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THE CALDERON PROBLEM WITH PARTIAL DATA ON MANIFOLDS
AND APPLICATIONS
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We consider Calderén’s inverse problem with partial data in dimensions n > 3. If the inaccessible part
of the boundary satisfies a (conformal) flatness condition in one direction, we show that this problem
reduces to the invertibility of a broken geodesic ray transform. In Euclidean space, sets satisfying the
flatness condition include parts of cylindrical sets, conical sets, and surfaces of revolution. We prove local
uniqueness in the Calderén problem with partial data in admissible geometries, and global uniqueness
under an additional concavity assumption. This work unifies two earlier approaches to this problem —
one by Kenig, Sjostrand, and Uhlmann, the other by Isakov— and extends both. The proofs are based
on improved Carleman estimates with boundary terms, complex geometrical optics solutions involving
reflected Gaussian beam quasimodes, and invertibility of (broken) geodesic ray transforms. This last topic
raises questions of independent interest in integral geometry.
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1. Introduction

This article is concerned with inverse problems where measurements are made only on part of the boundary.
A typical example is the inverse problem of Calderén, where the objective is to determine the electrical
conductivity of a medium from voltage and current measurements on its boundary. The mathematical
formulation of this problem is as follows. Let 2 C R", n > 2, be a bounded domain with smooth boundary.
Given a positive function y € L>®(L2) (the electrical conductivity of the medium) and two open subsets
I'p, 'y of 92, consider the partial Cauchy data set

C,>"™ = {(ulr,, ydyulry) : div(yVu) =0in Q, u € H'(Q). supp(ulse) C Tp).
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The Calder6n problem with partial data is to determine the conductivity y from the knowledge of C )1; LR
for possibly very small sets I'p, I'y. Here 0, is the normal derivative, and the conormal derivative
ydyit|sq is interpreted in the weak sense as an element of H~'/2(3Q).

A closely related problem is to determine a potential g € L°°(2) from partial boundary measurements
for the Schrodinger equation, given by the partial Cauchy data set

Cy>™ = {(ulry, dutlry) : (~A+¢q) =0in Q, u € Ha(R), supp(ulye) C T'p}.

Here we use the space
HA(Q) ={u e L*(Q): Au € L*(Q)},

and the trace u|yq and normal derivative d,u|yq are in H~'/2(3Q2) and H3/2(3Q); see [Bukhgeim
and Uhlmann 2002]. Above, one thinks of u|3q as Dirichlet data prescribed only on I'p, and one
measures the Neumann data of the corresponding solution on I'y. If A, : H 12(Q) - H~12(3Q) is the
Dirichlet-to-Neumann map (DN map) given by

A,y tulsq > ydoulse, where u € H'(2) solves div(y Vu) =0 in £,
then the partial Cauchy data set is a restriction of the graph of A,

Cy2™ = {(flrp, Ay flry) s f € HY2(09), supp(f) C Tp).

A similar interpretation is valid for C qr o:Iw provided that O is not a Dirichlet eigenvalue of —A 4 g in Q.

The problems above are well studied questions in the theory of inverse problems. The case of full
data (I'p = I'y = 02) has received the most attention. Major results include [Sylvester and Uhlmann
1987; Haberman and Tataru 2013] in dimensions n» > 3 and [Nachman 1996; Astala and Piivirinta 2006;
Bukhgeim 2008] in the case n = 2. In particular, it is known that the set C gQ"m determines uniquely a
conductivity y € C!(Q) if n > 3 and a conductivity y € L®(Q) if n = 2. These results are based on the
method of complex geometrical optics solutions developed in [Sylvester and Uhlmann 1987] for n > 3
and in [Nachman 1996; Bukhgeim 2008] in the case n = 2.

The partial data question where the sets I'p or I'y may not be the whole boundary has also attracted
considerable attention. We mention here four approaches, each of which gives a slightly different partial
data result. Formulated in terms of the Schrodinger problem, it is known that qu >IN determines q in Q
in the following cases:

(1) n > 3, the set I'p is possibly very small, and T'y is slightly larger than dQ \ T p; proved by Kenig,
Sjostrand, and Uhlmann [Kenig et al. 2007].

2) n=3and I'p =T'y =T, and dQ \ I is either part of a hyperplane or part of a sphere; proved in
[Isakov 2007].

(3) n=2and I'p =Ty =T, where I" can be an arbitrary open subset of d$2; proved by Imanuvilov,
Uhlmann, and Yamamoto [Imanuvilov et al. 2010].

(4) n > 2, linearized partial data problem, I'p =I'y =I", where I can be an arbitrary open subset of
d%2; proved by dos Santos Ferreira, Kenig, Sjostrand, and Uhlmann [Ferreira 2009b].
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Approaches (1)—(3) also give a partial data result of determining y from C; p-I'v with the same
assumptions on the dimension and the sets I'p, ['y. In (4), the linearized partial data problem is to show
injectivity of the Fréchet derivative of A, at ¢ = 0 instead of injectivity of the full map g — A,, when
restricted to the sets I'p and I'y.

It is interesting that, although each of the four approaches is based on a version of complex geometrical
optics solutions, the approaches are distinct in the sense that none of the above results is contained in any
of the others. The result in [Kenig et al. 2007] uses Carleman estimates with boundary terms, given for
special limiting weights, that allow one to control the solutions on parts of the boundary, whereas [Isakov
2007] is based on the full data arguments of [Sylvester and Uhlmann 1987] and a reflection argument.
The result in [Imanuvilov et al. 2010] is a strong one that only requires Dirichlet and Neumann data on
any small set, but the method involves complex analysis and Carleman weights with critical points and
does not obviously extend to higher dimensions. Finally, [Ferreira 2009b] is based on analytic microlocal
analysis but is so far restricted to the linearized problem.

Nevertheless, given that there exist several approaches to the same problem, one expects that a
combination of ideas from different approaches might lead to improved partial data results. In this paper
we unify the Carleman estimate approach of [Kenig et al. 2007] and the reflection approach of [Isakov
2007], and, in fact, we obtain the main results of both these papers as special cases.

The method also allows us to improve both approaches. Concerning [Isakov 2007], we are able to
relax the hypothesis on the inaccessible part I'; = €2 \ I' of the boundary: instead of requiring I';
to be completely flat (or spherical), we can deal with I'; that satisfy a flatness condition only in one
direction. Compared with [Kenig et al. 2007], we remove the need for measurements on certain parts of
the boundary that are flat in one direction; and, in certain cases where 92 may not have any symmetries,
we eliminate the overlap of I'p and I'y needed in [Kenig et al. 2007]. The method eventually boils down
to inverting geodesic ray transforms (possibly for broken geodesics). In some cases the invertibility of the
ray transform is known, but in other cases it is not, and in these cases we obtain a reduction from the
Calder6n problem with partial data to integral geometry problems of independent interest.

The survey [Kenig and Salo 2013] describes earlier results on the Calderén problem with partial data
and also the results in the present paper. However, we also list here some further references for partial
data results, first for the case n > 3. The Carleman estimate approach was initiated in [Bukhgeim and
Uhlmann 2002; Kenig et al. 2007]. Based on this approach, there are low regularity results [Knudsen
2006; Zhang 2012], results for other scalar equations [Ferreira 2007; Knudsen and Salo 2007; Chung
2012] and systems [Salo and Tzou 2010; Chung et al. 2013], stability results [Heck and Wang 2006], and
reconstruction results [Nachman and Street 2010]. The reflection approach was introduced in [Isakov
2007], and has been employed for the Maxwell system [Caro et al. 2009]. Partial data results for slab
geometries are given in [Li and Uhlmann 2010; Krupchyk et al. 2012]. Also, at the same time as this
preprint was first submitted, a preprint of Imanuvilov and Yamamoto [2013a] appeared that independently
proves a result similar to that in Section 3A in this paper.

In two dimensions, the main partial data result is that of [Imanuvilov et al. 2010], which has been
extended in [Imanuvilov et al. 2011a; 2011b; Imanuvilov and Yamamoto 2012a; 2012b] to, respectively,
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more general equations, combinations of measurements on disjoint sets, less regular coefficients, and
certain systems. An earlier result is [Astala et al. 2005]. In the case of Riemann surfaces with boundary,
corresponding partial data results are given in [Guillarmou and Tzou 2011a; 2011b; Albin et al. 2013].
See also the surveys [Guillarmou and Tzou 2013; Imanuvilov and Yamamoto 2013b].

In the case when the conductivity is known near the boundary, the partial data problem can be reduced
to the full data problem [Ammari and Uhlmann 2004; Alessandrini and Kim 2012; Hyvonen et al. 2012].
Also, we remark that in the corresponding problem for the wave equation, it has been known for a long
time (see [Katchalov et al. 2001]) that measuring the Dirichlet and Neumann data of waves on an arbitrary
open subset of the boundary is sufficient to determine the coefficients uniquely up to natural gauge
transforms. Partial results for the case where Dirichlet and Neumann data are measured on disjoint sets
are in [Lassas and Oksanen 2010; 2012].

The structure of this paper is as follows. Section 2 states our main partial data results in the setting
of Riemannian manifolds, and Section 3 considers some consequences of the Calderén problem with
partial data in Euclidean space. Section 4 gives a Carleman estimate that is used to control solutions on
parts of the boundary, and Section 5 discusses a reflection approach that can be used as an alternative
to Carleman estimates in some cases. In Section 6 we give the proofs of the local uniqueness results
for simple transversal manifolds, based on complex geometrical optics solutions involving WKB type
quasimodes. In Section 7 we discuss a more sophisticated quasimode construction based on reflected
Gaussian beams, and in Section 8 we show how complex geometrical optics solutions involving reflected
Gaussian beam quasimodes can be used to recover the broken ray transform of a potential from partial
Cauchy data.

2. Statement of results

Our method is based on ideas developed for the anisotropic Calderén problem in [Ferreira 2009a], and
even though much of the motivation comes from the Calderén problem with partial data in Euclidean
domains, it is convenient to formulate our main results in the setting of manifolds. The Riemannian
geometry notation we use is mostly that of [Ferreira 2009a].

Definition. Let (M, g) be a compact oriented Riemannian manifold with C* boundary, and let n =
dim(M) > 3.

1. We say that (M, g) is conformally transversally anisotropic (or CTA) if
(M, g) € (Rx Mo, g), g=cled g,

where (Mo, go) is some compact (n — 1)-dimensional manifold with boundary, e is the Euclidean
metric on the real line, and ¢ is a smooth positive function in the cylinder R x M.

2. We say that (M, g) is admissible if it is CTA and additionally the transversal manifold (1\7[0, go) is
simple, meaning that the boundary 81% is strictly convex (the second fundamental form is positive
definite) and for each p € Mo, the exponentlal map exp,, is a diffeomorphism from its maximal
domain of definition in T Mo onto Mo
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The uniqueness results in [Ferreira 2009a] were given for admissible manifolds. In this paper we will
give results both for admissible and CTA manifolds. In the main results, we will also assume that there is
a compact (n — 1)-dimensional manifold (Mg, go) with smooth boundary such that

(M. g) C (Rx My, g) € (Rx Mo, g), g=cledgo), 2-1
and the following intersection is nonempty:
oM N (R x M) # 2.

Under some conditions, it will be possible to ignore boundary measurements in the set dM N (R x 9 Mp).
In the results below, we will implicitly assume that the various manifolds satisfy (2-1), and if (M, g) is
admissible, it is also assumed that (1\70, go) is simple (but (My, go) need not be simple, since its boundary
may not be strictly convex).

Write x = (x1, x") for points in R x My, where x| is the Euclidean coordinate. The approaches of [Kenig
et al. 2007; Ferreira 2009a] are based on complex geometrical optics solutions of the form u = e*¥ (m +r),
where ¢ is a special limiting Carleman weight. We refer to the latter paper for the definition and properties
of limiting Carleman weights on manifolds. For present purposes, we only mention that the functions
@ (x) = %x; are natural limiting Carleman weights in the cylinder (R x Mo, g).

The weight ¢ (x) = x; allows us to decompose the boundary 0 M as the disjoint union

oM =0M, UIM_ UMy,
where
oML ={xe€dM:+0,0(x) >0} and OMy,={x €M :0d,p(x)=0}.

Here the normal derivative is understood with respect to the metric g. Note that d,¢ =0 on R x d M
whenever (Mg, go) € (1\7[0, go). We think of d My,, as being flat in one direction (the direction of the
gradient of ¢). For the sake of definiteness, the sets d My = d M4 (¢) will refer to the weight ¢ (x) = x; in
this section, but all results remain true when d M and 0 M_ are interchanged (this amounts to replacing
the weight x; by —x1).

