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Let
q
L= a;()XiX;+ao(x)Xo,
i,j=1
where Xy, X1, ..., X, are real smooth vector fields satisfying Hormander’s condition in some bounded

domain 2 C R" (n > g + 1), and the coefficients a;; = a;;, ao are real valued, bounded measurable
functions defined in €2, satisfying the uniform positivity conditions

q
RIEP <Y a&E <V EP, pw<ax) <p
i,j=1

for a.e. x € Q, every £ € R?, and some constant i > 0.
We prove that if the coefficients a;;, ap belong to the Holder space C§ (£2) with respect to the distance
induced by the vector fields, local Schauder estimates of the following kind hold:
I1X: X jullce @) + 1 Xoullcy @y = c{llLullcg @) + llullLow)}

for any Q' € Q.
If the coefficients a;;, ag belong to the space VMO 1o (£2) with respect to the distance induced by the
vector fields, local L? estimates of the following kind hold, for every p € (1, 00):

1 X: X jullpr @y + 1 XoullLr )y < clllLullir) + llullLr @)}
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1. Introduction

Let us consider a family of real smooth vector fields

n
X; :Zbij(x)axj, i=0,1,2,...,q
j=1

(here g + 1 < n), defined in some bounded domain 2 of R"” and satisfying Hérmander’s condition: the Lie
algebra generated by the X; at any point of €2 spans R". Under these assumptions, Hormander’s operators

q
£=> "X} +Xo

i=1

have been studied since the late 1960s. Hormander [1967] proved that & is hypoelliptic, while Rothschild
and Stein [1976] proved that, for these operators, a priori estimates of L? type for second order derivatives
with respect to the vector fields hold, namely,

q q
D XX jull Loy + | Xoull Loy < c{ 1Lull Lo + lullLrey + Y ||X,~u||mm} (1-1)
i,j=1 i=1

for any p € (1, 00), Q' € Q.
Note that the “drift” vector field X has weight two, compared with the vector fields

X; fori=1,2,...,q.

Many more results have been proved in the literature for operators without the drift term (“sum of squares”
of Hormander type) than for complete Hormander’s operators. On the other hand, complete operators owe
their interest, for instance, to the class of Kolmogorov—Fokker—Planck operators, which arise naturally in
many fields of physics, natural sciences, and finance as the transport-diffusion equations satisfied by the
transition probability density of stochastic systems of ODEs which describe some real system governed by
a basically deterministic law perturbed by some kind of white noise. The study of Kolmogorov—Fokker—
Planck operators in the framework of Hérmander’s operators received a strong impulse from [Lanconelli
and Polidoro 1994], which started a lively line of research. We refer to [Lanconelli et al. 2002] for a good
survey of this field, with further motivations for the study of these equations and related references.

Let us also note that the study of Hormander’s operators is considerably easier when & is left invariant
with respect to a suitable Lie group of translations and homogeneous of degree two with respect to a
suitable family of dilations (which are group automorphisms of the corresponding group of translations).
In this case we say that & has an underlying structure of homogeneous group and, by a famous result due
to Folland [1975], & possesses a homogeneous left invariant global fundamental solution, which turns
out to be a precious tool in proving a priori estimates.
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In the last ten years, more general classes of nonvariational operators structured on Hormander’s vector
fields have been studied, namely,

q
£=Y" a;(x)X; X, (1-2)
i,j=1
q
L= a;(x.HX;X;— b, (1-3)
ij=1
q
L= a;(x)X;X; +ao(x)Xo, (1-4)
ij=1

where the matrix {a;; (- )}Z =1 is symmetric positive definite and the coefficients are bounded (ay is
bounded away from zero) and satisfy suitable mild regularity assumptions; for instance, they belong
to Holder or VMO spaces defined with respect to the distance induced by the vector fields. Since the
a;;’s are not C*°, these operators are no longer hypoelliptic. Nevertheless, a priori estimates on second
order derivatives with respect to the vector fields are a natural result which does not in principle require
smoothness of the coefficients. Namely, a priori estimates in L? (with coefficients a;; in VMOyx N L>°)
have been proved for operators (1-2) [Bramanti and Brandolini 2000a] and for operators (1-4) [Bramanti
and Brandolini 2000b] but in homogeneous groups; a priori estimates in C§ spaces (with coefficients
a;j in C%) have been proved for operators (1-3) [Bramanti and Brandolini 2007] and for operators (1-4)
[Gutiérrez and Lanconelli 2009] but in homogeneous groups. Here the Holder space C§ and the VMOy
space are defined with respect to the distance induced by the vector fields (see Section 3D for precise
definitions).
In the particular case of Kolmogorov—Fokker—Planck operators, which can be written as

q
L= ai;j(x)d}, +Xo

i,j=1

for a suitable drift Xy, L? estimates (when a;; are VMO) have been proved [Bramanti et al. 1996] in
homogeneous groups, while Schauder estimates (when a;; are Holder continuous) have been proved
[Di Francesco and Polidoro 2006] under more general assumptions (namely, assuming the existence of
translations but not necessarily dilations, adapted to the operator). We recall that the idea of proving
L? estimates for nonvariational operators with leading coefficients in VMO N L* (instead of assuming
their uniform continuity) appeared for the first time in [Chiarenza et al. 1991; Chiarenza et al. 1993] by
Chiarenza, Frasca, and Longo, in the uniformly elliptic case.

The aim of the present paper is to prove both L? and C* local estimates for general operators (1-4)
structured on Hormander’s vector fields “with drift”, without assuming the existence of any group structure,
under the appropriate assumptions on the coefficients a;;, ap. Namely, our basic estimates read as follows:

lull 2p gy = clliLullizr@ + llulliLe@)} 1-5)
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for p € (1, 00) and any Q' € Q if the coefficients are VMOy joc(£2), and
lull 2oy = clllEullcg @) + Nullize @)} (1-6)

fora € (0, 1) and Q" € Q if the coefficients are C§(£2). The related Sobolev and Holder spaces §2P ,
C }2(’0’ are those induced by the vector fields X;, and will be precisely defined in Section 3D. Clearly, these
estimates are more general than those contained in all the aforementioned papers.

At first sight, this kind of result could seem a straightforward generalization of existing theories.
However, several difficulties exist, some hidden in subtle details. We are going to describe some of them.
First of all, we have to remark that in [Rothschild and Stein 1976], although S}Z{,p estimates are stated
for both sum of squares and complete Hormander’s operators, proofs are given only in the first case.
While some adaptations are quite straightforward, this is not always the case. Therefore, some results
proved in the present paper can be seen also as a detailed proof of results stated in [Rothschild and Stein
1976], in the drift case. One of the new difficulties in the drift case is related to the proof of suitable
representation formulas for second order derivatives X; X ;u of a test function, in terms of u and Lu, via
singular integrals and commutators of singular integrals. In turn, the reason why these representation
formulas are harder to prove in the presence of a drift relies on the fact that a technical result which allows
us to exchange, in a suitable sense, the action of X;-derivatives with that of suitable integral operators
assumes a more involved form when the drift is present.

Once the suitable representation formulas are established, a real variable machinery similar to that used
in [Bramanti and Brandolini 2000a; 2007] can be applied, and this is the reason why we have chosen to
give in a single paper a unified treatment of L” and C§ estimates. More specifically, one considers a
bounded domain 2 endowed with the control distance induced by the vector fields X;, which has been
defined, in the drift case, by Nagel, Stein, and Wainger [Nagel et al. 1985], and the Lebesgue measure,
which is locally doubling with respect to these metric balls, as proved in [Nagel et al. 1985]. However,
a problem arises when trying to apply to this context known results about singular integrals in metric
doubling spaces (or “spaces of homogeneous type”, after [Coifman and Weiss 1971]). Namely, what we
should know to apply this theory on some domain Q" € € is a doubling property such as

w(B(x,2r)NQ) <cu(Bx,r)NQ) foranyx e Q' €, r>0 (1-7)
while what we actually know, in view of [Nagel et al. 1985], is
w(B(x,2r)) <cu(B(x,r)) foranyx e Q' €, 0 <r <ry. (1-8)

It has been known since [Franchi and Lanconelli 1983] that, when Q' is for instance a metric ball,
condition (1-7) follows from (1-8) as soon as the distance satisfies a kind of segment property which
reads as follows: for any couple of points x1, x; at distance r and for any number § < r and ¢ > 0, there
exists a point xg having distance < § from x; and <r — § 4+ ¢ from x, (this fact explicitly appears, for
instance, from the proof given in [Bramanti and Brandolini 2005, Lemma 4.2]). However, while when
the drift term is lacking, the distance induced by the X; is easily seen to satisfy this property, this is no
longer the case when the field Xy with weight two enters the definition of distance, and, as far as we
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know, a condition of kind (1-7) has never been proved in this context for a metric ball €, or for any other
special kind of bounded domain 2. Thus we are forced to apply a theory of singular integrals which
does not require the full strength of the global doubling condition (1-7). A first possibility is to consider
the context of nondoubling spaces, as studied by Tolsa, Nazarov, Treil, and Volberg, and other authors
(see, for instance, [Tolsa 2001; Nazarov et al. 2003] and the references therein). Results of L? and C*
continuity for singular integrals of this kind, applicable to our context, have been proved in [Bramanti
2010]. However, to prove our L? estimates (1-5), we also need some commutator estimates, of the kind
of the well-known result proved by [Coifman et al. 1976], which, as far as we know, are not presently
available in the framework of general nondoubling quasimetric (or metric) spaces. For this reason, we
have recently developed [Bramanti and Zhu 2012] a theory of locally homogeneous spaces which is quite
a natural framework where all the results we need about singular integrals and their commutators with
BMO functions can be proved. To give a unified treatment of both L” and C* estimates, here we have
decided to prove both by exploiting the results in [Bramanti and Zhu 2012]. We note that our Schauder
estimates could also be obtained by applying the results in [Bramanti 2010], while L? estimates could
not.

Once the basic estimates on second order derivatives are established, a natural, but nontrivial, extension
consists in proving similar estimates for derivatives of (weighted) order k + 2, in terms of k derivatives of
Su (assuming, of course, that the coefficients of the operator possess the corresponding further regularity).
In the presence of a drift, it is reasonable to restrict this study to the case of k even, as already appears
from the analog result proved in homogeneous groups [Bramanti and Brandolini 2000b]. Even in this
case, a proof of this extension seems to be a difficult task, and we have decided not to lengthen the paper
to address this problem.

2. Assumptions and main results
We now state precisely our assumptions and main results. All the function spaces involved in the statements
below will be precisely defined in Section 3D. Our basic assumption is as follows.
Assumption (H). Let
q
L= aij(0)X; X +ao(x)Xo,
ij=1

where the X, X1, ..., X, are real smooth vector fields satisfying Hormander’s condition (see Section 3A)
in some bounded domain 2 C R" and the coefficients a;; = aj;, ao are real valued, bounded measurable
functions defined in €2, satisfying the uniform positivity conditions

q
WEP <Y ay(0&E <p 5P p<an) <p
i,j=1

for a.e. x € Q, every £ € R?, and some constant u > 0.

Our main results are contained in the next two theorems.
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Theorem 2.1. In addition to (H), assume that the coefficients a;;, ay belong to C%(S2) for some a € (0, 1).
Then, for every domain Q' € 2, there exists a constant ¢ > 0 depending on Q', Q, X;, o, i, lla;j llce (@)
and ||aol|ce () such that, for every u € C)Q(’a(Q), one has

lull c2e g = ctliEullcg @ + lullLe)-

Theorem 2.2. In addition to (H), assume that the coefficients a;;, ap belong to the space VMOx 15 (£2).
Then, for every p € (1, 00), any Q' € Q, there exists a constant ¢ depending on X;, n, q, p, i, ', Q, and
the VMO moduli of a;; and ag such that, for every u € S)Z(’p(Q),

lullg2r gy = clliZulliLr + lullLr @)}

Remark 2.3. Under the assumptions of the previous theorems, it is not restrictive to assume ag(x) to be
equal to 1, for we can always rewrite (1-4) in the form

q
s
> iX,-X,-+XO=i
=1 % 0

and apply the a priori estimates to this equation, controlling C§ or VMO moduli of the new coefficients
a;j/aop in terms of the analogous moduli of a;;, ao, and the constant . Therefore, throughout the following
we will always take ag = 1.

3. Known results and preparatory results from real analysis and geometry of vector fields

3A. Hormander’s vector fields, lifting, and approximation. Let X, X1, ..., X, be a system of real
smooth vector fields

n
Xi=) bij()d;, i=0,12....4

j=1
(¢ + 1 < n) defined in some bounded, open and connected subset €2 of R”. Let us assign to each X; a
weight p;, saying that

po=2 and p;=1 fori=1,2,...,q.
For any multiindex
I=(y,i2,...,0k), 0=<i;=<gq,

we define the weight of I as
k
111=>p
j=1

and we set

X1 =X Xip - Xiy,

Xin =X, [Xiys - [ Xy Xi 1oL

where [X, Y] = XY — Y X for any couple of vector fields X, Y.
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We will say that X7 is a commutator of weight |I]. As usual, X|;) can be seen either as a differential
operator or as a vector field. We will write

Xinf

to denote the differential operator X[ acting on a function f, and

(X1«

to denote the vector field X7 evaluated at the point x € .

We shall say that X = {Xo, X1, ..., X} satisfies Hérmander’s condition of weight s if these vector
fields, together with their commutators of weight < s, span the tangent space at every point x € €.

Let € be the free Lie algebra of weight s on ¢ + 1 generators, that is, the quotient of the free Lie algebra
with g + 1 generators by the ideal generated by the commutators of weight at least s + 1. We say that the
vector fields Xy, ..., X, which satisfy Hormander’s condition of weight s at some point xo € R", are
free up to order s at x¢ if n = dim £, as a vector space (note that inequality < always holds). The famous
lifting theorem proved by Rothschild and Stein [1976, p. 272] reads as follows.

Theorem 3.1. Let X = (Xo, X1, ..., Xy) be C™ real vector fields on a domain Q@ C R" satisfying
Hormander’s condition of weight s in Q. Then, for any x € 2, in terms of new variables, h, 11, . .., hy,
there exist smooth functions Ajj(x,h) (0 <i <gq,n+1 <1 < N) defined in a neighborhood U of
£ = (%, 0) € RY such that the vector fields X; given by

X; = X+Zx,,(x h) i=0,....q,
[=n+1

satisfy Hormander’s condition of weight s and are free up to weight s at every point in U.

Let X = (fo, X Lo § ¢) be the lifted vector fields which are free up to weight s at some point
£ € RV and let £ be the free Lie algebra generated by X. For each j, 1 < j <s, we can select a family
{X] «}x of commutators of weight j, with X1 k= Xk, Xz 1= Xo, k=1,2,...,q, such that {XJ k)jk is a
basis of £, that is to say, there exists a set A of double-indices « such that {XO,}O[e 4 1s a basis of £. Note
that Card A = N, which allows us to identify ¢ with RV .

Now, in RY we can consider the group structure of N(g + 1, s), which is the simply connected Lie
group associated to £. We will write o for the Lie group operation (which we think of as a translation)
and assume that the group identity is the origin. It is also possible to assume that u~' = —u (the group
inverse is the Euclidean opposite). We can naturally define dilations in N (g + 1, s) by

D) ((te)aen) = Mug)gen (3-1)

with | j, k| = j. These are group automorphisms, hence N (g + 1, s) is a homogeneous group, in the sense
of Stein [1993, pp. 618-622]. We will call this group G, leaving the numbers ¢, s implicitly understood.
We can define in G a homogeneous norm || - || as follows. For any u € G, u # 0, set

||u||=r©)D(%>u‘:l,



1800 MARCO BRAMANTI AND MAOCHUN ZHU

where | - | denotes the Euclidean norm.
The function
dg(u, v) =lv"" oul

is a quasidistance, that is
dg(u,v) >0 and dg(u,v)=0 ifandonlyifu=v,
do(u,v) =dg(v, u), (3-2)
dg(u, v) < c(dg(u, 2) +dg(z, v))

for every u, v, z € G and some positive constant ¢(G) > 1. We define the balls with respect to dg as
Bu,r):={veRY :dgu,v) <r}.

