introductions to [Williams 1996; 2002; Coulombel et al. 2011]. In particular, we mention:

(a) Symmetry assumptions on the matrices B; appearing in the problem (1-1) equivalent to (1-3)
are generally of no help in obtaining an L? estimate for (1-18) (boundary conditions satisfying
Assumption 1.6 cannot be maximally dissipative; see [Coulombel and Gues 2010]).

(b) One cannot control L norms just by estimating tangential derivatives 8&, eo)UE because (1-18) is

not a hyperbolic problem in the x, direction;®

moreover, even if one has estimates of tangential
derivatives uniform with respect to ¢, because of the factors 1/¢ in (1-18), one cannot just use the

equation to control d;U, and thereby control L* norms.

To deal with these difficulties, Williams [2002] introduced a class of singular pseudodifferential
operators, acting on functions U (x’, 6) that are 27 -periodic in 6y and having the form

ppU (X', 6p) = % Z/ ei"/'é/Jri@Okp(eV(x’, 60), £ + 2y )/) UE kyde',y > 1.
(2m) = Jri &

Observe that the differential operator A appearing in (1-18) can be expressed in this form. Kreiss-type
symmetrizers rs(D, g,) in the singular calculus were constructed in [Williams 2002] for (quasilinear
systems similar to) (1-18) under the assumption that (L(9), ¥ (0)) is uniformly stable in the sense of
Definition 1.7. With these, one can prove L*(x4, H*(x’, 8p)) estimates uniform in ¢ for (1-18), even when
€G is replaced by G in the boundary condition. To progress further and control L* norms, the boundary
frequency B is restricted to lie in the complement of the glancing set. With this extra assumption, the singu-
lar calculus was used in [Williams 2002] to block-diagonalize the singular operator A (8 Ug, 0y + B0g,/ 8)

microlocally near the § direction and thereby prove estimates uniform with respect to € in the spaces
E’:=C(xq, H* (x', 60) N L (xg, H' V' (x', 69)). (1-19)

These spaces are Banach algebras and are contained in L for s > (d 4+ 1)/2. For large enough s, as
determined by the requirements of the calculus, existence of solutions to (1-18) in E° on a time interval
[0, T'] independent of ¢ € (0, go] follows by Picard iteration in the uniformly stable case.

The singular calculus of [Williams 2002] was used again in [Coulombel et al. 2011] to rigorously
justify leading-order geometric optics expansions for the quasilinear analogue of (1-3) in the uniformly
stable case (with 8 € 3 and the forcing term G in place of ¢G in the boundary condition). Under the
assumptions made in the present paper, in particular assuming weak stability as in Assumptions 1.6 and
1.12, we face the additional difficulty that the basic L? estimate for the problem (L (d), B) exhibits a loss
of derivatives. A consequence of this is that the singular calculus of [Williams 2002] is no longer adequate
for estimating solutions of (1-18). The main reason is that remainders in the calculus of [Williams 2002]
are just bounded operators on L2, while for energy estimates with a loss of derivative, remainders should
be smoothing operators. We therefore need to use an improved version of the calculus constructed in

8For initial value problems in free space, one can control L norms just by estimating enough derivatives tangent to time
slices r = c.
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[Coulombel et al. 2012] in which residual operators are shown to have better smoothing properties than
previously thought. With the improved calculus we are able in Section 2C to estimate solutions of (1-18)
in E* spaces (1-19), but of course there is a loss of one singular derivative in the estimates. This loss forces
us in Section 5B to use Nash—Moser iteration on the scale of E* spaces to obtain an exact solution of the
singular system (1-18) on a fixed time interval independent of ¢. Observe that one singular derivative
costs a factor 1/ and this is another reason why the scaling G in (1-18) is crucial.

Remark 1.17. The main idea employed in proving the estimate for the linearized singular problem,
Proposition 2.2, is to adapt the techniques of [Coulombel 2004] to the singular pseudodifferential
framework. There is however one major obstacle along the way. While the error term in the composition
of two zero-order operators (or in the composition of an operator of order —1 (on the left) with an operator
of order 1, a (—1, 1) composition) is smoothing of order 1 in the sense of (A-3), the same is unfortunately
not true of the error term in (1, —1) compositions (there are counterexamples for that). The properties of
the (1, —1) error terms that arise in our proof are described in Lemma 2.6.

1D. Derivation of the leading profile equations. We now derive the profile equations for the semilinear
problem (1-3). We work with profiles ¥/ (x, ) periodic in 8 = (6, ..., 6y), where 0 ; is a placeholder
for ¢; /e. Looking for an approximate solution of (1-3) of the form u“ = VO eVl +&292) lo=¢ /e, Where
¢ =(¢1,...,Pm), we get interior equations

@) £(3)V°=0,
(b) L@V + L@V + DOV =0, (1-20)
© L@V + L@V + DOV 4+ (dDO) V)1 =0,

by plugging u¢ into (1-3)(a) and setting the coefficients of, respectively, e !, €°, and & equal to zero. The
operator £(dy) is defined by

M
() =Y _ L(dp;)dp,. (1-21)
j=1
With B := y(0), the boundary equations, obtained by plugging u“ into (1-3)(b) and setting the
coefficients of €° and ¢ equal to zero, are

BVO(x’, 0,6y, ...,60) =0,

1-22
BV + (dy (0)VV° = G(x', 6p), (1-22)

where 6y is a placeholder for ¢g/c. We will see that as a consequence of the weak stability at frequency g,
the problem for the leading profile ¥ is nonlinear and nonlocal. (See Appendix B for a concrete example.)
Thus, the scaling in (1-2) is the weakly nonlinear scaling when the uniform Lopatinskii condition fails at
a hyperbolic frequency . To analyze these equations, we proceed to define appropriate function spaces
and a pair of auxiliary operators E and R.

Functions V'(x, 0) € L? (@i“ x T™) have Fourier series

V(x,0) = Z V,(x)e?. (1-23)

acZM
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Since only quadratic interactions appear in (1-20) and we anticipate that ¥'* will have the form in (1-16),
fork=1,2 we let

ZM* = {o € ZM : at most k components of & are nonzero},

and we consider the subspace H**([RL™ x TM) ¢ HS(RL™ x TM) defined by

HY* RIT < TM) = {“V(x, 0) e HRL x Ty : ¥ (x,0)= ) Va(x)ei“'e}. (1-24)
Thus multiplication defines a continuous map e
H ' RET < TY) x HSV R < TY) > H92RET < T) (1-25)
fors > (d+1+2)/2.

Definition 1.18. Setting ¢ := (@1, ..., ¢u), we say a € Z¥:? is a characteristic mode and write o € € if
det L(d(« - ¢)) = 0. Otherwise we call « a noncharacteristic mode. We decompose € as

€ = C/[J @, where €, :={a € ZM:?: a- ¢ = ny¢,, for some ny € Z}.
m=1
Observe that for o € €,,, the integer n,, is necessarily equal to Z,’:’:l ay. Since ¢; and ¢; are linearly
independent for i # j, any a € ZM:2\ 0 belongs to at most one of the sets 6,, and n, # 0 if o # 0.
Elements o € €,, with two nonzero components correspond to resonances. Resonances are generated
in products like 0« (x, ¢, /€)oo, i (x, ¢, /€), which arise from the quadratic term in (1-20)(c), whenever
there exists a relation of the form

Np@m =npdp,+n,¢,, whereme{l,..., M}\{p,r}andny,,n,, n, €.

We then refer to (¢, ¢p, ¢,) as a triple of resonant phases. This relation implies, for example, that ¢,
oscillations interact with ¢, oscillations to produce ¢,, oscillations.

Definition 1.19. We define the continuous projector’ E : H “'92(@1“ x M) > H ‘V?l(@iﬂ x TM), s >0,

by M
E=Ey+ ZEm, where EoV := Vj and E,,V := Z PV, (x)ee0n (1-26)
m=1 €%, \0

for P, as in Lemma 1.14.
For $(dp) as in (1-21), we have that, for V0 € H*2([RE™ x TM),
EV? =" ifand only if V0 € H*' (R x TM) and L(3p)V" =0, (1-27)

and (1-27) in turn is equivalent to the property that % has an expansion of the form

M Vi,

V=0 + DY om0k (1-28)

m=1 k=1

9The continuity of E is shown in [Coulombel et al. 2011, Remark 2.5].
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for some real-valued functions o, . Moreover, since for any m,

d—1
L(d¢m) =wnl +Y_ BjAj = (@n— )Pk, (1-29)
j=0 k#m
we have, for V" € HS;Z(M:rl x TM),
EXL(09)V = L(99) EV = 0. (1-30)

We also need to introduce a partial inverse R for £(dg). We begin by defining

1
Ry —p
km Wm — Wk

which in view of (1-29) satisfies
L(d¢m)Rn = R L(d$m) =1 — Pp. (1-31)
The operator R is defined formally at first on functions

V(x,0)= Y Vax)e ™ of H R x TY)

anM;Z
by
RV := Z R(a)V, (x)e'? (1-32)
aeZM;2
where
Ry /(ing) if a €€, )\ {0},
R(a):=140 ifa=0, (1-33)
L)™' ifag¢e,
and

M
L) =i Y amL(dpn) =iL(d(e-$)).

m=1

Remark 1.20. The operator R is well-defined on functions V" € H “';z(ﬁ‘fl x TM) whose spectrum
contains only finitely many noncharacteristic modes, and then RV lies in the same space. Otherwise,
there can be a problem with small divisors; the possibility of there being infinitely many noncharacteristic
modes o for which det L(d(« - ¢)) is close to zero can prevent convergence of (1-32) in H' ;2(@1‘” x TM)
for any ¢.

It follows readily from (1-31) that, for F € H*' (R4 x TM), 5 > 0,
F(39)RF = R¥(3)F = (I — E)F. (1-34)

Such & have no noncharacteristic modes. Along with (1-30), (1-34) implies the following.
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Proposition 1.21. Suppose & € H ‘Y‘l(@‘fl x TM), s > 0. Then the equation $(35)V = F has a solution
Ve H' R x TM) if and only if EF = 0.

By applying the operators E and R to the equations (1-20) and using (1-27), (1-30), and (1-34), we

obtain
@ EV°=°

(b) EL@®V°+ D)V =0,

(1-35)
() BY°=0 onx;=0,0=b,...,60),
(d ¥°=0 inr<0
and
(@ (I—E)V'+RL®V+ DOV =0,
(b) E (L@ + DOV +@DO)V)V°) =0, (136

© BV'+@yO)¥Y°=G onxy=0,0=(0,...,0),
(d ¥'=0 inr<O.

Remark 1.22. (a) Since E¥V° =0, the function L(3)¥°+ D(0)¥ in (1-36)(a) has no noncharacteristic
modes so the action of R on this function is well-defined.

(b) It is easy to check that functions ¥°, ¥'! belonging to H*:! (@Tl x TM), s > (d +3)/2, and satisfying
(1-35) and (1-36)(a) also satisfy (1-20)(a)—(b) and (1-22). Equation (1-36)(b) and Proposition 1.21 suggest
that we might obtain a solution of (1-20)(c) by taking

(I — EYV? = —R(L®)V"' + DOV + (dD©O)V)V?).

There are two problems with this. First, the quadratic term (dD(0)¥°)¥° generally has infinitely many
noncharacteristic modes, so one should expect a problem with small divisors. Second, the statement
(1-34) and Proposition 1.21 are both not true when ¥ € H*2(RL™' x TM), even if  has finitely
many noncharacteristic modes.!" These difficulties affect the error analysis and are discussed further in
Section 1E.

To determine the equations satisfied by the individual profiles v(x), oy, k(x, 6,,) in the expansion (1-28)
of V0, we first refine the decomposition of the projector E in (1-26). For each m € {1, ..., M} we let

Em,k,k=1,...,vk

m

denote a basis of real vectors for the left eigenspace of the real matrix
d—1
ish(B) =TAo+ Y njA; (1-37)
j=1

10This is because of the fact that for any k € Z\ {0}, there can be many o € (6, \ 0) N ZM:2 guch that ny = k. See the proof
of Proposition 1.29.
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associated to the eigenvalue —w,,, chosen to satisfy

¢ 1 ifm=m'and k =k,
m Vi I = .
KTk 0 otherwise.

For v e CV set
Puixv:=Upr-v)rmr (nocomplex conjugation here).

We can now write
M Uk}ﬂ

E=E0+22Em,k,

m=1 k=1
where E,, x := Py .k En. When the multiplicity £ = 1, we write E,, instead of E,, ; and do similarly for
L ks Ym k and so on.
The following lemma, which is a slight variation on a well-known result [Lax 1957], is included for
the sake of completeness.

Lemma 1.23. Suppose EV? = V0 and that V° has the expansion (1-28). Then
En k(L) = (X4, 0m ) m

where Xy, is the characteristic vector field associated to G

d—1

Xy, =0q+ Y _ —0e,0m(B)d;.
j=0

Proof. For &' € ¥ near B, let —w,, (') be the eigenvalues i A (§") —see (1-37)—and let P, (¢') be the
corresponding projectors; these objects depend smoothly on &’ near B8 thanks to the analysis of [Métivier
2000]. Differentiate the equation

d-1
(wm(é/)l +> A,sj) Pu(E)=0
j=0
with respect to &;, evaluate at B, and apply P, on the left to obtain
PmAij = _asjwm(,B)Pm,
from which the lemma readily follows. ([

By Assumption 1.6 we know that the vector space ker B N E*(8) is one-dimensional; moreover, it
admits a real basis because B has real coefficients and E*(8) has a real basis. This vector space is therefore
spanned by some e € RV \ {0} that we can decompose in a unique way by using Lemma 1.11:

ker BNE*(B) = Span{e}, e= Z en, Puen=en. (1-38)

meg

UThe vector field X # 18 @ constant multiple of the vector field d; + vy, - Vy» computed by Lax for the Cauchy problem,
where v, is the group velocity defined in Definition 1.10.
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Each vector ¢, in (1-38) has real components. We also know that the vector space BE*(8) is (p — 1)-
dimensional. We can therefore write it as the kernel of a real linear form:

BE(B) ={X €CP, b-X =0}, (1-39)

for a suitable vector b € R? \ {0}.
Any function V'(x,0) € H ”(@fl x TM) can be decomposed:

V= 0‘_/+o‘finc +0‘/0ut +OVnonch = 0‘_f+0{/*,

where the terms correspond respectively to the parts of the Fourier series (1-23) with @ =0, & incoming,
o outgoing, and o noncharacteristic.'?

Proposition 1.24. Suppose V0 € H*2([R4T x TM), s > 1, is a solution of (1-35). Then

OKO =0, OV(())ut =0, C\Vr(l)onch =0, and so OVO = Ot/‘1(r)1(: = EoVi?lc’
°V0(x’, 0,00, ...,600) =a(x’',0p)e for some unknown periodic function a with mean 0.

Proof. Since EV? =0, we have V°

nonc

90 satisfies the weakly stable boundary problem

, = 0. Applying E to problem (1-35), we find that the mean value

L@V’ + D)1’ =0,
BY°=0 onx;=0,
Y9=0 inr<O.

By the well-posedness result of [Coulombel 2005] we have ¥° = 0.
Lemma 1.23 implies that outgoing profiles o,, x, m € 0, in the expansion (1-28) of ¥ satisfy problems

of the form "
Xg,Omi+ Y Emic- DOV i) O =0,
k=1
omk=0 int <0,
where X4, is an outgoing vector field. Thus 0,, y =0 forallk =1, ..., v,.
The last statement of Proposition 1.24 follows immediately from the boundary condition in (1-35) and
(1-38). O
Since V0 = °Vi?1c, we obtain from (1-36)(a)
(I—E)YV'=(I - E)V}. = —RL@®V° + D)),
SO

€ H%', where EV! =l

out out*

+l

out

on :0{_/1 +0V1

inc

2Here we say « is incoming if & € €, \ O for an index m such that ¢, is an incoming phase.
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Next decompose the boundary condition (1-36)(c):

BEY!

ne = G* — [y O VOYVO)J* = BV, — BU — E)Vyp,

(1-40)
= G* — [y (O)V)VO* — BV + BR(L©®)V? 4+ D0)10).

Remark 1.25. (a) If °V01ut|x 4=0.0;=0, were known, one could write down a transport equation for a(x’, 6p)
which is determined by the solvability condition for (1-40) implied by (1-39):
b+ (G* = [(dy OV — Bl

out

+ BR(L(®)V° + D(0)1%) =0. (1-41)

However, the presence of the term E ((dD(0)¥%)¥% in (1-36)(b) implies that two incoming modes in
°Vi?w (which is still unknown) can resonate to produce an outgoing mode that will affect °l/’01ut. Thus we
do not know °V01ut|x 1=0.0;=00> and we see that the nonlinear boundary equation (1-41) is coupled to the

nonlinear interior equation (1-36).

(b) If the phases are such that an outgoing mode can never be produced by a product of two incoming

modes, °lf01ut

2010] to solve for a without having to use Nash—Moser iteration.

can be determined from (1-36) to be 0, and one can proceed as in [Coulombel and Gues

The key subsystem to focus on now is (recalling V0 = EV0 = V2

inc and writing with obvious notation
E = Eo+ Einc + Eou)

@)  Einc(L@OV2.+DO)VL) =0,
(b)  Eou(L@®VL, + DOV, 4+ @DV )V0) =0,
©) b-(G*—[(dy O V2V — BV + BR(L@)VL, + D)) =0,

@ V2.(x',0,60,...,600) =a(x’, be,

(1-42)

where 17 and V), both vanish in 7 < 0.
A formula for °Vi?lc in terms of a(x’, 6p) can be determined by solving transport equations using (1-42)(a),

and that formula can be plugged into (1-42)(b) to get V!

.. in terms of a. Thus the subsystem (1-42) can

be expressed as a very complicated nonlinear, nonlocal equation for the single unknown a. This is done
in Appendix B for a strictly hyperbolic example with only one resonance. However, that is not the way
we solve (1-42); instead we solve the subsystem in its above form by iteration. Picard iteration does not
work; there is a loss of derivatives from one iterate to the next (because of R), so we use a Nash—Moser
scheme. An essential point is to take advantage of the smoothing property of the interaction integrals that
pick out resonances in Eout((alD(0)°l/i(l)m)gl/i?1C
An important tool in solving the subsystem (1-42) is the following result from [Coulombel and Gues

);13 that property allows us to get tame estimates in Section 3.