Next we give the local results for the Calder6én problem with partial data on manifolds. In these results
we say that a unit speed geodesic y : [0, L] — My is nontangential if its endpoints are on d My, the
vectors y (0), y (L) are nontangential, and y () € M(i)nt for 0 <t < L. We also define the partial Cauchy
data set as

Co2™ ={(ulr,, duttlry) : (=Ag +q) =01in M, u € Hp (M), supp(ulsm) C Tp},

where Hx, (M) = {u € L* (M) : Agu € L*(M)} and ulyy € H™'/2(0M), dyulyy € H>/*(3M) by the
same arguments as in [Bukhgeim and Uhlmann 2002].
To explain the results, it is convenient to think in terms of the following special case.

Example. Let M = Mere U Miyig U Miigne be a compact manifold with boundary consisting of three parts:
Mpiq = [a, b] x My for some compact manifold (My, go) with boundary, M. C {x; < a} x My, and
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Miighe C {x1 > b} x M. We also assume that IM_ = M. NOM and O M = Mijgne N O M. In this case
OMn = la, b] x M.

The methods developed in this paper suggest that it should suffice to measure Neumann data on
dM for Dirichlet data supported in d M_, with no measurements required on d M,,. However, in the
results below we need a part ', C d My, that is accessible to measurements, and I'; = 0 M, \ Iy is the
inaccessible part. Suppose for simplicity that

I'y=1la,blxE, T;=la,b]x(@Mp\E)

for some nonempty open subset E of d M.
In this setting, Theorem 2.1 implies that from Neumann data measured near 0 M U I', with Dirichlet
data input near dM_ U T, one can determine certain integrals of the potential ¢ in the set

Rx | Jy(o, LD,
Y

where the union is over all nontangential geodesics in My with endpoints on E. Moreover, if the local
ray transform is injective in this set in a suitable sense, one can determine the potential in this set by
Theorem 2.2. Theorem 2.4 shows that one can go beyond this set and extract information about integrals
of g over all nontangential broken rays with endpoints on E, and Theorem 2.3 gives a global uniqueness
result in the case where 0 M., has zero measure.

Theorem 2.1. Let (M, g) be an admissible manifold as in (2-1), and let g1, g2 € C(M). Let I'; be a
closed subset of 0 My, and suppose that, for some nonempty open subset E of d My, one has
I CRx (0Mp \ E).

Let Ty = 0Mn \T';, and assume that

Lp,'n _ ~Tp,In
Cga‘]l - Cquz ’

where I'p and Uy are any open sets in M such that U'p D 0M_UT, and 'y D oM, UL,
Given any nontangential geodesic y : [0, L] — My with endpoints on E, and given any real number A,
one has

L
/ e M (c(q1 — q2))" 2h, y (1)) di =0.
0

Here q| — q3 is extended by zero outside M, and (-)" denotes the Fourier transform in the x| variable.

The previous theorem allows us to conclude uniqueness of potentials in sets where the local ray
transform is injective in the following sense.

Definition. Let (M, go) be a compact oriented manifold with smooth boundary, and let O be an open
subset of M. We say that the local ray transform is injective on O if any function f € C(My) with

/ fdt =0 for all nontangential geodesics y contained in O
¥

must satisfy f|p =0.
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Theorem 2.2. Assume the conditions in Theorem 2.1. Then q; = g in M N (R x O) for any open subset
O of My such that the local ray transform is injective on O and O NdMy C E.

The local ray transform is known to be injective in the next three cases (the second case will be used
in Section 3):

1. (My, go) = (R, €), where Qo C R"~! is a bounded domain with C* boundary, e is the Euclidean
metric, E is an open subset of 329, and O is the intersection of £ with the union of all hyperplanes
in R"~! that have 32\ E on one side. The complement of this union is the intersection of half-spaces
and is thus convex. If the integral of f € C (), extended by zero to R"~!, vanishes over all line
segments in O, the integral over all hyperplanes that do not meet d<2p \ E also vanishes, and it
follows from the Helgason support theorem [1999] that the local ray transform is injective on O.

2. (My, go) € (Mo, go) are simple manifolds with real-analytic metric, and F is an open set of nontan-
gential geodesics in (Mo, go) such that any curve in F can be deformed to a point on My through
curves in %. In such a case, by a result of Krishnan [2009] the local ray transform is injective on the
set O of all points in My that lie on some geodesic in F.

3. If dim(Mp) > 3 and if 9 M) is strictly convex at a point p € d My, then p has a neighborhood O in
My on which the local ray transform is injective. This is a result from [Uhlmann and Vasy 2012].

In Theorem 2.2, if the nontangential geodesics with endpoints on E cover a dense subset O of My and
if the local ray transform is injective in O, we obtain a global uniqueness result stating that g; = ¢, in M.
An example of such a result under a concavity assumption is given in Section 3F.

The method for proving Theorems 2.1 and 2.2 also allows us to reduce the overlap for I'p and I'y
needed in [Kenig et al. 2007]. An example of such a result is the following (a similar result was also
proved in [Imanuvilov and Yamamoto 2013b]).

Theorem 2.3. Let (M, g) be an admissible manifold and assume that q,, g, € C(M). If d My has zero

measure in M, then

CBM,,BMJr — CBM,,BM+

8.41 8.4 = q1=q2.

Next we wish to gather information on the potentials beyond the set that can be reached by transversal
geodesics with endpoints on E. To do this, we will use broken geodesics in the transversal manifold that
go inside M), reflect finitely many times, and eventually return to E.

Definition. Let (M, go) be a compact manifold with boundary.

(a) We call a continuous curve y : [a, b] — My a broken ray if y is obtained by following unit speed
geodesics that are reflected according to geometrical optics (angle of incidence equals angle of
reflection) whenever they hit a point of d M.

(b) A broken ray y : [0, L] — M, is called nontangential if y (¢) is nontangential whenever y (t) € d My,
and additionally all points of reflection are distinct.
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The next theorem is a generalization of Theorem 2.1 in the sense that it allows arbitrary transversal
manifolds and recovers integrals over all nontangential broken rays (instead of just nontangential geodesics)
with endpoints on E. However, it is stated with a weaker partial data condition.

Theorem 2.4. Let (M, g) be a CTA manifold as in (2-1), and let q1, g» € C(M). Let I'; be a closed subset
of 0 Myan, and suppose that, for some nonempty open subset E of d My, one has

I' CRx (0My~\ E).

Let Ty = 0Mn \T';, and assume that

Ip, 'y _ ~Tp,In
ng‘h - Cg"IZ ’

where I'p = 'y =T for some neighborhood I" of the set IM UdM_UT, in OM.
Given any nontangential broken ray y : [0, L] — Mg with endpoints on E, and given any real number A,

one has

L
/ e M (c(q1 — q2))" 2x, y (1)) di =0.
0

Here q1 — q» is extended by zero outside M, and (-)" denotes the Fourier transform in the x| variable.

It is natural to ask whether a function in My is determined by its integrals over broken rays with
endpoints in some subset E of d M (that is, whether the broken ray transform is injective). Combined
with Theorem 2.4 and with the proof of Theorem 2.2, such a result would imply unique recovery of the
potential in the whole manifold M. However, it seems that there are very few results in this direction,
except for the case where E is the whole boundary and the question reduces to the injectivity of the usual
ray transform; see [Sharafutdinov 1994].

Eskin [2004] has proved injectivity in the case of Euclidean broken rays reflecting off several convex
obstacles, with E being the boundary of a smooth domain enclosing all the obstacles, if the obstacles
satisfy additional restrictions (in particular, the obstacles must have corner points and they cannot be
smooth). Hubenthal [2013a; 2013b] and Ilmavirta [2013a; 2013b; 2013c] have given partial results for
the broken ray transform in special geometries. See also [Florescu et al. 2011; Lozev 2013] for related
results. However, the following question seems to be open even in convex Euclidean domains except
when E = dM,.

Question. Ler (My, go) be a simple manifold, let E be a nonempty open subset of d My, and assume that
f € C(My) satisfies

L
/ fy@)dr=0
0
for all nontangential broken rays y : [0, L] — My with endpoints on E. Does this imply that f =07

3. The Euclidean case

In this section, we indicate some consequences of the previous results to the Calderén problem with
partial data in Euclidean space. We assume that @ C R? is a bounded domain with smooth boundary



THE CALDERON PROBLEM WITH PARTIAL DATA ON MANIFOLDS AND APPLICATIONS 2011

equipped with the Euclidean metric g = e, and ¢1, g2 € C(S2). We also assume that

where " is some strict open subset of d<2. Write
[ =0Q\T

for the inaccessible part of the boundary. The results in this section show that in cases where I'; satisfies
certain geometric restrictions, it is possible to conclude that

g1=¢q2 inQN[RxO0),
where the sets O C R? will be described below.

Remark. We also obtain results for the conductivity equation by making a standard reduction to the
Schrodinger equation. More precisely, if y1, y» € C?(Q) are positive functions such that C )1:1 T'=cC ;z,r’
the corresponding DN maps satisfy

Ay flr=A,, flr for f € H'*(3Q) with supp(f) CT.
Boundary determination [Kohn and Vogelius 1984; Sylvester and Uhlmann 1988] implies that

vilr =»Ir,  dyilr =dr2lr.

Writing g; = ijl/z/yjl/z, the relation

—1/2 ~1/2 -
Aoy f =77 P8y 7P P+ 3y Govi) Flag
and the above conditions imply that the DN maps A, for the Schrodinger equations satisfy
Ag flr=Ag fIr for f € H'*(3Q) with supp(f) C T.

Thus qul L C(gz’r, and we obtain that

gi=¢q» inQ2N[RxO0).

Write ¢ = g1 = ¢ in QN (R x O). Then yll/z and yzl/z are both solutions of (—A4¢)u=0in QN(Rx 0)
having identical Cauchy data on I'. Tt follows that y; = y» in any connected component of QN (R x O)
whose intersection with I" contains a nonempty open subset of 9€2.

In the following we will use some general facts on limiting Carleman weights from [Ferreira 2009a],
where it was proved that any limiting Carleman weight in R> has, up to translation, rotation and scaling,
one of the following six forms:

2
x1, loglx|, arg(x;+ixy), x—12, log M, arg(eie (x + iel)z).
|x] |x — e
Here 0 € [0, 27), and the argument function is defined by

Im(z)

arg(z) = 2arctan ——,
g 2l + Re(2)

z€eC\{treR:t<0}.
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It was also proved in Section 2 of [Ferreira 2009a] that if ¢ is a limiting Carleman weight near (2, e),
then Vg is a unit parallel vector field near (2, g) where

g= cle, ¢c= |Veg0|e_2.

Furthermore, by the proof of Lemma A.5 of the same reference, if (y;, y’) are coordinates so that
V3@ = 0,, and if the coordinates y" parametrize a 2-dimensional manifold S such that V¢ is orthogonal
to S with respect to the ¢ metric, then the metric has the form

3 ( N ( 1 0 )
=0 20 )0
where g is the metric on § induced by g.

3A. Cylindrical sets. This case corresponds to the limiting Carleman weight ¢ (x) = x;. Suppose that
Q C R x Qq, where Q is a bounded domain with smooth boundary in R?. Let E be an open subset of
0829, and assume that

[ CRx (0Q\ E).
If 20 has strictly convex boundary, Theorem 2.2 and the result of [Krishnan 2009] imply that
g1=q ImQN[RxO0),

where O is the intersection of € with the union of all lines in R? that have 9o \ E on one side.

The above conclusion holds true also when €2y does not have strictly convex boundary. To see this, let
Qo € B € B, where B and B are balls. The extensions of the line segments in O to B form a class &
such that any curve in F can be deformed to a point through curves in F. It is then enough to extend
g1 — q2 by zero to R x B, and to use the proof of Theorem 2.2 with M replaced by B, together with
[Krishnan 2009].

3B. Conical sets. Consider the limiting Carleman weight ¢(x) = log|x|. Suppose that  C {x3 > 0}, let
(82, o) be the sphere with its standard metric, let Si ={we §?: w3 > 0}, and let (Mo, go) be a compact
submanifold of (S2, go) with smooth boundary. Let £ be an open subset of d My, and assume that

Iic{ro:r>0,wedMy\ E}.
We have ¢ = |Vo|™? = |x|? and § = |x| e, Vi@ = x. Choose coordinates so that
yi=log|x|, Y =x/|xl.