It can be proved [Stein 1993, p. 619] that the Lebesgue measure in RV is the Haar measure of G.
Therefore, by (3-1),
|Bu,r)| = |Bu, DIr?

for every u € G and r > 0, where Q =), _, la|. We will call Q the homogeneous dimension of G.
Let 7, be the left translation operator acting on functions: (t, f)(v) = f (uov). We say that a differential
operator P on G is left invariant if P(zt, f) = 1,(Pf) for every smooth function f.
We say that a differential operator P on G is homogeneous of degree 6 > 0 if

P(f(DMu)) =2 (Pf)(D(M)u)

for every test function f and every A > 0, u € G. We also say that a function f is homogeneous of degree
s eRif
FDMu) =2°f(u) forevery A >0, u €G.

Clearly, if P is a differential operator homogeneous of degree §; and f is a homogeneous function
of degree §,, then Pf is a homogeneous function of degree §, — §;, while f P is a differential operator,
homogeneous of degree §; — ;.

Let Y, be the left invariant vector field which agrees with d/(duy) atOand set Yy x =Yi, k=1,...,q,
Y>1 =Yp. The differential operator Y; ; is homogeneous of degree i, and {Y,}qeca is a basis of the free
Lie algebra ¢.

A differential operator on G is said to have local degree less than or equal to A if, after taking the
Taylor expansion at O of its coefficients, each term obtained is a differential operator homogeneous of
degree < A.

Also, a function on G is said to have local degree greater than or equal to X if, after taking the Taylor
expansion at O of its coefficients, each term obtained is a homogeneous function of degree > A. For
E.ne U, define the map

®n(€) = (Ua)aca
with & = exp( > ua)?a)n. We will also write ©(n, §) = ©,(§).

a€eA
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We can now state Rothschild and Stein’s approximation theorem [1976, p. 273].

Theorem 3.2. In the coordinates given by ©(n, - ) we can write X i=Yi+ Ri" on an open neighborhood

of 0, where R? is a vector field of local degree at most O fori =1, ...,q (and at most 1 for i = 0)
depending smoothly on 1. Explicitly, this means that, for every f € C°(G),
Xilf©@, NIE) = (Vi f + R (O, £)). (3-3)

More generally, for every double-index (i, k) € A, we can write

Xiklf @O, NIE) = YVisf + R, ) (©(@, £)), (3-4)
where RZ i Is a vector field of local degree < i — 1 depending smoothly on 1.

Some other important properties of the map ® are stated in the next theorem (see [Rothschild and
Stein 1976, pp. 284-287]).

Theorem 3.3. Let & € RY and U be a neighborhood of & such that for any 1 € U the map O(n, -) is well
defined in U. For & ne U, define
p(m, &) =100, &), (3-5)

where || - || is the homogeneous norm defined above. Then

@ O, &) =0E 0~ =—-0, 0 forevery g, neU;
(b) p is a quasidistance in U (that is satisfies the three properties (3-2));

(¢c) under the change of coordinates u = Og (1), the measure element becomes
dn=c() - (1+w&, u)du, (3-6)

where c(§) is a smooth function, bounded and bounded away from zero in U , w(&, u) is a smooth
function in both variables with

lw (&, u)| < cllull,
and an analogous statement is true for the change of coordinates u = ©,(§).

Remark 3.4. As we recalled in the introduction, in [Rothschild and Stein 1976] detailed proofs are given
only when the drift term X is lacking. A proof of the lifting and approximation results explicitly covering
the drift case can be found in [Bramanti et al. 2010], where the theory is also extended to the case of
nonsmooth Hormander’s vector fields. We refer to the introduction of [Bramanti et al. 2010] for further
bibliographic remarks about existing alternative proofs of the lifting and approximation theorems.

3B. Metric induced by vector fields. Let us start by recalling the definition of control distance given by
Nagel, Stein, Wainger [Nagel et al. 1985] for Hormander’s vector fields with drift.

Definition 3.5. For any § > 0, let C(8) be the class of absolutely continuous mappings ¢: [0, 1] —
which satisfy

¢' ()= MOX)ew forae.te(0,1) (3-7)

[I|<s
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with [A7(1)] < 8!1. We define
d(x,y) =inf{s : there exists ¢ € C(6) with ¢(0) = x, (1) = y}.

The finiteness of d immediately follows by Hérmander’s condition: since the vector fields {X|/1}7/<s
span R”, we can always join any two points x, y with a curve ¢ of the kind (3-7); moreover, d turns
out to be a distance. Analogously to what Nagel, Stein, and Wainger [Nagel et al. 1985] do when Xj is
lacking, in [Bramanti et al. 2013] the following notion is introduced.

Definition 3.6. For any § > 0, let C;(5) be the class of absolutely continuous mappings ¢ : [0, 1] —
which satisfy

q
¢'()=> 1i(t)(Xi)pw forae.te(0,1)
i=0

with |[Ao(¢)] < 8% and [Aj(@)] <dforj=1,...,q. We define
dx(x,y) =1inf{$ : there exists ¢ € C1(8) with ¢(0) =x, ¢(1) = y}.

Note that the finiteness of dx (x, y) for any two points x, y € €2 is not a trivial fact, but depends on a
connectivity result (“Chow’s theorem’); moreover, it can be proved that d and dx are locally equivalent,
and that dy is still a distance (see [Bramanti et al. 2013], where these results are proved in the more
general setting of nonsmooth vector fields). From now on we will always refer to dx as the control
distance induced by the system of Hormander’s vector fields X. It is well-known that this distance is
topologically equivalent to the Euclidean one. For any x € €2, we set

B(x,r)={yeQ:dx(x,y) <r}
The basic result about the measure of metric balls is the famous local doubling condition.
Theorem 3.7 [Nagel et al. 1985]. For every Q' € Q2 there exist positive constants c, ro such that, for any
xeQ,r <ro,
|B(x,2r)| < c|B(x, r)|.
As already pointed out in the introduction, the distance dy does not satisfy the segment property: given
two points at distance r, it is generally impossible to find a third point at distance r/2 from both. A

weaker property which this distance actually satisfies is contained in the next lemma, and will be useful
when dealing with the properties of Holder spaces C%.

Lemma 3.8. Forany x, y € 2, positive integer n, € > 0, we can join x to y with a curve y and find n + 1
points po =X, p1, P2, ..., Pn =Y on 'y, such that

1+¢ .
dx(pj, pj+1) < NG dx(x,y) forj=0,2,...,n—1.
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Proof. For any x,y € Q with dx(x, y) = R, any ¢ > 0, by Definition 3.6 we can join x and y with a
curve y (t) satisfying

q
yO) =x, y(H=y, Y®O=Y uO&Xyw,
i=0

with [4;(1)| < R(14¢),fori =1,...,q and |[Ao(1)] < (R(1 +¢))>.
Let y;(t) =y((t+j)/n) for j =0,1,2,...,n—1. Then y;(¢) satisfies

j i+ 1
y;i(0) = V(%) =:pj, yi()= V(JT) =pjti-

In particular, py = x and p, = y. Moreover,

) I, [t+)
i ==3 ki (T’)(X»y_,(,)

i=0

1. [(t+] R(1+¢)\?
(5= (5F7)

fori=1,...,49,j=0,2,...,n—1. Thus

with

n

I)L_ t+j ‘ R(1+¢)
n ( n ) RV

R(1+¢)
dx(pj, pj+1) < T

for j =0,2,...,n—1, so we are done. U

The free lifted vector fields X; induce, in the neighborhood where they are defined, a control distance
dy; we will denote by B (&, r) the corresponding metric balls. In this lifted setting we can also consider
the quasidistance p defined in (3-5). The two functions turn out to be equivalent.

Lemma 3.9. Let &, U be as in Theorem 3.3. There exists §(§, R) C U such that the distance dy is
equivalent to the quasidistance p in (3-5) in B(&, R), and both are greater than the Euclidean distance;
namely, there exist positive constants cy, ¢, c3 such that

cilg —=nl < c2p(n. §) <dg(n. &) <c3p(n. &) forevery&,ne BE, R).

This fact is proved in [Nagel et al. 1985]; see also [Bramanti et al. 2010, Proposition 22].

3C. Locally homogeneous spaces. We are now going to recall the notion of locally homogeneous space,
introduced in [Bramanti and Zhu 2012]. Roughly speaking, a locally homogeneous space is a set €2
endowed with a function d which is a quasidistance on any compact subset, and a measure u which
is locally doubling, in a sense which will be made precise below. In our concrete situation, our set is
endowed with a function d which is a distance in €2, and a locally doubling measure. We can therefore
give the following definition, which is simpler than that given in [Bramanti and Zhu 2012].
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Definition 3.10. Let (€2, d) be a metric space, and let & be a positive regular Borel measure in €.
Assume there exists an increasing sequence {£2,}°° ; of bounded measurable subsets of €2 such that

[e.¢]
Q, = (3-8)
n=1
and, foranyn=1,2,3, ...,
(i) the closure of €2, in €2 is compact,
(i1) there exists &, > 0 such that
{(xeQ:d(x,y) <2, forsomeyeQ,}C i, (3-9)

(iii) there exists C, > 1 such that, for any x € Q,, 0 <r <¢,, we have
0 < u(B(x,2r)) < Cyu(B(x,r)) < oo. (3-10)
(Note that for x € 2, and r < ¢, we also have B(x, 2r) C Q,+1.)

We say that (2, {€2,}°2,, d, u) is a (metric) locally homogeneous space if the above assumptions hold.

Any space satisfying the above definition a fortiori satisfies the definition of locally homogeneous
space given in [Bramanti and Zhu 2012].

Next, we discuss some facts about local singular kernels. For fixed €2, €2,,+1, and a fixed ball B(x, Ry),
with x € Q, and Ry < 2¢, (hence B(x, Ry) C ©2,+1), let K(x, y) be a measurable function defined for
x,y € B(x, Rg), x # y. We now list a series of possible assumptions on the kernel K which are involved
in the theorems that we will apply in the following.

(i) We say that K satisfies the standard estimates for some v € [0, 1) if the following hold:

Ad(x,y)’
K@= B, die ) S

for x, y € B(x, Ry) with x # y, and

(3-12)

v B
|K (x0, y) — K (x, )| + K (y, x0) — K(y, x)| < Bd(xo, y) (d(xo,x)>

w(B(xo, d(xo, ) \d(x0, y)
for any xg, x, y € B(x, Ry) with d(xg, y) > 2d(xg, x), and some 8 > 0.

(i) We say that K satisfies the cancellation property if the following holds: there exists C > 0 such that,
for a.e. x € B(x, Ro) and every &1, &2 such that 0 < &1 < & and B,(x, &2) C Q,41,

/ K(x,y)du(y)'-i- / K (z,x)du(z)
Qnr1,61<p(x.y)<e2 Qui1,e1<p(x,2)<&2

where p is any quasidistance (see (3-2)) equivalent to d in €2,41 and B, denotes p-balls.

<C, (3-13)
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(iii)) We say that K satisfies the convergence condition if the following holds: for a.e. x € B(x, Rp) such
that B,(x, R) C 2,1, there exists

hg(x) =lim K(x,y)du(y), (3-14)
e=0JQ, 1,e<p(x,y)<R

where p is any quasidistance equivalent to d in €2,,4.

Application of the abstract theory to our setting. Let’s now explain how this abstract setting will be
used to describe our concrete situation. The a priori estimates we will prove in Theorems 2.1 and 2.2
involve a fixed subdomain Q" € Q. Let us fix this Q" once and for all. For any X € ' we can perform in
a suitable neighborhood of x the lifting and approximation procedure as explained in Section 3A. Let
£ = (%¥,0) € RN and B(E, R) be as in Lemma 3.9. Then we can choose

N

~ o~ ~(- kR
Q=BE, R Q=B(& —— | fork=1,2,3,....
(&, R); S (S k+1) or

By the properties of dy that we have listed in Section 3B, and particularly Theorem 3.7, we see that
(@, Q) dy, d§)

is a metric locally homogeneous space. The function p(§,n) = ||®©(n, )| will play the role of the
quasidistance appearing in conditions (3-13) and (3-14), in view of Lemma 3.9. This is the basic setting
where we will apply several results about singular integrals in locally homogeneous spaces, which have
been proved in [Bramanti and Zhu 2012]. Here we do not repeat the statements of all those theorems.
Instead, we will give a precise reference to [Bramanti and Zhu 2012] for each one. We just note that,
since in our situation we are dealing with a metric locally homogeneous space, the constants which are
called B, in [Bramanti and Zhu 2012], here are equal to 1.

In the space of the original variables (€2, dx, dx), instead, we will not apply singular integral estimates,
but we will again use the local doubling condition when we establish some important properties of
function spaces C* and VMO (see Section 3D). Note that if €2 is an increasing sequence of domains
with Qr € Qi1 € 2, we can say that

(2, {4}k, dx, dx)
is a metric locally homogeneous space.

3D. Function spaces. The aim of this section is twofold. First, we want to define the basic function
spaces we will need and point out their main properties; second, we want to find a relation between
function spaces defined over a ball B(x,r) C Q2 C R" and those over the corresponding lifted ball
B (€, r) C RN. More precisely, we need to know that f(x) belongs to some function space on B if and
only if fx, h)=fx) belongs to the analogous function space on B. This last fact relies on the following
known result; see [Nagel et al. 1985, Lemmas 3.1 and 3.2, p. 139].
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Theorem 3.11. Let us denote by B and B the balls defined with respect to dx and dy, respectively. There
exist constants 8y € (0, 1), rg, c1, ¢ > 0 such that

1 vol(B, (x, h)) < vol(B,(x)) - vol{h’ € RN ™" : (z, ') € B,(x, h)} < c2 vol(B, (x, h)) (3-15)

forevery x € Q, z € Bs,(x), and r <ry. (Here “vol” stands for the Lebesgue measure in the appropriate
dimension, x denotes a point in R", and h a point in RN="). More precisely, the condition 7 € Bs,,(x) is
needed only for the validity of the first inequality in (3-15). Moreover,

dg((x, h), (x', b)) = dx (x, x"). (3-16)
Finally, the projection of the lifted ball Er (x, h) on R" is just the ball B(x, r), and this projection is onto.

A consequence of the above theorem is the following.

Corollary 3.12. For any positive function g defined in B.(x) C 2, r < ro, one has

1

2
g(y)dy < g(y)dydh' <

T T = g(y)dy, (3-17)
| Bsor (O J s, (x) |Br(x, )| JB, (x.h) |Br ()| J B, x)

where 8 is the constant in Theorem 3.11.