2010], which will allow us to write the boundary equation (1-42)(c) as a transport equation for a(x’, 6y).

Proposition 1.26 [Coulombel and Gues 2010, Proposition 3.5]. Let the vectors b and e, be as in (1-39)
and (1-38), and let o (¢) be the function appearing in Assumption 1.6. There exists a nonzero real number

BInteraction integrals are similar to convolution integrals.
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Kk such that
RuPn=0 forallme{l,..., M},
b-B Y RyAoen =kd:o(z.n) and d0(z.m) =1,
meg
b B> RuAjen=rdyo(.n).j=1,....d—1,
meg
and thus
d—1
b-B)  RuL(@den = x(a,a@, W3+ Y 30 (x, n)ax_,) =: XLop.
mey j=1

Taking note of the denominator in, in the definition (1-33) of R, we immediately obtain:

Corollary 1.27. The boundary term b - BRL(8)°Vi?lc in (1-42) may be written
b- BRL()V. = Xropt,

where A(x', 0p) is the unique function with mean 0 in 0y such that dg, 4 = a.

Remark 1.28. Proposition 1.26 shows that propagation in the boundary, which is described by a(x’, 6),
is governed by the (x-projection of the) Hamiltonian vector field associated to the Lopatinskii determinant.
Since VO(x’, 0, 6y, ..., 00) = a(x’, By)e, this shows that waves of amplitude O(1) emanate from the
radiating boundary wave defined by a.

After (1-42) is solved, 0 is known, so V!, V!

Jand (I — E)V}!  can now be determined by returning

to the full system (1-36). The trace of E°l/l}1C is not yet determined; one should make a choice of
EOViLJ x4=0,0;=6, such that (1-40) holds, and then solve for E°V1}lC using (1-36)(b). A precise description
of the regularity of ¥° and V! is given in Theorem 5.11. The last piece of the corrected approximate
solution, SZOU% in (1-15), is discussed next.

1E. Error analysis. Given a periodic function f(x, 6), where 6 = (01, ..., 6y), let us denote

o @p,80) = f(x, 00+ w1&a, ..., 00 +wméa);
so we have
S 0)lo— @o/e.xate) = f(x, %)
Taking the profiles ¥, ! constructed in Theorem 5.11, if we define
WL (x, Bp) = (VO(x, 0) + &V (x, 0)) o= to.xa/e)-

we find that OILIE’ satisfies the singular system

d
(@) Leub):= 8dOlL€+A(3x'+ 4 89"

(b) Y (EUHUL =G (X', 0p) + O(?) onxy=0, (1-43)
() U=0 inr <0,

)ouf + D(EULYUL = 0(e),
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where the error terms refer to norms in E° and H' spaces whose orders are made precise in Section 4.
For example, (1-43) follows directly from the profile equations (1-20)(a)—(b), together with the identity

[l—e(f(xv 9)'9%(90,)6(1/8))
= é(if(ae)f(x, ONNo— ©0,xa/e) T (L) f(x, 0o ©00,x0/6) T (DES) o= 00,xa/¢)- (1-44)

Since our basic estimate for the linearized singular system exhibits a loss of one singular derivative
(basically, we lose a 1/¢ factor), the accuracy in (1-43)(a) is not good enough to conclude that

b
|Ug — WU, | 1.0 (x,60)

is small (the error terms are only O(¢)). Thus, to improve the accuracy, we construct an additional
corrector ouf, (x, 6o, &;) and replace OILS by

X,
WUe (x, B0) := (VO (x, 0) + V" (X, 0)) 6 @y, /e) + €U, (x, 0o, ;") (1-45)

In constructing OIL%,, we deal with the first (small divisor) problem described in Remark 1.22(b) by
approximating ¥° and V! by trigonometric polynomials °V?7 and °V;, to within an accuracy § > 0 in
appropriate Sobolev norms, and seek Guf, in the form of a trigonometric polynomial.'* To deal with the
second (solvability) problem, we use the following proposition, which allows us to use the profile equation
(1-36)(b) as a solvability condition, in spite of the failure of Proposition 1.21 when & € H* ﬂ(@i“ x TM),
We define

550(890, 8&) = L(d¢0)890 + 3&.

Proposition 1.29. Suppose F(x,0) € H“z(@flﬁl x TMY has a Fourier series which is a finite sum and
that EF = 0. Then there exists a solution of the equation

£0(0gy, 0g,)U(x, o, Eq) = F (x, 0)|o— (0,20 (1-46)

in the form of a trigonometric polynomial in (0y, £4) of the form

UCx, 00, E0) = Y Ukyueg(x)e/ oM Hke50, (1-47)

(ko,ka)EF
. . . .. C=d
where $ is a finite subset of Z x R and the coefficients Uy, , lie in H* ([F\R++l).

The proof is given in Section 4. Observe that U is periodic in 6y but almost periodic in (6y, ;).
Proposition 1.29 is applied to solve the equation

L0 (dgy 0e,)U2 = [—(I — E)L@)V), + DOV}, + (dD OV )Vl 00,0

14Trigonometric polynomial approximations were already used to deal with small divisor problems in the error analysis of
[Joly et al. 1995].



572 JEAN-FRANCOIS COULOMBEL, OLIVIER GUES AND MARK WILLIAMS

With this choice of Oui we show in Section 4 that the new approximate solution AU, (x, 6y) in (1-45)
satisfies instead of (1-43) the singular system

(@) Le(Ue) = O(e(Kd+C(8)e)),
(b) Y (eU)U, — G (x', 6p) = O(e*C(8)) onxy =0, (1-48)
(¢) U=0 1int <0,

where the errors in (1-48)(a)—(b) are measured in appropriate norms. Now one can apply our basic
estimate (2-41) for the linearized singular problem to conclude that the difference between exact and
approximate solutions of the semilinear singular system (1-18) satisfies, for some constants C(§) and K,

U, (x. 60) — Uy (x. 60) | gs < K8+ C(8)e,  for some s > d%l.

This estimate clearly implies the conclusion of Theorem 1.15 by choosing first § > 0 small enough and
then letting ¢ tend to zero (this is the same final argument as in [Joly et al. 1995]).

1F. Remarks on quasilinear problems. In this article, we are able to rigorously justify a weakly nonlinear
regime with amplification for semilinear hyperbolic initial boundary value problems. Our assumptions
only deal with the principal part of the operators, meaning that we only assume a weak stability property
for the problem (L(d), B) obtained by linearizing at the origin and dropping the zero-order term in
the hyperbolic system. The weak stability is of WR type in the terminology of [Benzoni-Gavage et al.
2002]. Despite the weak regime that we consider (O (¢2) source term at the boundary and O (¢) solution),
the leading profile equation displays some guasilinear features. We emphasize that the regime that we
consider here is exactly one power of ¢ weaker than the weakly nonlinear regime for the semilinear
Cauchy problem or for semilinear uniformly stable boundary value problems. As in [Coulombel and
Gues 2010], this power of ¢ corresponds exactly to the loss of one derivative in the energy estimates.
We believe that the techniques developed here can be extended to give a rigorous justification of weakly
nonlinear geometric optics with amplification for quasilinear hyperbolic initial boundary value problems

of the form

d

v+ Bj)dv+ fov) =0, (1-49)
j=1

3 / X/'ﬂ
o) =G| x’, onx; =0, (1-50)
I3
v=0 and G=0 int <O. (1-51)

The corresponding solution v, would be of amplitude O (s?). In particular the arguments used in Section 2
to obtain uniform estimates with a loss of one singular derivative for the singular initial boundary value
problem might be extended to the corresponding singular quasilinear problem. There are however several
new obstacles along the way, one of which is to extend the singular pseudodifferential calculus of
[Coulombel et al. 2012] in order to obtain a two-terms expansion of (1, 0) and (0, 1) compositions. The
weaker scaling (g2 in place of &) should be sufficient to obtain the appropriate results. Let us observe
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that, for O (¢?) solutions, the principal part of the hyperbolic operator has coefficients that are uniformly
bounded in W>%°, which is precisely the regularity needed in [Coulombel 2004; 2005] to obtain a priori
estimates and well-posedness. The leading profile equation obtained in this quasilinear framework is
very similar to the one we have derived here, and we thus believe that a weak well-posedness result
using Nash—Moser iteration should prove the existence of the leading profile. For all the above reasons,
we thus believe that the £ source term on the boundary is the relevant “weakly nonlinear regime with
amplification” in the quasilinear case, and we postpone the verification of the many technical details to a
future work. Unfortunately, this regime would still be beyond the one considered in [Artola and Majda
1987; Majda and Rosales 1983], so there would still be a new ingredient to incorporate in order to justify
the calculations of these papers.

2. Exact oscillatory solutions on a fixed time interval

2A. The basic estimate for the linearized singular system. In this section, it is our goal to prove
Proposition 2.2 and its time-localized version, that is, Proposition 2.9. These propositions provide
the a priori estimates for the linearized singular system that form the basis for the Nash—Moser iteration
of Section 5B and the error analysis of Section 4.

We begin by gathering some of the notation for spaces and norms that is needed below.

Notation 2.1. Here we take s e N=1{0,1,2,...}.
(a) Let Q:= @iﬂ xT!, Qr:=QnN{—oo <t <T},bQ2:=R¢x T, bQp :=bQN{—00 <t < T}, and
—d+1
setor :=R, N{-oco<t<T}

(b) Let H® = H* (bS2), the standard Sobolev space with norm (V (x', 6))s. For y > 1 we set H}f =eV'H*®
and (V) = (e77'V);,.

(¢c) L’H* = L*(R,, H*(b2)) with norm |U (x, 6p)| 2+ = |U 0.5 given by
oo
U5, =/ U (', xa. 00 s 2y dXa-
0

The corresponding norm on LZH; is denoted by [Vo .y .
(d CH =C (@Jr, H*®(b2)) denotes the space of continuous bounded functions of x; with values in
H*(bS2), with norm

U (x, 00)|chs = |Ulso,s := sup |U(., xa, )| Hsp2r)

xq>0
(note that C H®* C L*° H®). The corresponding norm on CH; is denoted by |V |00 5,y -

(e) Let My:=3d+>5 and define COM0:= C(R,., CM0(bQ)) as the space of continuous bounded functions
of x4 with values in CMo(bQ2), with norm |U (x, 00) | comy :=|U | coyymp.o. Here L®WMo-> denotes
the space L®(R,.; WMo (pQ)).13

15The size of M is determined by the requirements of the singular calculus described in Appendix A.
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(f) The corresponding spaces on Q7 are denoted by L?H3., LZH;’T, CHy, CH)  and C%MO with
norms |Ulos,75 [Ulos.y.7s 1Uloos. 7> 1Uloo,s.y. 7> and [U] o, respectively. On bQ2r we use the
T
spaces Hj and H;,T with norms (U) 7 and (U); . 1.
(g) All constants appearing in the estimates below are independent of &, i, and T unless such dependence
is explicitly noted.

The linearization of the singular problem (1-18) at U (x, 6p) has the form

(@) %@+Acy+ﬁ?>m+@WD@=f@ﬁw on €,
®) BEU)Uslyymo = g1, 60, 2-1)

(¢) Us=0 int<0,
where the matrices B(sU), @(eU) are defined in (1-11).'® Instead of (2-1), consider the equivalent
problem satisfied by U := e "' U:

IB 89()
e
BEeV)U7 |xy=0 = 8" (', 60), 2-2)

U”=0 int <0,

adUV+A<(at+y, der) + )UV+QD(8U)UV=fy(x,90)v

Below we let A p denote the singular Fourier multiplier (see (A-2)) associated to the symbol

2 12
K ) Lo x=p 4P (2-3)

€ e

£+

A(X,y) = (V2 +

The basic estimate for the linearized singular problem (2-2) is given in the next proposition. Observe that
the estimate (2-4) exhibits a loss of one “singular derivative” Ap. In view of [Coulombel and Gues 2010,
Theorem 4.1], there is strong evidence that the loss below is optimal.

Proposition 2.2 (main L? linear estimate). We make the structural assumptions of Theorem 1.15 and
recall My = 3d + 5. Fix K > 0 and suppose |€0,U|comy-1 + |U|comy < K for e € (0, 1]. There exist
positive constants eg(K) > 0, C(K) > 0, and yo(K) > 1 such that sufficiently smooth solutions U of the
linearized singular problem (2-1) satisfy"’

(U)o IADfY 0.0+ e~ £ 0.0 L {Apg"o+ (S_Igy)0>
V7 ’

U 0,0 + < c<1<>( (2-4)

2 Y32
fory = y(K),0 <& < g(K).

The same estimate holds if B(eU) in (2-1) is replaced by B(eU, eW) and D(eU) is replaced by
D(eU, eW), as long as |€d4(U, W)| comy-1 + U, Ul oy < K for e € (0, 1].

16Here and below we often suppress the subscript € on U.
17Note that the norms lulp,1 and |A pulp o are not equivalent.
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Corollary 2.3 (main H!,, linear estimate). Under the same assumptions as in Proposition 2.2, smooth
enough solutions U of the linearized singular problem (2-1) satisfy

({U”)
NG

. 8 ApfPlor+le™ fY Apg’h+(e71g”
107 oo+ 107 0.1 + | Apf o +1e f |0,1+< pg" N+ (e g )1)’ 2:5)

fory = y(K),0 < e < gy(K).

Short guide to the proof. The proof of Proposition 2.2 is completed using the next two propositions, each
of which has the same hypotheses as Proposition 2.2. In the first step of the proof of Proposition 2.2,
we choose a partition of unity defined by frequency cutoffs x;(¢), i = 1,..., N; 4+ N, such that for
i=1,..., N the function ¥; is supported near a point of the “bad” set Y, while for i > N, the function
xi is supported away from Y. The estimates of ;. pUY for i > Ny are done in Proposition 2.8. For such
indices, Kreiss symmetrizers in the singular calculus are used to estimate x;, pU?” without loss.

Proof of Proposition 2.2. (I): Partition of unity. The compactness of T (see Assumption 1.12) and X

allows us to choose a finite open covering of X, € = {1;};=1,.. n,+n, such that {V;};=1 . n, covers T

.....

and such that Ux:if[ 29; is disjoint from a neighborhood of Y. Since Y C ¥, we can arrange so that for
eachi € {1, ..., N} there is a conjugator Qo’;(g“)]8 and diagonal matrix D ; (¢) satisfying (1-8) in V.
Moreover, we can choose a neighborhood O of (0, 0) € R2N such that for each i < N; there are functions
oi, P;.1, and P; 5 on O x %; with the properties described in Assumption 1.12. For these symbols, we
shall use the substitution (vy, v2) = (¢U(x, 69), €U (x, 6p)) to prescribe the space dependence.19
Welet x;(¢),i =1, ..., N+ N> be a smooth partition of unity subordinate to ‘6, and extend the y; to
all ¢ as functions homogeneous of degree zero. We smoothly extend each Qg ; (as a matrix with bounded
inverse) first to X, and then to all ¢ as a function homogenous of degree zero. We take similar extensions
in ¢ of P; 1, Pip, D1, and o;, but with homogeneity of degree 1 in the cases of D ; and o;. As with
Qo.i, the extensions of P; | and P; , are taken to have bounded inverses.? Of course, for a giveni < Ny,

the property (1-12) is satisfied only for ¢ /|¢| € V.
(I): Estimate near the bad set. The first estimate deals with a piece of U that is microlocalized near the
bad set Y.

Proposition 2.4. Fix i such that 1 <i < Ny, let U ly = Xi DU Y and write

0r =0l U7

1,in 1,out’

where*!

Ul = (0p) ' (win,0) and U, = (0p)"" (0, wow).

18Recall the notation ¢ = (t —iy,n). Sometimes we also write ¢ = (£/, y) to match the notation of [Coulombel et al. 2012].
19The substitution (v1, v2) = (eU(x, 0), eWU(x, Oy)) is also used at one point.

2OTaking such extensions reduces the number of cutoff functions we need later.

2lHere Qp., Wiy € CP, and woy € CV P are defined by the diagonalization procedure explained in the proof.
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Then we have

O ot 107 000 L@, e~ HUY oo N [(Ap, e™HUY yloc.0

1,in NG v Y32

+1(eAp)'UY o0+

((sAD)_lUffin|xd:0)0

1,in \/?
(Ap, e ™D f 00 . ((Ap,e™Hgo  1Uloo+1(eAp) U 0,0
=C 2 + 32 2
14 Y Y
U |y—0)o+ ((eAp) U | —
+< lx=0)0 (;3/21)) |xa 0)0)‘ (2-6)

Proof of Proposition 2.4. The loss of derivatives in the estimate prevents us from treating the zero-order
term %(sU)U? as a forcing term, as we would in a uniformly stable problem. Thus we need to use an
argument that simultaneously diagonalizes A and the lower-order term %(eU).

We now set y; = x, v = XDUV = l']f/, and estimate v. We let A(X, y) = —A(X, y) denote the

singular symbol such that
B e,
. )
Dropping superscripts y, we see from (2-2) that v satisfies
v +Apv+B(EU) = xpf + (D), xplU = xp f +r-1.0U,
B(eU)vls,=0 = Xpg + BV, Xp1Ux,=0 = Xpg +7-1.0Ulx,=0-

Ap = A((at + v, ) +

27

Here and below r_; p denotes a singular operator of order —1 (which can change from one occurrence to
the next) computed using the singular calculus. Similarly, ro p will denote an operator of order 0. In spite
of the loss of the factor Ap in the estimate (2-4), we are able to treat r_; pU asa forcing term (see, for
example, (2-16) below). A term like ro, pU /y would be too large to absorb.

The first several steps of the proof estimate the terms in the first line of (2-6).

Step 1: Simultaneous diagonalization. This diagonalization argument is similar to the one in [Coulombel
2004]. Let Qo(¢) := Qo.i(¢) and D (¢) := Dy ;(¢) be the matrices as in (1-8) such that

Qo(OA)Qy ' (0) =D ()

in the conical extension of V';. We define

w:= QOpv,

where Q = Qo(X, )+ O_1(eU, X, y). Here the matrix Q_;(eU, ¢) is a symbol of order —1 defined
for all ¢, but chosen so that, on the conical extension of ¥;, the matrix

Do(eU, £) :=[Q-10; ", D1l + Q0B (eV) Oy’ (2-8)

is block diagonal, necessarily of order 0, with blocks of the same dimensions ny, ..., ny as those of D;.
Since the eigenvalues associated to the blocks of D are mutually distinct, a direct computation shows
that O _1Qy ! and thus (Q_1, can be chosen so that the commutator cancels the off-diagonal blocks of
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Qo9(elU)Qy I (The diagonal blocks of the commutator are all zero blocks and therefore cannot cancel
those of Qo (eU) Qal ) Since QoA =D Qg on 1, (2-8) implies the relation

OA+ Q0D =D10+[0-10;", D11Q0+ Q0% = D1 Q + Dy Q. (2-9)

Remark 2.5. (1) The scalar entries of the matrix Q_; p can be chosen to have the form

(Q-1,p)i,j =c(eU)a_1 p,
where a_1(¢) is of order —1 and independent of (x, 8), thus giving rise to a Fourier multiplier.