The coordinates y’ parametrize the manifold S? and the metric gy on S? induced by g is just the standard
metric go. The discussion in the beginning of this section shows that

. W (1 0
g(yl,y)—(o go(y’))'
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Now (My, go) is contained in some simple submanifold (MO, go) of the hemisphere (S2, g0) (just remove
a neighborhood of the equator). Since geodesics in SJZr are restrictions of great circles, Theorem 2.2 and
the local injectivity result [Krishnan 2009] imply, as in Section 3A, that

q1=q2 inQN{ro:r>0we 0},

where O is the union of all great circle segments in Ser such that 9 My \ E is on one side of the hyperplane
containing the great circle segment.

3C. Surfaces of revolution. Let Q@ C R\ {x : x; <0}, and consider the limiting Carleman weight

@(x) = arg(xy +ixp).

v _( —X2 X O)
= x12+x%’x12+x22’
1

x12+x§

Then

and

c=xi4x3, g= e, Vp=(—x2,x1,0).

We make the change of coordinates valid near €,

y1 = arg(x; +ixy), yzzvxlz+x§, V3 = X3.

The coordinates y’ parametrize the manifold S = {(x1, 0, x3) : x; > 0} and V;¢ is orthogonal to S.
Furthermore, we may also think of S as the set {(0, y2, y3) : y2 > 0}, and the metric on § induced by g is
the hyperbolic metric go = (1/ y%)e. The discussion in the beginning of this section shows that

~ ~n_ (1 0 >
g(}’l’}’)—(o go(y/) *
Let (My, go) be a compact submanifold of S with smooth boundary, let E be an open subset of d M.
We think of M as lying in {(x1, 0, x3) : x; > 0}. Now, assume that

I'i C{Rg(OMp\ E) : 0 € (—m, )},

where Rygx = (ﬁg (x1, x2)", x3)" and ﬁg rotates vectors in R? by angle 6 counterclockwise. That is, we
assume that the inaccessible part I'; is contained in a surface of revolution obtained by rotating the
boundary curve d My \ E.

Now, the geodesics in S (and, after restriction, also in My) have either the form

(y2(2), y3(¢)) = (Rsint, Rcost + ),

where r € (0, 1), R > 0, and o € R, or the form (y»(¢), y3(t)) = (¢, «), where t > 0 and o € R (these are
not unit speed parametrizations). In the x coordinates, these are either the half circles in the {x, = 0}
plane given by

(x1(), x2(2), x3(t)) = (Rsint,0, Rcost +a), te(0,m),
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or the lines
(x1(2), x2(0), x3(2)) = (1,0, ), 1>0.

Enclosing M in some ball B in S, the manifold (B, go) is simple and Theorem 2.2 and [Krishnan 2009]
imply, as in Section 3A, that

g1=q2 InQN{R4(0):0 € (—m,m)},
where O is the union of all geodesics in S that have d My \ E on one side.

3D. Other limiting Carleman weights. So far we have considered three of the six possible forms of
limiting Carleman weights in R3. The fourth one, ¢(x) = x;/|x|?, is the Kelvin transform of the linear
weight, and corresponds to inaccessible parts of the boundary that are Kelvin transforms of cylindrical
domains. In particular, if part of the cylindrical domain is on the hyperplane {x3 = 1}, its Kelvin transform
lies on the sphere centered at (0, 0, 1/2) with radius 1/2, and we recover the result of Isakov [2007] for
domains where the inaccessible part is part of a sphere. The corresponding results for the remaining two
limiting Carleman weights do not seem so easy to state and we omit them.

3E. Extension of Kenig, Sjostrand, and Uhlmann’s result. Now let Q@ C R? be a bounded domain with
smooth boundary, assume that 0 is not in the convex hull of Q, and let p(x) = log |x|. Define

QL = {x €9Q: £dp(x) > 0}, Q= {x € IQ: dug(x) = 0}.

It was proved in [Kenig et al. 2007] that whenever I'p is a neighborhood of 92_ U 0Q, and I'y is a
neighborhood of 924 U 024y, we have

p.I'v _ ~'p.I'n _
Cq] —qu == q1 =q>.

In particular, I'p and I'y always need to overlap. This result is a consequence of the reduction given
above for the logarithmic weight, Theorem 2.1 (the special case where E = 02, so that I'; = &), and
injectivity of the ray transform. If 02, has zero measure in 92, then Theorem 2.3 allows us to improve
this result: we have
99,0924 _ ~0Q-,09 —
Co 7T =C 7 = a=ax

In this case, the sets where Dirichlet and Neumann data are measured are disjoint, but their union covers
all of <2 except for a set of measure zero. The result remains true if the roles of 924 and 0<2_ are
changed.

3F. Extension of Isakov’s result. According to [Isakov 2007], the condition Cy " = C,>"" implies g1 = g2
in Qif QC{x3>0}and I'; C {x3 =0}, or if Q C B for some ball B and I'; C 9 B. We have already
recovered these results in Sections 3A and 3D, since in these cases the local injectivity set O is so large
that the result g; = ¢ holds in all of Q. Of course, the results above also extend [Isakov 2007], since we
can conclude at least local uniqueness for potentials when the inaccessible part of the boundary satisfies a
(conformal) flatness condition in only one direction, such as being part of a cylindrical set, a conical set,
or a surface of revolution.
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We also get global uniqueness if the local injectivity set O is sufficiently large. For instance, if
QCRxQy, TI'iCRx(0RQ\E),

where €2 is a bounded domain with smooth boundary and E is a nonempty open subset of €2, and if
the lines in R? that have 9 \ E on one side cover a dense subset of L2, then g; = ¢, in 2. One example
of this situation is if

QCRx{(x2,x3):x3>n(x2)}, Ti CRX{(x2,x3):x3=n(x2)},

where 1 : R — R is a smooth concave function.

4. Carleman estimate

Let (M, g) be a CTA manifold, so (M, g) is compact with boundary and
(M, g) € (Rx My, g), g=cle®go)-

Here (M, go) is any compact (n — 1)-dimensional manifold with boundary. We wish to prove a Carleman
estimate with boundary terms for the conjugated operator e#/"(—A g)e_“’/ "in M, where ¢ is the limiting
Carleman weight ¢(x) = x; or ¢(x) = —x1, and & > 0 is small. Following [Kenig et al. 2007], it is useful
to consider a slightly modified weight

Ye =@+ hfe

where f; is a smooth real-valued function in M depending on a small parameter ¢, with ¢ independent
of h. The convexity of f, will lead to improved lower bounds in terms of the L?(M) norms of u and
hVu. On the other hand, the sign of 9, ¢, in the boundary term of the Carleman estimate will allow us to
control functions on different parts of the boundary. Of special interest is the set d My, where 9,90 =0,
and in this set we have

av@s |8Mm, = havf8~

We would like to have 9, f; < 0 on d My,,. It is not easy to find a global convex function f, satisfying the
last condition for a general set d M,,. However, splitting f. into a convex part whose normal derivative
vanishes on d M, and another part which ensures the correct sign on d My, will give the required
result. We will use semiclassical conventions in the next proof; see [Ferreira 2009a, Section 4; Zworski
2012] for more details. We also write (v, w) = (v, W) 20, V[l = V]l 12(pr), and for T C I M we write

(v, w)r = (v, W) 2.

Proposition 4.1. Let (M, g) be as above, let ¢(x) = £x1, and let k be a smooth real-valued function in
M so that 0,k = —1 on OM. Also let g € L°°(M). There are constants ¢, Co, hg > 0 with hg <e/2 <1

such that, for the weight

h 2
pe=g+ =2+,
e 2
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where O < h < hy, one has

3 h2
— (|8 @e | Butt, Butt)ars(gp) + — (lull* + hVul|?)
CO CO
< [[e?"(=h*Ag +h*q) (e " w)|I* + 1 (|19, 0e [Bvtt, duit)ont, (p,)
Sfor any u € C°(M) with u|yy = 0.

Proof. Since ¢(x) = %x; is a limiting Carleman weight in a manifold strictly containing M, the
computations in the proof of [Ferreira 2009a, Theorem 4.1] apply and we can follow that proof. First of
all, note that

DA+ qu = (—Ap1g+ ge) ("D 4y,

where g. = cq 4+ c"t2D/4A ¢ (c~"=2/%) Thus, by replacing g with another potential, we may assume that
¢ =1so that g = e ® go and ¢ is a distance function in the g metric, that is, |[V,¢|, = 1.

Let Py = —thg and Py, = e?/" Pye=%:/" Then Py.y. = A+iB, where A and B are the formally
self-adjoint operators

A=Ay —|Ve|?, B=-2i(Vee,hV-) —ihAgp..
Assume u € C®°(M) and u|yy = 0. We have
”PO,&pgu”z ={(A+iB)u, (A+iB)u)
= |Au|)® + | Bul|® +i(Bu, Au) — i (Au, Bu)
= |Au||® + | Bu|* + (i[A, Blu, u) — ih®*(Bu, d,u)ym
= || Au|®* + || Bu|* + G[A, Blu, u) — 21> ((3,0¢)dptt, dyu)ap-
Define
h goz

Pe(x) =@+ T

Thus ¢, = ¢, + hk. Let
A=—h*A—|V@.)?, B=-2i(V@.,hV-)—ihAG,.
Since Agp, = A@, + hAk and Vo, = V@, + hVk, we have
A=A+A,, A,=—h*Vk|*>=2h(V@,, Vk),
B=B+B,, B,=-2ih(Vk,hV-)—ih*A«.
Consequently,
i[A, Bl=i[A, Bl +i[A, B,] +i[A., Bl +i[A., B.).

Recall from [Ferreira 2009a, p. 143] that

e ARE( R NP
i[A,B]=—(1+-¢| +hBBB+1’R,
& &
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where B = (h/e)(1+(h/e)@) "% and R is a first order semiclassical differential operator whose coefficients
are uniformly bounded with respect to 4 and ¢ if we assume that 4 /e < 1/2. Consider now

i[A, Bl =i[—h2A — |V, |2, —2ih(Vk, hV -) —ih*Ak].

It is clear that this equals #>Q, where Q is a second order semiclassical differential operator whose
coefficients are uniformly bounded in 4 and ¢. The terms i[A,, §] and i[A., B,] are better. We thus have

_ At h \T o~ o~
i[A, Bl=—(1+-¢) +hBBB+h’Q

for some Q as described above. It follows that

4h? ~ ~
G[A, Blu, u) = %H(l +he/e)ul® +h(BBBu, u) + h*(Qu, u).

We will choose hg so small that |hg/e| < 1/2 in M for h < hg. Since u|yp = 0O, integration by parts
gives
~ ~ hr o~
\h(BBBu, u)| < C,—||Bull*,
3
Similarly,

|2 (Qu, u)| < Coh*(||ull* + [|hVul?).

Putting this information together, we get
R h* = o 2 2 2
(i[A,B]u,u)Z?Ilull —C1?||Bu|| — Coh*([[ull” + 1A Vull®).

Next we revisit the term ||Au||%>. Let K be a positive constant whose value will be specified later. Since
ulspm = 0, integration by parts and Young’s inequality give that

R |hVull* = h*(=h*Au, u) = h*(Au, u) + h*(\V . [*u, u)

1 K h*
< ﬁuAuu% 7||u||2+cgh2||u||2,
or

|Aul|® > 2K h?||hVu|* — K*h*|u)|® — 2K C3h?*||ul|*.

Also recall that B — B = B, = —2ih(Vk, hV -) — ih® Ax. Thus,
I(B — B)u||> < Cah®(|lu]*> + ||hVu|?).
Hence
| Bull? < 2|| Bu|> + 2C4h> (|u]*> 4 1A Vu|?)

and
IBull> = LI Bull® — Cah®(ull® + |AVu|?).
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Putting our estimates together, we obtain
| Po.g,ull® = 2K h*|hVul|* — K*h*|lu|l* = 2K C3h?||ul® + L[| Bull* — Cah*(Jull* + AV u|?)
+ h;nun2 - Clh;nﬁunz — ol ([lull® + RV ull*) — 20> (3o e ) dyut, dyu)aps-
At this point, we choose /¢ so small that
Cihj/e < 1.
We also make the choice

K=—,
(02

where « is to be determined. Then, for & < hy,
h2
| Po.g,ull* > —<||u|| += ||hVu|| ) —(Ca+ C)R*(|ul* + A Vul*)
h22C;, ~
— ———lull* = —==ull* + § | Bull* = 2h*((@vpe) dyu, dtt)gp1-
& & E O
Choose first « = 4C3. It follows that

, _h? 2h? , h%(2 s a3
| Po,p, ull Zg 1—28(C2+C4)—% fluel| +? 5—8(C2+C4) 1hVull“—2h7((0y¢e)0vu, dyu)gm.