Proof. By (3-15) and the locally doubling condition, we have, for some fixed g < 1 as in Theorem 3.11,

1 1
I — g dydh = ~——— g(y) dy/ dhn’
|Br(x, )| JB, (x.1) |Br(x, h)| JB,(x) (' eRN=1:(y,h')eB, (x,h)}
c1 B, (x, h)| c
> ———g(dy> ——— gy dy,
|B(x, )| By, 0 |Br(¥)] | Bsor ()] J By, ()

where in the last inequality we exploited the doubling condition | B, (x)| < c¢|Bs,-(x)|, which holds because
B,(x) C 2 and r < ry. The proof of the second inequality in (3-17) is analogous but easier, since it
involves the second inequality in (3-15), which does not require the condition y € Bj,, (x). (I

3D.1. Hoélder spaces.
Definition 3.13. Forany O <o < 1,u: Q2 — R, let

lu(x) —u(y)|
—dx(x, B X, yEQ, X #y},

lullcs @) = lulce@) + lullLe(,
CSX((Q) = {I/t Q- R: ||u||ca(Q) < OO}

lulce @) = Sup{

Also, for any positive integer k, let
CRU () ={u:Q— R |Jullcregg) < 00},

with

k¢
lull ko = D D 1K) - Xjullea + lullcx,
1II=1 ji=0
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where I = (j1, j2, .-+, J1)-
We will set C‘)’( 0(§2) and ct X, O(Q) for the subspaces of C%(£2) and C’;“(Q) of functions which are

compactly supported in €2, and set C;(B), CX (B), C;"( O(B), and C)? 0(B) for the analogous function
spaces over B defined by the X;.

We will also write CI;O(SZ) to denote the space of functions with continuous X-derivatives up to
weight k.

Let us note that we will sometimes also need to use the classical spaces of (possibly compactly
supported) continuously differentiable functions, denoted as usual by C! (or C(l)).

The next proposition, adapted from [Bramanti and Brandolini 2007, Proposition 4.2], collects some
properties of C* functions which will be useful later. We will apply these properties mainly in the context
of lifted variables, that is, for the vector fields X ; on a ball B (£, R).

Proposition 3.14. Let B(x, 2R) be a fixed ball where the vector fields X; and the control distance d are
well defined.

(i) Forany § € (0, 1) and any f € C'(B(x, (1+8)R)), one has

q
|f<x>—f(y)|§§dx<x,y)(2 sup |X; f|+dx(x.y) sup |X0f|> (3-18)

=1 BG.(1+8)R) B(E,(1+8)R)

forany x,y € B(x, R).
If fe Cé (B(x, R)), one can simply write, for any x, y € B(x, R),

If () = fFD)] < edx (x, y)(Z sup |X; fl4dx(x,y) sup IXofI) (3-19)

B(x,R) B(x,R)

In particular, for f € CO1 (B(x, R)),

| flces.ry <R (Z sup |X;f|+ R sup |X0f|> (3-20)

i—1 B&.R) B(x,R)

The assumption f € C' (or G 1) can be replaced by f Cy 2 (or C? .0 Tespectively).
(ii) For any couple of functions f, g € C{(B(x, R)), one has

|f8glcesi.r)y < | flcemi ryllgllLese Ry + 18lce B rR) I fllL=BE R)

and

I fellce i ry) < 211 f lce s ryllgllce B R))- (3-21)

Moreover, if both f and g vanish at least at a point of B(x, R), then

| f8glce B R) < cR*|flce(nz R)I8lCY (B, R)- (3-22)
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(iii) Let B(x;,r) (i=1,2,...,k) be afinite family of balls of the same radius r such that Ule B(x;,2r)C
Q. Then, for any [ € CL(R2),

£ s, B < cZufnca(B(x, 2) (3-23)
i=1

with ¢ depending on the family of balls, but not on f.

(iv) There exists ro > 0 such that, for any f € C?%(B()E, R)) and 0 < r < rg, we have the interpolation
inequality

2
X0 f |z r)y < r**1Xoflce B Ry + ;”f”L"O(B()E,R))- (3-24)

Proof. The proof of (ii)—(iii) is similar to that in [Bramanti and Brandolini 2007, Proposition 4.2], hence
we will only prove (i) and (iv).

Throughout this proof we will write d for dx. (Actually, we will apply this proposition both to dx and
to dy).

(i) Fix 8 € (0, 1) and let R’ = (1 + 8)R. Let us distinguish two cases.
Case 1: d(x, y) < R’ —max(d(x, x),d(x, y)). Let £ > 0 be such that

d(x,y)+e& < R —max(d(x, x),d(x, y)), (3-25)

hence, by Definition 3.6, there exists a curve ¢(t) such that ¢(0) = x, ¢(1) = y, and

q
¢'(1) =Y (X

i=0
with [A; ()| < (d(x, y) + ), [Ao(?)| < (d(x,y) +e)* fori=1,...,q. By (3-25),
B(x,d(x,y)+¢) C B(x, R,

hence every point y (¢) for ¢ € (0, 1) belongs to B(x, R"). Then we can write

1 4
:‘/O Zki(t)(Xif)w(z)df

< (d(x, y>+e)2 sup |X; f1+ (d(x, ) +¢)* sup |Xofl,
i—1 B&.R) B(%,R')

la
lf )= fI= ‘/ d_f(fﬂ(l))dl
o ar

and since ¢ is arbitrary, this implies (3-19) and, in particular, (3-18). We note that the above argu-
ment relies on the differentiability of f along the curve ¢, which holds under either the assumption
feCY(BX,(1+8)R)) or f eC? ¥ (B(x, (1+48)R)) (since X( has weight two).

Case 2: d(x,y) > R’ —max(d(x, x), d(x, y)). Let us write

If) = fDI=1f) = fOI+1f&) = fI=A+B.
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Each of the terms A, B can be bounded by an argument similar to that in Case 1 (since both x and y can
be joined to x by curves contained in B(x, R)), giving

q
lf)—fnl = [d(x,i)er(y,i)]‘{Z sup |X; f|+[d(x,X)+d(y, X)] sup IXofI}-
i—1 BGR) B(x,R)
Now it is enough to show that

d(x, %) +d(y, %) < gd(x, ).

To show this, let r := max(d(x, x), d(x, y)). Then
2 2
d(x,x)+d(y,x) <2r < E(R’ —r) < gd(x, y),

where the second inequality holds since » < R and R’ = (1 +8) R, and the last inequality is the assumption
d(x,y) > R —max(d(x, x),d(x, y)). This completes the proof of (3-18), which immediately implies
(3-19) and (3-20).

(iv) Let f € C;Z{,O({)(B(f, R)). For any x € B(x, R), let y(t) be the curve such that
Y'(0) = X0y, vO) =x.

This y (¢) will be defined at least for ¢ € [0, rg] where r¢ > 0 is a number only depending on B(x, R) and
Xo. Then, for any r € (0, rg), we can write, for some 6 € (0, 1),

d
flyr)—fy©) = ra[f()/(t))]z:er =r(Xof)(y(©Or)),
hence

1
(Xof)(x) = Xo )y () = Xo /)y @r) + ~[f (y () = £y (O))]

and since, by definition of y and d, d(y(0), y (6r)) < (8r)'/%, we get
2
[(Xo /)| = [(Xof)(¥(0) = (Xof)(y(Or))|+ ;”f”LOO
/2 2
<O XoflceBi Ry + ;”f”LOO(B()E,R))

a/2 2
=r*IXoflcy i, r) + ;||f||L°°(B()z,R)),
so we are done. (Il

Next, we are going to study the relation between the spaces C§(Bg) and C ;’i{ (E R)-

Proposition 3.15. Let §(§, R) be a lifted ball (see the end of Section 3C), with £ = (%,0). If fisa
function defined in B(x, R) and f(x, h) = f(x) is regarded as a function defined on ER (é, R), the
following inequalities hold (whenever the right-hand side is finite):

|f|c;1((§(§,1e)) <|flcesi.R)>

C

| flee .5y < m|f|c§(§(§,t)) forO<s <t <R, (3-26)
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where c also depends on R. Moreover,
1 Xi Xiy - Xy flea e, ry = 1 X Xiy - Xi fleg . pys (3-27)

| Xiy Xiy - - Xikf|C%(§(§,[)) (3-28)

t

C
[Xi Xiy - - Xip fleas.s) < (t—9)?

forO<s<t<Randi;=0,1,2,...,q.

As already done in [Bramanti and Brandolini 2007, Proposition 8.3], to prove the above relation
between Holder spaces over B and B we have to exploit an equivalent integral characterization of
Holder continuous functions, analogous to the one established in the classical case by Campanato [1963].
However, to avoid integration over sets of the kind 2N B(x, r) (with the related problem of assuring a

suitable doubling condition), we need to apply the local version of this result which has been established
in [Bramanti and Zhu 2012].

Definition 3.16. For X € @/, B(x, R) C Q, f e L'(B(x, R)),a € (0,1),and 0 <5 <1 <1, let

Mo B,g. B, () = sup | f(y) —cldy.

inf ———
xeB(E.sR).r<(i—s)R CER r¥*|B.(X)| JB,(x)
If f e C§(B(x, R)), then
Mo Bk, Bx (f) < | flceBr(xo)-
Moreover, we get the following.

Lemma 3.17. Forx € Q', B(X,2R)) CQ2, R < Ry,a € (0,1),and0 <s <t <1,if f € LI(B()E, tR))
is a function such that My g, B,,(f) < 00, then there exists a function f*, a.e. equal to f, such that
f*eCY(B(x,sR)) and

| f*legBG.sR) < My By B,z (f)

(t —s)?
for some c independent of f, s, t.
Proof. We can apply [Bramanti and Zhu 2012, Theorem 9.2] choosing 2 = B(x, sR), Q2¢+1 = B(X, tR),

en = R(t —s). The locally doubling constant can be chosen independently of R, since B(x, 2Rg) C €2,
R < Ry. We conclude that there exists a function f*, a.e. equal to f, such that

|f*(0) = f* O] < ¢ Mo, By, B, (fdx (x, y)*

for any x, y € B(x, sR) with dx(x,y) < R(t —s)/2.
Now if x, y are any two points in Bsg(xg), and r = dx(x, y), by Lemma 3.8 we can find n + 1 points
X0 =X, X1, X2, ...,X;, =y in Byr(xp) such that
2r
dx(xi, xi—1) < —=.

Jr
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Let n be the least integer such that 2r//n < R(t — s)/2. Then

£ = FE O S D 1F* ) = R i) £ D cMa g, (Fdx (i, xi-1)"

i=1 i=1
S ncMOt,BSR,BrR (f)dX(xv y)a

Let us find an upper bound on n. We know that

ﬁ<ch(X,Y)< c
~ R(it—s) t—s

’

since dx (x, y) < 2R for x, y € B;r(x0). Hence n < ¢/(t — 5)? and the lemma is proved. U

Proof of Proposition 3.15. The first inequality immediately follows by (3-16). To prove the second one,
let0<s <t <1andx e B(x, dosR), where §g is the number in Theorem 3.11, r < R(t — ), f;: = (x,0).
Since the projection 7 : B ((x,s),8) = B(x, 8) is onto (see Theorem 3.11), there exists 4 € RV =" such
that & = (x, h) € B (€, 80sR). Then, by Corollary 3.12, we have

1 c

- | f(n) — kldn; (3-29)
re |B(30r(x)| Bsr (x)

C
[f(y) —kldy < ——=<——
r|B&,r)l JBeEn

choosing k = f(x) = f (&), the latter quantity is
c .~ -
< alfleeBern™ = clflceden:
Since r < R(t —s) and d (&, €) < Sos R, we have the inclusion
B(&,r) C B, 80sR+ R(t —5)) =: B¢, R)

so that (3-29) implies

Mo B(.50sR). BG00R) () = €l flee B rr)»
and, by Lemma 3.17, we conclude
* c r -
|/ lce (B 80sR)) = )2 |f|c%(3(g,R,)).
Note that R’ — §gs R = R(¢t — s), hence, changing our notation to
SosR=s', R =t
we get
* ¢ 3 ~
[f*lce sy < m|f|(:%(3(§,ﬂ))

for 0 < s’ <t < R, with ¢ also depending on R. This is (3-26).
Now inequalities (3-27) and (3-28) also follow, because X f f = X, f, hence the same reasoning can be
iterated to higher order derivatives. U
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3D.2. Sobolev spaces.

Definition 3.18. If X = (Xo, X1, ..., X;) is any system of smooth vector fields satisfying Hormander’s
condition in a domain Q2 C R", the Sobolev space Si’p (R2) (1 < p < 00) consists of L”-functions with 2
(weighted) derivatives with respect to the vector fields X;, in L?. Explicitly,

lullgr g, = ||u||Lp<Q>+Z||Du||Lp<Q>,
i=1
q q

where || D'ullr@) =D I Xl 1D ullLr) = [ Xoullr@ + Y 1XiX jull o).
i=1 i,j=1

Also, we can define the spaces of functions vanishing at the boundary saying that u So X(Q) if there
exists a sequence {uy} of C oo(Q) functions convergmg to u in S P (Q) Similarly, we can define the
Sobolev spaces S~p (B) S P (B) over a lifted ball B induced by the X.

The following has been proved [Bramanti and Brandolini 2000a, Proposition 3.5].

Proposition 3.19. Ifu € S)zf’p(Q) and ¢ € C°(R2), then ugp € Sg:ﬁ;(Q), and an analogous property holds
for the space Sg;(g).

Moreover, we have the following.

Theorem 3.20. Let f € L?(B(x,r), f(x, h) = f(x), and E(S, r) be the lifted ball of B(x,r), with
£=(x,0) e RN. Then

cill flleresory = W LeBe,ry < 2l fllLrBee,ry)s
C1 ||f”S)2(’p(B(x,80r)) S ||f“5)2?’17(§(§’r)) S C2||f||s)2(»l’(3(x’r))’
where 8y < 1 is the number appearing in Theorem 3.11.

Proof. The first inequality follows by Theorem 3.11; the second follows by the first, since

Xif =X f = X)) O
3D.3. Vanishing mean oscillation. Let us recall the following abstract definition.
Definition 3.21 [Bramanti and Zhu 2012, Definition 6.1]. Let (2, {€2,}72 ,,
homogeneous space (see Section 3C). For any function u € L (2,4+1) and r > 0 with r < g,,, set
1

m (r)=sup sup ———— lu(x) —up|du(x),
s S2n: s 1=r xoe9, W(B(0, 1) Jeon

d, i) be a metric locally

where ug = u(B(xg, 1)) ™! fB(xo,t) u. We say that u € BMOoc (2, 2,,41) if

[ llBMOL (21, 2041) = SUP Ty 0, ., () < 0©.

r<ée,
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We say that u € VMO0c (2, Q41) if u € BMOyoc (2,1, €2,,+1) and
M@ sy ) = 0 asr — 0.

The function n:,QanH will be called the VMO local modulus of u in (£2,,, 2,+1).

We need to specialize this definition to our concrete situation. First, let us endow our domain €2 with
the structure

(€2, {2}k, dx, dx)
of locally homogeneous space described at the end of Section 3C. Then:

Definition 3.22 (local VMO). We say that a € VMOx 10.(€2) if
a € VMOioc (R, Q2k41)  for every k.

More explicitly, this means that, for any fixed ' € €2, the function

M, q.(r) =sup sup [ (x) — up, (x| dx,

t<r xoe |Bi(x0)| JB,(xo)
is finite for r < ry and vanishes for r — 0, where r( is the number such that the local doubling condition
of Theorem 3.7 holds:
|B(x,2r)| <c|B(x,r)| foranyx €/, r <r.

As for Holder continuous and Sobolev functions, we need a comparison result for VMO functions in
the original variables and the lifted ones. By Corollary 3.12 we immediately have the following.

Proposition 3.23. Let a € VMOx 1oc(2). Then, for any Q' € @, xo € @', B(xo, R), and Q =
E(so, kR/(k + 1)) as before, we have that a(x, h) = a(x) belongs to the class VMOlOC(Qk, ﬁk) for
every k, with

* k
nd’f‘zk@kﬂ (r) < Cna,g/,g(r)-

In other words, the VMOj,. modulus of the original function a controls the VMO, modulus of its
lifted version.