(2) Since (Qy, )~} Q_1.p has norm less than one as an operator on L? for y large, we can define (0Op)~!
as an operator on L using a Neumann series.

Noting that x-dependence is absent in A and Qg and using the commutation property (2-9), we have

daw = Qpdav + (34 Q-1)pv = —0pA+D(eU))pv+ Opxp f +7r-1.0U + (32 Q-1) pv
= —(QA+ Qo@(eU))pv+ Qpxp f +r-1.0U + (0401 pv
=—(D1Q +DoQ0)pv+ Qpxp f +r-1.0U + (340-1) pv
= —(Dy +Do)pw+ro.pf +r_1.pU + R%v. (2-10)

In the final line of (2-10), the operator r_; p is explicitly given by
Opl@(eV), xpIU—(Q0,pD(e V) ~(QoB(eU)) ) xpU—0-1,09(U) xpU+Do,p Q-1.0xpU. (2-11)
and the second remainder term is decomposed as R}, = RI;J + R}, with operators RY, R, defined by

(@ Rhv:=(3,0-1)pv,

. (2-12)
(b) Rpv:=D1p(Q-1)pv—(D10-1)pv.
In view of Remark 2.5 the scalar entries of R}L’) and RY, have the form
(0gc(eU))a—1,p and [ay,p,c(eU)]a_1 p, (2-13)

respectively. In (2-13), oy (¢) denotes one of the diagonal entries of D (¢). Here and below a_; p denotes
a singular operator of order —1 associated to a symbol a_;(¢) which may change from term to term.
The precise estimate of the above remainder terms is one of the keys to the proof of Proposition 2.4.

Lemma 2.6. The remainder terms r_i, pU and R v in the last line of (2-10) satisfy estimates of the form
Ir-1.0Ul00 < C(K)|AL Uloo.  [RSl00 < CK)|AL v,
|Apr_1,pUlo0 < CUK)Uloo.  [ADpRHVl00 < CK)([vlo,0+I(eAD)  vlo0),

with a constant C (K) that is uniform with respect to € and y .

Proof of Lemma 2.6. » The estimate of R7,v in L? comes from the expression (2-13) of the coefficients
of Rll’) and RY,. For instance, the commutator [ot1 p, c(¢U)] is bounded on L? uniformly on ¢, y (see
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Appendix A), and we can isolate a Fourier multiplier a_; p on the right. In particular, we obtain the
weaker estimate
YIRHvlo,0 < Clvloo,

and we are now going to estimate the singular derivative (9, + B3dg,/€) R},v. Let us deal with the operator
R, (the estimate involving R}I’) is similar). When applying the singular derivative, we need to estimate
terms of the form

B0,
£

ﬂ.
[a1.p, C(SU)](axj + )a—l,Dv +[o1,p, O0x;c(eU)]a—1,pv + ?][Oll,u, dg,c(eU)]a—1,pv.

The first term is estimated by v in L2, while the second and, above all, the third term are estimated by
(¢eAp)~'vin L2

o The estimate of Apr_i, pU is precisely the definition of the notation r_1,p and it follows from the rules
of symbolic calculus; see Appendix A. We thus focus on the L? estimate of the remainder where we wish
to gain a factor Al_)1 rather than a mere 1/y. Let us first consider the term Q_; p@(eU)x DU in (2-11).
We write

0-1.p90)xpU = Q-1.p(B(U)Ap)xpAp' U = Q_1.p(@EU)N)pxpA,' U=ropAy'U,

where we have applied the symbolic calculus rule in the end for the (—1, 1) product. Similarly, we can
write the first commutator in (2-11) as

OplP(eU), xplU = ro,pl(B(eU)A)p, xplAp' U =ropA,'U.

We leave to the reader the other two terms in (2-11) that can be treated in an analogous way. Eventually,
we can write the term r_j, DU in the last line of (2-10) as ro, DA5] U and the L? estimate follows. O

The estimates of Lemma 2.6 seem to be the best we can hope for in the case of the bad (1, —1) product
(2-12)(b), which is the reason for the need to estimate such terms as those on the left of inequality (2-6).

Step 2: Outgoing modes. Recall that —D; and —Dy are block diagonal:

iw(¢) 1y, 0 C 0
—Di(0) = » —Do(el, ¢) = )
0 iwy(¢)1y,, 0 Cy
so the system (2-10) satisfied by w = (wy, ..., wy) can be written as a collection of J decoupled transport
equations
dqwj = (iw;)pw; +Cjpw;+ropf+r_1pU+RHU (2-14)

with Re(iw;) < —cy for 1 < j < J', and Re(iw;) > ¢y for J'4+1 < j < J (¢ > 0 denotes a constant).
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Following the strategy of [Coulombel 2004], we now give two preliminary estimates of the outgoing
modes w;, j > J'+ 1. Taking the real part of the L?(Q) inner product of (2-14) with —A%w j» We obtain

(Apw;(0))3 .
B — Re(Ap(iwj)pwj, Apwj)i2q)+Re(ApCjpwj, Apwj)i2(q)

+Re(Apro.p f, Apw;) 2@ +Re(Apr_i pU, Apw;) 2y +Re(ApRHU, Apw;) 20
Since Re(iw;) > cy, we get, after absorbing some terms on the left,
2 »_C 2 12 —1772
YA pWoutlg o + (A pwout (0))g = > (IAD floo+I1Ulg o+ 1(eAD) " Ulp o) (2-15)
Here, for example, we have used Young’s inequality and Lemma 2.6 and estimated
ar Cs 0 —1772 2
IRe(ApRpU, Apwj) 2yl < 7(IU|0,0+ |(eAp)  Ulpo) +8yIApwjlgo- (2-16)
Taking the real part of the L? inner product of (2-14) with w j on [xg, 00) x b2 instead of €2, we obtain,
for all x; > 0,
C 1,
yIw; 50+ (W) (xa))g < ;(|f|§,0 + ;|U|§,O). (2-17)

Finally, adding to (2-15) the estimate y%x(2-17) and the estimates we obtain in the same way by pairing
(2-14) with w; / g2 (here we use the L? estimate of the remainders given in Lemma 2.6), we obtain

C
14

yI(Ap. & Hwoulg o+ [(Ap. & DwoulZoo < —(1(Ap. ™) flo0+1UIG o+ 1(eAD) ' UlG,). (2-18)

This completes the estimate of the outgoing terms in the first line of (2-6).

Step 3: Incoming modes 1. Estimating w; for j < J' in a similar way, but now using Re(iw;) < —cy
and pairing the corresponding transport equation with w;, we obtain

C .
Y2 [winlg.o + ¥ Winla.0 < C¥ (Winlx,=0)5 + ;(Wlé,o + UG ¢)- (2-19)

This L? estimate does not cause any problem because we have a good L? control of the remainder Rv
appearing on the right of (2-14); see Lemma 2.6 (we have even weakened the estimate of the remainders in
Lemma 2.6 by simply estimating them in terms of |U|o,o/y). Moreover the term |win|iq0 was estimated
by considering the L? pairing on [0, x4] x bS2 instead of .

Step 4: Boundary estimate. We observe that v can be expressed in terms of w as
—1 ..
v=(Q, )pw+r_1pU.

Recalling the boundary condition in (2-7) and using the decomposition Q, 1(g“) =[Qin(¢) Qout()], we
accordingly let w = (wjy, wour) and rewrite the boundary condition in (2-7) as

BeU) Qin,Dwin|xd=0 =—-RBeU) Qout,Dwoutlxd=0 + xpg + rfl,DU|xd=0- (2-20)
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By (1-12) we have on ¥
- - G (A Ny +io _
BEU)Qin =Py 1(Pl%(sU)QinPZ)Pz1=P1 1( v ) 1) le,
so using the rules of singular calculus, we get

- +io -
ApB(eU) Qin. pWinlr=0 = (P )p (V P AD,) (Py ) pWinlyy=0 + 0.0 Winl,=0-

With (2-20), this implies
- +io — .
<<P1 Do (V ? AD,) (P 1)Du)m|x[,=o> < C((ApWouls,=0)o + (Apglo + (Uly=0)o)-  (2-21)
0

We have P D(Pl’l) p =1+r_; p soup to choosing y large (and absorbing the r_; p term), the estimate
(2-21) implies

<(V +iop A I) (Pz_l)Dwin|xd=O> < C((Apwoutlx,=0)o + (ADpg)o + (U|x¢1=0>0)‘ (2-22)
D 0

Letting
w1 _
(w/> = (P2 l)Du)il’1|xd=0’

we find, using the fact that o is real and again choosing y large enough,

<<V+“’D )(w1>>2>1( 2w+ (A pu) = Lo, 0
Apl ,-C 14 170 DW )g) = C 1 0

w/
Thus, from (2-22), we may conclude
Y (Winlts=0)0 < C{A pwoutley=0)0 + (Apg)o + (Ulr,=0)0)- (2-23)

Combining the estimates (2-19) and (2-23), we have thus derived the bound

C . .
V2 Winlg .o + 7 winlae o < ;(|Vf|%,o+ 1U5.0) + CUADE)G + (Uly=0)3) + C{A pWoutlx,=0)3-

Together with (2-18) this completes the estimate of the terms in the first line of (2-6).

Remark 2.7. At this point we can see the need to estimate the remaining terms on the left in the estimate
(2-6) as well as the similar terms on the left in the Kreiss estimate (2-29). We must estimate those terms
in order to be able to absorb the terms involving (¢Ap)~! U? on the right side of (2-6). Recall that such
terms come from the bad (1, —1) product and from the d; O _; term. This is one of the major differences
between our analysis and that in [Coulombel 2004].
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Step 5: Incoming modes 11. Here we begin to estimate the terms in the second line of (2-6). We introduce
the functions v := ABIU and 0" := /e, and see that the function 7’ satisfies

9.7 ~/ ~/ ABI ABI g —1 ~/
1V +ApY + B (U = TXDf+ T[QB(&U), xplU + (9(eU) — A D(eU)Ap)V,

-1 -1 (2-24)

~/ AD AD * —17V
%(SU)U |xd:0 = TXDg + T[%(SU)’ XD]ledZO + [%(SU)v AD ]Elxd:O'

We can thus diagonalize the problem for v' with the same operator Op = Qo p + Q_1.p as before.
Introducing the function w’ := Qpv’, we find that W’ satisfies

3 N A A7) .1
(@) 30 =—(D; +Do)pw’ + QDTDfo + QDTD[@(st xplU + ;ro,Dv’,

- o, A Ay . (2-25)
(b) B(EU)Qin,pwi, = —B(U) Qout, DW oy + —, X8 + T[%(SU), xplU

+ AL [Ap, B +7r_1 pt,

where we have collected several terms into remainders of the form yflr(), p?’. For instance, we have used
a =~/ 1 ~/ ~/ 1 ~/
Rpv' = ;ro,Dv , Q1 pYEU)) = ;ro,Dv .

Next we fix an index j € {1, ..., J'}. Taking the real part of the L?(2) inner product of (2-25)(a) with

11);., we obtain the standard L? estimate for incoming modes:

ylhl5o
- C - 1 1y - .
< Clifly=003 + 5 (1EeAD ™ Flo+ 51eAD) ™ Ulfo + 16 Ap) 90, xpIU )

- C _ 1.
< C<w;n|xd:o>é+ﬁ<|s Y150+ 1eAD) UL ). (2-26)

We thus wish to control the trace of w; .
Step 6: Control of the trace of w,. Using (2-25)(b) and arguing as in Step 4, we obtain the boundary
estimate
Y (Wi ]x4=0)0
< CUADpWylx,=0)0+ (67" g)o+ (e [BU), xpIUlxs=0)0 + (¥'x,=0)0 + (e~ [Ap, BeU)Dl,=0)0)
< CUApWoylxy=0)o+ (67" g)o+ ((€Ap) ™ Ulyy=0)0)-

Combining with (2-26), we have derived
Y 15316, F (inlxs=0)5

C B C _ . C _ .
sﬁ<ADwgut|xd:o>3+F(|e "fl50+ (eAD) ‘U|%,O)+ﬁ(<e ')+ ((eAp) ' Uly=0)d). (2-27)
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We expect Apw,,, to be comparable to wey /¢ and thus use (2-18); this is checked and made precise in

out

the next and last step of the proof of Proposition 2.4.

Step T: Relation between A pw' and w /e, and conclusion. Using the definitions
W' = Qpt' = Qp(eAp)~'v and w= Qpuv,

and the fact that A p commutes with Qg p, we compute

~/

Apw' =e ' Qpv+ropd = 'w+ropt.

We have thus derived the bound from above
A B0} = —5 (6™ Woulsymold + (€A D) U lyo)d)
)2 DWoylxy=01p = % out|x;=0)0 D x4=0)0)>
which we combine with (2-27) and (2-18) to obtain
YIB4al5 0 + (D=0}

C B . . C _ .
SF(KAD,S Nfl3o+1(eAD) 1U|§,0+|U|%,0)+;(<e ') 4+ ((eAp) 'Uly=0)3). (2-28)

It only remains to derive a bound from below to go from lZ)i/n to (eA D)*IU 17 i+ We first observe that
estimating (¢ Ap)~' U/ as claimed in (2-6) amounts to estimating Qp(¢ Ap)~' U/, . We use the relation

- _1 [ wi
Op(eAp) U, = (eAp)™ ( 0 ) [(eAD)™", OplU] ;= (eAp) ™ ( 5“)—[<8AD) L Q-1,0107 s
and the special “decoupled” form of the coefficients of Q_; to show that

1
[(eAp)~", Q101 = —rop(eAp) .
4

“ 97

Similarly, taking the “in” component of &’ = Qp(eAp)~ U7, we have

1 .
= (eAp)” win+ LG oy,

so we obtain

II)/

! 1 .
1 —1
Op(eAp)~ U, = ( 0‘“) + yzl’o,D(SAD) U.
We have therefore proved that (2-28) implies that the second line in (2-6) is controlled by the terms on

the right of (2-6). This finishes the proof of Proposition 2.4. (I

(IID): Estimate away from the bad set. The next proposition provides a Kreiss-type estimate for the terms
Xi,DUV, where i > Nj.
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Proposition 2.8. Fix i such that Ny +1 <i < N, and let U%/ = xi.pUY. We have

((eAp)~'UY =00
J7
- C(|fy|o,o +1eAp)" f7 0.0 n (8")o+ ((eAp)~'g”)o
< » N
N 107 Jo,0 + |(81;D)_IUV|0,0 N (U |x,=0)0 + ((eAp) U |1 ,=0)0
14 14

(U |,=0)0 o
2 (e AD) T U o0+

10 0.0+

) . (2-29)

Proof. Step 1: L? estimate. The first step is to prove the Kreiss-type estimate

TV y Y TV TV
(Uy |x,=0)0 <c (lf lo,0 N (€")o N 1% lo,o n (U |xd:0>0>.
Y NG 14 Y

For this we define the good set G C X to be a neighborhood of the closure of U,N:2 ny+1 Vi such that

G is disjoint from Y'; here the uniform Lopatinskii condition is satisfied. The classical construction of

=< (2-30)

10 0.0+

Kreiss symmetrizers [Kreiss 1970; Chazarain and Piriou 1982] provides us with an N x N symbol R(¢),
homogeneous of degree 0, such that, for some positive constants C, ¢, and ¢ /|¢| € G, we have

(@ R()=R(©)",
(b) —Re(R(HAQ)) = cyly, (2-31)
() R(&)+CBO)*BO) >cly.
We take a smooth extension of R to all ¢ as a symbol of order 0 such that (2-31)(a) holds. Observe that
by continuity (2-31)(c) implies
R(&)+ CRB(U)Y*B(eU) > cly for & small enough. (2-32)

As observed in [Williams 2002], we may now use Rp, the singular Fourier multiplier associated to
the symbol R(X, y) as a Kreiss symmetrizer for the singular problem. Let x; = x, v := xpU?, and
denote by (-, -) the L? inner product on bS2. Using (2-7) to expand 3, (v, Rpv) and integrating in x4
over [0, 00), we obtain

_<v|xd=0, RDv|xd=0>
= —2Re(RpApv, v) —2Re(RpD(eU)v, v) +2Re(Rpxp £, v) + O(U” lo0lvl0,0/¥)-

From (2-31)(b), (2-32), and the localized Garding inequality (Proposition A.9),

(U7 |x,=0)5
Re{(R + CBEV) BEU)pvley=0- vlsg=0) Z e{vlz=)g — C—— ==, (2-33)
we easily derive the estimate (2-30).
Step 2: Estimate of (eAD)_ll']zy. Set v := ABlv and ?" = v/e. Then ¥’ satisfies the system (2-24),
where the truncation function x has changed but the forcing terms have exactly the same expression. An
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argument just like the one that gave the estimate (2-30) yields

((eAp) 10T |xy=0)0

I(eAp) U 0.0+

NS
=1 ¢y —lyy TV ~1r7y
§C<|(8AD) f |O,O+<(8AD) g )0+|U |0,0+|(8/2\D) U o0
Y JY 14
n (U |x4=0)0 + ((EAD)IUyl)Cd:O)O)
Y

Here instead of (2-33) we have used

c ((eAp) U | ry=0)3

Re((R + CB(eU)* B(EU)) pb|1y=0, ' |xy=0) = (V' ]x,=0)5 — >

’

to recover the estimate of the trace of . The L? estimates of the forcing terms in the interior and on the
boundary are exactly the same as in steps 4 and 5 of the previous proof. (I

(IV): Conclusion. We use the previous propositions to complete the proof of Proposition 2.2. Summing
the estimates (2-6) and (2-29) over i € {1, ..., N,} and absorbing error terms from the right by taking y
large, we derive