Next choose ¢ so that

1 1
& = min , .
{ 4(Cr+Cs) a(Cr+Cy) }

Finally, choose h¢ so it satisfies the restrictions made earlier, i.e., hg < =, hg max|<p| < , and h2 =1c.

2 C ’
and additionally
2h

2

‘om

™
e

=

]

With these choices, we have
W W 2 3
1 Po,g.ull” = o—llull” + —IAVull” — 21 (v dvut, duit) g
8¢ ae
Adding a potential gives
1Po.g,ull® < 201 (Pog, +h>qull® + 2k G 11 o (ap) 1.

Choosing an even smaller value of /o depending on ||g ||z~ ) if necessary, we obtain for 0 < & < h that

h2

|CPog. +P2q)ull® = = (lull® + 1 Vul®) = 257 (@vge)dutt, Bt)aus-
0
Finally, we replace u by ¢¥"/26%y, where u € C>(Q) and u|yq = 0, and use the fact that
1/C <e?’/?t <, |V(e? /%) < C on M.

The required estimate follows. U
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We now pass from ¢, to ¢ in the boundary terms of the previous result, making use of the special
properties of ¢, on d M. Note that the factor h* in the boundary term on {x € 0M : —§ < d,¢(x) < h/3}
below is weaker than the factor 4 in the other boundary terms. This follows from the fact that d,¢, =
ho,k = —h in the set where d,,¢ vanishes, so one only has the weak lower bound.

Proposition 4.2. Let (M, g) be as above, let g € L (M), and let ¢(x) = £x1. There exist constants
Co, hg > 0 such that, whenever 0 < h < hg and § > 0, one has

3 4 2
—[|3yul3, + h—uauunzz + h—(||u||2+ IR Vul®)
Co L2((op==3) ", L2(=s<dp<h/3) T

< le?’ " (=h*Ag +h2q) e MW + R 1872 o o3

for any u € C*®°(M) with u|zy = 0.

Proof. Note that

0y e = (1 + ]gq))auq) +hok = (1 + g<p) dvp — h.

We choose h( so small that whenever i < hg, one has, for x € M,
h
;200 <3
On the set where 0,¢(x) < —§, we have
[0ype| > 6/2.

If —6 < d,¢ < h/3, we use the estimate
|0vpel = h/2.

Moreover, |0,¢.| < Coon dM. Since {d,¢ < h/3} C {d,¢. <0} and {3, = 0} C {0, > h/3}, the result

follows from Proposition 4.1 after replacing Cy by some larger constant. (I

We can now obtain a solvability result from the previous Carleman estimate in a standard way by
duality; see [Bukhgeim and Uhlmann 2002; Kenig et al. 2007; Nachman and Street 2010]. There is a
slight technical complication, since the solution will be in L? but not in H'!. To remedy this, we will
work with the space

Ha, (M) ={u e L*(M): Agu € L*(M)}

with norm ||u|| g, = |lull 2 + | Aul|;2. As in [Bukhgeim and Uhlmann 2002], we see that Ha (M) is a
Hilbert space having C*°(M) as a dense subset, and there is a well defined bounded trace operator from
HA(M) to H™'/2(3M) and a normal derivative operator from Hx (M) to H732(dM). We also recall
that if u € Hxy(M) and u|yy € H>?(dM), then u € H*(M).

Proposition 4.3. Let (M, g) be as above, let g € L (M), and let ¢(x) = tx|. There exist constants
Co, o > 0 such that when © > 19 and 6 > 0, for any f € L*(M) and f- € L?(S_ U Sy) there exists
u € L>(M) satisfying e™u € Hp, (M) and ePulym € L?(dM) such that

e (= Ag+q)eu)y=finM, ePulsus,=e"[f-,
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and

lull 2y < Coe ™ I F 2y + GO 2 F-ls z2es) + 1= lsoll 22sy))-
Here S1 and Sy are the subsets of M defined by
S_={dp <8}, So={-8<de<1/G)}, Sp=1{dhe=>1/CG0)}

Proof. Write Lv =e™(—A,+q)(e”*%v) and T =1/ h, 79 = 1/ hog. We rewrite the Carleman estimate of
Proposition 4.2 as

G 210,025y + 180Vl L2¢sy) + TlVI A+ IVVI < Coll L] + Cot 21, 25, -

This is valid for any § > 0, provided that T > 19 and v € C*° (M) with v|yy = 0.
Consider the following subspace of L*(M) x LZ(S+):

X ={(Lv, dyvls,) :v € C(M), vlgm = 0}.

Any element of X is uniquely represented as (Lv, d,v|s, ), where v[3y = 0 by the Carleman estimate.
Define a linear functional [ : X — C by

I(Lv, dyvls,) = (v, 2oy — Ouv, f2)r2es_usy)-
By the Carleman estimate, we have

[L(Lv, dyvls )l < 0llILF I+ 10vvll 2es )l f= N z2es )y + 10vvllL2¢s0) | = 250
< Cot ' fI+ GO 2N follzzsy + = llzzsyy) x (Ll + T 218,12, )-

The Hahn-Banach theorem implies that / extends to a continuous linear functional

[:L*M) xt7'2L%(8,) > C
such that
171 < oz LA+ G2 Fllz2esy + 1= Nlz2gs)-

By the Riesz representation theorem, there exist functions u € L>(M) and u, € L*(S,) satisfying
Hw, wy) = (w, u) 2y + (W4, )25, ). Moreover,

el 2oy + 7Pl Nl 2gsy < Co@ LA+ GO 2l + 1= 2csy)-
If ve C®(M) and v|yy =0, we have
(Lv, u) 20y + (0uv, u) 125,y = (U, Frzany — Ouv, fo)r2(s_usy)-
Choosing v compactly supported in M™, it follows that L*u = f, or
e (A +q)efu)y=f inM.

Furthermore, e™?u € Hx(M).
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If w, v € C®°(M) with v|z3 = 0, an integration by parts gives
(Lv, w) =—(e""d,v, e"w) 1255 + (v, L*w).

Given our solution u, we choose u; € C*°(M) so that e*“u; — e*“u in Hx(M). Applying the above
formula with w = u; and taking the limit, we see that

(Lv, u) =—(e""d,v, e u) 2pm) + (v, L*u)
for v € C*°(M) with v|yy = 0. Combining this with (4-1), using that L*u = f gives

(8UU, f—)LZ(S_USO) + (8UU, M+)L2(S+) = (efwavv, ewu)Lz(aM).

Since 0, v can be chosen arbitrarily, it follows that e*?u|s_us, = e*? f— and e*?u|s, = e*“u,. We also
see that e*®u|yp € L>(0M). O

5. Reflection approach

In the previous section, we employed Carleman estimates and duality to obtain a solvability result
(Proposition 4.3) that will be used to produce correction terms in complex geometrical optics solutions
with prescribed behavior on parts of the boundary. In this section we give an alternative approach to the
construction of correction terms vanishing on parts of the boundary. The method is based on a reflection
argument. We extend the method of [Isakov 2007], which dealt with inaccessible parts that are part of a
hyperplane, to the case of inaccessible parts that are part of the graph of a function independent of one of
the variables. The results are less general than the ones in Section 4, and, for simplicity, will only be
stated for domains in R* with Euclidean metric, but on the other hand, the method is constructive and is
based on direct Fourier arguments in the spirit of [Kenig et al. 2011a; Kenig et al. 2011b].
Let  C R? be a bounded domain with smooth boundary, and assume that

Q CRx {(x2, x3) 1 x3 > n(x2)},
where 1 : R — R is a smooth function. Also assume that ['g is a closed subset of d<2 such that
o CR x {(x2, x3) 1 x3 = n(x2)}.

We will show that if one has access to suitable amplitudes of complex geometrical optics solutions that
vanish on I, it is possible to produce correction terms that also vanish on I'y.

Proposition 5.1. Let Q and [y be as above, and let g € L*°(R2). There are Cy, t9 > 0 such that, for any
T with |t| > 19 and for any m € H*(Q) with m|r, =0, the equation (—A 4+ q)u = 0in Q has a solution
u € H*(Q) of the form

u=e “'(m+r)

such that r|r, = 0 and
Co

Il 2@ < | e (=A+q)(e ™ m)| L2q)-

T|
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The proof involves a reflection argument that reduces the construction of the correction term to the
problem of solving a conjugated equation with anisotropic metric,

e (=Ag+ @™ = f inRx Qo

where ﬁo C R? is a bounded open set and g is a metric of the form

A / 1 0

g y) = (o 20(y") )
and where g is smooth for y3 # 0 but only Lipschitz continuous across {y; = 0}. In three and higher
dimensions, it is not known how to handle equations of this type with general Lipschitz coefficients in the
second order part (the case of C! coefficients, and also Lipschitz coefficients with a smallness condition,
is considered in [Haberman and Tataru 2013]). However, in our case, the singularity of ¢ only appears in
the lower right block g¢, and this turns out not to be a problem.

The following is an analogue of [Kenig et al. 2011a, Proposition 4.1], the main difference being that the
transversal metric is only Lipschitz. (With correct definitions, one could easily deal with L* transversal
metrics as well, but then the solution would only be in H 1 s(T).) Here we write (x1, x) for coordinates
in T =R x My, and for § € R we consider the spaces

||f||L§(T) = ||<x1>6f||L2(T)’ ||f||H51(T) = ||f||L§(T) + ||df||L§(T)

with (t) = (1 +t*'/2, and similarly for HZ(T). We also write Spec(—A,,) for the set of Dirichlet
eigenvalues of the Laplace—Beltrami operator —A,, in (Mo, go).

Proposition 5.2. Let T = R x My with metric g = e ® go, where (My, go) is a compact oriented manifold

with smooth boundary and g is a Lipschitz continuous Riemannian metric on M. Givenany q € L7, .(T)

and any § > 1/2, there are constants Cy, 19 > 0 such that whenever

|t| > 19 and 72 ¢ Spec(—Ay),
the equation
e (=Ag+q)e ™ r)=f inT
has a unique solution r € Hia(T) withr|agr =0 for any f € L%(T). Moreover, r € HEB(T), and one has
the bounds
0
”r”L{S(T) =< m”f”Lg(T)’ ”r”Hl,;(T) =< CO”f”Lg(T)-

Proof. The proof is almost exactly the same as the proof of [Kenig et al. 2011a, Proposition 4.1], and we
only give the main idea. Since Ay = 8)%1 + Ag,, the equation that we need to solve is

(=92 +2t8,, —Agy— T2 +q)r=f inT.

It is enough to consider g = 0. The standard argument based on weak solutions shows that even when go
has very little regularity, there is an orthonormal basis of L?(M,) consisting of Dirichlet eigenfunctions
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of —Ag,,

—~Agor = Mgy in Mo, ¢ € Hy (My),

where 0 < A1 <Ay < A3 <---— oo are the Dirichlet eigenvalues of —Ag in M.
Considering the partial Fourier expansions

o0

@, x) =) F, Do), o, x) =) fa, Den(x),

=1 =1
it is enough to solve

(—8?1 + 270y, +a—1)F(-, )= f(-,) inRforalll.

The condition 72 ¢ Spec(—A ) allows us to solve these ordinary differential equations by the Fourier
transform as in [Kenig et al. 2011a, Section 4], and the estimates given there imply that one obtains a
unique solution r € H! s(T) with |37 = 0 satisfying the required bounds. Elliptic H 2 regularity also
works with Lipschitz go, and the argument in [Kenig et al. 2011a, Section 4] gives that r € H? s(T). O

Proof of Proposition 5.1. We begin by flattening 'y via the map
DR > R, (x1, 20, x03) > (31, X2, X3 — n(x2)).
Let Q = ®(2), write y for coordinates in SNZ, and let R be the reflection

R(y1, y2, y3) = (y1, y2, —y3)-

Note that  C {y3 > 0}. Consider the reflected domain Q* = R(ﬁ), s0 Q* C {y3 < 0}, and let U the
double domain QU & ()it U &*.