4. Operators of type A and representation formulas

4A. Differential operators and fundamental solutions. We now define various differential operators
that we will handle in the following. Our main interest is to study the operator

q
¥ = Z aij(x)X,-Xj + X(),
i,j=1
under the assumption (H) in Section 2. Recall that, in view of Remark 2.3, we have set ap(x) = 1.
For any x € €2, we can apply the “lifting theorem” to the vector fields X; (see Section 3A for
the statement and notation), obtaining new vector fields X, which are free up to weight s and satisfy
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Hormander’s condition of weight s in a neighborhood of £=(x,0)eRN.For& = (x,1) € B (€, R), with
B(E, R) as in Lemma 3.9, set
aij(x,t) =a;;(x),
and let
~ q ~ o~ ~
$=>"a; X X;+Xo (4-1)
ij=1

be the lifted operator, defined in B (€, R). Next, we freeze & at some point &y € B (€, R), and consider
the frozen lifted operator

q
Fo=Y_ @)X X; + Xo. (4-2)
i,j=1

To study Py, in view of the “approximation theorem” (Theorem 3.2), we will consider the approximating
operator, defined on the homogeneous group G,

q
£ = Z a;j(§0)Y:Y; + Yo,
ij=I
and its transpose,
q
FoT = Z a;j(0)Y:Y; — Yo,
ij=1

where {Y;} are the left invariant vector fields on the group G defined in Section 3A.

We will apply to &£ and §£3T several results proved in [Bramanti and Brandolini 2000b], which in turn
are based on [Folland 1975, Theorem 2.1 and Corollary 2.8; Folland and Stein 1974, Proposition 8.5].
They are collected in the following theorem.

Theorem 4.1. Assume that the homogeneous dimension of G is Q > 3. For every & € B (€, R), the
operator £j has a unique fundamental solution " (§o; - ) such that

(@) T'(o; -) € CXRY\ {0});
(b) T'(&p; -) is homogeneous of degree (2 — Q);

(c) for every test function f and every v € RV,
F = [ T o0 ) du
moreover, for every i, j =1, ..., q, there exist constants o;;(§o) such that
YiY; f(v) =PV fR VYT ot 0 0) L f () du+ et Bo) - L f (0): 43)

(d) Y;Y;I'(§o; - ) is homogeneous of degree —Q;
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(e) forevery R >r >0,
[ vwr@wdi= [ v o =o.
r<|lull<R lull=1

In (4-3) the notation PV o - - - du stands for lim,_,¢ f”u - du.

“loy||>e "

Remark 4.2. By [Folland 1975, remark on p. 174], we know that the fundamental solution of the
transposed operator SNPgT is

I (€o; ) = T'(%0; u™") =T (§o; —u0).
(However, beware that Y;I'7 (&; u) # +Y;T(&0; —u).)

Throughout the following, we will set, fori, j =1,...,q,

I (6os u) =Y YT (605 -)1(u),
I os ) =YY (5o ) 1(u).

A second fundamental result we need contains a bound on the derivatives of I', uniform with respect
to &.

Theorem 4.3 [Bramanti and Brandolini 2000b, Theorem 12]. For every multi-index B, there exists a
constant ¢ = c¢(B, G, w) such that, foranyi, j=1,...,q,

9 B
<8_u> & u)

moreover, for the a;j appearing in (4-3), the uniform bound

sup

£€B(E,R)
lull=1

=¢

sup |a;j(§)] < c2
§€B(£.R)

holds for some constant ¢y = c2(G, w).

Remark 4.4. Theorems 4.1 and 4.3 still hold replacing I" by I'” and T; ; by FIC

4B. Operators of type A. As in [Rothschild and Stein 1976; Bramanti and Brandolini 2000a], we are
going to build a parametrix for 7 shaped on the homogeneous fundamental solution of £j. More generally,
we need to define a class of integral operators with different degrees of singularity. The next definition is
adapted from [Bramanti and Brandolini 2000a], the difference being the necessity, in the present case, to
consider integral kernels shaped on the fundamental solutions of both £ and §£3T.

Definition 4.5. For any & € B (€, R), we say that k(&o; &, n7) is a frozen kernel of type A (over the ball
B (€, R)) for some nonnegative integer A (we will use A =0, 1, 2) if, for every positive integer m, we can
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write, for &, n € E(é, R),
k(o €, m) =k (€03 &, ) + K" (€03 &, 1)

H,

= {Zai(é)bi(n)DiF(Eo; -) +ao(§)bo(n) Dol (§o; -)}(@)(n, £))
i=1

Hy,
+ {Za,f(é)b;(n)D;FT(so; ) +ag(&)by(m) DT (%o -)}(@(n, £),

i=1

where a;, b;, a;, b; € CgO(E (€,R)) (i=0,1,..., Hy,),and D; and D; are differential operators such that,
fori=1,..., H,, D; and le are homogeneous of degree <2 — A (so that D;I"(§p; - ), and D;FT(&); )
are homogeneous functions of degree > A — Q); Dy and D6 are differential operators such that DyI"(£p; )
and D{)FT(SO; -) have m (weighted) derivatives with respect to the vector fields ¥; (i =0, 1,...,¢q).
Moreover, the coefficients of the differential operators D;, le fori =0,1,..., H, possibly depend also

on the variables &, n, in such a way that the joint dependence on (&, 1, u) is smooth.

In order to simplify notation, we will not always express explicitly this dependence of the coefficients
of D; on &, n. Only if necessary will we write, for instance, a; (§)b; (n)Df’”F(SO; ®(n, &)) to recall this
dependence.

Remark 4.6. Note that if a smooth function c(&, n, u) is D(A)-homogeneous of some degree 8 with
respect to u, any & or n derivative of ¢ has the same homogeneity with respect to u, since

) . dc dc
c(&, 1, DWu) =1Pc(&,n,u) implies 8—S<s, n, D(Mu) = Aﬁa—s(s, n, u).

0 .. 9 e ..
<8§,~Di )F(go, ), (ame )F(&), )

has the same homogeneity as

Hence any derivative

DT (&; -).

Here and in the following, the symbol ((d/ ag,-)Df’”) f means that we have taken the &;-derivative of the
coefficients of the differential operator Df’", which acts on the u variables but contains &, n as parameters;
the resulting differential operator acts on the function f (u).

Definition 4.7. For any & € B (€, R), we say that T (&) is a frozen operator of type % > 1 (over the ball
E(é, R)) if k(&o; &, n) is a frozen kernel of type A and

T(So)f(é)=/§k(§o;§,n)f(n)dn

for f € C8°(§(§, R)). We say that T (&y) is a frozen operator of type 0 if k(&y; &, ) is a frozen kernel of
type 0 and

T(€) f(§) = PV fB K(Eo: £, 1) F () dn + (B, £) £ (&),
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where « is a bounded measurable function, smooth in &, and the principal value integral exists. Explicitly,
this principal value is defined by

PV /B k(Eo: €. 1) f (n). dy = lim k(Eo: €. 1) f (n) dn.

e=>0Jj0m.6)l>¢

Definition 4.8. If k(&y; &, n) is a frozen kernel of type A > 0, we say that k(&; &, n) is a variable kernel
of type X (over the ball B(E, R)), and

r7©) = [ Keseon faydn
B
is a variable operator of type A. If A = 0, the integral must be taken in principal value sense and a term
a (&, &) f (&) must be added.

In reference to Definition 4.5, we will call the k" and k” parts of k “the frozen kernels of type A modeled
on I'" and ', respectively. Analogously we will sometimes speak of frozen operators of type A modeled
on I or I'”, to denote that the kernel has this special form.

A common operation on frozen operators is transposition.

Definition 4.9. If T (&) is a frozen operator of type A > 0 over B (€, R), we will denote by T'(£))7 the
transposed operator, formally defined by

/Ef(%‘)T(So)Tg(%‘)dS=/Eg(S)T(%‘o)f(§)dS

for any f, g € Cgo(E(é, R)).

Clearly, if k(&o, &, ) is the kernel of T (£), then k(&o, 1, £) is the kernel of T (£y)” . It is useful to note
the following.

Proposition 4.10. If T (&) is a frozen operator of type A > 0 over B (€, R), modeled on T or T'T, then
T (&0)7 is a frozen operator of type A, modeled on T'T or T, respectively. In particular, the transpose of a
frozen operator of type X is still a frozen operator of type A.

Proof. Let D be any differential operator on the group G. For any f € C(‘)’O(E (€, R)), let f'(w) = f(—u).
Let D’ be the differential operator defined by the identity

D'f=(D(f").

Clearly, if D is homogeneous of some degree B, the same is true for D’; if DT'(£&y; -) or DT'T(&); -)
has m (weighted) derivatives with respect to the vector fields ¥; (i =0, 1, ..., g), the same is true for
D'T'(&y; -) or D'TT(&); -). Also, recalling that I'7 (£y; u) = I'(&y; —u), we have

(D'T)(u) = (DI'")(—u) and (D'TT)(u) = (DT)(—u).
Moreover, these identities can be iterated, for instance,

(D1 D2T)(—u) = (D1 (D21))(—u) = (D{(D2T) ) (u) = (D} DATT) (w).
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Therefore, if

Hm
K (o, & m) = {Z a;(§)bi (n) DT (§o; - ) + ao(§)bo(n) Dol (§o; - )}((9(77, £))

i=1

is a frozen kernel of type A modeled on I, then

Hy,
k' (€0, n,6) = {Zai(n)bi (&) DiT"(8o; -) +ao()bo(1) Dol (o; -)}(—(9(77, £))

i=1
Hpy

= {Zaim)bi@)D;rT(so; ) +aoE)bo() DT (& -)}(@(n, £)
i=1

is a frozen kernel of type A modeled on I'”. Analogously one can prove the converse. U

We now have to deal with the relations between operators of type A and the differential operators
represented by the vector fields X ;. This is a study which was carried out in [Rothschild and Stein 1976,
Section 14] and adapted to nonvariational operators in [Bramanti and Brandolini 2000a]. We are interested
in two main results. Roughly speaking, the first says that the composition, in any order, of an operator
of type A with the X, or X, derivative is an operator of type A — 1 or A — 2, respectively. The second
says that the X, derivative of an operator of type A can be rewritten as the sum of other operators of type
A, each acting on a different X j derivative, plus a suitable remainder. In [Rothschild and Stein 1976]
these results are proved only for a system of Hormander vector fields of weight one (that is, without the
drift), and several arguments are very condensed. Hence we need to extend and modify some arguments
in [Rothschild and Stein 1976, Section 14] to cover the present situation. Moreover, as in [Bramanti and
Brandolini 2000a], we need to keep under careful control the dependence of any quantity on the frozen
point &y appearing in I'(&, - ). For these and other technical reasons, we prefer to write complete proofs
of these properties. The first result is the following.

Theorem 4.11 [Rothschild and Stein 1976, Theorem 8]. Suppose T (&) is a frozen operator of type X > 1.
Then )N(kT(So) and T(Eo))?k (k=1,2,...,q) are operators of type . — 1. If A > 2, then yoT(éo) and
T(SQ))?O are operators of type A — 2.

To prove this, we begin by stating the following two lemmas.

Lemma 4.12. If k(£ &, 1) is a frozen kernel of type i > 1 over B(E, R), then (X jk)(&; -, n)(€) (j =
1,2,...,q) is a frozen kernel of type . — 1. If .. > 2, then (iok)(éo; -, (&) is a frozen kernel of type
A—=2.

Proof. This basically follows by the definition of kernel of type A and Theorem 3.2. When the X j
derivative acts on the & variable of a kernel DfF(SO, -), one also has to take into account Remark 4.6.

Here we just want to point out the following fact. The prototype of a frozen kernel of type 2 is the
function

a@)I'(Go: ©(n, £)b(n).
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Note that the computation

Xila(-)T (%o; ©(n, )bMIE) = a@LY; + RN (Eo; IO (1, £)b(n) + (X;a) (€T (Eo; ©(n, £)b(1)

in particular generates the term

a(E)(R/T)(&o; ) (O, £)b(n),

where the differential operator R? has coefficients depending on 7. In the proof of Theorem 4.11 we will
see another basic computation on frozen kernels which generates differential operators with coefficients
also depending on &. This is the reason why Definition 4.5 allows for this kind of dependence. O

Lemma 4.13. If T (&) is a frozen operator of type A > 1 over E(é, R), then )?iT(éo) i=12,....,9)is
a frozen operator of type . — 1. If A = 2, then )?()T(éo) is a frozen operator of type . — 2.

Proof. With reference to Definition 4.5, it is enough to consider the part k" of the kernel of T, the proof
for k” being completely analogous. So, let us consider the operator

XiT() (=1,2,....9),

where T (&) has kernel k.
If A > 1, the result immediately follows by the previous lemma. If A = 1, then

T(60) f () = /

B(&,R

)a(é‘)b(n)DlF(So; O(n, £) f () dn+T (o) f (6),

where T’ (&) is a frozen operator of type 2 and D; is a 1-homogeneous differential operator. We already
know that X; T’ (&o) is a frozen operator of type 1, so it remains to show that

ii/;_ a(§)b(m) DT (§o; (©(n, §))) f () dn
BE.R)

is a frozen operator of type 0. To do this, we have to apply a distributional argument, which will be used
several times in the following. Let us compute, for any w € C3° (E (£, R)),

/~_ ifw(é)ﬁ_ a(®)b(n) DT (o; (O (n, £))) f (n) diy d&
E.R) BE.R

B

=lim [ Xo®) [ a@bme.©0.£)DT : O £)f () dnds.
=V IBER) B(§,R)

where ¢, () = ¢(D(¢""u) and ¢ € C(‘)’O([R{N), o) =0 for |lu|| <1, ¢(u) =1 for ||u|| > 2. Here we
have written Dlé to recall that the coefficients of the differential operator D; also depend (smoothly) on &



1820 MARCO BRAMANTI AND MAOCHUN ZHU

as a parameter. By Theorem 3.2,

/E@ o Xlw@®) | )a(é)b(n)sﬂs(@(n, £)) DT (E: (O (. £))) f () dn d§

B(,R

= fg(g R)b(n)f(n) (X 0)®)a©)e (001, £)) DT (: (O, £))) dt dn

B(&.R)

= /E(éR)b(n)f(n) 0@ &) ) (O, £)D{T (o (O, £))) dé dn

B(.R)

+/§(§ R)b(n)f(n) _ 0®a®)e00, £)(X; DT (E: (O, £))) d& dn

B(,R)

+/N_ b F) | o@a@IYi + R (@ DT (: - )NI(O (. &) dé dn
B(&,R) B(&,R)
= A + Be + Ce. (4-4)

(For the meaning of the symbol X i Df appearing in the term B,, see Remark 4.6.) Now, for ¢ — 0,

Ac— | bopfm) | 0@ Xia)E)DiT (o (O, §))) d& dn
BE.R) BE.R)

=/~_ f(n)Sl(Eo)w(n)dn=f~_ oS0’ f(mdn, (4-5)
BE.R) BE.R

where S1(&y) is a frozen operator of type 1, and S;(&)” is still a frozen operator of type 1, by
Proposition 4.10. Next,

Bo— | bf) | o@®a@X; DT E: (O, §)) dé dn
BéER BE.R)

= /~ _ fSiEo)w(n) dn = /~ ~ omSiE) fdn,  (4-6)
B(,R) B(5,R)
where, by Remark 4.6, S/ (&) is a frozen operator of type 1, and the same is still true for S| (£0)T. Finally,

. — /E e IO [ 0@a®lecdi DN IO (0. ) de d

B(.R)

+/~_ b(n)f(n)ﬁ_ @ (§)a (@)l R} D1T (503 )(O(n, §)) dé dn
Bé.m Bé.m

+/~ by f) [ 0®a@[(Yi + R)@DiT (§o0; -)1(O(n, §)) d& dn
BE.R) BE.R)
= Cl+Cr+C. (4-7)

Now

Ce — w(é){PV/ ) a(&)YiD1F(So;®(n,$))b(n)f(n)dn}d$=[§_ ()T (5o) f(§)dE, (4-8)

B(E,R) BG,R) G.R
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where T (&) is a frozen operator of type 0. Note that the principal value exists because the kernel
Y; D1I"(&p; u) has a vanishing integral over spherical shells {# € G : r; < ||u|| < r;} (see Theorem 4.1).

c:— | w(&){/N_ a(%‘)R,-"DlF(So;®(77,-§))b(n)f(n)dn}d5=/~_ w(§)S(&o) f(§)dE, (4-9)
BE.R BER) BE.R)

where S(&p) is a frozen operator of type 1. To handle C 2 , let us perform the change of variables u =®(n, §),
which, by Theorem 3.3, gives

C§=/§(§ R)(bf)(n) ol R(wa)(®(n,-)_1(u))[(Yi+R?)¢5D1F(So; @) - eI+ O(lull)) du dn.