10 0.0+

(U7 |iy=0)0 , 107 |0 (Ap, &™) oo ((Ab, 8_1)87/)0)’ 234

C(K
NG N = C( )( 2 NI

where we have “forgotten” on the left of the inequality the additional control of (¢Ap)~'U?Y (this term
has played its role, meaning that it was used to absorb some bad terms appearing on the right). This gives
exactly (2-4) with the additional control of U ly in L>°(L?). This additional property is used in the proof
of Corollary 2.3. (Il

Proof of Corollary 2.3. It remains to estimate |U V10,1 and |U V]0o.0. We first estimate the first-order
tangential derivatives. We can apply the a priori estimate (2-4) to the problem satisfied by 8(,6/,90)['] v,
which is obtained by differentiating (2-2). This yields

(U7 =001

|U” 0.1 +

(Ap.67D [ o, (Ao, 8‘58”1), (2-35)

which is the same as (2-5), except for the absence of |U Y|.0 on the left. Here we were able to treat
commutators as forcing terms because, for example,

[D(eV). 809107 = —(@D(eV) - £3ix6) VU7 |
and the factor of ¢ coming out from the commutation allows us, for example, to estimate

|ADpIB(eU), dx 001U 0.0 < ClU 0.1
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It thus only remains to estimate the norm |U ¥|0.0. For 62 > 0 to be chosen, we take 0 < §; < 6, and
consider a symbol of order zero in the extended calculus, x (&', kB/¢, y), such that

k k
0<x‘<l, xe(é’,?ﬂ,y>=l on{lf’,yls51|8ﬂ}, SUpreC{IS’,ylséz

]
= [
We then write U? = X“’DUV + (1 — XeD)UV and begin by estimating |(1 — )(eD)l']Vlo,C><> by using the
Sobolev-type estimate

(1= x5) U7 |oo0 < Cl(1=x5)3aU" 0.0+ Cl(1—x5)U7 0.0 < Cl(1 = x5)34U" 0.0+ CIUY |o,0. (2-36)

k
X, J/|<1 —xe(EC ?ﬂ V)) <Clg, yl,

1(1 = x5)84U" 0.0 < IAp(1 = x5)U” l0.0 + (1 = x5)DU 0.0+ 1(1 = x5) £ lo.0

: : |Ap f]o,
<CUU o1+ 1f"]0,0) < C(IUV|0,1 +% ,

Using (2-2) and the fact that

we obtain

where the last inequality follows from | /7 |90 < C|f"|0.1/y. With (2-36) this gives

y
+ |[Ap(f )|0,1)‘

(1= x50 |00 < c(u’mo,] > (2-37)

To estimate |7, U? |s.0 We observe that since 8 € Y, we have, for 8, > 0 chosen small enough,

k k Al
Xe(é/v ?187 y) = Xe(é/v ?187 y) ZXI(X9 y)v
i=1

for the x; chosen in Step I of the proof of Proposition 2.2. Thus
%50 1500 = X5 U Ii0 = U] loc0,
with U ]y defined in Proposition 2.4.2> We can then apply the a priori estimate (2-34) and obtain

. Ap,e V) fY Ap,e eV
|X1e)Uy|oo,0§C(|( b 832)f |0’0+<( D.¢ )8 >O).
y3/ %

With (2-37) and (2-35), this completes the proof of Corollary 2.3. U

Let us quickly observe that the genuine Garding inequality was used only once, in the proof of
Proposition 2.2, namely in (2-33). In all other cases, we only used Plancherel’s theorem for Fourier
multipliers. This explains the slight difference between (2-29) and (2-6) for the powers of y.

22More precisely, here U ly is the sum of the similarly denoted functions in Proposition 2.4.
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0
N ‘(Vﬂ%ﬂ‘i‘ﬂ 9o)f
0,1 €

we can rewrite the a priori estimate (2-5) for solutions to the linearized system (2-1) as

Next we “localize the estimate” to Q7. Since®?

’

0,1,y

B
IAnylo,1~‘(y,8x/+ “) r

&

: : (Ulxy=0)1,y
|Ul|0,0,y +1Ul01,y + —————
0,0,y Y \/7
, Oy ) , Oy 0
< C(K)(l(y o+ B 90/8))f2|0,1,y+|f/8|0,1,y n ((y, 00+ B 00/)/83)/3;)1#4-(8/8)1,;/)' (2-38)

Suppose now that the singular problem (2-1) is posed on Q7 instead of 2. Given f € LZH%, one can
define a Seeley extension f € L?H" such that

%, \ 7 2 9
‘(y,ax/Jrﬁg@“)f +|f/<9|0,1SC(KV,ax/-i-ﬂsGO)f

where C is independent of y, ¢, and T'. It is readily checked that the same extension satisfies
Bda, \ 7 2 B g
‘(Vvax’+ 6‘0 f +|f/‘9|0,1,7/fc V’ax/+ 80 f

where again C is independent of y, ¢, and T. We claim that changing f, g, and U in {¢t > T} does not

+ |f/8|0,1,T),

0,1 0,1,T

+ |f/8|0,1,y,T>, (2-39)

0,1,y 0,1,y,T

affect the solution of (2-1) in {t < T'}. (This causality principle is discussed further below together with
the existence of solutions to the linearized system (2-1).) Hence the estimates (2-38) and (2-39) imply the
following estimate for the singular problem on Q7:

. . (Ulyy=o)1,y.7
|Uloo,0,y,1 +|Ulo,1,y,1 + ————
, 0y + B0y, /€ —+ & , 0y + BOg. /& + e
SC(K)(KV v + B0,/ )f)|/02,1,y,T [f/ |0,1,V,T+<(V v+ B,/ ))/é;i;yr (g/ >l,y,T)'

Let us now consider the linearized singular problem (2-1) on Q27 with data of the form ef and eg
instead of f and g. We note that

B3
‘(V, 8}6’ + ‘ 8f &g =< C<g>2,y,T-
e Ly T

Let us write the linearized operators on the left sides of (2-1)(a) and (b) as L'(eU )U and B (eU )U ,
respectively, and define

B g,
&

= C|f|0,2,y,T and <(Va ax’ +
0,1,y,T

$(U)HU = %l/(sU)U, BLUU = %B/(EU)U.
We have proved:

23Here “~” denotes equivalence of norms with constants independent of ¢ and y.
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Proposition 2.9. Fix K > 0 and suppose |88¢U| 0.g—1 + |U| 0y = < K for ¢ € (0, 1]. There exist positive
constants £0(K), yo(K) such that solutions of the smgular problem

$’E(U)U:f on Qr,

B =g on bQr, (2-40)
U=0 int<0
satisfy
- - (Ulx=0) 1.7 | flozy.r (821
\Uloo,0,y,7 +1Ul0,1,y,7 + ————— = C(K) S—+—>5 (2-41)
oo,0y 4 ﬁ yz J/3/2

for0 < e <¢go(K), y = y(K), and the constant C(K') only depends on K.
The same estimate holds if B(eU) in (2-1) is replaced by B(eU, eW) given in (1-9), and D (eU) is
replaced by % (eU, W) given in (1-10), as long as |ed4(U, U)| oMo + U, U| 0o <K fore € (0, 1].

2B. Well-posedness of the linearized singular equations. In this short section, we explain why the
analysis in [Coulombel 2005] gives existence and uniqueness of a solution to the linearized singular
problem (2-40) for which the estimate (2-41) holds. First we define a dual problem for (2-1):

B\, . ~ .
0aU + A*( 9, VU +D(eU)U = , 6 Q,
U + ( + ) +D(eU) f(x,00) on (2-42)

MUY | =0 = g(x', 60),

where A* is obtained from A by first multiplying the system by the constant matrix By, then integrating
by parts on 2, and eventually multiplying by (BdT)_l. The zero-order term is also changed accordingly.
Following the standard procedure described for instance in [Benzoni-Gavage and Serre 2007, Chapter 4.4],
the matrix Jl giving the adjoint boundary conditions is chosen such that

By =B1(v)" B(v) + M) My (v)

for all v sufficiently close to the origin, where %B;(v) and M (v) are additional matrices depending
smoothly on v.

The expression of A* shows that this singular operator coincides with the operator obtained by applying
the substitution d,» — 9y 4 B3y, /€ to the dual operator

d
b+ Y Bl =—Lod".
j=1
It is known from the analysis in [Benzoni-Gavage and Serre 2007, Chapter 8.3] that the latter constant
multiplicity hyperbolic operator with boundary conditions given by J(v) gives rise to a boundary value
problem in the “backward” WR class (one just has to replace y by —y for this dual problem). When
we apply the singular transformation d,, — 0, + Bdg,/e to the boundary value problem defined by
(Lo(d)*, M(eU)), we can reproduce the analysis of the previous section and show that the same type of a
priori estimate as in Proposition 2.2 holds for (2-42).
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For all fixed ¢ > 0 small enough, we have thus proved that both the forward problem (2-1) and its dual
problem (2-42) satisfy an a priori estimate with a loss of one tangential derivative. The estimates depend
very badly on ¢ because the singular derivative 9, + g, /¢ is estimated by 1/¢ times the tangential H'
norm with respect to (x’, 6y). Nevertheless, we can at this stage reproduce the arguments of [Coulombel
2005] to show the existence and uniqueness of L? solutions to (2-1) when the source terms f and g satisfy
f200,f, 0 f € L3(Q7), geH L(bQr). The analysis is actually much simpler than in [Coulombel 2005]
because most of the technical difficulties there arise from commutations with the hyperbolic operator.
Here the hyperbolic operator has constant coefficients so commutation with any scalar Fourier multiplier
is exact. The analysis in [Coulombel 2005] also shows that weak solutions are limits of strong solutions
when the hyperbolic operator has constant coefficients,”* so we can show that weak solutions satisfy
the energy estimate (2-4) with constants that are uniform with respect to the small parameter €. Such
global in time estimates imply the causality principle that “the future does not affect the past” and can be
localized to Q27 by the extension procedure previously described.

2C. Tame estimates. In this section we prove higher derivative estimates for the linearized singular
problem (2-1), first in the “pretame” form of Proposition 2.11, and then in the final, “tame” form of
Proposition 2.16, which is suitable for Nash—-Moser iteration. Propositions 2.12 and 2.15 give pretame
and tame estimates for second derivatives.

Notation 2.10. (a) Let LW = L®°(R,, WH®(bS2)) with norm |U | jcey1. := |U|*. We also write
U@ = UL, (V)repa) = (V) (Viwicpa) = (V) Ul = [Ulx T, €te.
(b) For k € N, let 3* denote the collection of tangential operators Ba,yeo) with || =k (« is a multi-index).
Sometimes 9* is used to denote a particular member of this collection. Set 3°¢p = ¢.

(c) For k € {1,2,3,...}, denote by 3¢ the set of products of the form (0%'¢;,) - - - (0% ¢;,) where
l<r<k,oi+---ar=k a;>1 Setd ¢ =1.

(d) For r >0, let [r] denote the smallest integer greater than r.
Our first goal is to prove the following “pretame” estimate for solutions to (2-40).

Proposition 2.11. Fix K > 0 and suppose |€04U | co.mg-1 + |U | oy < K for e € (0, 1]. For s > 0 in any

fixed finite interval, there exist positive constants €y(K), yo(K) such that the solution to the linearized
singular problem (2-40) satisfies

(led:0>s+1,y,T
VY
|f|0,s+2,y,T (g>s+2,y,T |U|O,s+2,y,T|U|*,T <U|xd=0>s+2,y,T(U|xd=0>*,T
2 + 3/2 + 2 + 3/2
Y Ve 4 Y

|U|oo,.s',y,T + |U|O,s+1,y,T +

SC(K)< ) (2-43)
for 0 < e <ey(K) andy > yo(K).

24Weak solutions are only “semistrong” solutions when the hyperbolic operator has variable coefficients.
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Proof. The problem satisfied by 8*U is

LU =08f+ %[QB(SU), 31U,

BLUYPU =g+ é[%(w), 3°1U.

In applying the estimate (2-41) to this problem, we must, for example, compute 3%([D(eU), 9 10), which
is a sum of terms of the form?>

G(eU)dV (eU)d*U, where j+k=s+2,j>1,
and & is some smooth function of its argument. Since j > 1, we can rewrite this as
D)3V (eU)d(eU)*U.
Using Moser estimates, we obtain
géﬁ(eU)a”—”(eU)a(eU)a"U o7 S CEOWULrUloss2y.r + CUOU ot .7

The contribution from the final term on the right can be absorbed by taking y large enough; thus this
explains the third term on the right in (2-43). The final term on the right in (2-43) arises by the same
argument applied to the boundary commutator. U

Next we prove estimates for the second derivatives
LUV, U") = dD(U)U*, U,
BLUYU*, U”) = dB(U)U*, U,
where we use the short notation
d%(eU)U*, U?) .= dD(U)UHUP.
Proposition 2.12. We have
@ |1LLU)YU U)o yr
< CUULr)(U% 0,5,y 710 L7 + 10 00,5, 710 7 + €U o5, 71U L 710 L ),
(b) |1LLUU, U o117
< CUULr) 000,541,710 L 10 (0,551,9.710 7 + €lU 0,511,710 71U L 1),
©) (BLUNU,UP)s,1
<CUUYr){UYs 7 (U sr + (U5, 7 (U + 6(U )5y 1 (U)o 7 (U)o 7).
Proof. For t <s one computes 3’ (£ (U )(U a b )), which is a sum of terms of the form
SR (e)d' U™ U, where k+1+m=t.

25More precisely, each component is a sum of such terms.
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Thus, the first estimate follows directly from Moser estimates. The remaining estimates are proved the
same way. (I

In the iteration scheme of Section 5B we will use Hj spaces on the boundary, while in the interior we
use the following spaces.

Definition 2.13. For s € {0, 1,2, ...} let

Ey =CHyNL*Hyt' with the norm |U (x, 00)| g2 == |Uloo,s,7 + U l0,s541.7
E)‘,T = CH;yT N LZH;F with the norm |U (x, 90)|E£,T = |Uloco,s,y,7 +Ul0,541,9,T-
Remark 2.14. By Sobolev embedding we have
s>[(d+1)/2] = E; CCHj} C L*=(Qr),
s>[d+1)/21+1 = E} CCHj C L®[Ry, W™ (bQr)),
s>[(d+1)/214+ My = E} c CHj c Co™.
Note that £ is a Banach algebra for s > [(d +1)/2].
By Proposition 2.12 and Remark 2.14 we immediately obtain:

Proposition 2.15 (tame estimates for second derivatives). Let o = [(d + 1) /2] and suppose s > 0 lies in
some finite interval. Then

@ LU U"Es, <CAUI o) (U g U] o +1U° s 10| gro+elUlgs 10U o [U| o),
(b) (BT, Uyt
< CUU o, U5y, 1 U Vo, 1 40 Y5y 1 (U 0,7+ 60U )5, 740, 7 {0 Vg, ).
In order to obtain a tame estimate for the linearized system suitable for Nash—Moser iteration, we
must recast estimate (2-43) without the L norms of U on the right. First of all, we fix the parameter
K > 0. For instance, one may take K = 1. This choice is arbitrary because we are interested in a small
data result.?® We then choose constants go(K), yo(K) as in Proposition 2.11 so that the estimate (2-43)
holds for s € [0, fi], where [ is defined in (5-57). For the remainder of Section 2C and in Section 5B, the

parameter K is fixed, and y is also fixed as y = yo(K).
Let

K= |U|0,M0+2,y,T + (led:0>,u0+2,y,Ta where Ho = [(d + 1)/2]
Applying (2-43) with s = pg, we obtain for 0 < ¢ < gg

|U|oo,uo,y,T + |U|O,uo+l,y,T + (U|xd=0>uo+1,y,T
< CK, Y)USflopot2.y.T (& oty + (Ul +{U))K).  (2-44)

26Tf we were interested in a small time result for a given source term G, we would need to fix the constant K in terms of G
and the parameters y, T would be chosen accordingly.
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By Remark 2.14 if « is chosen small enough, we can absorb the last term on the right in (2-44) and obtain,
with a new constant C,

UL+ (Ulxy=0)s < CUflouo+2p.7 + (& pg+2.5.7)- (2-45)
Substituting (2-45) in (2-43), we obtain:

Proposition 2.16 (tame estimate for the linearized system). Let K and y = y(K) be fixed as in
Proposition 2.11 and suppose |e04U | comy-1 + |U|comy < K for e € (0, 1]. Let o = [(d + 1)/2] and
s € [0, ii], where [i is defined in (5-57). There exist positive constants ko(y, T), &9, and C such that if

|U|O,uo+2,y,T + <U|xd=0>ﬂo+2,y,T =< Ko,
solutions U of the linearized system (2-40) satisfy, for 0 < & < &g,

Ules , +(Ulxy=0)s+1,.7
=< C[lflO,s—l—Z,y,T + <g>s+2,y,T + (|f|0,,u0+2,y,T + <g>uo+2,y,T)(|U|0,s+2,y,T + <U|xd=0>s+2,y,T)]-

3. Profile equations

3A. The key subsystem in the 3 x 3 strictly hyperbolic case. To simplify the exposition, we first treat
the case of a 3 x 3 strictly hyperbolic system and a boundary frequency S for which there is one single
resonance in which two incoming modes interact to produce an outgoing mode. This case already contains
the main difficulties and is exactly the one we emphasize in the example of Appendix B. We explain later
the relatively small changes needed to treat the general case of systems satisfying the assumptions of
Section 1A.