Let W =& ! et g = W*e be the metric in Q that is the pullback of the Euclidean metric in €2, let
q = V*q, and let m = W*m. In the double domain U, we use even reflection to define the quantities

. (& ifys=0. . [§ ifys>0,
S R s ifys<0,  TT\RYG ify <o,

and odd reflection to define the amplitude

na={_

Since the flattening map @ leaves x| intact, we have

.. (1 0
g()’l»)’)—<0 go(y/))’

where gg is a Lipschitz continuous metric only depending on y, and y3. (In fact, g and g, are well defined

m if y3 >0,
R*'m if y3 <O.

ST ST

in {y3 > 0} by the flattening map ® and the Euclidean metric in {x3 > n(x2)}.) Also, g € L*°(U), and
i € H*(U) by the boundary condition m|r, = 0 and by the properties of odd reflection.



2024 CARLOS KENIG AND MIKKO SALO
We wish to find 7 € H'(U) satisfying
e (=D + e = £
where f = —e™1(=Ag +§) (e~ ™). Now
1 2wy = 1 f 2@ + 17 2@

=™ (A +g) e m) ) + IRTWH (™ (A +g) (e m)l 2
=Clle™(=A+g)(e ™' m)l2g).

Choose a bounded open set Qo C R? such that
U € R x Q,

and let gy be the metric in ﬁo that is the even extension of gy from {y3 > 0} to ﬁo. Then g is smooth for
y3 # 0 and Llpschltz continuous across {y3 = 0}. Extending g to R x §0 using the block structure and
extending ¢ and f by zero to R x Qo, it is enough to find a solution 7 € H (R x Qo) of the equation

N (—=Ag+G) e ™) =f inRx Q. (5-1)

Such a solution may be found by Proposition 5.2, and denoting by 7 its restriction to U, we have

||f||L 2(U)-

171l 2wy < B
Now define

=e M(m+r) inU

<

and
=u—R*u in Q.

<t

Then (=A; + @)t =0in U, and (—A; + g)it =0 in Q by the definition of ¢ and ¢ and using that
i e H*(U). We also have

i=e ™(@h— R +7—R%) in Q.

But here m — R*1i|g = m by the definition of 1. Consequently, if we define u = ®*#, then (—A+¢q)u=0
in © and
u=e "™(m+r) in,

where r = ®*(F — R*r) satisfies

=T |||f”L ) = ﬁ”em( A+q)(e ™ m) | 2@ U

Note how the odd reflection of the amplitude m in the proof ensured that the solution obtained by

Irll 2 < ClIFll L2y <

reflection is not the zero solution. We also remark that under certain conditions, the arguments in Sections 6
and 7 allow to construct amplitudes m vanishing on a part Iy as above.
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6. Local uniqueness on simple manifolds

In this section we prove Theorems 2.1-2.3. In these results the transversal manifold is assumed to be
simple and we only use nonreflected geodesics. This case already illustrates the main features of the
approach, and we can use a quasimode construction that is much easier than the Gaussian beam one used
for nonsimple transversal manifolds and reflected geodesics.

The first observation is the usual integral identity.

Proposition 6.1. IfT'p, 'y C dM are open and ifC;Z;FN = C;Z;FN, then

f (g1 — q)u1udVy =0

M

forany uj € Ha,(M) satisfying (—Ag+qj)u; =0in M and
supp(uilopm) C I'p,  supp(uzlam) C y.

Proof. Let u; be as stated. Since C;Z;FN = C;Z;FN, there is a function iy € Ha (M) with (—A+¢g)ur =0
in M, supp(ii2]sm) C I'p, and

(ilry, dutlry) = (U2lry, dvit2|ry).

Using that u1, u;, and i, are solutions, we have
/ (g1 —quiur dV = / [(Aur)uz —ui(Auz)]dV
M M
= / [((A(uy — u2))uz — (uy — it2)(Auz)]dVv.
M

Now uj —uz|an =0, soin fact uy — it € H*(M) by the properties of the space Ha (M). Recall also that
C>®(M) is dense in Hx(M) and that us |y € H~Y?(dM) and 8,u2|5p € H3/>(M). These facts make
it possible to integrate by parts, and we obtain that

f (g1 — q)uur dV = / [0y (u1 — t2))us — (uy —it2)(dyu2)]1dS
M oM

in the weak sense. The last expression vanishes since 9, (#1 — it2)|r, = 0 and supp(uz|yn) C I'y. O

The next result will be used to pass from the metric g = c(e @ go) to the slightly simpler metric
§=ed go.

Lemma 6.2. Let ¢ be a smooth positive function in M. Then u € Hx, (M) satisfies (—Ag +q)u =0 in
M if and only if i € Ha;(M) satisfies (—Az +q)iu =0 in M, where

g=clg. a=c"Pu G=cg- "N I,



2026 CARLOS KENIG AND MIKKO SALO

Proof. This follows from the identity for v € C*°(M),
A+ @) ("I = (= Aig +o(q — TN (T ),

upon approximating u or # by smooth functions. ([

Proof of Theorem 2.1. Let g =e® go and g; = c(q; — c(”_z)/“Ag(c_(”_z)/“)). Let X be a fixed real
number, and consider the complex frequency

S =TH+IA,
where T > 0 will be large. We look for solutions
i =e " (v (x') + 1),
ity = "™ (v5(x") +12)

of the equations (—Az + g =0, (—=Az + c_]z)ﬂz =0 in M. Here vy will be a quasimode for the
Laplacian in (M, go) that concentrates near the given geodesic y. Next we will construct a suitable
solution #, and the case of i1, will be analogous.

Since Az = 37 + Ay,, the function i is a solution if and only if

e (—Ag+GD (e ) = —(—Agy +G1 —sHu(x))  in M. (6-1)
We want to choose v, € C*° (M) to satisfy

sl 20ty = OD), I1(=Agy = D)5l 2 a10) = O (1) (6-2)
as T — oo. Looking for vy in the form
v, =e"Va,
where ¥, a € C*°(My), a direct computation shows that
(—Ag — vy ="V (s’[|dV |5, — Na —is[2(d Y. d - gy + Mg ¥rla — Aga).

Since (Mo, go) is simple, it is easy to find ¥ and a so that the expressions in brackets will vanish and
that the resulting quasimode v, will concentrate near the geodesic y. To do this, let (ﬂo, go) be a simple
manifold that is slightly larger than (My, go), extend y as a geodesic in My, and choose & > 0 such that
V| (=26,00U(L, L+2¢) Stays in 1\//}0 \ My (this is possible since y is nontangential). Let w = y(—¢) € Mo \ My,
and let (r, 8) be polar normal coordinates in (Mp, go) with center w. Then y corresponds to the curve
r — (r, 0y) for some fixed 6y € $"~2. We will choose

Y, 0)=r,
a(r, 0) = go(r, 0)|~*b(0),

where |go| is the determinant of go, and b is a fixed function in C°(S$"~?) that is supported so close to 6y
such that vg[ym,\ £ = 0. With these choices, we have, as in [Ferreira 2009a],

(—Agy — 5D, = —e"V Aga.
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Thus vy satisfies the estimates (6-2), and also the estimate

Vsl Loe(mg) = O(1).
We now go back to (6-1) and look for a solution in the form r; = et r{ where ri satisfies

eN(=Ag+qe ™) =f inM (6-3)
with

f==eT MU= Ay + 1 = sHus ().
We also want to arrange that supp(i1|yp) C I'p, where I'p D dM_ UT,. For this purpose, let § > 0
be a small number to be fixed later, let S5 and Sy be the sets in Proposition 4.3 with Carleman weight

¢(x) = —xy, define
V3 ={xeS_USy:distyp(x, ;) <8 orxedMy},

TG =(5-US0)\ Vs,
and impose the boundary condition
e rils.us, =™ f-, (6-4)

where _
f= —e My (x') on V9,
T 0 on I,

Note that d M U 0 M, (these sets refer to the weight x1) is in the interior of S_ U Sp in 0 M.
We have seen that || f[| .2y = O(1) as T — co. We also have

f-loma =0,

since f-|rsngu,, = 0 by definition and f_|jum,,nv; = 0 for sufficiently small § > 0 by the construction of
v and using that I'; C R x (dMo \ E). Since || f_||zos_usy) S 1, we have

I f-llr2s ) S o({dvx1 = 8})
and

If=Nlz2s) S 0({=1/(B7) < dvxy < 0}U{0 < dyxy <8},

where o is the surface measure on dM. It follows from Proposition 4.3 that (6-3) has a solution r[
satisfying the boundary condition (6-4), and having the estimate

Il 2o ST+ 60 2o (x> 8 +0({—1/31) < duxy <0}) +0({0 < dyx1 < 8}).

The implied constants in the previous inequality are independent of 7 and §. By the basic properties of
measures, for some constant Cy > 0, we have

1711 2oy < Colt ™ + (8T) ™2 + 002 00(1) + 0550 (D]
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Given ¢ > 0, we first choose § so that Cpos—.0(1) < /2. After this, we choose t > 0 so large that
Co(t™ '+ (87) "2 + 0., 5o(1)) < &/2. This shows that

lim |7 (-5 Ol 200y = 0.
T—>00

Choosing r as described above and choosing r; = et 'r}, we have produced a solution it € Ha,(M)
of the equation (—=Aj; +g1)u; =0 in M, having the form

iy =e (v (x") +r1)

and satisfying
supp(uilym) C I'p

and ||r1|lz2(ar) = o(1) as T — o0o. Repeating this construction for the Carleman weight ¢(x) = x;, we
obtain a solution 1, € H, A (M) of the equation (—Ajz + gz)ﬁz =0 1in M, having the form

ity = €™ (vs(x") +12)

and satisfying
supp(u2lym) C 'y

and ||r2[z2¢pr) = o(1) as T — oo.
Writing u; = ¢~"~?/4ji;, Lemma 6.2 shows that u; € Hx,(M) are solutions of (—Ag +g1)u; =0
and (—Ag +¢g2)ur =0 in M. Then Proposition 6.1 implies that

/ (g1 —q2)urur dVy =0.
M

We extend g; — g» by zero to R x My. Inserting the expressions for u;, and using that dV, =
¢"/? dxy dVy,(x"), we obtain

o0
/ f (g1 — q2)ce M1 (Jug (x> 4 vy72 + Vgry 4 1172) dxy dVgy (x)) = 0.
My J —oo
Since |71l z2(ar) = 0(1) as T — oo and since dVy, = |go|'/? dr d6 in the (r, §) coordinates, it follows that
o0
/ / (g — q2))" 20 . )b dr df = .
sn=2.Jo
Varying b in C*(S"~2) so that the support of b is very close to 6, this implies that

o0
/ e (c(q1 — q2))" A, 1, 6p) dr = 0.
0

Since y was the curve r — (7, 8), this shows the result. [l
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Proof of Theorem 2.2. Suppose that the local ray transform is injective on O and O NdM C E. By
Theorem 2.1, we know that

L
f e M (clg1 — q2))" 2x, y (1)) dt =0 (6-5)
0

for any nontangential geodesic y in O. Setting A = 0 and using local injectivity of the ray transform, we
obtain that

(c(qg1 —¢2))(0,-)=0 in O.

Going back to (6-5) and differentiating this identity with respect to A, and then setting A = 0 and using
the vanishing of (c(g; —¢2))"(0, -) on O, it follows that

L
0 .
/ 87[(0(6]1 —g2) 10, y (1)) dt =0in O
0

for any nontangential geodesic in O. Local uniqueness for the ray transform again implies that

a N
77 1elq1 = 42) 10,-) =0 in O.

Iterating this argument by taking higher order derivatives of (6-5) shows that

3\ R .
-7 ) [c(@1—¢2)) 1(0,-)=0 in O
oA
for any k. Since c(g1 — q2) is compactly supported in xy, its Fourier transform is analytic and we have
(c(q1—¢2))"(A,-)=0 1in O forall A € R.

Inverting the Fourier transform and using that c is positive, we obtain that gy =g in M N (R x 0). U

Proof of Theorem 2.3. Since (M, g) is admissible, we may assume that

M, g) C(Rx My, g), g=cle®go),

where (M, go) is simple. The argument is very similar to the proof of Theorem 2.1, and we only
indicate the required changes. Up to the formula (6-3), the only change is that there is no restriction on
b € C*®(8"2) (we do not require vy to vanish on any part of the boundary). The function r| is obtained
as a solution of (6-3), but this time we want supp(it1|3a) C dM_. Fix § > 0. The boundary condition for
uy is (6-4), where f_ is chosen to be

fo=—e "™y, (x’) onS_US.
We use Proposition 4.3 to solve for r;. We have || fl;2(s) = O(1), and the bound || f_ ||z~ < 1 implies

I f-llr2s )y S o ({dvx1 > 6})
and

I f=N2(s) S o({=1/(B7) < dyx1 < 0}) 4+ 0 (0Mian) + 0 ({0 < dpxy < 8}).
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Now we use that
0 (0M¢n) = 0.