On the other hand, Y;p. (1) = (1/8)Y;0(D(1/€&)u), while R?(pg (u) is uniformly bounded in €. Hence the
change of variables D(1/e)u = v gives

1
C; = /~ ~BHm) (wa)(O(n, -)‘1(D(8)v))[—Yi<ﬂ(v)+ 0(1)]
BE.R) lvll<R/e €

-c(m)e'"2DIT (&; v)(1 + O(ev]))e? dv dn

[ wenm [ @ay @, ) 0)Yip) DT E: v) dudn
B(¢,R) lv]|<2

=/~ (wabcf)(n) Y;¢(v) DT (§; v) dv dn
B(¢,R) lv]l<2

- f  (wabef)mato. 1) dn, (4-10)
B(¢,R)

which is the integral of w times the multiplicative part of a frozen operator of type 0. It is worthwhile
(although not logically necessary to prove the theorem) to realize that the quantity o (&g, ) appearing
in (4-10) actually does not depend on the function ¢. Namely, recalling that Y;@(v) is supported in the
spherical shell 1 < ||v|| <2 with ¢(#) =1 for ||u|| =2 and ¢(u) = 0 for ||u|| = 1, an integration by parts
gives

/ Yip () DT (&; v)dv=—/ ¢()Y; DT (éo; v) dv+/ DT (£0; v)n; do (v)
1=lvll=2 I=|vl<2 lvl=2

with n; = Z?’zl bij(u)v;, where ¥; = Z?’zl b;j(u)d,; and v is the outer normal on [lv|| = 2. The
vanishing property of the kernel YiDlsF(é‘o; -) implies that if ¢ is a radial function, the first integral
vanishes. Therefore,

a (&, n)=/| - D|T (§0; v)n; do (v),

which also shows that «(%p, 7) smoothly depends on 1 and is bounded in &y (by Theorem 4.3). By
(4-4)—(4-6) and (4-8)—(4-10) we have therefore proved that

X T (§) f (&) = S150)" f&) + S{€0) f(&)+T (&) f () + 0. §)(abef) (),
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which is a frozen operator of type 0. This completes the proof of the first statement. The proof of the fact
that if A > 2, then )~(0T(§o) is a frozen operator of type A — 2 is completely analogous. ]

The above two lemmas imply the assertion on X «T (&) and ioT(’;‘o) in Theorem 4.11. To prove the
assertions about T(’;‘o))? ¢ and T(So))?o we need a way to express &£-derivatives of the integral kernel
in terms of n-derivatives of the kernel, in order to integrate by parts. This will involve the use of right
invariant vector fields on the group G: throughout the following, we will denote by

Y
the right invariant vector field on G satisfying Yfk f(0) =Y, f(0).

Lemma 4.14. Forany f € C;°(G) and n, & in a neighborhood of &, we can write, forany i =1,2,...,s,
k=1,2,...,k; (recall s is the step of the Lie algebra),

Xl £OC.ENIm) = -5 HO0. £) + ((Rik)'f)((@(n, £)), (4-11)
where (Ri ) is a vector field of local degree < i — 1 smoothly depending on &.
Proof. We start with the following.
Claim. For any function f defined on G, let
fw) = f(-u

(recall that —u = u~"); then the following identities hold:

Yiu(f)=—8f). (4-12)
Proof. Let us define the vector fields i/\,-’k by
Yir(f) = —=Tinf). (4-13)

Then, for any a € G, denoting by L,, R, the corresponding operators of left and right translation,
respectively (acting on functions), we have

iR f) ==Yk (Raf))=—YiklLoa f)=—L_o¥irf' =L_o(~Yis f)=L_a(¥is ) = (Ra¥ir f)
hence ﬁk are right invariant vector fields. Also, note that, for any vector field ¥ =" a; (u)9y;, we have
Y(f)(0) = —(Y£)(0),

because

YY) =" a;@)dy, [ f(—w)] == a;)(d,, f)(—u) implies
Y(f)0) == a;j(0)(3u; £)0) = —(Y£)(0).

Hence, by (4-13), we know that f/\k f(0) =Y, f(0). Therefore f’\k is the right invariant vector field which
coincides with Y} at the origin, that is, f/\k =Y, kR. |
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By (3-4) and (4-12),

Xialf(©C- D1

= Xixlf (OE, DI = Tin f'+ RS f)OE, n)

= —(YR ) (©E M) + R, f(OE M) = —¥R O &) + (R /) ©0,8), (4-14)
where

(RS £)w) = (RS f)(—u)

is a differential operator of degree <i — 1. This proves (4-11). U

Proof of Theorem 4.11. As we noted after Lemma 4.13, we are left to prove the assertion about T(éo)f ;
and T(éo)go. We only give the proof for the case A > 1,i =1, ..., g. The proof for L > 2, i = 0 being
very similar. Like in the proof of Lemma 4.13, it is enough to consider the part k’ of the kernel of T, the
proof for k” being completely analogous (see Definition 4.5). Let us expand

Hy,
K'(§0s €. m) = {Z a;j(&)bj(m)D,;T (%o; - )+ ao(&)bo(n) DoT (&o; - )}(@(77, £)),
j=1
where DoI" (&p; - ) has bounded Y;-derivatives (i =1, 2, ..., g). We can consider each of the terms
T;(50)Xi f(§) = / a;(&)b; (M DT (&: ©(n. £)X; f () dn
(this time it is important to recall the n-dependence of the coefficients of D;) and distinguish 2 cases:

(1) D;I" is homogeneous of degree > 2 — Q or it is regular (that is, D;I" has bounded Y;-derivatives);

(i1) T;(%p) is a frozen operator of type 1 and D;I" is homogeneous of degree 1 — Q.
Case (1). We can integrate by parts, recalling that the transpose of X, is
X" g(n) = —Xig(m +ci(mgm)
with ¢; smooth functions:
Tj(E0) X f ()
= f ci(ma;j(E)b;(mDIT (Eo; O(n, &) f () dn — / aj (S)(f(ibj)(n)D?F(fo; O, ) f(mdn

- f a;(€)b; (X[ DIT ;O (-, )1(n) f (n) dn — / a; ()b, () (X] DT o: © 1. £)f ()
= A®)+BE) +CE) + D).

Now, A(§) 4+ B(&) is still an operator of type A, applied to f; in particular, it can be seen as operator of
type A — 1; the same is true for D (&), by Remark 4.6. To study C (&), we apply Lemma 4.14, which gives

Ki[DIT (0 O (-, DI = —(YRDIT) o, O (1. £)) + (RS DIT) (50, ©(1, §)).
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Since YiR is homogeneous of degree 1, a;(§)b; (n)YiR D;’F(SO, ®(n, &)) is a kernel of type A — 1. Since

(Rf)’ is a differential operator of degree < 0, the kernel a; (S)bj(n)((Rf)’D;?F)(SO, O(n, &)) is of type A.

Note that, even when the coefficients of the differential operator D; (in the expression D;I"(&§y; ©(n, §)))
do not depend on & and 7, this procedure introduces, with the operator (Rf)’, a new &-dependence of the
coefficients. Compare this with our remark in the proof of Lemma 4.12.

Case (i1). In this case the kernel (Yl.R D;T) is singular, so that the computation must be handled with
more care. We can write

T (50) X f (§) = gi_r)r(l)/aj(é)bj(n)%((@(é, M) D;T (5o: ©(n, E)X: f () dy = lim 7. (¢)

with ¢, as in the proof of Lemma 4.13. Note that, choosing a radial ¢, we have ¢, (® (&, 1)) = (O (7, §)).
Then

T.(§) = /Ci(n)aj(é)bj(n)fpa(®($,n))DjF(éo;@)(n,S))f(n)dn
—/aj(S)()N(ibj)(n)%((@(é, m)D; T (§o; ©(n, §)) f(n)dn
—/aj(é)bj(n)ii[%(@O,S))Djf‘(é‘o;®(-,§))](77)f(77)d77
—/aj(é‘)bj(n)fﬂs(@(é, ﬂ))()?;]D;?)F(So; O, 8))f(mdn

=1 Ag(§) + Bo(§) + Ce(§) + D (8).

Now A, (&) + B:(£)+ D, (&) converge to an operator of type A, as A(£), B(§), D(&) are in Case (i), while,
by Theorem 3.2 and Lemma 4.14,

Ce(§) = —/aj(S)bj(rl)f(n)(Yi%)((@(n,S))Djl“(%‘o; O, §))dn
—/aj(S)bj(n)f(n)(Rf%)((@(n,S))DJF(So; ©(n,§))dn
+/aj($)bj(n)f(n)<pe(®(n,5))(YiRDjF)($o,®(n,$)) dn
—/aj(é)bj(n)f(n)%((@(n, £))((R)) D;T) (&, ©(n. £)) dy

Now H, (&) tends to an operator of type 1 and G, (&) tends to
PV/aj(S)bj(n)f(n)(ﬂRDjF)(So,®(n,$))dn,
which is an operator of type 0. As to E.(§), the same computation as in the proof of Lemma 4.13 gives

E¢(§) — a(bo, §)(abef)(§)
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with
a (€, £) = / Yip(v) DST (£0; v) dv,

which is the multiplicative part of an operator of type 0. A similar computation shows that F(§) — 0. J

Let us come to the second main result of this section. In [Rothschild and Stein 1976, corollary on
p. 296], the following fact is proved for a family of Hérmander’s vector fields without the drift Xo: for
any frozen operator T (§y) of type 1,i =1, 2, ..., g, there exist operators T;; (&), T; (o) of type 1 such
that

q
XiT(&) =Y TG0 X;+ Ti ().
j=1

This possibility of exchanging the order of integral and differential operators will be crucial in the proof
of representation formulas. However, such an identity cannot be proved in this form when the drift Xy is
present. Instead, we are going to prove the following, which will be enough for our purposes.

Theorem 4.15. If T (&) is a frozen operator of type . > 1,i =1,2,...,q, then
~ q . ~ q . ~ . . ~
XiT o) =) TiE)Xe+ Y anE)T" ()X, + Tj (o) + T' €0) Lo, (4-15)
k=1 h,j=1

where Tki (&0) (k=0,1,...,q) and T" (&) are frozen operators of type A, T' (&y) are frozen operators of
type A+ 1, and ayj(&y) are the frozen coefficients of £.
If T (&) is a frozen operator of type A > 2, then

q q
XoT (o) =Y TeGGo)Xx+ Y, anj(E)T" (&)X + To%) + T (G0) Lo, (4-16)
k=1 h,j=1

where Ty (&) (k=0,1,...,q) and T" (&o) are frozen operators of type » — 1, T (&y) is a frozen operator
of type A.

We start with the following lemma, similar to that proved in [Rothschild and Stein 1976, p. 296].

Lemma 4.16. For any vector field gjo,ko (Jo=1,2,...,5,ko=1,2,..., kj)), there exist smooth functions
jok
{aﬁ M =120
k=12,...h;

having local degree > max{j — jo, 0} and smoothly depending on 0, such that, for any f € C;°(G), one
can write

Kkl FOm NG = Y a@©0, )X (LF O ENIm) + (RS /(O €), (4-17)

Josko

where Rf.(;n is a vector field of local degree < jy — 1, smoothly depending on &, 1.
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Proof. By Theorem 3.2 we know that

K jotolf @, - DIE) = Vjpso f + R, O E)=(ZL , HOM.E),  (@18)

where Z'7 ko 1s @ vector field of local degree < jo, smoothly depending on 7. To rewrite (Z ko) ina
suitable form we start from the following identities:

ik
aulk —+ ) Zg (u)— (4-19)

i<l<sr=1

foranyi=1,2,...,sand k=1,2,..., k;;
Yie=Y_gifaYf, (4-20)

where glk (1) are homogeneous of degree [ —i; see [Rothschild and Stein 1976, p. 295]. Hence we can

Jo ko = Za k(u)

where a i has local degree > j — jo and smoothly depends on 5. By inverting (for any i, k) the triangular

write

system (4-19), we obtain

ajk —Y/k+ Z Zfl” (M)er,

j<i<s r=1

where each f/rk (u) is homogeneous of degree / — j. Also using (4-20), we have

(21 o D =D al @I Hw + Y W, H@I=D bR Haw, @21

j<I<s
where
bl"r has local degree > max{/ — jy, 0} (4-22)

and smoothly depends on 5. Then, by Lemma 4.14,
Z! W HOM.E) =" —b @M. ENXiLFOC . ENIm + Y BL(R ) (O, £),  (4-23)
Lr

Lr

where (R;’i ,) is a differential operator of local degree <! — 1, hence the differential operator on G

Ri)”ko = Z b;’,(Ri .) has local degree < jo — 1 (4-24)

and depends smoothly on &, n. Collecting (4-18), (4-22), (4-23), (4-24), the lemma is proved, with

Jokon n
ik bjk |

Thanks to this lemma, we can prove the following, which is similar to [Rothschild and Stein 1976,
Theorem 9].
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Theorem 4.17. (i) Suppose T (&) is a frozen operator of type A > 1. Given a vector field X i for
i=1,2,...,q,there exist frozen operators T' (&) of type X, and T;k (&o), frozen operators of type
A+ j — 1, such that

XiT@E) =Y ThE) X+ T &). (4-25)
ik

(ii) Suppose T (&) is a frozen operator of type A > 2. There exist T°(&) and T]Qk (&o), frozen operators of
type . — 1 and A +max{j — 2, 0}, respectively, such that

XoT (50) = Y Tk (€)X« + T°(%0). (4-26)
Jik
Proof. First of all, it is enough to consider the part k" of the kernel of T (&), the proof for k" being

completely analogous (see Definition 4.5).

(1) If T (&) is a frozen operator of type A > 1 with kernel k’, we can write it as

T(80) f(§) = / a(&)DT (§o; ©(n, §)b () f () dn + T'(§0) £ (©),

where DT (&, -) is homogeneous of degree A — Q and T’ (&) is a frozen operator of degree A + 1. Since
X iT'(&o) is a frozen operator of type A, it already has the form T (&) required by the theorem, hence it
is enough to prove that

??i/a(é)DF(So;®(n,§))b(n)f(n)d77

can be rewritten in the form

ST Xk fE) + T (o) £ €)
j.k

with T; «(60) and T’ (&o) frozen operators of type A+ j — 1 and A, respectively. Next, we have to distinguish
two cases.