The leading profile is decomposed as

VO(x, 61, 62, 03) = 01 (x, 0))r1 + 03(x, 63)r3 (3-1)

where ¢, is the outgoing phase and the resonant triple (11, ns, n3) € Z3 \ {0} satisfies

ni¢1 = nagy +n3ds. (3-2)
We can thus write
Ve = 0108, 0071 +03(x, 013, Vg = 12(x, 02)12. (3-3)
Furthermore, we have
VD Lxym0,0120560 = a(x', p)e = a(x', 6p) (e + e3), (3-4)

so (recall that e = e| + e3, where e; € span{r;} spans ker BNE*(B))
0i(x',0,00)r; =a(x', p)e;, i=1,3, (3-5)

which determines the trace of o; in terms of a.
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Applying the operators E; for i =1, 3 to (1-42)(a) and for i = 2 to (1-42)(b) and using Corollary 1.27
for (1-42)(c), we obtain the following system for the unknowns (o7, 12, 03, a), where s (x’, 6y) denotes
the unique function with mean zero such that dg sl = a:

X¢IO'1 +ci01 =0,
X¢3U3 +c303 =0,
2 ny n3 (3-6)
X, T2+ o2+ 2 Ot | X, —6r+ —03 |oz(x,03)dO3 =0
0 ni ni
Xropsh + cast + ¢sTal =0 + ¢6(a®)* = —b- G*  on bQr,

where the first three equations hold on 27, and the constants ¢; are readily computed real constants. Here
010, (x, 01) is the image of the function o under the preparation map

a1(x, 00) =Y firlr)e™ ™ = 3" fin, (x)e™M, (3-7)

keZ keZ

a map designed so that the integral in (3-6) picks out resonances in the product of o and 03.%’

Differentiating with respect to 6y, we rewrite the last equation of (3-6) as
X1opa@ + caa + 599, T2l xy=0 + 69, (a?) = —b - dp,G* =1 g on bQr. (3-8)

We now set V := (01(x, 01), 03(x, 03), T72(x, 62), a(x’, 6y)) and define the interior and boundary operators
for the leading profile system:

Xg, 01+ 10
LV): = X 4,03 4303
2
Xp, o+ o+ fonﬁl,nl (x 20, + %93)0’3()6, 03) dos

’l’ll

RBV):= XLopa +cqa -|—C58g0‘1,’2|xd:0 + c6890(a2).

(3-9)

In this notation the profile subsystem becomes

L(V)=0 in Qr,
B(V)=g in bQr, (3-10)
V=0 in t <0,

where the additional relations (3-5) hold giving the traces of o}, o3 in terms of a. The following existence

result for the key subsystem is proved in Section 5A using the tame estimates derived in Section 3B
below.

Proposition 3.1. Fix T > 0, let vg := [(d + 1)/2]+ 1, v :=2v9 + 4, and V := 2v — vy, and suppose
g € H72(bQ27). Rewrite V as V = (V', a). If (g), is small enough, there exists a solution V of the
profile subsystem (3-10) with V' € H'=Y(Q7), (V'|x,=0,a) € H" " (bQ7).

2TInteraction integrals like the one in (3-6) are discussed further in [Coulombel et al. 2011, Proposition 2.13].
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Remark 3.2. (1) Although the original problem is semilinear with a nonlinear zero-order boundary
condition, the profile system (3-9) has a quasilinear first-order boundary operator and an interior operator
that includes a nonlinear, nonlocal, integro-pseudodifferential operator given by the interaction integral.
The nonlocality arises both from the df3-integration and from the pseudodifferential operator o1 — o7y 5,.

(2) Attempts to solve the system (3-10) by a standard Picard iteration lead to a (fatal) loss of a derivative
from one iterate to the next. The reason is that o7 and o3 have the regularity of a (incoming transport
equation), and therefore 1, has the same regularity as a. However, the equation for a involves the
derivative dy,72|x,=0 and this term induces the loss. Thus we shall use Nash—-Moser iteration to prove
Proposition 3.1.

3B. Tame estimates. With V = (01,03, 72, @) and V = (61, 63, T, @), we compute the first derivatives
of &£ and %B:
X ¢, 01+ 107
X 4,03 + 303
Xgyta+cotr+ea [y o1, (x, 265+ 205)63(x, 03)db3 | (3-11)
02 J7 T O (3, — 120, 4 1201)51 (x, 1) d6,
(b) B (V)V = Xpop@ + cad + 599, t2lxy=0 + 2¢6(adp,a + adgya).

(@ L (V)V =

Here we have used the property

2 no ny \ . m ny n3
033 | X, =62+ —61 Jo1(x,61)dO; = Ol | X, =60+ —03 )o3(x,05)dO3, (3-12)
0 n3 ny 0 ni ni

which follows readily by looking at the Fourier series of the factors of the integrand. For the second
derivatives we obtain

0
L V)VELVP) = 0 :
2 . . 27 . .
o 61, (%, 5200+ 5205)67 (x,03)dOs + [ 67, (x, 526024 1263)64 (x, 03) dOs
B (VY(V, VP = 2c6(a" 09,0 + b 0g,a). (3-13)

Proposition 3.3 (tame estimates for second derivatives). (a) Let v| be the smallest integer greater than
(d+2)/2 and let s = 0. We have

1L VYV, VD) sy < CUV sy IV Loy + 1V 150 IV, (3-14)
where C is independent of V., y,and T.
(b) Let vy be the smallest integer greater than (d +1)/2 4 1 and let s > 0. We have
(B VIV V) < CUV ) itt iy (VO + (V)51 (V)0 (3-15)

where C is independent of V., y,and T.
In (3-14) and (3-15), the constant C can be chosen independent of s in any fixed finite interval.
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Proof. (a) Moser estimates imply

. np n3 . b . ) . b
167, (X, n—192 + n—193>03 (X, 0|13 (x.00) = CU6T 15,7165 |10 + 167, 11163 | 15 ()

since 63” is independent of 6,. We have

/0 § 165 (¥, 63) 113 () 403 < €163 | 126, 15 )y < C163 s,y
The estimate (3-14) now follows by Sobolev embedding and the fact that
67 L5y =167 s,y -
(b) Again Moser estimates imply
(a“80ya")5,y < CUA")s,y D0, 0") Lo + (@) 1 (30,0 )5.),
so the estimate (3-15) follows by Sobolev embedding.
Next we derive tame energy estimates for the linearized problem
L(V)V=F in Qr,
B(V)V =g onbQr,
V=0 in t <0,
where f and g vanish in ¢ < 0. We begin with a simple proposition.
Proposition 3.4. (1) If the phase ¢, is incoming, solutions of
X¢,0p +Cpop =h inQr, o0,=0 int<0
satisfy, for y large (depending on c,),

|hls,
VYloplsy < C((GI,)W + \/;V )

(2) If the phase ¢, is outgoing, solutions of (3-21) satisfy, for y large (depending on c ),

|hl;,
VYN0plsy +{0p)sy <C \/;.

(3) Solutions in wt of
Xpopa + c4a +2ce(adg,a +adg,a) =g, a=0 int <0

satisfy, for Cg, y > yx (where K = (a)w1,),

. C
V@), < 7’;

The second term on the right in (3-25) does not appear in the s = 0 estimate.

((g>s,y + (a>s+1,y<6.l>wl,oc) .

(3-16)

(3-17)

(3-18)

(3-19)

(3-20)

(3-21)

(3-22)

(3-23)

(3-24)

(3-25)
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Proof. (1) To prove (3-23) with s = 0, one considers the problem satisfied by ¢~""o,,, multiplies the
equation by e, integrates dx df, on Qr, and performs obvious integrations by parts. One then
applies the L? estimate to the problem satisfied by tangential derivatives y*~1# '85,’ 6,9p> |B] <s. Normal
derivatives are estimated using the equation and the tangential estimates. The proof of (3-23) is similar.
We refer to [Benzoni-Gavage and Serre 2007] for a complete discussion of such estimates.

(2) The proof of (3-25) is similar, but in the higher derivative estimates one now has forcing terms that
are commutators involving a. The commutators are linear combinations of terms of the form

y L, ) (02 B0,0)  where |Bi] + 182l = 1. |B1] = 1, (3-26)
or linear combinations of terms of the form

y @05 ) (32 da,@)  where |Bi] + B2l = 1B, B2l = 1. (3-27)
Applying Moser estimates to (3-26) after writing 8'a = 3#13a, we obtain

(P @D @) (052 90,0000, < CUDa) Lo gy @)m—1.y + (9 m—1. (g ) L)
< C{a)yr~(a )s, y T+ <a>s,y(d>Wlm)- (3-28)

The factor Ck /,/y on the forcing term in the L? estimate allows the first term on the right to be absorbed
by taking y large.

The estimate of (3-27) is similar, but we do not split the 3/ derivative, and after absorbing a term we
are left with (Ck /. /¥)(@)r=(a)s+1,, on the right. [l

We now use Proposition 3.4 to estimate solutions of the linearized problem (3-20) by treating the
interaction integrals in (3-11)(a) and the term c¢50g,72 in (3-11)(b) as additional forcing terms. Setting

Vinc,n = (U],nl ) G3,l’l3)v Vinc = (Gla 03)’ VOllt =TT, (3_29)

estimating interaction integrals as in (3-16) and (3-17), and using (3-18), we immediately obtain

C
Yy_ ﬁ(|f|vy+|V1ncn|L°°|V1nc|vy+|Vmc|v y|Vmc|L°°)

. . C . .
\/?|89 Vout|s,y + (aeovout>s,y = ﬁ(|80f|s,y + |80 Vinc,n|L°°|Vinc|s,y + |89 Vinc|m,y|Vinc|L°°)»

\/_|V0ut|§ y out)
(3-30)

and

[fls,
\/_|v1nc|syfc<< Vine)s y+ ﬁy),
(3-31)
Ck

sy < ﬁ<<g>s + (38, Vour)s.y + (Vine)s+1.y (Vine) wioo).-

This leads to the following “pretame” estimate.

V7 (Vine)



596 JEAN-FRANCOIS COULOMBEL, OLIVIER GUES AND MARK WILLIAMS

Proposition 3.5. Let 1o := [(d +1)/2], fix K1 > 0, and suppose |Vinc|g+2 < K1.2% For s > 0 in any fixed
finite interval, there exist constants C (K1), y (K1) such that, for y > y (K1), solutions of the linearized
problem (3-20) satisfy

\/?|VOU[’ 89 Vout’ Vincls y ( 'out’ 800V0ut>s,y + ﬁ(Vinc>s,y

_ CKD - -
(|f|s+1 y ( )s,y + |Vinc|s+1,y|Vinc|L°C + (Vinc>s+1,y<Vinc>W‘-°°)- (3'32)

NG

Proof. We add the estimates (3-30) and (3-31) and absorb the terms

_(< mc)s 1% <390 Vout)s,y + |Vinc,n’ 80 Vinc,n|L°°|Vinc|s,y) (3'33)

7

by taking y large, after observing that
|Vinc,na 89 Vim:,n|L°O = C|Vinc,n|uo+2 = C|‘/inc|uo+2 (3'34)

and
K = <Vinc>W1,°0 = C|Vinc|u0+2- td

We now set b :=2v — vy as in Proposition 3.1 and choose constants C (K1), y (K1) as in Proposition 3.5
corresponding to the interval s € [0, 1].%° In the remainder of Section 3B and also in Section 5A, y is
fixed as y = y(K).

To obtain a tame estimate, we need to remove the terms depending on Vine on the right side of (3-32).

Let
KZ = |Vinc|uo+2,y + (Vinc>uo+2,y~ (3'35)

Applying (3-32) with s = 1o+ 1, we obtain

. . C(
\/7|VinC|lt0+l,y +\/7<Vinc>uo+l,y = ﬁ

By Sobolev embedding, if K, = K»(y, T) is chosen small enough, we can absorb the last term on the
right in (3-36) and obtain, with a new C,

|Vinc|L°° + (Vinc>W1v°O = C(|f|u0+2,y + <g>uo+1,y)- (3'37)

For y fixed as above, setting |U |5,,, = |U|; now and substituting (3-37) in (3-32), we obtain the estimate

|f|ﬂo+2y+( )uo+1y+(|Vmc|L°°+< 1nc>W]°°)K2] (3'36)

in the following proposition.

Proposition 3.6 (tame estimate for the linearized system). Let uo = [(d + 1)/2] and s € [0, V]. There
exists ko = ko(y, T) > 0 and a constant C depending on ky such that if

|Vinc|uo+2 + (Vinc>uo+2 = Ko, (3-38)
solutions of the linearized system (3-20) satisfy
VI 4+ (V)s < Clf o1+ (&) + (f luor2 + (&) uor ) IV i1 + (Vs3] (3-39)

281n this proposition wg = [d/2] would work, but we make the above choice so as not to have to redefine 1) later.
29The choice of 7 is explained in Section SA.
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Proof. We have proved the a priori estimate (3-39) for sufficiently smooth solutions of the linearized
system. The existence of such solutions now follows by standard arguments, which we summarize here
for completeness.

The unknown in the linearized system (3-20) is (o1, 03, 72, @). We can solve the linearized system by
putting the terms that involve dg, 7, or dy,a on the right and replacing the operator dy,, when it acts on
those terms, by a finite difference operator 830:

Xy, 61 416 = fi,
X .60 4365 = fo,
Xgyth +cot) = f3— 2 [) o1, (x. 22600+ 263) 61 (x, 03) dbs (3-40)
— 2 [T o3y (X, =260, + 20,)6 ] (x, 61) 6y
XLopc'lh +eaa" + 2c6dh850a =g—c5 ago r'é’ — 2c6a8£’0dh.

For fixed h € (0, 1] we can solve this system by Picard iteration, where n-th iterates appear on the right
and (n + 1)-st iterates appear on the left. All iterates are O in ¢ < 0 and the iterates with index zero are
all 0.

We then need an estimate that is uniform in /. This can be done by repeating the existing proof of
tame estimates, using the operator 850 in place of dy,. This gives an estimate like (3-39):

Vs + (V)5 < CUF L1+ (@) + (U f luor2 + (@) uor D (Vs + (V)sD)], (3-41)
where V! .= (c'rlh, 63’1, r'zh, a™) and C is uniform for & € (0, 1]. Passing to a subsequence, we obtain the
desired solution of the linearized system. (]

Remark 3.7 (short time, given data). For a given T > 0, let K| and y = y(K) be as in Proposition 3.5.
As we saw above, to obtain a tame estimate, we need to take |Vincluo+2 + (Vinc) o+2 small. In our
formulation of Theorem 1.15, T is fixed ahead of time and we achieve (3-38) by taking G small in an
appropriate norm on 7. For a given G as in (1-2) vanishing in ¢ < 0, another way to proceed is to shrink
T'; that is, to work on 7, where 0 < T} < T is chosen so that y; := 1/77 > y(K) and so that

|Vinc|H)l/L10+2(QTl) + (Vinc>H)l/‘10+2(wT1)

is small enough to absorb the terms involving Vi, on the right in (3-36). One again obtains an estimate
of the form (3-39), where now

\Uls :=Ulng @r,)-
The iteration scheme described in Section SA applies to this situation with no essential change as well.

3C. The key subsystem in the general case. Recall that {1,..., M} =0U$, where O and $ contain the
indices corresponding to outgoing and incoming phases. We further decompose 0 = 0} U 0,, where 0
consists of indices m such that ¢,, is part of at least one triple of resonant phases with the property that
the other two phases in that triple are incoming. For a given m € O the phase ¢,, might belong to more
than one such triple.
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Now instead of (3-3) we have

Vim Vi

V0= DY s b)rms and Vh= > > 1k, )k (3-42)

me9 k=1 me0; k=1

since terms T, x in the expansion of °V .« vanish if m € 0, as a consequence of (1-36) and Y0 = °Vl?m.

Recalling that

Vi

e= Z Z emk, Wwhere e, i €span{r, i}, (3-43)
me9 k=1

we see that in place of (3-4) we now have

Vign Vign
Virelxi=0:6,=tomer =a(x’, ) =Y > "aemi=> Y omix',0,00)rm, (3-44)
med k=1 med k=1
and thus
Omi(x',0,00)rmr =a(x',00)emx forme$ k=1,...,1,. (3-45)

Next we derive the formulas for £(V) and %(V) in the general case. The unknown is now
=(Omp-meF, k=1,...,0,;Tmr-me0, k=1,...,v,;0a). (3-46)
Suppose g € 01 and that (¢, ¢y, ¢5) is a resonant triple such that
ny¢,=nyp, +nyps where p,s €9 and ged(n,, ng, ny) = 1. (3-47)

Applying the projectors E,, x, m € $, k = 1,..., 1, to (1-42)(a) and the projectors E,;, g € Oy,
I=1,..., v, to (1-42)(b), we obtain

X4, Omk+CmkOmr; med, k=1,... 1,
— Ukﬂ vks /
V)= Xy Tq.1 +Cq1Tq1+ Z Z dk,’;‘ 02n(0p,k)np( , ,1"9 + o 0 )0,k (x, 65)d6y +(s1m11ar)
k=
q € @1, | = 1

" (348)
Here “similar” denotes a finite sum of families (i.e., sums over k and k) of integrals similar to the one
explicitly given. One such family corresponds to each distinct resonant triple involving the outgoing
phase ¢, and two incoming phases.*® The values of the real constants c,, . d(l;:f are not important for

our analysis, but, for example, the d(];’lk are given by?!
dF = —
a 2

By a computation similar to the one that produced (3-8), we obtain from (1-42)(c)

Eq,l : [dD(O)(rp,ka rsx) +dD(0)(rg 1, rp,k)]- (3-49)

30We do not distinguish between (¢p, ¢q, qbb) and (¢p, ¢s, 94). We do distinguish between (¢p, @g, ¢s) and (¢p, dg, P1).

31We have suppressed indices r, s on the d
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qu

BV) =Xropa + fra+ ) D fa198,Tq1 + fr08,(a) (3-50)
qe0, I1=1

for some real constants fi, f2, f;. For example, we have f, = —b- [¥'(0)(e, e)]. Thus the system (1-42)
may be rewritten

L(V)=0 in Qr,
RB(V)=—b-035,G*:=g on bQr, (3-51)
V=0 in t <0,

where the relations (3-45) hold.

It is now a simple matter to write out the expressions for the first and second derivatives of £ and %.
For example, just as the interaction integral in (3-9) gave rise to two integrals in the expression (3-11)
for (V) in the 3 x 3 case, it is clear that each integral in (3-48) will give rise to two integrals in the
new expression for #'(V). The tame estimates for second derivatives are proved exactly as before, and
Proposition 3.3 holds verbatim in the general case. Proposition 3.4 is used exactly as before to prove
estimates for the linearized system. With the unknown V as given in (3-46) and after defining Vine, Vouts
Vinc, Vout in the obvious way, we see that the “pretame” estimate of Proposition 3.5 and the tame estimate
of Proposition 3.6 hold verbatim in the general case. The iteration scheme of Section SA depends only on
the tame estimates. Thus it applies here without change and Proposition 3.1 holds verbatim in the general
case.

Once the key subsystem is solved, we can easily complete the solution of the full profile system
(1-35)—(1-36). The precise result for the full system will be proved in Theorem 5.11.

4. Error analysis

Here we carry out the error analysis sketched in Section 1E, beginning with the proof of Proposition 1.29.