This shows that we obtain the same estimate for | as before:
Iz < Colz™" + (B7) ™% 40100 (1) +050(1D)].

We can now continue as in the proof of Theorem 2.1 to conclude that

L
/ e M (clg1 —q2))" @x, y (1)) dt =0
0

for any A € R and for any nontangential geodesic in (Mo, go). The geodesic ray transform (with zero
attenuation) is injective in (Mo, go) [Sharafutdinov 1994]. Following the proof of Theorem 2.2, but now
using all the nontangential geodesics in (M, go), shows that g; = ¢, in M. (I

7. Quasimodes concentrating near broken rays

In this section, to simplify notation, we write (M, g) instead of (M, go) and we assume that (M, g) is a
compact oriented Riemannian manifold having smooth boundary and dim(M) = m > 2. Suppose that
E is a nonempty open subset of dM, and let R = 0M \ E. We think of E as the observation set where
geodesics can enter and exit, and R is the reflecting set. In the Calderén problem with partial data, we
are led to consider attenuated broken ray transforms, where one integrates a function on M over broken
geodesic rays that enter M at some point of E, reflect nontangentially at points of R, and then exit M at
some point of E. The reflections will obey the law of geometric optics, so that a geodesic hitting the
boundary in direction v will be continued by the geodesic in the reflected direction 0 = v — 2{v, v)v.

Given a slightly complex frequency s = 7 4 iA, we will construct corresponding quasimodes, or
approximate eigenfunctions, that concentrate near a fixed nontangential broken ray.

Proposition 7.1. Let y : [0, L] = M be a nontangential broken ray with endpoints on E, and let A be
a fixed real number. For any K > 0, there is a family {vy : s = T +iA, T > 1} in C®°(M) such that, as
T — 00,

I(=Ag = D5l 2an = O 5), sl = O(D),
the boundary values of vs satisfy
sl 2y = O (XY, lvsll2m = O(1),

and, for any ¥ € C(M),

L
/‘|v,+,~k|21/fdvg—>/ e My (y () dt ast — oo.
M 0

Let us begin by proving this result in the special case £ = d M, so that R = & and one does not need
to worry about reflected rays. The next three preparatory lemmas describe a modified Fermi coordinate
system that is very useful in this construction.
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Lemma 7.2. Let (]\//? , 8) be a compact manifold without boundary, and let y : (a, b) — M be a unit speed
geodesic segment that has no loops. There are only finitely many times t € (a, b) such that y intersects
itself at y ().

Proof. Since y has no loops, (v (¢), y(¢)) = (y(¢), y(¢')) implies ¢t = ¢’. The first observation is that
y can only self-intersect transversally, since (y(¢), y (¢)) = (y(¢'), —y (")) also implies t = ¢’ (if this
would happen for ¢ < ¢/, then, by uniqueness of geodesics, y ((t +t')/2) = —y((t +t')/2), which is
impossible). Next note that if r is smaller than the injectivity radius of (1\//] , &), any two geodesic segments
of length < r can intersect transversally in at most one point (locally geodesics are close to straight lines).
Partitioning (a, b) in disjoint intervals {Jk},f:1 of length < r, we have an injective map

{t,t) e (a,b)’Lt <t and y(t) =y ()}~ {(k,]) €{1,...,K}*:t € Jp, ' € J}}.
Consequently, y can only self-intersect finitely many times. U

Lemma 7.3. Let F be a C' map from a neighborhood of (a, b) x {0} in R" into a smooth manifold such
that F|a,b)x{o} is injective and DF (t, 0) is invertible for t € (a, b). If [ao, bo] is a closed subinterval of
(a,b), then F isa C! diffeomorphism in some neighborhood of [ag, bg] x {0} in R".

Proof. For any t € [ag, bo], the inverse function theorem implies that there is ¢; > 0 such that
Fl(=36,,143¢,) x Bs., (0) isaC! diffeomorphism. Since [ag, bg] is covered by the intervals (t — &, t + &),
by compactness we have [ag, bg] C U?’:] (tj —¢j,tj +¢€;), where F|(t_/_3€_/.,tj+3g_i)xg3gj ) 1s bijective.
We can further assume (upon throwing away or shrinking some intervals if necessary) that the intervals
I = (1 —&j tj :i—ej) satisfy I_j N Iy = @ unless |j — k| < 1. Since y(¢t) = F (¢, 0) is injective, we also
have y (I;) Ny (Ix) = & unless |j — k| < 1.

Fix a Riemannian metric in the target manifold, and define

8 =inf {dist(y (I;), y(Ix)) : |j —k| > 2} > 0.

Let Uj =1; x B(0), where ¢ <min{ey, ..., ey} is chosen so small that F'(U;) C {g : dist(q, y(I_j)) <8/2}.
Then F(U;) N F(Uy) = @ unless |j — k| < 1. Define

N
U= U U;.
j=1

To show that F|y is a C! diffeomorphism, it is enough to check injectivity. If F (¢, y) = F(t', y’) for
(t,¥), (t',y") € U, then, necessarily, (¢, y) € Uj, (t', y') € U, where |j — k| < 1. We may assume that
gj > &. Since Fl(,j_ggj,tj%ej)xgkj () is bijective, we obtain (¢, y) = (¢, y'). O

Lemma 7.4. Let (1\//? , 8) be a compact manifold without boundary, and assume that y : (a, b) — M
is a unit speed geodesic segment with no loops. Given a closed subinterval [ay, bg] of (a, b) such that
¥ llag,bo) Self-intersects only at times t; withag < t; < --- <ty < bg (set to = ag and ty41 = by), there is
an open cover {(U;, ¢ j)}?:%] of v (lao, bol) consisting of coordinate neighborhoods having the following

properties.
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(1) ¢;j(Uj) =1; x B, where I are open intervals and B = B(0, §) is an open ball in R"~! where § can
be taken arbitrarily small.

(2) @j(y(t)) =(t,0) fort €.
(3) tj only belongs to I; and I_j NIy =D unless | j —k| < 1.
@) ¢j =gcong; (1N 1) x B).

Further, if S is a hypersurface through y (ap) that is transversal to y (ap), one can arrange for the map
V> goo_l(ao, y) to parametrize S near y (agp).

Proof. We will use modified Fermi coordinates, constructed as follows. Let {vy,...,v,—1} be an
orthonormal set of vectors in Ty(ao)]\? such that {y(ag), vy, ..., v,—1} is a basis. (The case where
{y(ap), v1, ..., v,—1} is an orthonormal basis corresponds to the usual Fermi coordinates.) Let E, ()
be the parallel transport of v, along the geodesic y. Since y(¢) is also parallel along y, the set
{y@), E1(t), ..., E,—_1(¢)} is a basis of Ty(,)l\? for t € (a, b).

Define the function

F:(a,b)xR"™" > M, F(t,y) =exp,,(*Ea()).

Here exp is the exponential map in (ﬂ ,g) and «, B run from 1 to n — 1. Then F(z, 0) = y (¢) and (with
eq the a-th coordinate vector)

0 0
—F(,sey)| =E, @), —F(@,0=vy(@).
Pt se)| g =Ea(D), - F(,0)=7()

Thus F is a C* map near (a, b) x {0} such that DF (¢, 0) is invertible for ¢ € (a, b).

In the case where y does not self-intersect, F |, p)x {0} 18 injective and Lemma 7.3 implies the existence
of a single coordinate neighborhood of y ([ag, bp]) so that (1) and (2) are satisfied (then (3) and (4) are
void). In the general case, by Lemma 7.2 the geodesic segment ¥ |[4,.5,] Only self-intersects at finitely
many times ¢; with ap < t; < --- <ty < bg. For some sufficiently small §, y is injective on the intervals
(a,t; —96), (t) —28,to — 8), ..., (ty — 28, b) and each interval intersects at most two of the others.
Restricting the map F above to suitable neighborhoods corresponding to these intervals (or slightly
smaller ones) and using Lemma 7.3, we obtain the required coordinate charts with ¢; = F -1 lu;-

Let S be a hypersurface transversal to y (ag), and choose some parametrization y — g(y) of S near
y (ap) satisfying (0/9s)q(sey) = vy. We will form a new chart (Ug, ¢@o) by moditying (Uy, ¢p) so that
Yy @y Yao, y) parametrizes S near y (agp).

We may assume that ag = 0, and write Fy = <pal, ﬁo = gZ(;l. It is enough to choose ﬁo = Fyo ®, where
® is a diffeomorphism near Iy x B such that

O(t,0) = (2, 0),

@0, y) = Fy (),
®(t,y) =(t,y) fort > c with suitable ¢ > 0.
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Write the components of g = F;~ Y5 ¢ as Taylor series
i’ () =4O +Vq' ) -y+H )y,

where H/ are smooth matrices, and j =0, ..., n — 1 (¢ is the O-th variable). The properties of g imply
that

G’ (0)=0, 33G°0)=0, 035G (0)=8}.
We look for @ in the form
O/ (1, )= fI D) +al () y+ R/, )y -y
for some smooth functions f/, vectors a/, and matrices R/. The conditions for ® motivate the choices
o=t fY0=0 agt)=0, af() =25

We choose R/(t, y) to be a smooth matrix with R/(0, y) = H/(y) and R/(¢, y) =0 for t > c. Then
D®(z,0)=1Id, and Lemma 7.3 ensures that ® is a diffeomorphism near Iy x B, possibly after decreasing B.
O

The next result gives the construction of (nonreflected) Gaussian beam quasimodes associated with
a finite length geodesic segment that enters and exits the domain nontangentially. To prepare for the
reflected case, we also consider the possibility of prescribing the boundary values of the quasimode at
least up to high order at a point. Recall that if f is a smooth function having a critical point at p, the
Hessian of f at p is the quadratic form

Hess, (f)(17(0), 71(0)) = (f o )" (0),
where 7 is any smooth curve with 1(0) = p.

Proposition 7.5. Let y : [0, L] — M be any unit speed geodesic in (M, g) such that y(0), y(L) € 0M,
v(0) and y (L) are nontangential, and y (t) € M™ for 0 < t < L. Also let A be a fixed real number. For
any K > 0 there is a family {vs : s =t + i)\, T > 1} in C®°(M) such that, as T — 00,

I(=Ag = sH sl 2 = O 5), vsllizan = O, vsllz2m = O(1),

and, for any ¥ € C(M),

L
f|vr+,~k|21/fdvg—>/ e My (y () dt ast — oo. (7-1)
M 0

Given any neighborhood of v ([0, L)), one can arrange for each vy to be supported in this neighborhood,

and away from the points where y self-intersects one has vy = ¢'*®a where ® and a are smooth complex

Sfunctions with
dO(y() =y )", aly@®) #0 fort large.
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If y does not self-intersect at y (0), the K -th order jets of ©|yp and alypy can be prescribed freely at y (0)
except for the following restrictions: d®(y(0)) = y(0)°, the Hessian of Im(®|3y) at y (0) is positive
definite, and a(y (0)) # 0.

Proof. We embed (M, g) in a compact manifold (1\7 , &) without boundary and extend y as a unit
speed geodesic in M. Choose & > 0 so that y(¢) lies in M ~. M and has no self-intersections in the
interval ¢t € [—2¢,0) U (L, L +2¢]. We will construct a Gaussian beam quasimode in a neighborhood of
y([—e, L +e)).

Fix a point pg = v (#p) on y([—e, L + €]) and let (¢, y) be any local coordinates near py, defined in
U={(t,y):tel,|y| <8} for some open interval / containing g, such that py corresponds to (g, 0) and
the geodesic near pg is given by I' = {(¢, 0) : r € ['}. Write x = (¢, y), where x; = and (x2, ..., x) = .
We seek to find a quasimode v concentrated near I', having the form

vy = 6”661,

where s =t 4+ iA, and ® and a are smooth complex functions near I" with a supported in {|y| < §/2}.
We compute

(—A—sPv = f,
where
f=e"9(s*[({d®, d®) — )a] —is[2(d®, da) + (A®)a] — Aa).