Case 1: % > 2. In this case the X; derivative can be taken under the integral sign, writing

%, / a(&)DT (& © (. €)b(n) £ (1) dn

= / (X;a)(&) DT (&; ©(n, £)b(n) f () dn + f a(®)X:[DT (O, - NEDM) f (1) dn
=: A(§) + B(®).

Now A(§) is a frozen operator of type A, while applying Lemma 4.16 with jo =1 we get

B(§) = /G(S) Zaf,(@)(n, )X, [DT (§; O+, E)1(Mb(n) £ (n) dn

l,r

+/a(~§)(RfDF)(Eo; O, §)b(n) f(n)dn

=:C()+ D(é),
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where Rl.S are differential operators of local degree < 0, and the alir have local degree >/ — 1. Hence D is
a frozen operator of type A, while, since the transposed vector field of X; , is

~r -
Xi,=—Xir+c,

with ¢; » smooth functions,

CE=—a®)y, / X, laj, (O (-, )b()1(m DT (&; O (1, £)) f (n) d
Lr
+a®))y / al,(© (1, £)) DT (50; O (0, £))cr. (b (1) f () dn
Lr

—a® Y / a}, (©(n, £)) DT (&o: ©(n, )b X1, f (1) .
Lr

The first two terms in the last expression are still frozen operators of type A applied to f, while the third
is a sum of operators of type A +/ — 1 applied to X 1.rf, as required by the theorem.

Case 2: A =1. In this case we have to compute the derivative of the integral in a distributional sense, as
was already done in the proof of Lemma 4.13. With the same meaning of ¢., let us compute

lim X /a(é)%(@(n, £))DT (§0; © (1, §))b(n) f () dn.

Actually, this gives exactly the same result as in case 1:
% [ a©)6.©0.6) DT G0 ©00.£0b0 £ )

=/(??ia)(é)%@(n,S))DF(f;‘o;@(n,é))b(n)f(n)dn+/a($)55i[(<ﬂsDF)(®(n,'))](é)b(n)f(n)dn
= A:(§) + B:(§),

where A. () — [(X;a)(€)DT (§: ©(1, )b(n) f (1) dy and

B.(§) = /d(é‘) Za}}(@(n, )X, [pe(O(+, £))DT (£o: O+, ENI(b() £ () dn

Lr

+/a($)(Rf(§0eDF))($o; O, §)b(n) f(n)dn
= Ce(é) + DS(E),
where C, (&) converges to the expression called C(£) in the computation of case 1; as for D, (),
R¥(¢:DT) = (RS ,) DT + ¢, R° DT

Now, ¢, REDF — RfDF while (ngos)DF — 0, Rf being a vector field of local degree < 0. Hence
D, (&) also converges to the expression called D(§) in the computation of case 1, and we are done.
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(ii) Now let T'(&p) be a frozen operator of type A > 2 with kernel k’. As in (i), it is enough to prove that

Xo / a(§) DT (50; ©(n, £)b(n) f (n) dn,
where DI is homogeneous of degree A — Q can be rewritten in the form

Y ThE)Xjuf ) +T G0 f &)
J.k

with TJQk (&) and T°(&y) frozen operators of type A + j —2 and A — 1, respectively. Let us consider only
the case A > 3, the case A =2 being handled with the modification seen in (i), Case 2. By Lemma 4.16,

%y / a(§) DT (&0: © (1. )b(n) f (1) dn
_ f (Roa) (&) DT (&o: ©(n, £))b(n) £ (n) dn

+ / a(§)y_ap©(n, £)X,,[DT (Eo; O(-, ENIb() £ (1) dn

l,r

+ / a(&)(Rg D) (éo;: ©(n, £)b (1) f (n) dn
= A(§)+C(E) + D(8),

where Rg are now differential operators of local degree < 1, and the a?r have local degree > max{j —2, 0}.
Then A(£) is a frozen operator of type A, applied to f; D(£) is a frozen operator of type A — 1, applied
to f. Moreover,

CE¢) = —a(é“)Z/??z,r[alor(@(',5))19(')](77)DF(€0; O, §)) f(n)dn
Lr
+a®©)y / a.(© (1. £)) DT (&o: O (1. §)er, (b(n) f () dn
Lr

—a® Y / 4 (©(n, £)) DT (&o: O (n, )b X1, f (1) .
Lr

where the first two terms are still frozen operators of type A, applied to f, while the third is the sum of
frozen operators of type A + max{j — 2, 0} applied to X 1rf- O

Proof of Theorem 4.15. 1t suffices to prove (4-15), since the proof of (4-16) is similar. So, if X T (&) 1s
like in (4-15), let us apply Theorem 4.17 and rewrite X i T (&o) like in (4-25). Now, let us consider one of
the terms T;k (éo))? j,k appearing in (4-25).

If j =1, the term is already in the form required by the theorem we are proving.

If j =2, then )N(z, & can be written as a combination of commutators of the vector fields X 1 X 2y ~q,
plus (possibly) the field }?0. Then Tzik ($O)§ 2.k contains terms Tzik (So)i h X ;j and possibly a term Tzik (fo))?o-
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By Theorem 4.17, we know Tzik is a frozen operator of type A + 1. Now
T3 E) Xn X = (T3, G X)X = T{ €)X,
where, by Theorem 4.11, Tki (&o) is a frozen operator of type A; on the other hand, by (4-2),

q
T3, (§0) Xo = T4, (%0) (seo — Y ay @o))?h)?,-)

h,j=1

q q
= T3, G0 Fo— Y anGo) (T EDXnX; = T E)Fo— Y anjGo)Ti (€)X,
h,j=1 h,j=1

with Tzik (&y) and T}f’ «(60) frozen operators of type A + 1 and A, respectively, which is in the form allowed
by the thesis of the theorem we are proving.

Finally, if j > 2, it is enough to look at the final part of the differential operator X k- Itis always
possible to rewrite )?j,k either as )?j—l,k)?l,k or as )?J-_z,k)?z,k. In the first case, we have

ThGE) Xk = (T E)X 10X 14 = T (Go) X 1.1,

with TJ’}C (&o) frozen operator of type A, which is already in the proper form; in the second case, we have

TG X i = (Th(E) X200 Xo s = T} ()Xo
with TJ’Z (&o) frozen operator of type A + 1, and then we can proceed as in the case j = 2. U

4C. Parametrix and representation formulas. Throughout this subsection we will make extensive use
of computations on frozen operators of type A. To make our formulas more readable, we will use the
symbols

T (o), S). P(%)

(possibly with some indices) to denote frozen operators of type 0, 1, 2, respectively.

In order to prove representation formulas for second order derivatives, we start with the following
parametrix identities, analogous to [Rothschild and Stein 1976, Theorem 10; Bramanti and Brandolini
2000a, Theorem 3.1].

Theorem 4.18. Givena € C§° (E(E, R)), there exist S;; (&), So(é0), Sl.*j (&0), S;(&0). frozen operators of
type 1 and P(&y), P* (&), frozen operators of type 2 (over the ball E(é, R)) such that

q
al =% P* (&) + ) @ij(€0)S}; (%) + S (o), (4-27)
i,j=1
- q
al = PE)Fo+ Y Gij(50)Sj (o) + So(€o), (4-28)

i,j=1
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where I denotes the identity. Moreover, S;kj (é0), Si(&0), P*(§0) are modeled on I'", while Sij(60),
So(&o), P (&) are modeled on T'. Explicitly,
a(§)

P(éo)f(é‘)——@ T (& ©(n, £)b() f(n)dn,
a(mn)

P(&) f(8) = —b(£) / T @ O, €0) S ()

where c is the function appearing in Theorem 3.3(c).

Sketch of the proof. Let us define

P*(0) (&) = “g [ T7 (&0 © 1, £))bn) £ () .

where a, b € Cgo(ﬁ (€, R)) such that ab = a and ¢ (&) is the function appearing in the formula of change

of variables (3-6). Let us compute EE({ P*(&o) f for f e C° (E (E , R)). We can apply a distributional
argument like in the proof of Lemma 4.13. For w € C§° (E (€, R)), let us evaluate

/E:Cffow(é)l’*(éo)f(é)dé=;i_%/§§ow(E)P:(§o)f(§)dS,

where

Pl (o) f(§) =— g; _9e(O(, ENTT (50; O, )b(n) f () dn

with ¢, as in the proof of Lemma 4.13. Now, computing the integral

fg Fow(€) PF(£0) f () dE

and taking its limit for ¢ — 0, by the same techniques used in Section 4B, we can prove (4-27). Transposing
this identity, one finds (4-28). O

Now, starting from (4-28) and reasoning as in the proof of [Bramanti and Brandolini 2000a, Theo-
rem 3.2], applying Theorem 4.11 and Theorem 4.15, one can easily prove the next two theorems.

Theorem 4.19 (representation of )?m)?lu by frozen operators). Let a € C(‘)’O(E (€,R)), & € B (€, R).
Then, for any m,l = 1,2, ..., q, there exist frozen operators over the ball B (€, R) such that, for any
u € C(B(E, R)),

q

XX (au) = TimEo)Lott + Y Tim i (§0) X1 + T, (§0)u
k=1

+ Za,, @0){2%2 (&) X + Z anc(€0) Ty, (E0) Xiu + S, (E0) Lou + T,i,£<so)u}. (4-29)

i,j=1 k=1 k=1
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(All the T...(&y) are frozen operators of type 0 and S;,Jn (&) are of type 1.) Also,

q q
X Xi(au) = Tim (€)%t + Tym (%0) ( > laij(Eo) — aij()IXi X ju) + ) Tim i (E0) Xu + T, (Go)u

i, j=1 k=1

! 1 i j oy ! 1j oy ij s
+ Yy a,-,-(so>{ D T i E)Xeu+ Y an(Eo) T, (E0) Xau + 7, (50) Fu

ij=1 k=1 k=1
q
+ Sz’i@o)(z [4; (£0) —@,-(»p“i,a?ju) T (go)u} (4-30)
i,j=1

Remark 4.20. The representation formulas of the above theorem have a cumbersome aspect, due to the
presence of the coefficients a;;(§0) which appear several times as multiplicative factors. Anyway, if we
agree to leave implicitly understood in the symbol of frozen operators the possible multiplication by the
coefficients a;;, our formulas assume the following more compact form

q
X X (au) = Tim (&) Lou + Y T (€0) Xeu + Ty, (Go)u

and k=l
Xn X1 (au) = Ty (0) %1t + Tim (£0) ( > " laij (Eo) — aij ()X, X,u) + ) T (E0) Xyu + T, (Go)u.
i, j=1 k=1

In the proof of a priori estimates, when we take C% or L? norms of both sides of these identities, the
multiplicative factors a;; will be simply bounded by taking, respectively, the C ‘3‘)2 or the L norms of the
apj; hence leaving these factors implicitly understood is harmless.

The above theorem is suited to the proof of C ‘)1( estimates for X; X ju. In order to prove L? estimate for
X: X ju we need the following variation.

Theorem 4.21 (representation of X m X ju by variable operators). Given a € C{° (§ (€, R)), for any
m,l=1,2,...,q,there exist variable operators over the ball E(é R) such that, for any u € Cgo (E(é, R)),

Xle(au)
= TimPu+ Y " aij Tl X Xju+ Y Tiom e Xett + T,
i,j=1 k=1

q
+ Z a,J{Z T Xu + Z anc Ty y X+ Sy Fu+ Y [ay, S;,fn]x,-xjquT,’,;u}. (4-31)
i,j=1 h,k=1 i,j=1

Here all the T... are variable operators of type 0, Sy is of type 1, [a, T denotes the commutator of the
multiplication for a with the operator T, and a;; are the coefficients of the operator & (which are no
longer frozen at &y).
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Remark 4.22. The above representation formula can be written in a shorter way as

q q
XnXi(aw) = TinPu+ Y (aij, Tn] XiXju+ Y Tona Xy + Ty
i,j=1 k=1

if we leave understood in the symbol of variable operators the possible multiplication by the coefficients
a;j; see the previous remark.

5. Singular integral estimates for operators of type zero

The proof of a priori estimates on the derivatives XX ju will follow, as will be explained in Section 6 and
Section 7, combining the representation formulas proved in Section 4C with suitable C* or L? estimates
for “operators of type zero”. To be more precise, the results we need are the C;"?(E (£, R)) continuity
of a frozen operator of type zero and the L? (B (£, R)) continuity of a variable operator of type zero,
together with the L? (E (5 , 1)) estimate for the commutator of a variable operator of type zero with the
multiplication with a VMO function, implying that the L? (E (€, 7)) norm of the commutator vanishes
as r — 0. All these results will be derived in the present section, as an application of abstract results
proved in [Bramanti and Zhu 2012] in the context of locally homogeneous spaces (see Section 3C). To
apply them, we need to check that our kernels of type zero satisfy suitable properties. Moreover, to study
variable operators of type zero, we also have to resort to the classical technique of expansion in series of
spherical harmonics, dating back to Calderén and Zygmund [1957], and already applied in the framework
of vector fields in [Bramanti and Brandolini 2000b; 2000a]. This study will be split into two subsections,
the first devoted to frozen operators on C* and the second to variable operators on L?.

5A. C % continuity of frozen operators of type 0. The goal of this section is the proof of the following.

Theorem 5.1. Let E(é R) be as before, &y € E(é R), and let T (&y) be a frozen operator of type .. > 0
over §(§, R). Then there exists ¢ > 0 depending on R, {)A(J,‘}, o, and ., such that, for any r < R and
ueCy (BE.r),

o (R(E < Q (R(E -
||T(§O)u||c}?(3(g,r)) = C||”||c§(3(g,r)), (5-1)

To prove this, we will apply theorems proved in [Bramanti and Zhu 2012] about the C* continuity of
singular and fractional integrals in spaces of locally homogeneous type, taking

~f - R
Q. =8 S,k— fork=1,2,3,.... (5-2)
k+1

Following notation and assumptions in Definition 4.5, our frozen kernel of type zero can be written as

k(&os &, m) = k' (503 €, ) + K" (503 €, ).
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We will prove Theorem 5.1 for the operator with kernel k', the proof for k” being completely analogous.
Let us split k" as
H,

k' (03, m) =a1(§)b1(n) D1T (60;© (n,6)) + {Zai (€)bi(m) Di I (503 ) +ao(§)bo(n) Dol (o; ~)}(®(n,§))

i=2
=:kS($’n)+kF(§’ 77),

where D I"(§p; u) is homogeneous of degree —Q while all the kernels D;I"(&y; u) are homogeneous of
some degree > 1 — Q and DoI"(&p; 1) is regular. Recall that all these kernels may also have an explicit
(smooth) dependence on &, 1; we will write Df’”F(SO; ®(n, &)) to point out this fact when it is important.
We want to apply [Bramanti and Zhu 2012, Theorem 5.4] (about singular integrals) to the kernel kg
and [Bramanti and Zhu 2012, Theorem 5.8] (about fractional integrals) to each term of the kernel k.
We start with the following result, very similar to [Bramanti and Brandolini 2000a, Proposition 2.17].

Proposition 5.2. Let W"(-) be a function defined on the homogeneous group G, smooth outside the
origin and homogeneous of degree £ — Q for some nonnegative integer £, smoothly depending on the
parameters £, 1 € B(E, R), and let

K& n=W"00,§)
be defined for &, n € B (€, R). Then K satisfies the following.

(1) The growth condition: there exists a constant ¢ such that

|K(E )] <c- sup (W& ()| - dg (&, ) 2.