Proof of Proposition 1.29. Step 1: Noncharacteristic modes. We write

M
F(x,0) = Fo() + Y Fa@e ™+ 3" Fy(x)e?,

g6 m=1aeb,\{0}
and recall that the sums are finite. Set
M
Ny :Zaj and w=(wi,...,0M).
j=1

Since EF =0, we first note that Fy vanishes. For any o, we have
(Foa ()€™ ?) Jg 09,60 = Fa(x)e MO0t @8
and when « ¢ 6, we look for U, (x) such that

30(890, 3%_(1)Ua(x)eina9o+i(a@)§d — Fa(x)eina90+i(w9)§d_ 4-1)
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This holds if and only if
iL(ngB,a - 0)Uy = Fy.
The matrix on the left is invertible, so we obtain a solution of (4-1) for « ¢ 6.

Step 2: Characteristic modes. When o € 6, \ {0}, we have « - w = nyw,, s0

(Fa ()€ ) g g2y = Fur ()M CoFmt),

We can write

Z Fa(x)eina(%-i-@méd) — Z F k(x)eik(90+gméd)’
€6, \{0} kez\{0}
where

Fna(X) = Y. Falx).

{a €6, \0, ng=k}

Since E,, F =0, we have for each k € Z\ {0} that P,, %, x(x) = 0. So now we look for U, x (x) such that
Lo(Bgys gy ) U g (x)e* T enED — (] — PG, ek O0remba),
The latter relation holds if and only if
IL(kB, kwm)Up i (x) = ik L(dpm) Up i (x) = (I — Ppp) F 1 (x),

which is solvable even though L(d¢,,) is singular. Finally, we take

M
Ou(_x’ 90’ Sd) — Z Uot (x)eina90+i((1'@)$d + Z Z Um’k(x)eik(€0+g,n§d)’
age m=1keZ\{0}

which solves (1-46) as claimed. [l

The existence theorems for profiles and for the exact solution to the singular system, Theorems 5.11 and
5.13, respectively, are stated and proved in Section 5; we shall only use the statement of these theorems
here. In order to formulate the main result of this section we must make some preliminary choices.

Choice of u and 1. The conditions on the boundary datum G (x’, 8) are slightly different in Theorems 5.11
and 5.13. We need to choose u, ft, and G(x’, 6y) so that both theorems apply simultaneously. We also
need p large enough so that we can apply Proposition 2.9 in step (4-24) of the error analysis below. These
conditions are met if we take*?

p=max(d~+9, [(d+1)/21+Mo+3) =[(d+1)/2] + Mo+3 and f=2u—[d+1)/2] 42)

and choose G € H"(bQ7) such that (G) gir2(pq,y 18 small enough. Applying Theorems 5.11 and 5.13,
we now have, for 0 < ¢ < g, an exact solution U, (x, 6p) € E*~1(Qr) to the singular system (1-18) and
profiles VO(x,0) e H* Y (Qr), V(x,0) € H*2(Qr) satisfying the equations (1-35) and (1-36).

32Recall that My = 3d +5,d > 2.



SEMILINEAR GEOMETRIC OPTICS WITH BOUNDARY AMPLIFICATION 601

Approximation. Fix § > 0. Using the Fourier series of ¥"? and 9!, we choose trigonometric polynomials
V9 (x,6) and V'), (x, 6) such that

VO = guri@py <8 V' =V}l gu-2qy) < 9. (4-3)

We can smooth the coefficients so that °V([), and °V}, lie in H°°(27) and so that (4-3) still holds. Having
made these choices, we can now state the main result of this section, which yields the final convergence
result of Theorem 1.15 as an immediate corollary.

Theorem 4.1. We make the same assumptions as in Theorem 1.15 and let v and [i be as just chosen.
Consider the leading-order approximate solution to the singular semilinear system (1-18) given by

UL (x, Bo) ==V (x, O)lo— (60, xa/e)- (4-4)
and let Uy (x, 0p) € E*~Y(Q1) be the exact solution to (1-18) Jjust obtained. Then
lim U (x, 60) = U (x, 60)| s ) = 0. (4-5)

The following lemma, which is proved in [Coulombel et al. 2011, Lemmas 2.7 and 2.25] by a simple
argument based on Fourier series, is an important tool in the proof.

Lemma 4.2 (relation between norms). For m € N suppose f(x,0;) € H"(Qr), and set f.(x, 6p) :=
f(x,00+wjxq/€). Then

[ felem < Clf |gm+i@p)- (4-6)
Proof of Theorem 4.1. We shall fill in the sketch provided in Section 1E.
Step 1. First we use Proposition 1.29 to construct Ouf) (x, 6o, &) satisfying
L0(9gy» %)W = [—(I = )LDV}, + DO)V}, +dDO) VS, VO lo @) - 4-7)

The function ouf, is a trigonometric polynomial of the form (1-47) with H* coefficients. We then define
the corrected approximate solution

We (x, o) = VO, 0) + 61 (x, O))loos tpea ) + 622 (x, 6o, xg—") (4-8)

Since V! € H*2(Q27), Lemma 4.2 implies U, € EM=3(Qr).

Step 2. Next we explain (1-48) and make precise the norms used on the right there. Using the identity
(1-44), we compute

Le Ue) = e[(Lo(Bey 02)WU) |ey=ry /e + LV + DOV +dDO)V V) g (6y.x476)]
+ &2 (L(D)UD)|g,=xze + D(EU)U — DOYV + V') — edDO)VVO,  (4-9)

where the second line represents an O (g?) term (see below for a precise estimate). Here the profile
equations (1-20)(a)—(b) imply that the terms of order ¢~ and £° vanish. Using (4-7), we can rewrite the
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coefficient of ¢ in (4-9) as
L@V =)+ DOV =V]) +dDO) VOV — VOV o 0g.2070)
+IEWL@)V ), + DOV ), +dDO)V )V )]g @.50/e) = A+ B.  (4-10)
Using (4-3), Lemma 4.2, and the fact that £*(€27) is a Banach algebra for s > [(d + 1) /2], we see that
|Al gr-4(@py < K. (4-11)
To estimate B, let
F =L@V + DOV +dDO)V'V" and F,:=L@)V )+ DO)Y,+dDO)V)V).  (4-12)

The profile equation (1-36)(b) implies E F = 0. Using continuity of the multiplication map (1-25), we
see that (4-3) implies®?
|F — Fpl|u-32 < K§. (4-13)
T

From the continuity of E : H;‘z — H;‘l and Lemma 4.2 we then obtain

| Bl g4y = I(EFp)lo—@0.xa/0) | En-2r) = [(E(F = Fp))lo—@p.xa/e) | En-4(p) < K 8. (4-14)
Step 3. The 0 (£?) terms in (4-9) consist of

&2 (LU, (x. 00, Ea)) ey x46 | pr—s(y) < £7C(8), (4-15)

as well as terms coming from the Taylor expansion of D (g, )W, like (¢2dD (0)°V0°Vl)|9_)(90, xa/¢)» all of
which satisfy an estimate like (4-15). Setting R.(x, 6p) := L. (U.), we have shown

|Re| pr-a(qp) < (K3 + C(8)e). (4-16)
Step 4. The boundary profile equations (1-22) and the fact that the traces of ¥'* and V! lie in H*~(bQ27)
and H*~2(bQr), respectively, imply
(re(x', 00)) Hu—2p0p) < C(8)e?, where r, := ¥ (U)W — G (x', 6p). 4-17)
Indeed, these O (&2) terms include
(€ BUS(x', 0, 00, 0)) pu—2(payy < C(8)€7, (4-18)

and other terms satisfying the same estimate coming from the Taylor expansion of ¥ (€U, )WU,.

Step 5. Next we consider the singular problem satisfied by the difference W, := U, — U,:
:3 890
e
V2(eUs, €U)We = =1, 0n xg =0,

We=0 1in ¢t <0,

adWS +A(ax/+ )WS+D2(8U87 Eoua)Wa:_Rs’

(4-19)

33Here H’; —32 denotes the space defined in (1-24), but with the obvious restriction on the domain of 7.
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where

Dy (eUg, eU )W, := D(eU)U; — D(eUe) U,
1
= DU )W, + (/ dD(eWUe + se(Ug —Ug)) ds)(We, RIR (4-20)
0

and Y (eU,, €U, ) W, is defined similarly. Since U, € E “=1(Qr)and U, € E#3(Q27), a short computation
shows

V2(eUs, W) W, =Y (eUp) We+dr (eU) (W, 80e)+ O (C (8)e®) =B(eU, eW) W+ O (C(8)e?), (4-21)
where the error term is measured in H*~3(bQ27) and B is defined in (1-9). Similarly,
Dy (eU,, eU)W, = B(cU, W)W, + O(C(8)e?) in E*(Qr). (4-22)

Thus, using (4-16) and (4-17), we find

3
3a We +A(8xf + ﬂg"(’)Ws + B (eUs, U)W, = (K8 + C(8)e) in E**(Qr),
B(eUs, eMUe) We| gm0 = O(C(8)e?) in H'3(bQr), (4-23)

We=0 1in ¢t <0.
Applying the estimate of Proposition 2.9, we obtain
|W8|EO(QT) <K$§ —JFC(S)S, (4-24)

which implies
|Ue — U2 pog,) < K8+ C(S)e. (4-25)

Fixing first § small and then letting ¢ — 0, we have shown
slii% |Ue — U o,y = 0. (4-26)
The family U, — ou(;, 0 < & < &, is bounded in E*~2(27), so, by interpolation, (4-26) implies
lim U = U] gy =0,

as required. (I

5. Nash—Moser schemes

5A. Iteration scheme for profiles. A good reference for the Nash—-Moser scheme is [Alinhac and Gérard
2007]. The method depends on having a family of smoothing operators with the following properties.
ForT >0,s>0,and y > 1, we let

FS(Qr) = {u € H(Qr),u=0for t <0}. (5-1)



604 JEAN-FRANCOIS COULOMBEL, OLIVIER GUES AND MARK WILLIAMS

Lemma 5.1 [Alinhac 1989, Section 4]. There exists a family of operators Sy : FS(QT) - N Ff(QT)

such that p=0
@ |Soulg < COP"*luly  fora, p=0,
(®) [Sou—ulg < COP " Nuly  for0<p=<a, (5-2)
d —a—
© | ggSou| = €O Dlul fora. p20.

The constants are uniform for «, B in a bounded interval.
There is another family of operators Sp acting on functions defined on the boundary and satisfying the
above properties with respect to the norms (u)s on bQ2p.>*

Description of the scheme. Our goal is to solve problem (3-10):
LV)=0 in Qr,
B(V)=g in bQr, (5-3)
V=0 in t <0.

The scheme starts with Vy = 0. Assume that V are already given for k =1, ..., n and satisfy V; =0 for
t < 0. We define

Vi1 = Vo + Vi, (5-4)

where the increment V,, is specified below. Given 6y > 1, we set 6, := (93 +n)'/2 and work with the
smoothing operators Sg,. We write the decomposition

FLVpi1) = LV) =L (V) Vi el = L (S, Vi) Vi + ¢, + el (5-5)

where e, denotes the usual “quadratic error” of Newton’s scheme and e], the “substitution error”. Similarly,

B((Vit1)]xg=0) = BVi) Lx,=0) = B' (Vi) Lty=0)) Va Ley=0)) + €,
= B'((So, Vi) lty=0) (Valx,=0) +&, + & (5-6)
The increment V,, is computed by solving the linearized problem
g/(SG,l vn)v = fru
B (g, Vi) x4=0) (Valx4=0) = &n» (5-7)
V,=0 int <0,
where f, and g, are computed as we now describe.
We set e, :=¢, + e, and ¢, := ¢, +¢,,. Given
Voi=0, fo:=0, go:=3S8 Eo:=0, Eo:=0,

. < (5-8)
Vls---sVn’ f1’~~~’fn717 gl’-~~7gn717 807"'961’!71’ eO"“7en71’

34For u defined on Q7, we do not necessarily have equality of (Sgu)|,—o and Sp(u lx,;=0)-
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we first compute for n > 1 the accumulated errors

n—1 n—1
E,:= Z e, E,:=Y é. (5-9)
k=0 k=0

We then compute f, and g, from the equations

n n
D fet S, En=0, > gi+3S5,En=35ss. (5-10)
k=0 k=0

solve (5-7) for Vn, and finally compute V4 from (5-4).

Next e, and ¢,, can be computed from 35

g(Vn—i-l) _g(vn) = fn +ep,

_ (5-11)
%((Vn+l)|xd=0) - 9B((Vn>|xd=0) =gnt+en.
Thus the order of construction is
o> (enmt, En1) = (Eny En) = (far 8n) = Vi = Vgt — (e, é0) = -+ . (5-12)
Adding (5-11) from O to n and using (5-10) gives
LVus1) =U — Sp,)E, + ey,
n+ 0, n n (5_13)

B((Vns1)lg=0) — & = (Sg, — g + (I — Sg,) E, +&,.

Since Sy, — I and S‘gﬂ — [ as n — oo and we expect (e, €,) — 0, we formally obtain a solution of
(5-3) in the limit as n — 0.

Induction assumption. Let A, := 0,41 — 6, and observe that

<A,=.,/624+1-09, <
30, = " n T " =20,

With uo = [(d + 1)/2] as in Proposition 3.6, we now set vy := o + 1 and fix a choice of integers

forall n e N. (5-14)

Vo < v < b, whose values are explained below:
v:=2v9+4 and V:=2v—vy. (5-15)
Given § > 0 our induction assumption is this:
(H,_y) Forallk=0,...,n—1and for all s € [0, V] NN,
[Vels + (Vi)s < 86,77 Ay (5-16)

The main step in the proof of Theorem 5.11 is to show that, for correctly chosen parameters § > 0
(small) and 6y > 1 (large) and for small enough g, (H,—;) implies (H,,). At the end we will verify that
(Hp) holds for small enough g.

First we state some easy consequences of (H,,_1).

35In the estimates of e, and e;, we instead use (5-20), (5-21) and (5-24).
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Lemma 5.2. If 0y is large enough, then, fork =0, ..., n and all integers s € [0, V], we have

Ccs0° ™", v,

(5-17)
Cdlogby, v=s.

|Vk|s + (Vk>s = {

Proof. This follows by writing V; = Vo + Z’;_l Vj and using the triangle inequality and an elementary
comparison between Riemann sums and integrals. ]

Lemma 5.3. If 0y is large enough, then, for k =0, ..., n and all integers s € [0, V + 2], we have

(s—v)+
Cé6 , V#Es,
|Sa Viels < { g # (5-18)
Cologby, v=s.
Moreover, for k =0, ..., n and all integers s € [0, V], we have
C80; Vlogby, s<v
I —Sg)Vils < k T 5-19
I( o) k|s_{C891f_V’ oo (5-19)
Proof. This follows from Lemma 5.2 and the properties of the Sy. For example, we have
[(I — Sg.) Vkls <2|Vils < C80°7" for s > v,
[(I — Sp) Vils < CO* " |Vi|, < C80° " 1og b fors <. O
Estimate of the quadratic errors. From (5-5) and (5-6) we have
1
e, =LVir1) —L(V) =L (Vi) Vi = / (1 =) L" Vi + Vi) Vi, Vi) d, (5-20)
0
1
&, =BViy1) = B(Vi) =B (Vi) Vi = / (1 —=0)B" (Vi + Vi) (Vi, Vi)dr, (5-21)
0
where the arguments in (5-21) are evaluated at x; = 0.
Lemma 5.4. (1) For large enough 6y we have, for allk =0, ..., n — 1 and all integers s € [0, V],
lefls < C820 T A, (5-22)
where L1(s) =s+vy—2v —2.
(2) For large enough 6y we have forallk =0, ...,n— 1 and all integers s € [0,V — 1]
(@)s < 820071 A,, (5-23)

where Ly(s) =s +vg—2v — 1.
Proof. Using (5-20), Proposition 3.3, and the fact that vy > v, we have
leils < ClVils] Vilup-

The estimate (5-22) then follows by applying assumption (5-16) and using Ay ~ 1/6;. The estimate
(5-23) is proved similarly; the restriction s € [0, b — 1] reflects the loss of one derivative in (3-15). [
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Estimate of the substitution errors. From (5-5) and (5-6) we have

1
(a) ¢ = / L"(So, Vi + (Vi — So. Vi) (Vie, (I = Sg,) Vi) d,
0

| (5-24)
(b)) ¢ = /(; B" (Sg, Vi + (Vi — Sa. Vi) (Vie, (I — Sp) Vi) dx,
where in (5-24)(b) we have, for example, written Sg, Vi for (Sg, Vi) |x,=o0-
Lemma 5.5. (1) For large enough 6y we have, for allk =0, ..., n — 1 and all integers s € [0, V],
lef|s < €820 D71 A, (5-25)
where L3(s) =s+vp—2v+ 1.
(2) For large enough 6y we have, for allk =0, ...,n — 1 and all integers s € [0, v — 2],
(@), < 8% Ay, (5-26)
where L4(s) =s 4+ vy —2v + 3.
Proof. Using (5-24)(a) and Proposition 3.3, we obtain
le¢ls = CVels|(I = Sg0) Vilug +1( = Sg) Viels Vi) (5-27)

The estimate (5-25) now follows from (H,—;) and Lemma 5.3. The estimate (5-26) is proved the same
way, after using the trace estimate

((I = S Vie)s+1 = ClU — Sp,) Viels+2- (5-28)
The restriction s € [0, U — 2] reflects the subscript s + 2 in (5-28). ]
Estimate of (E,, E,) and (f,,, g,). Since e; = e, +e and ¢, = ¢, +¢;, we have:
Lemma 5.6. There exists 0y sufficiently large so that
|Epls < C8205M) and  (E,);_, < C820L40—2), (5-29)

Proof. Viewing E, = Zz;(l) ey as a Riemann sum and using L3 (V) > 0,3% we obtain the estimate of E,,
from (5-22) and (5-25). Since L4(V —2) > 0, the estimate of E, is similar. U

From (5-10) we have
Jo=—(S6, = So,_ ) En—1 — Sp,en—1,

- - - - . i (5-30)
gn = (S, — So,_,)8 — (So, — So,_ ) ) En—1 — Sp,€n—1.
Lemma 5.7. There exists 60y sufficiently large so that, for s € [0, U 4 1], we have
@ | fuls < C8%6,7O71A,,
fn K n n (5_31)

()  (gn)s < CEOLOTIA, +COTV ) Ay

36This determines ¥ in (5-15).
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Proof. Using (5-2)(c), (5-29), and s — ¥ 4 L3(V) = L3(s), we find

6, B
(Sg, — So,_ ) En—1ls < C / 0N E, 1|;d0 < C8%02V A, (5-32)
6)171

From (5-22), (5-25), and the properties of Sy, we readily obtain
|So,en—11s < C8*6,39 71 A, (5-33)
and this gives (5-31)(a).
The first term on the right in (5-31)(b) arises similarly. With

On
((Se, — Se, )g)s < C / 6° ™" Ng),do < COST T g) Ay, (5-34)
01171

we obtain (5-31)(b). Il

Induction step. We claim that, for § > 0 sufficiently small, the estimate for the linearized system (3-39)
applies to (5-7) and gives for s € [0, V]

Vals 4+ (Va)s < Cl fulst1+ (8n)s + (flvp1 + (8ndvo) (1S5, Valst1 + (Sg, Vadss )] (5-35)

Indeed, (5-18) and v > vy + 2 imply that, for § > 0 small enough, the requirement (3-38) holds.?’ For the
terms involving f, and g,, except (g,)y,, we substitute directly into (5-35) the corresponding estimates
from Lemma 5.7. For (g,)., we have

(gnduy < CE20, "7 Ay 46,72 (g)uprv+1 D), (5-36)
where the last term arises from (5-34) with s = vy and v replaced by v 4 vy + 1. We also use
(So, Va)s-1 =< 1S5, Vals2 < C86,° 27, (5-37)

and a similar estimate for |Sg, V,,|5+1, which follow directly from (5-18).
Since L4(s) > L3(s + 1), this gives for s € [0, V]

Vals + (Va)s
< CI820 O AL + 057 ghy A+ (82010 AL 40,V (@) v o1 An)SOT I (5-38)
For s € [0, V] the parameters vy and v (recall (5-15)) satisfy
La(s) <s—v,

Li(wo)+(s+2—-v)y+1=<s—v, (5-39)
(s+2—v); <s.