We first choose ® so that
(d®,dO®)=1 to N-thorderonI. (7-2)

In fact, we look for ® of the form ® = Z?’:O ©; where
O, (t
O, y)= ) %()yy-
wi=i ¥

We also write g/* = vaz() gljk + gjj\',kH, where

ik 81.5(1) ik
gty =3 Ly gl = 0ayY .
=

Set g/ =0 forl> N +2.
With the understanding that j, k run from 1 to m and «, 8 run from 2 to m, the main part of the
argument will consist of finding suitable ®¢, ®1, and ®; in the following form:

Q(t) real-valued, ©O;(r) = &,(¢)y® with &,(t) real-valued, ©,(t) = %Haﬂ (1) y*yP,

where H (1) = (Hyp(1)) is a complex symmetric matrix, Hyg = Hpgg, such that Im(H (¢)) is positive
definite for all . We also write

§1(2) = 0,00(2).
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Since 9;0¢ = &, and 0,0 = §,, we compute
g7%9;08,0 — 1
=g 3,00+ 8,0, +-- )30 +8,0;+---)+28'(3,00 +8,0; +-- ) (3,0 + 3,0, 4--+)
+ 8 (8,01 + 3,02 + - ) (3O + 85Oy +---) — 1
= g% 8 + 28" E1(3,01 + ) +28"E1 (3,02 + -+ -)
+28"6,(3,01 + ) +28"P £, (3502 + ) + 8" (3,01 + ) (3,01 4+ +)
+28" 001+ )(0O2+ )+ 8% (0.O2+- - ) (0O +--+) — 1
= g/5 + 26" 5301+ ) + 28" 5 (002 - ) + ¢ @O+ ) (@01 + )
+28" (3,01 + - )(O2+ )+ g (3,02 + - )(pO2+---) — L.
Writing g/* = gék + g{ “4+... and grouping like powers of y, we obtain
g7%9;08,0 — 1
= [0 66— 11+ 18] 68 +280 Exépy® +285 6k HupyP 1+ (83 ++ - & 1+ 280 60(8, 02+ - )
+2(81° + - E@OI + ) + 288 6 (0 O3 + ) +2(87* + - )E(3O2+ )
+8"M @01+ @01+ ) +28" @01+ )(0O2+--+)
+ 8P (0,024 )(@pO2+--+). (7-3)

We can make the two expressions in brackets vanish by choosing £(¢) to be part of the solution
(x(2), &(¢)) of the cogeodesic flow with Hamiltonian 4 (x, §) = %gjk ()& ¢k,

X (1) = g, h (x (), £(1)),
Ej(1) = —0y,h(x(1), E(1)).

There is a unique solution with x (o) = po and £(#9) = y (f9)” (here we raise and lower indices with
respect to the metric g). It follows that x(¢) is the unit speed geodesic > (¢, 0), and &/ (t) = %/ (¢). Then
g{)k’g‘ ;& =1, and with our choice of coordinates & I'=1 and £% = 0 so that also

gle=1, gf&a=0.
We further have
£y = —30,,87 (1, 008,80 = —Jal"E 8.
Noting that d; has unit length, we have

£ =gu(t, 06" =1.
Since &, = gak (t, 0)EF = g41 (¢, 0), we can therefore choose

Oo(1) =t,

©1(t) = ga1(2, 0)y*.



2036 CARLOS KENIG AND MIKKO SALO

Using these choices and the facts above, in (7-3), the expressions in brackets will indeed vanish, and one
obtains

g7%9;08,0 — 1
= (83" +++ EE + 2302+ ) +2(g K+ BB O + ) +2(g8 4+ E (@2 + )
+8"1 001+ ) 301 +--) +28' 0,01+ )BOr+-- ) + g7 (0.0 +-- )9O + - )
= (20°€;5 + 28,02 + 28 6.0, 02 + 280,010, 02 + 837 0,02050 + 2 1% 68,01 + g4 (3,01)?)

N
+)° (g;;kg 16 +20,0, + 2875 60,0, +2809,0,0,0, + 2427 3,0,940,,
p=3

p—1 p—1 p—2

+23 g g00+2 ) g% aao+ Y gt Y 96,90,
=1 =2 =0 rts=p—I

o b2 1<r,s<p
+3 5 > 80,8.0,+) gf Y aa®raﬁ®s)+0<|y|N+‘>.
1=0 rs=p—Ii+1 1=0 rts=p—i+2
I<r<p 2<r,s<p

2<s<p

We want to choose ®, so that the first term in brackets vanishes. Recalling that we are looking for ®;
in the form ©,(¢, y) = % wp ()Y yﬁ , where H (¢) is a smooth complex symmetric matrix; it follows that
H should satisfy the matrix equation

. k 1 b
Hopy*y? +2¢0 & HypyP + 28, 9,01 Hypy? + g8 Hyo Hspy® yP = Fupy®yP,

where F'(¢) is a real-valued smooth symmetric matrix. This can be further written as the matrix Riccati
equation
H+BH+HB' +HCH=F,

where B(¢) and C(¢) are real smooth matrices and C is symmetric. More precisely, since g{ -
3.87% (¢, 0)y*, we have

BY = 8" (1. 0)& + 8y bur  C0 =g, (7-4)
Choosing H (ty) = Hop, where Hy is a complex symmetric matrix with Im(Hp) positive definite, it follows
that the Riccati equation has a unique smooth complex symmetric solution H (¢) with Im(H (¢)) positive
definite; see [Katchalov et al. 2001]. This completes the construction of ®,. From the lower order terms
we can find ®3, ..., Oy successively by solving linear first order ODEs on I' with prescribed initial
conditions at #y. In this way, we obtain a smooth ® satisfying (7-2).

The next step is to find a such that

s[2(d®, da) 4+ (A®)al]—iAa =0 to N-thorderonI.
We look for a in the form

a=t""Y%ag+sa_i+ - +sNa_y)x(y/8),



THE CALDERON PROBLEM WITH PARTIAL DATA ON MANIFOLDS AND APPLICATIONS 2037

where x is a smooth function with x =1 for |y| < 1/4 and x =0 for |y| > 1/2. Writing n = A®, it is
sufficient to determine a; so that

2(d®, dag) +nap =0 to N-th order on I',
2{(d®,da_1)+na_1 —iAay=0 to N-thorderon I,

2(dO,da_n)+na_y —iAa_n—1)=0 to N-thorderonT.

Consider ap = agp + -+ - + aon, where ag;(z, y) is a polynomial of order j in y, and similarly let
n=no+---+ny. We compute
2(d®, dag) + nag
=2(gy' +-- )30+ ) Braog +- ) +2(g" ++ - )(3Op+-- ) (dattor +---)
+2(g0" + ) BaO1 ) Brao++ ) 208+ ) (001 + ) (Butor ++ )
+ (mo+n1+---)(ao +ao +- ).

Recalling that 9,09 =&, =1 and 0,0, = &,, where g(l)jéj =1 and ggJSj =0, we obtain

2(d®,dag) + nag
=2[gs'61+80' @ O1+)+ (81" ++ ) @O0+ )+ 80 Ea+ 80" 0Oz + ) +(g{*+++) (0 O1 ++--)]
X (3;app + --+)
+2[g0% (@01 + ) + (g1 + )3, B0 + ) + 857 (9pO2 + ) + (& + ) (@501 + )]
X (0gao1 + -++) + (mo +n1 +---)(apo +aor +--+)

N
= [20:a00 + Moacol + Y _[20:a0p + 45 y* duatop + moao, + Fp1+ O(Iy N,
p=1

where qgﬂ (¢) are smooth functions only depending on g and ©, and F, (¢, y) is a polynomial of degree p
in y that only depends on g, ®, n, and aqo, ..., ap,p—1.
We want to choose agg so that the first term in brackets vanishes, that is,

drapo + l%noaoo =0.

This has the solution
=(1/2) [ no(s) ds

apo(r) = coe . aoo(to) = co.
We obtain agy, . . ., agy successively by solving linear first order ODEs with prescribed initial conditions
at tp. The functions ay, ..., ay may be determined in a similar way so that the required equations are

satisfied to N-th order on I'. This completes the construction of a.
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®

To review what has been achieved so far, we have constructed a function vy = ¢'*“a in U, where

O, y) =1 +E (1)Y* + L Hyg (1) y*yP + O,

at,y)=t" V%ag+sa +--+sNa_mx /8,

1
ap(t,0) = Coei(l/z) f’o UO(S)ds‘

Here © = O(|y|3) and © and each a; are independent of 7. Also, f = (—A — s2)v, has the form
f=e"0Tm (gt shy+ - 45~V Vv —s TV Aa_w) x (3/8) + €OV b (v/8),

where, for each j, one has h; = 0 to N-th order on I', b vanishes near I", and X is a smooth function
with ¥ = 0 for |y| > 1/2. We also note that d®(y (1)) = y(t)° and Hess,, 1) (Im(O|(;=4,))) = Im(H (79)).

To prove the norm estimates for v in U, note that
|eis(~)| e ReO,—TIm O _ =1 ,—(1/DTIm(H(1)y-y ,~20(y]) ,~TO(yI*)

Here Im(H (t))y - y > c|y|? for (¢, y) € U, where ¢ > 0 depends on Hy, g, and I. By decreasing &’ if
necessary, this shows the following bound when ¢ in a fixed compact set:

g8, I S TV e VDT (3787,
Integrating the square of this over U, we get, as T — 00,
Isll2wy S TP Ae WD) L gy = 0(1).
Similarly, we have

I(=A = s vl 2y S T DA WD P (2 N+ =Ny
= 0O/,

The norm estimates for v in U follow upon replacing N by 2K 4 3.

For the L?(d M) estimate, if U contains a boundary point xo = (¥p, 0) € 9 M, by assumption (9/91)|, is
transversal to dM. If p is a boundary defining function for M, so M is given as the zero set p(t, y) =0
near xo and Vp = —v on dM, then (dp/9dt)(xp) # 0 and, by the implicit function theorem, there is a
smooth function y — #(y) near O such that 0 M is given by {(t(y), y) : |y| < ro} near xo. The bound for
v, given above implies that, for 8" small,

_ _ 2
sl om0y = / o5t (), MIAS(Y) S / t DR R gy = 0(1).
lyl<ro ly

|<ro
At this point we can construct the quasimode vg in M from the corresponding quasimodes defined
on small pieces. Let y([—e, L + €]) be covered by open sets U@, ..., UN*D as in Lemma 7.4, and
note that each U/ corresponds to / ; x B(0, §) in the (¢, y) coordinates. Suppose first that y does not
self-intersect at time t = 0. We find a quasimode v(©® = ¢/ 0”40 jh y©® by the above procedure, with
some fixed initial conditions at = 0 for the ODEs determining ®® and a®. Choose some t; with

is@W

y(ty) eU O AU, and construct a quasimode v = e a™ in UM by choosing the initial conditions

for the ODEs for ®" and a" at 1, to be the corresponding values of O© and a© at t;- Continuing
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in this way, we obtain v@® WD Tf y self-intersects at t = 0, we start the construction from v
fixing initial conditions for the ODEs at ¢ = 0, and find v(®) by going backward.
Let {x;(¢)} be a partition of unity near [—¢, L +¢] corresponding to the cover {/;}, let x;(z, y) = X;(¢)

on UY), and define
N+1

vy = Z va(j).
j=0

Then vy is smooth in M and it is supported in a small neighborhood of y ([—¢, L 4 €]). The important
point is that since the ODEs for the phase functions and amplitudes have the same initial data in U/) and
in UUHD and since the local coordinates ¢; and ¢, coincide on goj_l((l jN1j41) x B), one actually
has v = U+ in <pj_1((lj N1jy1) x B). Letting py, ..., pg be the points where y intersects itself, we
choose an open cover of supp(vs) N1 M,

R

N+1
supp(vs) "M C (U Vr) U < U (WjoU Wj,1)>’
j=0

r=1
where V, are small neighborhoods of the points p, and W, o, W; 1 C U, such that
vslV,. = Z U(j) and vS|Wj,1 = v(j"‘l).
y(tj))=pr

Since vy is a finite sum of the v in each case, the L?(M) bounds for v; and (—A — s%)v, and the
L?(d M) bounds for v, follow from corresponding bounds for the v}, The form of v, near points where
y does not self-intersect and the possibility to prescribe the K-th order jets of ®|;3 and a|yys at ¥ (0)
follow from the construction and Lemma 7.4.

To conclude the proof, using a partition of unity, it is enough to verify the limit (7-1) for any ¥
supported in one of the sets V, N M or W;; N\ M. Further, we can choose the sets V, to be so small that
the real part of d®Y) —d®® is nonvanishing near V; if y (t;) = y (t;) = p, but j # k. This follows since

Re(d®Y) —d@W)(p,) =y (t;))" — y (1) #0.