(i1) The mean value inequality: there exists a constant ¢ > 0 such that, for every &y, &, n with d3 (§o, n) >
2d5 (60, 5),

dx (&0, &)

|K (50, m) — K&, mI+[K(®, &) — K, §)| = CW’

(5-3)

where the constant C has the form

¢ sup (VWS )|+ Ve WS )| + |V, W (u)]}.
flu=1
& neB(,R)

(iii) The cancellation property: if £ = 0 and W satisfies the vanishing property

/ W (1) du =0 f0reveryR>r>0and$,n€E(é,R), 5-4)
r<|lull<R

then, for any positive integer k, for every e, > &1 > 0 and & € Qi (see (5-2)) such that E(E, £2) C Qpt1,

K(g,n)dn‘-i— / K(n,§)dn| <C-(e2—¢1), (5-5)
Qrr1,.61<p(§,m)<e2

~/Qk+1,€1 <pé.n)<e
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where the constant C has the form

¢ sup (W@ VeWE @)+ |V, WET @)}
llul=1
§,n€B(§.R)
Proof. (i) is trivial, by the homogeneity of W, and the equivalence between d3 and p (see Lemma 3.9).
In order to prove (i), fix &, n and let r = %p(n, &p). Condition p(n, &) > 2p (&, &) means that £ is a
point ranging in B, (%0). Applying (3-18) to the function

fE=KEmn,
we can write
q
If(E)—f(So)Iicd;?(S,So)(Z Coswp X f©l4dg(E &) sup |iof<c)|).
i=1 t€B(&.3dxz(E.m) ceB (&, 3dz (o.m)

Noting that, for ¢ € B(&, 2d5 (&0, ).

XK (-, ()] = 1 X: (WSO (-, m))(E) + (X, WO, ) ()]
<|(Y;W + RIW)(©O @, O)| + [(X; W1 (@O, m)) ()]

and recalling that, by Remark 4.6, V. W (1) has the same u homogeneity as W (u), we get

~ ¢ c
IXiK(-, @< sup  |[VaWW)|————+ sup [V W w)|———
l lu]|=1 ! p (g, me@—tH! lul|=1 ¢ p(¢,me-¢
¢neBE,R) ¢,neB(E,R)
c
< sup {|IVuWOW)|+ |V WO W)} ——————
luj|=1 ! ¢ dx (&, n) Q¢!
¢neBE,R)
Analogously,
~ c
IXoK(-,m@) < sup  {IV.Wo)|+ |V WO W)} ————,
luf=1 ! ‘ d5 (&, m)P~t+2
¢,neBE,R)
hence
dz (&, &o)
|K(&,m) — K (5, )| < C— X2 —
dx (&, m) Q!
with

C=c sup {IV,W""w)|+|V, W ()]}
lui=1
{.neB(E,R)
To get the analogous bound for | K (1, §&n) — K (1, §)|, it is enough to apply the previous estimate to the
function

K&, n)=WS(O(@n, £)  with Wo(u) = W ™).

This completes the proof of (ii).



1836 MARCO BRAMANTI AND MAOCHUN ZHU

To prove (iii), we first ignore the dependence on the parameters &, 1, and then we will show how to
modify our argument to take them into account. By the change of variables u = ®(n, &), Theorem 3.3(c)
gives

/ W(©,§))dn=c(§) Wu)(1+w(&,u)))du,
Qit1,61<pE,n)<e2 e1<llull<ez

which, by the vanishing property of W, equals

c() W w (&, u) du.
e1<|ull<ez
Then
f W(®(n,$))dn‘ Sc'f |W@)] l|ull du
Qpy1,61<p(§,n)<e2 er<|lull<ez
<c- sup |W|- lull'"Cdu<c- sup |W|-(e2—€1).
flull=1 er<|lull<ez flull=1

Analogously, one can prove the bound on W (® (&, n)). Now, to keep track of the possible dependence of
W on the parameters &, 7, let us write

/ WEN©(n, £)) dn
Qiyr1,e1<pE,n)<er

_ / WEE (O, &) dn + f [WE1(©1, £)) — WEE (@, £)) 1dn
Qr+1,61<p(&,n)<e2

Qit1,61<p(§,n)<e2
=:1+1I.

The term I can be bounded as above, while
WS () — WES )] < |& — 5]V, W5 ()]

for some point 1’ near £ and 5. Recalling again that the function V, W& () has the same homogeneity
as WS’”,(-), while

& —nl <cdz(&,n) <cp&,n),

we have
I <c sup |V, W5 (u) lull'=9 du
lluj=1 Qurr.e1<lull<e;
&neB(&,R)

and the same reasoning as above applies. This proves the bound on | [ K (¢, ) dn| in (5-5). The proof
of the bound on | [ K (1, §) dn| is analogous, since the vanishing property (5-4) also implies the same
bound for [ WET (=) du. O

<llull<R
Proposition 5.2 implies that DI"(&y; ®(n, &)) satisfies the standard estimates, cancellation property,

and convergence condition stated in Section 3C. Note that (5-5) implies both the cancellation property
and the convergence condition.
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In order to apply [Bramanti and Zhu 2012, Theorem 5.4] to the kernel kg(&, n), we still need to prove
that the singular integral T with kernel kg (&, n) satisfies a condition 7 (1) € C)Z(. This result is more
delicate than the previous conditions, and is contained in the following.

Proposition 5.3. Let

7(&) = lim / R ndn
e=>0JpEm>e
with
K&, n) = a1(€)b1 () DT (£0: ©(n, £)),

Df’nl"(&); -) homogeneous of degree —Q and satisfying the vanishing property
/ -k Df’"F(SO; u)du =0 forevery R>r >0, any§,ne€ g(é, R).
r<fluf|<

Then
heCL(BE R) foranyy € (0,1). (5-6)

Proof. Since a;, by are compactly supported in B (€, R), we can choose a radial cutoff function

o, n) = f(p&E, )
with
Slul) =1 for flull <R, f(lul)=0 for|u|=>2R,

so that K &,n) = K (&, n)@ (&, n). To begin with, let us prove the assertion without taking into considera-
tion the dependence of Df’”F(é‘o; u) on &, n. Then

h(E) = ai(€)by (£) lim @&, DT (Eo; O(n, £)) dn

eV JpE,m)>e

+a1(§) / (&, n) D1 (§o; O(n, §))[b1(n) —b1(§)]dn
= 1(§)+1E).
Now,

1(§) = a1(€)b1($)6(é)81i_%/ Slul) D1 Go; w)(1 +w (&, u)) du

lull>e
= a1(§)bi(§)c(§) / S Ulul) DiT (§o; W (§, u) du,

by the vanishing property, with @ smoothly depending on & and uniformly bounded by c|ju||. Hence I (£)
is Lipschitz continuous and, in particular, Holder continuous of any exponent y € (0, 1). Moreover,

11(’5)=611(§)/]§(é R)K(é,n)dn with k(§, 1) = ¢ (&, n) D1I"(§o; O, E)[b1(n) —b1(5)].

It is not difficult to check that the kernel « (§, 1) satisfies the standard estimates of fractional integrals (3-11)
and (3-12) for any v € (0, 1) (actually, for v = 1). Hence, by [Bramanti and Zhu 2012, Theorem 5.8],
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the operator with kernel « is continuous on C V(E (¢, R)); in particular, it maps the function 1 into
CY(B(E, R)), which proves that II(¢) is Holder continuous.

To conclude the proof, we have to show how to take into account the possible dependence of
Df’"F(éo; u) on &, n. Let us start with the n dependence.

B©) =a@bi© lim [ pEnDITE: 00 £) dn

pE.n)>¢

+ai(§) / ¢ (&, m DT (§o; O, §))[b1(n) — b1(€)1dn

= 1'(§) +1I'(§).
The term II' (§) can be handled as the term II(§) above. As to I'(§),
'© =a@n @ fim | QDI @i du

+ a1 (§)b1(€)c(€) f FAu) D E O & w)w (&, u) du.

The second term can be handled as above, while the first one requires some care. By the vanishing
property of DfF(So; u) for any fixed ¢, we can write

fim / FA DO ;) dc = lim / FUDIDO ™ O ;) — DET (Eo; )] .
[lu||>e e=>UJ)

e—0 ul|>e

On the other hand,
oIE -1
DY D (&: ) = DIT oz 1) + DT (Eo: u).

where Dg is a vector field of local weight < 0, smoothly depending on &. Hence

lim FuhDC O OD : w) du = / flul) DgT (€o; u) du,

=0 Jjju)>e

which can be handled as the term 7 (£) above.
Dependence on the variable £ can be taken into account as follows. If

h(E) = ai(€)by(€) lim @ (&, n)Df’"F(%‘o; O, &))dn
e=>0JpEm>e

Eelij%/Fa(S,é,n) with Fe(¢, €, m) = a1(§)b1(E) Xo(en=« (M &, MDY T (€o; O, §) dn,

then

h(ED —h(E) = gi_%/[Fg(Sl, €1, m) — Fe(62, 61, m1dn +£1i_1;%/[Fs(§2’ &1, m) — Fe(82, 62, m)1dn
=1 A(51,6) + BG1, &).

Now,

|AG1, &) < cp (&1, &2)



LP? AND SCHAUDER ESTIMATES FOR OPERATORS STRUCTURED ON HORMANDER VECTOR FIELDS 1839

by the smoothness of & Df’"F(Sg; u). As to B(&1, &), it is enough to apply the previous reasoning to
DT (&; ©(1, £)), for any fixed ¢, to conclude that

lim / (F (g, &1, m) — F(C, &2 )] dn| < cp(r, &)

for some constant uniformly bounded in ¢, and then apply this inequality taking ¢ = &;. U

Conclusion of the proof of Theorem 5.1. Recall that a frozen operator of type zero is written as

T (&) f(5) =PV ﬁ k(&o: &, m) f(n) dn+ (6o, 8) f(6),
B
where « is a bounded measurable function, smooth in &£. The multiplicative part

J (&) — a0, §) f(§)

o
X
on the vector fields and the ellipticity constant x, by Theorem 4.3.

clearly maps C% in C ‘;‘?, since (&, - ) is smooth, with operator norm bounded by some constant depending
Let us now consider the integral part. With the notation introduced at the beginning of this section, let
us consider first

ks(€,n) = a1(€)b1 () DT (£0: ©(n, £)),

where Df’”F(SO; u) is homogeneous of degree —(Q and satisfies the vanishing property (5-4). By
Proposition 5.2, ks (&, n) satisfies conditions (i), (ii), and (iii) in Section 3C, with constants bounded by

¢ ”slulpl{mzr(so, )| + DT (%o, wl}, (5-7)
ull=
where the symbols D?, D3 denote standard derivatives of orders 2, 3, respectively, with respect to u,
and the constant ¢ depends on the vector fields but not on the point &,. By Proposition 5.3, condition
(5-6) is also satisfied by ks (&, n), with the C;’? norm bounded by a quantity of the kind (5-7). Hence, by
[Bramanti and Zhu 2012, Theorem 5.4], the operator with kernel ks(§, n) satisfies the assertion of the
theorem we are proving, with a constant bounded by a quantity like (5-7). In turn, by Theorem 4.3, this
quantity can be bounded by a constant depending on the vector fields and the ellipticity constant p of the
martrix a;;(x).
Let us now come to the kernel

H
kr(5,m) = {Zaxswi(nwf’"r(so; ) +ao(&)bo(n) DT (&o; -)}(@(n, £)),
i=2

where each function Df ’"F(SO; u) (i =2,3,..., H) is homogeneous of some degree > 1 — Q, while
Dg’"F(SO; u) is bounded and smooth. By Proposition 5.2, each kernel

a;(§)b; () DT (&; O(1, £))
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satisfies the standard estimates (i) in Section 3C for some v > 0, hence we can apply [Bramanti and Zhu
2012, Theorem 5.8] to the integral operators defined by these kernels, and conclude as above. Finally, the
integral operator with regular kernel is clearly C¥ continuous. (I

5B. L? continuity of variable operators of type 0 and their commutators. In this subsection we are
going to prove the following.

Theorem 5.4. Let T be a variable operator of type 0 (see Section 4B) over the ball §(§ R), and
p € (1,00). Then

(1) there exists ¢ > 0, depending on p, R, {)~(,-}iq:0, and |1 such that

WTull p BE.ry < cltll Lo By
foreveryu € LP(E(g, r)) andr < R;
(ii) for every a € VMO 10c(2), any € > 0, there exists r < R such that, for every u € L”(E(é, r)),
T (au) —a- T”“LP(E(g,r)) =< 8”””L"(§(§,r))’ (5-8)

where a(x, h) = a(x). The number r depends on p, R, {X,-}iq:o, “w, 77:,9’,9’ and ¢ (see Section 3D.3
for the definition of VMO 10c(2) and 77;,9’,52)'

A basic difference between the context here and that of the previous section is that here we are
considering variable kernels and operators of type zero. To reduce the study of these operators to that
of constant operators of type zero we will make use of the classical technique of expansion in series of
spherical harmonics, as already done in [Bramanti and Brandolini 2000a].

Proof. This proof is similar to that of [Bramanti and Brandolini 2000a, Theorem 2.11]. Recall that a
variable operator of type zero is written as

Tf) = PV/Nk(é; Emfmdn+ai,§)fE),
B
where (&, £) is a bounded measurable function in &y, smooth in &. The multiplicative part

fE)—a. 8)fE)

clearly maps L? into L?, with operator norm bounded by some constant depending on the vector fields
and the ellipticity constant w, by Theorem 4.3. Moreover, this part does not affect the commutator of 7.
As to the integral part of T, let us split the variable kernel as

kEEm=kKEEnN+EE S 0.

Like in the previous section, it is enough to prove our result for the kernel k’. Let us expand it as

H
KEEm =) aEb D} "I (& © (11, £)) +ao(€)bo(n) Dy "T(6: ©(n, £))

i=1
= kU(ga E’ 77) +kB(§a E’ 77),
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where the kernels Df’nF(S; u) (for i = 1,2,3,..., H) are homogeneous of some degree > —Q,
Df’"F(é; u) satisfies the cancellation property, and Dg’"l"(é; u) is bounded in u and smooth in &, n.
The kernels ky and kp are “unbounded” and “bounded”, respectively.

The operator with kernel kg is obviously L? continuous. Moreover, it satisfies the commutator estimate
(5-8) by [Bramanti and Zhu 2012, Theorem 7.3], since

lkp(§: &, M| = cag(§)bo(n)

and the constant function 1 obviously satisfies the standard estimates (3-11), (3-12) with v = 1.
To handle the kernel ki, we expand each of its terms in series of spherical harmonics, exactly like in
[Bramanti and Brandolini 2000a, Section 2.4]:

o0 8m
DIT(Eu) =Y Y il (E)Kigom (),
m=0 k=1
where K i, (#) are homogeneous kernels which, on the sphere [|u|| = 1, coincide with the spherical

harmonics, and c?’,ﬁn( -) are the corresponding Fourier coefficients.
Let us first prove the assertion without taking into account the dependence of the coefficients cl:s’,gn &)
on 7. Then the operator with kernel kyy can be written as

o0 8Em

SFE) =YY ¢} in @ Sikm f ) (5-9)
m=0 k=1
with

Sikm f(§) = ai(§) /E bi(m Kikm(© (1, §)) f (n) dn.