Thus we have proved (H,,), which is the content of the following lemma.

37We use a trace estimate like (5-37) here as well.
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Lemma 5.8 (H,). If§ > 0, (g), /4 are sufficiently small, and 6y sufficiently large, we have
[Vals + (Vi)s < 8«9;:_“_1An for all integers s € [0, D].
Still assuming (H,,—), we now show the following.
Lemma 5.9. Suppose n > 1. If § > 0 is sufficiently small and 0y sufficiently large, we have
@ 12WV)s < 89;*”*1 for all integers s € [0, V],
(b) (B(V,) —g)s <8657 for all integers s € [0, D —2].
Proof. From (5-13) we have
@ 1LVl < 1U = S5, ) Enctls + lea—ils,
®  (BVa) = 8)s < ((So,., = Dg)s +{(I = S5,_) En-1)s + (@n-1)s-
Using (5-2) and the above estimates of E,_; and e,_{, we find
(I = Sp,_) En-1ls < CO, " | Egt]5 < €826 707 D020,
len—ils < C8%0,°97 1A,
which imply (5-41)(a) since vo+2 —v <0 and L3(s) <s —v.
The last two terms on the right in (5-42)(b) are estimated similarly. To finish, we use

((Sg,, —Dg)s <CO " D(g); o fors <D —2

and observe that s —V+2 <s —v — 1.
We now fix é and 0y as above and check (Hy).
Lemma 5.10. If (g), is small enough, (Hy) holds.
Proof. Applying the estimate for the linearized system to
L (0)Vo =0,
B'(0)Vo = a8

we obtain for integer s € [0, V]

. . g5 , >y,
|%mﬂm§am%§cP &l 52V
(g)v, s < V.

Thus, (Hp) holds if (g), is small enough.
Proof of Proposition 3.1. We have

n—1
Vi=Vi+ Vn—l = Z Vk-
k=0
Let v/ :=v — 1. Since 6; ~ Vk we have by (H,,)
o0 (o]

S WVl +3 (Vi <8 6728, <C Yk < o0,
k k

k=0 k=0

609

(5-40)

(5-41)

(5-42)

(5-43)

(5-44)

(5-45)

(5-46)

(5-47)

(5-48)
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Thus, for some V as described in Proposition 3.1, Vy — V in HY (Q7) and Viclxy=0 = Vlx,=0 in HY (7).
This implies

L(Vi) — L(V)in H'7N(Qr) and  B(Vilyy=0) = B(V|y=0) in H” 1 (bQr).
Applying Lemma 5.9 with s = v’ — 1, we conclude that V is a solution of the profile system (3-10). [

Having solved the key subsystem we can now easily complete the solution of the full profile system
(1-35)—(1-36) and obtain the following result.

Theorem 5.11. Fix T > 0, let vo = [(d + 1)/2] 4+ 1, v = 2vg + 4, and v = 2v — vy, and suppose
G e H ' (Qr). If (G)yy1 is small enough, there exist solutions

+¥ e H'"2(Qr)

out

Vo= e "' (Qr), V'=V'+Y;

inc
of the full profile system (1-35)—(1-36) satisfying>®

VO=EV’ e H''(Qr), Vicly=00;=0, € H'' (bQr),

Vouw=EVoy € H'NQr),  (EVy)lxy=0.6,—8, € H' ™' (bQ7), (5-49)

out out
V'e H'2(Qr), (I —E)Vp. € H'2(Qr), EV. € H Q).

inc
These statements remain true if v is increased and if v > 2v — vy.

Proof. After the subsystem (1-42) is solved, we know V0 =90 = EV?

inc inc?

= EY,

out?

ol/'l

out and these

functions have the regularity described in Proposition 3.1. Taking the mean of equations (1-36)(b)—(d),
using the fact that the mean of the quadratic term in (1-36)(b) lies in H v=1(Q7), and applying the result
of [Coulombel 2005] to the resulting weakly stable system, we conclude °l_/1 € H"=2(Q7). From (1-36)(a)
we find

(I—EYW'=U-EV! e H2(Qy). (5-50)

inc

It remains to determine E°ViLC.

Since the solvability condition (1-41) holds, we can make a choice of
E°Vi}m|x 1=0.0;=0) € H v=2(bQ27) satisfying the boundary equation (1-40), whose right side is now known
and lies in H'~2(bQ7).> Finally, we determine the components of E%¥i,c by solving the transport
equations determined by (1-36)(b), the choice of initial data, and the initial condition (1-36)(d). Observe

that the interaction integrals corresponding to the quadratic term in (1-36)(b) lie in H Q). [l

5B. Iteration scheme for the exact solution. The Nash—Moser scheme for the exact solution will use
the scale of spaces E;’T on Q7 and H; 7 on bQr. Since T was fixed at the start and y was fixed in
Section 2C, we now drop these subscripts in the notation for norms and function spaces. For s > 0 we let

F :={u(x,6y) € E°, u =0 fort < 0}. (5-51)
Moreover, we shall now denote E* norms simply by |U|s; and H® norms by (U);.
38Here when we write °Vl?lc e H'~YQy), for example, we mean that the individual components of °V1?1 . lie in that space.

39 All terms on the right in (1-40) lie in H v-1 (bS2T), except the term involving L(9). That term is actually more regular than
H"~2(bQ27), but we do not wish to introduce more refined spaces to capture this.
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Lemma 5.12. There exists a family of operators Sp : F* — (" FP such that

B>0
(@) [Spulp < COP~D+|ul, fora, B >0,
() |Sou—ulg <COPlul, for0<p=<a, (5-52)
d g
© ‘@Sgu‘ﬂSCG(ﬂ Dyl fora, B> 0.

The constants are uniform for a, B in a bounded interval.
There is a family of operators Sy acting on functions defined on the boundary and satisfying the above
properties with respect to the norms (u)s on bQ2r, and we have

(Spu)]xy=0 = Sp (tt]x,=0)- (5-53)

Proof. Let S, be a standard family of smoothing operators, for example, as in [Alinhac 1989], acting in
the (x’, 6y) variables on the scale of spaces H*. For U € E* simply treat x; as a parameter and define

SoU = SeU (-, x4 ). (5-54)
The properties (5-52) then follow immediately from the corresponding properties of the operators Sp. [

To avoid excessive repetition, we use the notation and arguments of Section 5A as much as possible,
and just point out where changes are needed. Thus, we now denote the solution to the semilinear singular
problem (1-18) by V instead of U, and rewrite (1-18) as

LV)=0 on Qr,

BV)=G on bQr, (5-55)
V=0 in T <0,
where
PV): = %(adv +A<ax/+ﬂi9°>V+D(8V)V),

1 (5-56)
BV) = (W EVIV).

We now let*”

po:=[d+1)/2], pi:=po+Mo, p:=maxCuo+3, ni+)=pm+1, [p:=2p—po. (5-57)
We now state the main result of this section.

Theorem 5.13. Fix T > 0, define o, i1, i, and i1 as in (5-57), and suppose G € H™. There exists
g0 > 0 such that if (G) .42 is small enough, there exists a solution V of the system (5-55) on Qr for
0<e<eywithV € EF 1, Vl0x,=0 € H*. Thus U, =V is a solution of the singular system (1-18) on Qr
for 0 < & < gg. These statements remain true if | is increased and if i > 214 — lLo.

40The parameter fi is determined so that Ly (i) > 0 for L, (s) as in Lemma 5.18. The definition of u is chosen so that | <
and the conditions (5-76) hold.
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The linearized singular problem (2-40) is now written
LV)V=Ff onQr,
B'(V)V =g on bQr, (5-58)
V=0 in t <O0.

With this notation the description of the scheme in Section 5A starting at line (5-3) applies here word for
word down to line (5-14).

Remark 5.14. (a) In order to apply the tame estimate of Proposition 2.16 to the linearized system (5-58),
by Sobolev embedding (Remark 2.14), it suffices to have

1604V 4,1+ V], <K foree (0,11 and |V]u42 < Ko, (5-59)

for some constant K’ depending on K and k¢ as in Proposition 2.16. In fact, we use the slightly weaker
(because we use E* norms on the right) estimate for s € [0, ji]:

VI + (V)1 < ClFls1 + (8)s12 + ( Fluott + (&) uo+2) (U s1 + (Uds12)]. (5-60)

(b) By Proposition 2.15, when |V|,, < K’, the tame estimates for second derivatives now take the form

@ L VYV VO < CAVEIV g + IV L IV g + eIV IV gV L), (561
(b) (B (VI(V, VD)) < CUV (V) g + (VY (V) g + V)V 10 (V) 1)

With p and & redefined as in (5-57), for a given § > 0, the induction hypothesis (H,,_) is now as
follows.

(H,_y) Forallk=0,...,n—1andforalls € [0, x] NN
Vels + (Vidst1 <86, A (5-62)
Lemmas 5.2 and 5.3 are now replaced, with no real change in the proofs, by the following two lemmas.

Lemma 5.15. If 0y is large enough, then, for k =0, ..., n and all integers s € [0, [i], we have

Co0. 71, s,

(5-63)
Célog b, w=s.

|Vk|S + (Vk>s+1 =< {

Lemma 5.16. If 0y is large enough, then, for k =0, ..., n and all integers s € [0, L + 2], we have

(s—p)+
Cés6 , s,
S, Vls + (So Vi1 < § 00k " (5-64)
Cdlog b, n=s.
Fork =0, ...,n and all integers s € [0, 1], we have
Cc86, " logbr, s<upu,
(I = Sa) Vils + (I = Sg) Vihsn < { 0k 08T 2 =M (5-65)
cso, -, s> .

We have used (5-54) for the estimate on traces in Lemma 5.16. In place of Lemma 5.4 we now have:
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Lemma 5.17. (1) For large enough 6y and small enough § we have, for all k =0, ...,n — 1 and all

integers s € [0, 1],
lels < €826, O A, (5-66)

where L1(s) :=max(s +uo —2u —2, (s — )+ + 210 — 21 — 1).
(2) For large enough 6y and small enough § we have, for all k =0, ..., n — 1 and all integers s € [0, 1],
(&)1 < C8700 TN AL (5-67)

Proof. Again we use (5-20) and (5-21). By Lemma 5.15 and (H,,—), we see that, for § small enough,
Vi +7 Vkl o < K’, so we can apply the estimates (5-61). The new definition of L (s) reflects the third
term on the right in the estimates (5-61). O

In place of Lemma 5.5, the estimate of substitution errors, we now have:

Lemma 5.18. (1) For large enough 6y and small enough § we have, for all k =0, ...,n — 1 and all

integers s € [0, 1],
lef1s < 820,27 Ay, (5-68)

where Ly(s) :=max(s +uo — 2+ 1, (s — )+ + 210 — 2 + 2).
(2) For large enough 6y and small enough § we have, for allk =0, ..., n — 1 and all integers s € [0, 1],
(&)s1 < C820°C 7 AL (5-69)

Proof. Again we use the formulas (5-24). By Lemma 5.3 we have | Sy, Vi + 7 (I — Sg,) Vil < K’ for &
small enough, so we can apply the estimates (5-61). When estimating the right sides of (5-61), we use,

for example, N
|1 _Sé’k)vkls = C(S@k e [l

In place of Lemma 5.6, the estimate of accumulated errors, we now have:

Lemma 5.19. There exist 6y sufficiently large and &g sufficiently small so that, for 0 < § < &y,

|Eu|p < C82012 D and  (E,)p4 < C82052P, (5-70)
Proof. Since 1 =21 — o, we have Ly (1) > 0, so the proof is the same as that of Lemma 5.6. [l

The new version of Lemma 5.7, the estimate of f,, and g, is this:

Lemma 5.20. There exist 6y sufficiently large and 8y sufficiently small so that, for s € [0, 1+1], 0 < § <y,
we have @ 1l < CE6201A,,
®)  (gn)s+1 = C80,7 71 A, +COTHHG) pr2 A e
Proof. Since s — 1 + Ly(1) < L, (s), the proof of Lemma 5.7 can be repeated here. O

Induction step. For § > 0 sufficiently small, the estimate (5-60) for the linearized system applies to (5-7)
and gives for s € [0, i]

[Vals + (Vi)s+1 < Cll fuls+1 + (@ndst2 + (1 fal o1 + (8n)o+2) (IS6, Vals1 + (Sa, Vi)s+2)]. (5-72)
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Indeed, (5-64) implies that for § > 0 small enough, Sy, V,, satisfies the requirement (5-59).*! For the terms
involving f, and g,, except (g,),,+2, We substitute directly into (5-72) the corresponding estimates from
Lemma 5.20. For (g,),,+2, we have

(8n) g2 < C (82012 TDTIA 4 9H=2(G) i3 Ay, (5-73)

where the last term arises from an estimate like (5-34) with s = o + 2 and u replaced by w + o + 3.

We also use
(So, Vi)s42 < COOLTImmH] (5-74)

and a similar estimate for |Sg, V,,|5+1, which follow directly from (5-64).
Making these substitutions in (5-72) gives, for s € [0, [i],

Vals + (Vg1 < CI8%6, 2071 A, 46,77 1(G) ua A
+ (870,20 DTIA L 4 0,7172G) a3 D) 80T T (5-75)
For s € [0, 1] the parameters pg and w (recall (5-57)) satisty
(@ La(s+1)<s—u,
®) Lo+ D+ G+1—w+1=<s—u, (5-76)
© G+I-py<s.
Thus, we have proved (H,,), which is the content of the following lemma.

Lemma 5.21 (H,,). If 6 > 0 and (G),.+2/d are sufficiently small and 0, is sufficiently large, we have
[Vals + (Va)sa1 <8057H7YA, for all integers s € [0, fi]. (5-77)
Still assuming (H,_;) we now show:

Lemma 5.22. Suppose n > 1. If § > 0 is sufficiently small and 6y sufficiently large, we have
@ 1L(Va)ly < 86,77,

(5-78)
(b) (B(Va) — G)sp1 <86,
for all integers s € [0, i].
Proof. From (5-13) we have
@ £Vl =1U - S@,,,L)Enf”s +len—1ls, o (5-79)
®) (B(Va) = Gls41 = ((So,.; = DG)st1 +{( = Sp,_ ) En—1)s+1 + (€n—1)5+1-
Using (5-52) and the above estimates of E,_; and e,_, we find
(I = Sg,_ ) En—1ls < COYF|Ey_y|z < C8*00 1 DHomin), (550

len-ils < C8%6,297 1A,
which imply (5-78)(a) since pg — pu <0 and Ly(s) < s — .

4IHere we use 1 < p. Also, the term [£9(Sg, Vn)|u, —1 is estimated using (5-7).
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The last two terms on the right in (5-79)(b) are estimated similarly. To finish, we use
(S, = DG)sy1 < COFITHG) . fors < -1, (5-81)
and observe that s — i +1 <s —u — 1. O
We now fix é and 0y as above and check (Hy).
Lemma 5.23. If (G) 42 is small enough, (Hy) holds.
Proof. Applying the estimate for the linearized system to
L (0)Vo =0,

S (5-82)
B(0) Vo = S,G,
we obtain, for integers s € [0, ],
: : 0y "G v 5 = s
|%h+MMHSC@M%H§C{O ot # (5-83)
(G)usa. s < p.
Thus (Hp) holds if (G) 4> is small enough. ]
Proof of Theorem 5.13. We have
n—1
Vi=Va+ Vn—l Z Vk-
k=0
Letv:=u — 1. Since 6; ~ Vk we have by (H,,)
o0 o0
Do WVel+ D (Vw1 <862 A<C Y k7 <o,
k=0 k=0 k k

Thus, for some V as described in Theorem 5.13, Vi — V in EV and Vi|y,—0 = Vx,=0 In H"*! (in fact,
uniformly for O < & < gp). Lemma 5.22 applied with s = v — 1 now implies that V is a solution of the
semilinear system (5-55). O

Appendix A: A calculus of singular pseudodifferential operators

Here we summarize the parts of the singular calculus constructed in [Coulombel et al. 2012] that are
needed in this article.

Symbols. Our singular symbols are built from the following sets of classical symbols.