Here we may need to decrease & so that we still have an open cover.

Consider first the case where ¥ € C.(W;; N M). Here the support of ¥ may reach d M, and we extend
¥ by zero outside of W;; N M. Suppose that v, = ¢'*®a, where © =1 +&y* + 3H(®)y -y + O(|y]*)
and a = 1" D/ *(ao+ O0(x7 1)) x(v/8'), and let p = |g|'/%. Then

/ |vesin Py dVe
M (o.¢]
— — .y 3 ) — —
= / / 1 e M =T IM(H0)y-y ,TOyI") O] L (m 1)/2(|a0|2 +0(t 1)))(()’/5/)21#,0 dt dy
—0 Rm—

o.¢]
_ _ . —1/2 Nk —-1/2 ) —
:/ . 2At/ o~ IMHO)Yy 47RO ;= 20U (10 (1. =112y 2
— Rm—1

o0
+ 0@ X/ e, T ) p, T2y dr dy.
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Since Im(H (¢)) is positive definite and &’ is sufficiently small, the term e~ ImH®)yy dominates the other
exponentials and one obtains

L
lim / [Veqin P dV, = / e_ZM< / e—lm<H“”>"ydy)|ao(t,O)I2w(t,0)p(t,0)dt.
T—>00 M 0 Rmfl

Evaluating the integral over y gives

lim / lveyin*¥ dV, =C /L o2 lao(t, 0)|?p(t, 0)

We will prove below that

v (t,0)dt.

a0t 0P p(1.0) _
vdetIm(H (1))

The limit (7-1) will follow upon dividing the family {v,} by a suitable constant.
If v € C.(V, N M) (again supp(y) may extend up to d M), we have

b= Y 00,

y(t))=pr

|vg)? = Z DRAEEE Z v y®,

y(tj)=pr y(t))=y (t)=pr
J#k

onst. (7-5)

so that on V,

We arranged earlier for Re(d®Y) —dO®) to be nonvanishing near V, if y(¢;) = y (%) = p, but j #k.
Thus the cross terms give rise to terms of the form
/ vy @V = / 9w By 4y,

v,n\M V,n\M
where ¢ = Re(@) — ®®) has nonvanishing gradient in V,, and w® = ¢is m©") p=ARe(®™) 4 (D) " We wish
to prove that

lim W DOy dv =0, j £k, (7-6)

T—00 V.A\M

showing that the cross terms vanish in the limit and the previous computation for [v®|> shows the limit

(7-1) also when v is supported in some V, N M. To show (7-6), let ¢ > 0 and decompose ¥ = | + V7,
where ¥y € C2°(V, N M) and || Y2l L v,nm) < €. Then

/ e w Dy, dV‘ S Hw P 2 w® [ 2l Se,
V.N\M

since [[w ;2 < [v®| ;2 < 1. For the smooth part ¥, we employ a nonstationary phase argument and
integrate by parts using that

‘ 1.
¢ = — L), Lw=(de| 2dg, dw).
1T
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This gives
ito, (N ® WY (Hi® 1 ito (D
e wwky dV = —— v vy dS + — e L' (wYw®y) dV.
V.M am iT|dg] it Jv,nm

Since [Jv?|| r2om) = O(1), the boundary term can be made arbitrarily small as T — oo. As for the last
term, the worst behavior is when the transpose L' acts on e’ Im(@(”), and these terms have bounds of the
form

[la (@Y ) W L@l L2 191 .

Here |d(Im(®\/)))| < |y|if (¢, y) are coordinates along the geodesic segment corresponding to v/), and
the computation above for ||[v'/)||;> shows that

[1d(AIm@ D) | 1Pl 2yl S 7712

This finishes the proof of (7-6) and also of (7-1).
It remains to show (7-5). We have
—["R d
lao(t, 0)P (1, 0) = eo e fo RO o1 0112,
Note that ng(¢) is given by
no(?)
= AB(,0)
= (¢ 9x0 + 8,8 %O + 1217129, (12| g 8 ©) (¢, 0)
=¢"197O0+28"“01aO1 + g 0p©2 40,871 9,:O0 + 0, 87 0,01 + 50, (log|g) (g7 9, B0 + ¢/“ 0 O1)
=2¢""Eq + 8" Hup + (3,871 + 50, (loglg D g’ &.
The conditions gjkék = 8{ and gl"‘éa = g”‘ék = —(a,g”‘)ék at (¢, 0), together with the general fact that
9, (log|g|) = —g;xdg’*, imply that
n0(t) = g€y + g°" Hop + (30.8°")&k + 30: (log| ).
Recalling the definition of the B and C matrices in (7-4), this says precisely that
no(t) = BS + C* Hyy + 33, (log|gl)
= te(B(t) + C(1)H (1)) + 59; (loglgl).
Consequently, |ag(t, 0)|*p(t, 0) = che Jig WBOHEORH N s o ihe other hand, by [Katchalov et al.
2001, Lemma 2.58], solutions of the matrix Riccati equation have the property that

detIm(H (1)) = det Im(H (t))e >0 "EOHCORH N ds

This proves the result. U

The proof of Proposition 7.1 now follows quickly from the way we have set up the previous result.
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Proof of Proposition 7.1. Let y : [0, L] — M be a nontangential broken ray with endpoints on E, and

(0)

let 0 <t <--- <ty < L be the times of reflection. Let vy~ be a Gaussian beam quasimode as in

Proposition 7.5 associated with the geodesic y |j0.;,7- We will construct another Gaussian beam quasimode

( ) o _ vsl)|aM will be small near y (#1).

0 _ lSG)(J)

associated with y |4 1] such that v
In fact, by Proposition 7.5 we have vy a'/) near y (t;), and we can choose the K -th order jet

of ©W |, at y(#;) to be equal to that of ®(0) |ap with the following exception: we always have

dOM) oy =y (t1—)",
dOM)yey =y @i+

It follows that
O ox)ly 1) = 7 (1 —)ans

OV oa) ) = ¥ (14 ) o

where we have taken the projections to the cotangent space of 0 M at y (¢;). But by the rule that the angle
of incidence equals angle of reflection, y (; —)I;ln equals y (#; +)fan. Thus the K-th order jets of @@ |3y,
and ®V|;,, actually coincide at y (#1), and by Proposition 7.5 we can also arrange for the K -th order jets
of a5y and aV |54 to coincide at y (7).

Write f; = v — M lam, and let (¢, y) be coordinates near y (¢;) such that 9 M is parametrized by
y > (t1, ¥) and y (#1) corresponds to (¢1, 0). Recall that v(] ) are supported in small tubular neighborhoods
of the corresponding geodesic segments. By the above considerations and the construction of @) and
a’), and dropping the variable 7, from the notations, the restrictions of ©/) and a/) to dM satisfy

OV =0 +EV (), aP(y) =alk)+bY (),

where © is a polynomial of order K, a = t™~D/4Gx (y/8"), where a is a polynomial of order K, and
IED(y)] < Clyl* ™ and [bY)(y)| < CT=D/4)y|KHy(y/8") on supp(x (- /8), where x is a cutoff
function and &’ is a constant independent of t that can be chosen as small as we want (these initially
depend on j, but since there are finitely many reflections, we can choose them independently of j). Here
© and EY) are independent of 7, and a and b"/) are mildly T-dependent and satisfy uniform bounds with
respect to 7. Then

o = O ((¢i"E 2O ‘SE“))a 4 oIE ) _ e,-sgmb(l))‘

We have
eSEY _oisBY — g @ _ ~(1>)/ isrEO+(1-nED) 4.

and, consequently, near y =0,

ol o) K+1
|elSu _ B K+leCr|y| ]

| < Ctly|

Thus, near y =0,
_ _ A S K+1
| fs ()] < Crm= D/ Im@) g |y KA CTITT 5 (3 /8.



THE CALDERON PROBLEM WITH PARTIAL DATA ON MANIFOLDS AND APPLICATIONS 2043

Using that the Hessian of Im(®) at 0 is positive definite and choosing 8’ sufficiently small, we have
£ ()] < Cem Dby K5y (y/8)).
Integrating the square of | f;| over R”~! and changing y to /%y, we obtain

I fsll L2cryy = O (x K —D/2),

where R; is a small neighborhood of y (¢;) on d M containing the set of interest.
Repeating this construction for the other points of reflection, we end up with a quasimode

N
ve=) (=D
j=0

that is supported in a small neighborhood of the broken ray y. Since all points of reflection are distinct,
we can arrange that the quasimode satisfies

lvslgllL2cr) = O(x~ KD/,

It also satisfies
I(=A = s vsllzan = 0@, Ivsllzan = 0.

Replacing K by 2K + 1, we have proved all the other statements in the proposition except for the
expression of the limit measure. To do this, we consider the finitely many points where the full broken
ray y self-intersects or reflects, and decompose the terms v.ﬁj ) as in the proof of Proposition 7.5 to parts
living in small neighborhoods of the self-intersection and reflection points and parts away from these
points. Now all self-intersection points are in the interior or on E and all self-intersections must be
transversal, and also all reflections are transversal. Consequently, when forming |vs|?, the cross terms
arising from different parts living near the same self-intersection or reflection point contribute an o(1)
term by nonstationary phase as in the proof of Proposition 7.5. Thus the limit measure of |vg|? d Vg is

indeed the measure e~/ d,, where 8, is the delta function of the broken ray y. U

8. Recovering the broken ray transform

In this section we give the proof of Theorem 2.4 concerning the recovery of integrals over broken rays.

Proof of Theorem 2.4. The proof is very similar to the proof of Theorem 2.1, except that we use reflected
Gaussian beam quasimodes instead of WKB type quasimodes. Let y : [0, L] — M, be a nontangential
broken ray with endpoints on E, and let A > 0. Alsolet g=e®goand g; =c(q; — c(”_z)/“Ag(c_(”_z)/“)).
Consider the complex frequency
S=T+IA,
where 7 > 0 will be large. We look for solutions
i =e (s (x") + 1),

ity = e (vg(x") +1r7)
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of the equations (—Agz + §1)ii1 = 0, (—Az + §2)iix = 0 in M. Here v; € C® (M) is the quasimode
constructed in Proposition 7.1 that concentrates near the given broken ray y and is small on My \ E.
Since Az = 37 + Ay, the function ii; is a solution if and only if

N (—Ag+G1)(e ) = —(—Agy +G1 — sHvs(x') in M.
We look for a solution in the form r; = ¢/**'r| where r; satisfies
e (=N +q)e ™ rp=f inM
with
== (=D 441 — 55 (x).

To arrange that it [, = 0, fix some small § > 0, let S+ and Sy be the sets in Proposition 4.3 with Carleman
weight ¢(x) = —x, and consider the boundary condition

e™rils us, =€ f-,

where

f_:

—e My (x’) onTy,
0 on (S_USy \T;.

For any fixed K > 0, by Proposition 7.1 and by the condition that I'; C R x (0 My \ E), we may assume
that the following bounds are valid:

1A 2any = O, If=llz2sy =0, /=l = O ™5).
It follows from Proposition 4.3 that there is a solution r| satisfying the above boundary condition and
having the estimate
Il = O™,
Choosing r| as described above and choosing r; = el r{, we have produced a solution it; € H A (M)
of the equation (—Ajz +g1)u; =0 in M, having the form
it =e " (vs(x") +7r1)

and satisfying

supp(ity|apy) COMLUOM_UT,

and [[ry |l L2py = O(r~ 1) as T — oco. Repeating this construction for the Carleman weight ¢(x) = x;, we
obtain a solution i, € H, A; (M) of the equation (—A; + 52)&2 =0 in M, having the form

ity = €™ (vs(x") +12)

satisfying the same support condition and bound for [|r2 |12 (ps)-
Writing u; = c_(”_z)/“ﬁj, Lemma 6.2 shows that u; € Ha (M) are solutions of (—A, +¢1)u; =0
and (—Ag +¢g2)uz =0 in M. Then Proposition 6.1 implies that

/ (g1 — q2)uyur dVy = 0.
M
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We extend g — g2 by zero to R x M. Inserting the expressions for u; and using the equality dV, =
"2 dx, dVyg, (x), we obtain

o0
f / (@1 — q2)ce” M1 (Jug (X)) |2 + vsia + Vsry +r172) dxy dVe, (x) = 0.
Mo —o0

Since ||l 2y = O(t " ast— oo, Proposition 7.1 implies that

L
/ e M (c(q1 — q2))" 2x, y (1)) di =0.
0

This concludes the proof. O
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