Definition A.1. Let 0 C R" be an open subset that contains the origin. For m € R we let $”(0) denote
the class of all functions o : 0 x R? x [1, 00) — CNV*N_ N > 1, such that o is C* on 0 x R? and, for all
compact sets K C O,

sup sup sup(y” +|&'[)) " M21028L 0 (v, &, )| < Cavik-
veK g/eRd y>1

Let %';(Rd x T), k € N, denote the space of continuous and bounded functions on R? x R that are
2m-periodic in their last argument, and whose derivatives up to order k are continuous and bounded.
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Definition A.2 (singular symbols). Letm € R, n € N, and fix 8 € R? \ 0. We let S denote the family of
functions (ae,y )ee(0,11,y>1 that are constructed as follows:

k
for all (x, 60, &', k) eRI x TxR! xZ, @, (x,00,& k)= O’(SV(X/, 0o), &' + —ﬂ, y), (A-1)
€
where 0 € §”(0) and V € C@Z(Rd x T). Below and in the main text we often set
X =&+ —.
e
All results below extend to the case where in place of a function V that is independent of &, the
representation (A-1) is considered with a function V, that is indexed by ¢, provided that we assume that all
functions V, take values in a fixed convex compact subset K of O that contains the origin, and (V)c(0,1

is a bounded family of %Z(Rd x T). Such singular symbols with a function V. are exactly the kind of
symbols that we manipulated in the construction of exact solutions to the singular system (1-18).

Singular pseudodifferential operators. To each symbol a, ,, as in (A-1), we associate a singular pseudo-
differential operator Op®? (a) whose action on Schwartz class functions u € P(R? x T:CN) is defined
by

1 e E k
Op™7 (@u(x', 6p) = i > /Rd e ik (SV(x/, 60), &' + ?’8 y)ﬁ(g/, k) dg’, (A-2)
keZ

where (¢’ k) denotes the Fourier transform at & of the k-th Fourier coefficient of u with respect
to 6p. When a, , is defined as in (A-1), below and in the main text of the article, we often write
o(eV(x,0), X, y) in place of a. , (x', 6y, &', k), and op in place of Op®” (a). In particular, we let Ap
denote the singular Fourier multiplier associated to the function

AKX, y) =2 +1XHY

When V (x', x4, 6p) depends also on a normal variable x; > 0, we define the associated family of
operators depending on the parameter x, in the obvious way. The pseudodifferential calculus takes place
only in the tangential directions (x’, 8y). To discuss mapping properties, we first define “singular” Sobolev
spaces as follows.

Definition A.3. We let
H (R x T):= {u e RYxT): Z/ A+ X% aE, k)2dg’ < oo}.
Rd
keZ

This space is equipped with the family of norms*?

1
P = f(y2+|X|2>S|ﬁ<s/,k>|2d§4
>y (2n)dk€22: R

42n this appendix we use | - | instead of (- ) in the notation for norms on R? x T, but otherwise we retain notation from the
main text.
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Observe that, for s fixed, the space H*¢ depends on & with no obvious inclusion if € < &,. However,
for fixed & > 0, the norms | - [gs.c 5, and | - [gs.e 5, are equivalent.

The next proposition describes some of the mapping properties of these operators. Detailed proofs can
be found in [Coulombel et al. 2012]. The constant C is always independent of ¢ € (0, 1] and y > 1, and
we denote the LZ(R¢ x T) norm by |- |o (which corresponds to s = 0 in Definition A.3).

Proposition A.4 (mapping properties). (a) Suppose o (eV (x,6p), X, y) € S, wheren >d+1 andm <0.
Thenop : L>(R? x T) — L2(R? x T) and

C

(b) Suppose o (eV (x,6p), X,y)eS), wheren>d+1andm >0. Thenop : H™&(RYxT) — L2(RY xT)

and
lopulo < Clu|gm.s .

(¢) (Smoothing property) Suppose o (¢V (x,0y), X, y) € S,jl, where n > d + 2. Then
op: L*RYxT) > H"¥(R? x T
and
lopu| e, < Clulo.
(d) Suppose o (eV (x,60), X,y) € SO, wheren >d +2. Thenop : H"*(R? x T) — H'"*(R? x T) and
lopul|gre , < Clulgie .

Residual operators. We sometimes denote by ro p an operator that maps L>(R?xT) — L?>(R? x T) and

satisfies a uniform operator bound
lro,pulo < Clulo,

even when ry p is not necessarily defined by a symbol in some class S°. Similarly, we sometimes let
r_1.p denote an operator not necessarily associated to a symbol in S, ! such that

lr—1,pulgie, < Clulo. (A-3)

For example, the composition 0_1 pTo,p = r—1,p of an operator of order —1 (case (c) in Proposition A.4)
with an operator of order O (case (a) when m = 0) is of this latter type.

Remark A.5. Observe that a composition of the form rg pr_i p is not necessarily an operator of type
r_1.p, a fact that is a source of difficulty in the proof of the main linear estimate, Proposition 2.2. This is
the case, for example, if r( p is the operator of multiplication by V (x/, 6y) € 6 ;(Rd x T). On the other

hand we have
eV(x',00)r_1,p =r_1p,

and, more generally, Proposition A.4(d) implies that if o € SS, n>d+2, we have

Opr—1,p =7-1,D-



618 JEAN-FRANCOIS COULOMBEL, OLIVIER GUES AND MARK WILLIAMS

Adjoints and products. In spite of the fact that singular symbols and their derivatives fail to decay in
the classical way in (&, k, ), it is possible to construct a crude calculus of singular pseudodifferential
operators with useful formulas for adjoints and products, which, in particular, permit Garding inequalities
to be proved. This calculus was used repeatedly in the proof of the main linear estimate, Proposition 2.2.
Detailed proofs can be found in [Coulombel et al. 2012].

In the next proposition, o* denotes the conjugate transpose of the N x N matrix valued symbol o,
while (op)* denotes the adjoint operator for the L? scalar product.

Proposition A.6 (adjoints). (a) Leto € S,?, where n > 2d + 3. Then (op)* — (6*)p =r_1.p-
(b) Leto € S,i, where n > 3d + 4. Then (op)* — (6*)p =r9.p-

Proposition A.7 (products). (a) Suppose o and t lie in S,?, where n > 2d + 3. Then
optp —(0T)p =r_1,p.
(b) Suppose o € S,i, TE S,? oro € S,?, T €E S,%, where n > 3d + 4. Then
opTp —(0T)p =1o.p-
(c) Suppose o € Sn_l, TE S,%, where n > 3d + 4. Then
optp —(0T)p =r—1.p. (A-4)

Remark A.8. Observe that when t = (X, y) is independent of ¢V (x, 6y) and thus gives rise to a Fourier
multiplier, the composition opTp = (0 T)p is exact, a fact that has been used several times in the proof of
Proposition 2.2.

The equality (A-4) does not hold in general when o € S} and v € S;’!, and this is one of the main
difficulties in the proof of Proposition 2.4.

In the proof of Proposition 2.2 we use the following localized Garding inequality for zero-order
operators. As before, we write ¢ = (¢/, y).

Proposition A.9 (Garding inequality). Let o (v, ¢) € 8°(0) and x (v, ¢) € 8°(0) be such that
Reo(v,¢)>c >0

on a conic neighborhood of supp x. Provided the corresponding singular symbols lie in S,? ,n>2d+2,
we have

c > C o
Re(opxpu, xpu) > =|xpuly — ;Iulo-

Extended calculus. In the proof of Corollary 2.3 we use a slight extension of the singular calculus. For
given parameters 0 < §; < 8, < 1, we choose a cutoff x¢(&’, kB8/e, y) such that

k
0=x=lI, Xe(é",?ﬂ,y>=1 on {(V2+|S’|2)1/2§51 s

kP } supprc{(y2+|s’|2)1/2552'%“,

and define a corresponding Fourier multiplier xp in the extended calculus by the formula (A-2) with
x¢(&',kB/e, y) in place of o(¢V, X, y). Composition laws involving such operators are proved in
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[Coulombel et al. 2012], but here we need only the fact that part (a) of Proposition A.7 holds when either
o or t is replaced by an extended cutoff x°.

Appendix B: An example derived from the Euler equations

In this appendix we explain in a particular example how one can derive a single nonlocal nonlinear
equation that governs the evolution of the amplitude function a, which itself determines the leading profile
90 see Proposition 1.24. In the process, we provide explicit constructions of a number of the objects that
appeared in our earlier discussion of approximate solutions.

As in [Coulombel and Gues 2010], we consider the linearized Euler equations in two space dimensions
to which we add a nonlinear zero-order term (we slightly change notation compared with the introduction).
More precisely, we consider the system

9 VE + A1y, VE + Ard, Ve + D(VE, VE) =0, (1, x1, x2) € (—00, T] x R2,
BVl + W(VE, V) oo = £2G (1, x1, do(t, x1)/e), (1, x1) € (=00, T] x R, (B-1)
V$|t<0 =O7

where the 3 x 3 matrices A1, A; are given by

0 —v 0 u 0 —v
Al = —c2/v 0 0), A:= 0 u 0 1],
0 00 —2/v 0 u

and the parameters v, u, ¢ are chosen so that
v>0, O<u<c.

The latter assumption corresponds to the linearization of the Euler equations at a given specific volume v
with corresponding sound speed ¢, and a subsonic incoming velocity (0, u) (observe the difference with
[Coulombel and Gues 2010]). We also assume that D in (B-1) is a symmetric bilinear operator from
R3 x R3 into R?, and that W is a bilinear operator from R* x R? into R? (why we choose R is explained
below).

For such parameters, the operator d; + A9y, + A20y, in (B-1) is strictly hyperbolic with three charac-
teristic speeds:

MELE) =ub —cE+E, L&) =ub, AL &) =ubt /& +E

There are two incoming characteristics and one outgoing characteristic, so B should be a 2 x 3 matrix of
maximal rank. The choice of B is made precise below. Of course, the source term G in (B-1) is valued in
R2. We assume moreover that G is 1-periodic and has mean zero with respect to its third variable 6,. We
choose a planar phase ¢g for the oscillations of the boundary source term in (B-1):

¢0(t,XI) = It‘i‘ﬂxl, (‘E’ Zl) 75(0’ 0)
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The hyperbolic region # can be explicitly computed and is given by

¥ ={(,n) eRxR/|t| > V2 —u?n[}.

For concreteness, we fix from now on parameters (z, ) such that n > 0 and T = cn. In this way, we have
(T.n) € *.

We determine the planar characteristic phases whose trace on {x, = 0} equals ¢9. This amounts to
finding the roots w of the dispersion relation

det[t] +nA;+ wAy] =0.

We obtain three real roots that are given by

2M 0 1 M u ©. 1)
w=——n, w:=0, w3:=——n, =—€(0,1).
041 1= MQZZ @2 w3 Mﬂ -
The associated (real) phases are ¢; (¢, x) := ¢o(¢t, x1) + w;x2, i = 1,2, 3. The relations
T+r o) =T+r @, @) =17+, w3) =0
yield the group velocity v; associated with each phase ¢;:

Ly— 1 — M2 _C Py— _c P— 0
vl._1+M2 —ul U = u , V3 = ul

Hence the phase ¢, is outgoing while ¢;, ¢3 are incoming. With the notation of the introduction, we can

also compute

1+ M?
[T v 0
ry = c , rp=1c], r:=j1cl,
2Mc 0 u
1— M2
1— M2 1/v 1 1/v 1 —1/v
1::—2 —1/C y EQ:Z— 1/C , £3:= 5 l/C .
2(1+ M?) 1/ 2 1/u 1+M M/

from which one can obtain the expression of the projectors P;, P, P3 as well as the expression of the
partial inverses R, R, R3. The stable subspace at the frequency (z, 1) is spanned by the vectors ry, r3.

0Ov O
B'_<u0v>’

so that we can choose e := rp — r3 as the vector that spans ker BN E°(z, n). The reader can check that all

The matrix B in (B-1) is chosen as

our weak stability assumptions are satisfied with this particular choice of boundary conditions. (We skip
the details, which are just slightly more complicated than those in [Coulombel and Gues 2010].) The
one-dimensional space BE*(t, ) can be written as the orthogonal of the vector b := (u, —c)”.
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The leading profile ¥° and the corrector ¥'! satisfy (see Proposition 1.24)

VO=V) =on(t, x,0)r +03(t, x,0)r3, V2, =7t x,00)r.

mnc

Moreover, we have
VO(t, x1,0, 6o, 6o, 60) = a(t, x1, p)e = a(t, x1, 6p) (r2 — r3),

where the scalar function a is 1-periodic with respect to 8y and has mean 0. The Fourier coefficients of a
are denoted by ay, k € Z, where ag equals 0 for all time ¢. Since the functions o7, 03 satisfy the transport
equations®?

0,02+ vy - V00 = 0,03 +v3-V,03 =0,

and vanish for ¢ < 0, we obtain the expressions
X2 X2 X2
Uz(f,xﬁz)=a(t——,X1+—,02>, Uz(t,x,93)=—a<l‘——,x1,93>- (B-2)
u M u

To compute V! . we must solve

out?

Eoqu(L@)Vy+ Ay ' DOV, V) =0 (here Equ = E\), (B-3)

mc’

and we thus need to determine the resonances between the phases. A simple calculation shows that there
is a nontrivial n € 73 satisfying n1¢| = na¢o + na¢3 if and only if M 2 is a rational number. We thus
assume this to be the case from now on. The resonance between the phases reads
+ in M _p
nyi=q, np:= , n3:=-—p, with— ==,
1:=¢, nm:=p+q, n3:=-p g
and it is understood that p, g are both positive and have no common divisor (for instance p = g = 1 when

M equals 1/+/3). Expanding the quadratic term D (V" 9 ) in Fourier series, and using the relation

inc>’ mc
1 0

€ =7210|UZ|ny|,
0 n3

we obtain (using the expressions (B-2))

X2 X2 ; _
E\(A;'DV, 0 ) = 2Zak(p+q)(f ——,x1+ >dkp <t . 361>62”T]“’91 PiA; ' D(ra, 13).
keZ

In terms of the interaction integral, we obtain the expression

E\(A7 ' D(Vie. Vi)
X2 X2 nj X2 —1
=20 @p|t—— 1+, —91——93 alt——,x1,05|do3PiA; D(rz, 13),
0 M ny u

430bserve that there is no zero-order term in the transport equations because the zero-order term in (B-1) has only a quadratic
part. This choice has been made for the sake of simplicity.
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where (a),, still denotes the action of a under the preparation map that retains only Fourier coefficients
that are multiples of n,. Consequently, (B-3) reads

1—-M? 1—-M?
8; - caxl - uaxz fl

1+ M2 1+ M2
1
=d/ <a>n2<r—@,x1+2,ﬂel—”ieg)a(r—ﬂ,xl,&)d@, (B-4)
0 u M nj ny u
with
d 2u I_Mze A7 D(r2, 13).
=— ra, r
1+m2 " 20

The transport equation (B-4) is solved by integrating along the characteristics, and we obtain the expression

2s—(1—M2)t 1— M? ni, n3
t,x1,0,0)=d 2c———(t—s), —601 — —0
T, x1, 0, 61) // (Cl)nz( Y X+ C1+M2( s) T

2s — (1 — M%)t N 1—M2(t ).6,) dbsds. (B-5)
Xa| ——————, x c———=((t—y), S. -
1+ M2 T me 3 )43
The Fourier series expansion of t; reads
2s — (1 — M*)t 1—M?
T (t, x1, 091)_déf ak(,,+q)< v et R e v Gl
25 — (1 — M)t 1 — M? -
X a kp( YR ,x1+cl+M2(t—s) dse” %,

The equation governing the amplitude a reads
b-((a*)*W(e, &) + Tily=0Bri — BRIL@O)V{)lw=0) =b -G,

where functions are evaluated at x, = 0 and 6; = 6, = 83 = 6. Since we already have the expression
of 71 in terms of a, the only task left is to compute the trace of the term BR(L(3)V? ). Recalling that
Rory = R3I"3 =0, we have

inc

BR(L()VY )lr=0 = (BR2A; 'ra+ BR3AS 'r3)8,a+ (BRyAS ' Ajra + BR3AS ' A1r3)dy,

with a the unique primitive function of @ with zero mean. Using the expressions of R,, Rz in terms of the
projectors Py, P, P3, which themselves can be obtained from the vectors r;, £;, we get

1 _ uv(l+ M?)
b(BR2A2 72+BR3A2 r3)=—M—2n,

_q 1 ucv(l 4+ M?)
b(BR2A2 A1}’2+BR3A2 A11"3)=M—2n.

The fact that both quantities are proportional to each other with a factor —c comes from a general fact;
see [Coulombel and Gues 2010, Lemma 5.1].
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The function a should therefore satisfy the amplitude equation

uv(l+ M?)

o (da—cdqa)+b- Ve, e)@®)* +b-Briti|y,—0=b-G,
n

or, equivalently,

uv(l + M?)

Y " (ata Caxla) +b- \Il(e, 6)890 (612) +b- Bry 890‘[1 |xd=0 =b- 890G. (B—6)

Let us define the two constants

M? ducM?n
1 b-W(e,e), oay:=

71 = AT D,
wo(l + M2) T+m2 Y (r2,73)-

Then (B-6) reads

Mzn

T
ha —edya+erdsy (@) +edy lo—0 = o

b-3,G

where the derivative dy,71/d|x,=0 is computed from the relation (B-5):

25 — (1 — M)t 1—M? ni, n3
agod xz_o /f (890a)n2( 1+M2 ’ 1+2C1+M2(t_s)7 aeo_n_2®
2s — (1 — M*)t 1—M?
Xa W,Xl-i-Cm(f—S),@ dOds.

In terms of the Fourier coefficients ag, the latter equation is seen to be equivalent to the infinite system
of transport equations

2
atak—Caxlak—l-ZiT[kOl] Zak/akfk/ :Zlﬂkmb Gk, k ng,
k'eZ
and
Oarg — Oy arg + 2imkqa Z Ay akg—k + 2imkgan
k'ez
t 2s — (1 — M*)t 1—M? 2s — (1 — M*)t 1—M?
X A Ak(p+q) W x1+2c +M2( =) Ja—ip W,xﬁ-cm(t—s) ds
. M?n
=2imkqg————75-b-Gyy.
uv(l + M?)

We recall that the coefficient ag vanishes.
In the special case M = 1/+/3, the above system reduces to

—t
2

t
8,ak—cax]ak+2inkoz]Zakrak_kf+2inka2f azk(¥,x1+c(t—s))a_k<3s ,xl—i—%(t—s)) ds
KeZ 0

—2itk—Lb.Gp. ke
4uv
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with parameters o1, oo computed from the nonlinearities D, ¥ in (B-1):

o = Ay, W(e,e), ari=ucnly-A,' D(ra,r3).
4uv
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