The number g,, in (5-9) is the dimension of the space of spherical harmonics of degree m in RY; it is
known that

gmfc(N)-mN_2 foreverym=1,2,.... (5-10)

For every p € (1, co) we can write

o 8m
ISFNLoEErny < D D MmO oo o 1 Siskem £ 1o By
m=0 k=1
and
oo 8m
1S@F) =@ SFlor@EErm < D D N tm (Il Loo@Em 1Sism @ F) =@ Sikom | Lo B .-
m=0 k=1

Now each S; i, is a frozen operator of type A > 0, and the same arguments as in the previous section show
that the kernel of S; ,, satisfies the assumptions (i), (ii), and (iii) in Section 3C with constants bounded by

c- sup IV Kim (1],
[lull=1
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(with ¢ depending on the vector fields); in turn, by known properties of spherical harmonics, we have

sup |V, Kim )] < c(N)m"/2,

llul=1
so that, by [Bramanti and Zhu 2012, Theorems 5.3 and 5.7], we conclude as in [Bramanti and Brandolini
2000a, p. 807] that

ISiiom f o EEry <€ mN 2N flpBery fori=1,2,... H,

where we have also taken into account Remark 5.5 below.
Analogously, applying [Bramanti and Zhu 2012, Theorems 7.1 and 7.2], we have the commutator
estimate

1Sikm @ F) =@ Sisom f Lo By < m Ul oBery fori=1,2,... H,

for any ¢ > 0, provided r is small enough, depending on ¢ and n2,9k+2»9k+3 (see (5-2) and Definition 3.21
for the meaning of symbols). Then, by Proposition 3.23, the constant r depends on the function a only
through the local VMO modulus 7} ¢ ¢.

Next, again by known properties of spherical harmonics, we can say that, for any positive integer #,

there exists ¢;, such that

B
@l =erm™  sup (L) DT w)|
lull=1,1p1=2h" * OU
By the uniform estimates contained in Theorem 4.3, the last expression is bounded by Cm =", for some
constant C depending on #, the vector fields, and the ellipticity constant u. Also taking into account
(5-10) and choosing 4 large enough, we conclude

o
—2h _N/2
ISFlo@GErn < D Camm 2 m™ 21 fll oGy = N Fll oG @y

m=0

and
IS@f)—a-SflleBE.ry < celfllLrBéErm
for any ¢ > 0, provided r is small enough.

We are left to show how the previous argument needs to be modified to take into account the possible
dependence of Df "'T'(¢; u) (and then of s (§)) on n. Let us expand

ikm
' X 8m
0(-.0)”
Dy E ) =Y N o () Ko )
m=0 k=1
so that
X 8m

Di'T(E O ) =YD ¢ i@ Kim(© . ).

m=0 k=1
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The kernels K x,, are the same as above, hence the estimates on the operators S; i, and their commutators

remain unchanged. As to the coefficients ct (&), we now have to write, for any positive integer 4 and

i,km
some constant ¢y,

i@l =em™  sup (L) pEe O )|
lul=1,]8|=2n' \OU

Now, from the identity

0

) 9
5 (D700 RGNS <D”F<s 1)) fy—o(-.0)- 1(u>+Z—(D“F<s u))—(@( SO
J

it is easy to see that we can still get a uniform bound of the kind

@&l<C-m™

Ci km
with C depending on /, the vector fields, and the ellipticity constant w. O

Remark 5.5. In the statements of all the theorems about singular integrals proved in [Bramanti and
Zhu 2012], the constant depends on the kernel only through the constants involved in the assumptions.
Actually, we need some additional information about this dependence. A standard sublinearity argument
allows us to say that if, for example, our assumptions on the kernel are (3-11), (3-12), and (3-13), the
constant in our upper bound will have the form

c-(A+B+0),

where A, B, and C are the constants appearing in (3-11), (3-12), and (3-13), and ¢ does not depend on
the kernel. This fact has been used in the above proof and will be used again.

6. Schauder estimates

We are now in position to apply all the machinery presented in the previous sections to prove our main
results, that is, C§ and L’ estimates on X; X ju in terms of u and £u. We will prove C§ estimates
(Theorem 2.1) in this section, and L? estimates (Theorem 2.2) in Section 7.

Let us recall the setting described at the end of Section 3C. For a fixed subdomain Q' € Q C R”
and a fixed point x € €/, let us consider a lifted ball B (€, R) c RN (with & = (¥, 0)) where the lifted
vector fields X; are defined and satisfy Hormander’s condition and the map ® is defined and satisfies the
properties stated in Section 3A.

According to the procedure followed in [Bramanti and Brandolini 2007, Section 5], the proof of C§
a priori estimates for second order derivatives will proceed in three steps: first, in the space of lifted
variables, for test functions supported in a ball B (€, r) with r small enough; then for any function in
C%“(E (€, 7)) (not necessarily vanishing at the boundary); then for any function in C)z(’“(B()E, r)), that is
in the original space.

The first step in the proof of Schauder estimates is contained in the following.
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Theorem 6.1. Let B (€, R) be as before. Then there exist Ry < R and ¢ > 0 such that, for every
ue CE(BE, Ro),

el c2eB@ ryy = CUILullca @@, ryy + 1l L@@ ro

where ¢ and Ry depend on R, {)?i}, o, i, and [|Gijllce (5 gy

The proof is quite similar to that of [Bramanti and Brandolini 2007, Theorem 5.2] and will be omitted.
We just point out the facts which it relies upon:

« the representation formula proved in Theorem 4.19;
o Theorem 5.1 about singular integrals on C ‘3‘)2;
» several properties of C )2?’“ functions, collected in Proposition 3.14.

The second step in the proof of Schauder estimates consists in establishing a priori estimates for
functions not necessarily compactly supported.

Theorem 6.2. There exist ro < Ry and ¢, B > 0 (with Ry as in Theorem 6.1) such that, for every
ue C%Q(E(é, r0)), 0 <t <s <ro,

C ~
lullcze e = G pa IFules @@y + Iulied@s)s
where rg, ¢ depend on R, {%i}?zl, o, 4, and ||a;; lca (B, r)) and B depends on {5(}}?_0 and o.
¢(BE. =

As in [Bramanti and Brandolini 2007], this result relies on interpolation inequalities for C ;i(’“ norms
and the use of suitable cutoff function. The following result can be proved as [Bramanti and Brandolini
2007, Lemma 6.2] by the results in Proposition 3.14.

Lemma 6.3 (cutoff functions). Forany0 < p <r and & € B (£, R), there exists ¢ € Coy° (RN) with the
following properties.

() 0<@<1,9=10nB(, p),and spitg C B(E, r).
(i) Fori,j=1,2,...,q,

1 Xipl < —— | Xool, [XiXjol < —. (6-1)
r—p (r—p)
(iii) Forany f € C‘)"?(E(é, R)) and r — p small enough,
~ c
If Xiollce 3 ry S 73 1 lleeBE ry)
iWleg e rn S o yal llegBém) 62)

~ ~ ~ C
X o (R(E , XX QO (BE < — QO BE .
If 0(»0||C)~((B(§,R)) IfXi J(p||C)~((B(§,R)) S r—p) I/ ||c)~((3(g,1e))

We will write
B,(§) <9 < B (§)

to indicate that ¢ satisfies all the previous properties.
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Proposition 6.4 (interpolation inequality for test functions). Let
q ~ ~
H=>Y " X]+X
i=1

and let B (€, R) be as before. Then, for every a € (0, 1), there exist constants y > 1 and ¢ > 0, depending
ona, R and {fi}, such that, for every ¢ € (0, 1) and every f € Cgo(E(é, R/2)),

~ c
1X1 fllce B @ vy = eNHf llce 5@ rp2) T 87||f||Lw(§(§,R/2)) (6-3)
forl=1,2,...,q; moreover, we have
~ c
||Df||c§(§(§,R/2)) = 3||§£f||c§(§(§,R/2)) + 8_y||f”L°°(§(§sR/2))’ (6-4)

where D is any vector field of local degree < 1.
To prove Proposition 6.4, we need the following.

Lemma 6.5. Let P(&y) be a frozen operator of type A > 1 over B (£, R) and a € (0, 1). Then there exist
positive constants y > 1 and c, depending on o, |, and {ii}, such that, for every f € Cgo(g(é, R)) and
e€(0,1),

c
IPHfllce B ry) = el HS lce@e ry + 8_y||f“L°°(§(§,R))' (6-5)
Moreover, (6-5) still holds if H is replaced by any differential operator of weight two, like X i X jor 350-

The proof of this lemma is very similar to that of [Bramanti and Brandolini 2007, Lemma 7.2]. It
exploits the properties of cutoff functions (Lemma 6.3 ), inequality (3-19), and fractional integral estimates,
relying on [Bramanti and Zhu 2012, Theorem 5.7] and Remark 5.5.

Proof of Proposition 6.4. By Theorem 4.18, we can write

af = PHf &)+ Sf,

where P and § are frozen operators of type 2 and 1, respectively, over B (€, R). More precisely, they
should be called “constant kernels of type 2 and 17, since they satisfy the definition of frozen kernels
with the matrix {a;; (o)} replaced by the identity matrix.

If we assume a = 1 on E(é, R/2), then, for f € CSO(E(E, R/2)), we obtain

f=PHfE)+Sf, (6-6)

and therefore, by Theorem 4.11,
Xif=SiHf(€)+Tf. (6-7)

where S| and T are frozen operators of type 1 and 0, respectively. Substituting (6-6) in (6-7) yields

Xif=SHf(E) +TPHf +TSf,
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and therefore, by Theorem 5.1 and Lemma 6.5,

1X: flle < ISUHF llo+ cUIPHS la + 1Sf lla} < clel Hf lla + &7 [ flloo + Sflla}, (68

where all the norms are taken over B (€, R/2). We end the proof by showing that, for an operator S of
type 1,
1S lle = cll fllz=,

which by (6-8) will complete the proof of the first inequality in the proposition. Indeed, if

SF(E) = / k(E. ) f£(n) dn,

Br
we have

ISFED = SFE < Il / . @ — k(2] (6-9)

B,

Moreover,

/~ k(1 1) — k(Ea, )] dn = / , k(1 1) — k (&, 1)) dn
Br B(&,R),p(§1,m)>Mp(&1,62)

+ [ k(§1,m) —k(&2, | dn
BGE.R).pE1.m=Mp(E1.52)
=:1+II

IS/ c lﬂ(&,%‘z) i
pErm>Mp(.e) PEL M p(Er,n)

p (&1, M1 0(51,52)1_“0[
pEm=Moen PELME p,m—

o[ PED)
N R

where in the last inequality we have used the following standard computation (which will be useful again):

Then

= p(&1, 6&)°

dn < cp(&1,£)*R'™,

d ~ _
/ ! — L <erf forany & € BE, R). (6-10)
BER).pE.m<r PEL N

)O—B =
As to 11,

i< f Kz, )| dn + / k(&2 ) din.
p&1.n)<Mp(&1.52) p&1.mM)<Mp(£1,&)

Since there exists My > 0 such that if p(§1, n) < Mp(&1, &), then p(&2, n) < M1p(&1, &2),
1
ch{f —_dn—i-/ —_dn},
P =Mp (e &) PELME! P& m<Mip( & PE2 M2
which, again by (6-10), is
<cp(61, &) <cp(51, )R
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Hence, for every @ € (0, 1),

/N |k (€1, m) — k52, )| dn < cap (&1, )R,

Br
and, by (6-9),
ISfla < cll fllLee.
Moreover,

1S£®)] s/E k(. ) f ()] dy < ||f||Loo/ dn <RI\ f 1o,
R p

&m=cr P&, 2!
hence

I1Sflle = cllflle.

This completes the proof of (6-3). A similar argument gives (6-4). O

Theorem 6.6 (interpolation inequality). There exist positive constants c, y and ri < R such that, for any
ueCz*(BE.r).0<p<r.0<8<1/3,

q

~ ~ Cc

D o (B(E <4 D2 o (R(E B ——— co(R(E .

1Dullce B o = ; ID%ulce&rn + 57— 5y 1 hiedérn)

where
q q
~ - ~ o -
1Dull =) 1 Xiu| and D>l =Y |IXiXiul + | Xoul.

i=1 ij=1

The constants c, r1, y depend on o, {)?i}; y is as in Proposition 6.4.

Proof. The proof can be carried out exactly as in [Bramanti and Brandolini 2007, Proposition 7.4],
exploiting the properties of cutoff functions (Lemma 6.3), the interpolation inequality for test functions
(Proposition 6.4), and (3-20) in Proposition 3.14. [l

We are now ready to complete the second step in the proof of Schauder estimates.

Proof of Theorem 6.2. This proof can now be carried out exactly like in [Bramanti and Brandolini
2007, Theorem 5.3], exploiting Schauder estimates for functions with small support (Theorem 6.1), the
properties of Holder continuous functions contained in (3-20), (3-21), and (3-24), the properties of cutoff
functions (Lemma 6.3), and the interpolation inequalities contained in Theorem 6.6 and (6-4). O

Proof of Theorem 2.1. We finally come back to our original context, which we are going to recall. We
have a bounded domain €2 where our vector fields and coefficients are defined, and a fixed subdomain
Q' € Q. Fix x € Q" and R such that in B(x, R) C Q all the construction of the previous two subsections
(lifting to B (€, R) and so on) can be performed. Let rg be as in Theorem 6.2. To begin with, we want
to prove Schauder estimates for functions u € C%“(B()E, rp)). By Proposition 3.15 we know that the
function #(x, h) = u(x) belongs to C%“(B(é ,70)), S0 we can apply to & Schauder estimates contained in
Theorem 6.2. Combining this fact with the two estimates in Proposition 3.15 and choosing ¢, s such that

ro>t>s>0 and t—s=ry—t,
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we get, for some exponent @ > 2,

c ~
el c2e e,y = m”M'C?j"(E(E,I))
C ~ o ~
= o= e 1 Fleg oy + 1L B @)

C
< m(lliu e B.ro)) T 1]l Lo (B r0)) s (6-11)

since Fii = @M/) Next, let us choose a family of balls B(x;, rg) in 2 such that

k k
@ c| JB@i.ro/2) c| JB i ro) c Q.

i=1 i=1
Then, by Proposition 3.14(v) and (6-11), with s =ry/2,

k

< <
lll 2 gy = Nutll 2o py, 2y = CZ lotll 2 gy oy
i=1

k
<c ) {I1LullcsBe.ron + Il LB o)
i=1

< c{llfullce() + llullLe@)}
with ¢ also depending on ry. Finally, let us note that the constant ¢ depends on the coefficients a;; through
the norms
llai; ”C%(g(é,Ro))’

which in turn are bounded by the norms

llaijllce Bz, Ro))

(by Proposition 3.15), and hence by ||a;jlce(q) (or more precisely, by [|a;;lce () for some Q" such that
Qe e). O

7. LP? estimates

The logical structure of this section, as well as the general setting, is very similar to that of the previous
one, following as closely as possible the strategy of [Bramanti and Brandolini 2000a]. The basic difference
with the setting of Schauder estimates is the fact that here we start with representation formulas where
the “frozen” point has finally been unfrozen; therefore, singular integrals with variable kernels are now
involved, together with their commutators with VMO functions. This makes the singular integral part of
the theory more involved.

The first step is contained in the following.
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Theorem 7.1. Let B (£, R) be as in the previous section, and p € (1, 00). There exists Ry < R such that,
for every u € Cgo(g(é, Ry)),

||u”S§’”(§(§,RO)) = C{Hsgu”LP(E(é,RO)) + u ”L”(E@,RO))} (7-1)
for some constant ¢ depending on {)? i}?zo’ P, L, and R; the number Ry also depends on the local VMO
moduli n;"i.i’g,yg.

The proof can be carried out exactly like in [Bramanti and Brandolini 2000a, Theorem 3.2], exploiting
the representation formula proved in Theorem 4.21 and the results about singular integrals and commutators
contained in Theorem 5.4.

Next, we have to remove the restriction to compactly supported functions.

Theorem 7.2. Let B (€, R) be as before. There exists ryo < R and, for any r < ry, there exists ¢ > 0 such
that, for any u € S%p(B(E, r)), we have

||u||5)2?,p(§(§’r/2)) = C{IIEEulle(g(g,r)) + ||u||Lp(§(§,r))}-

The constants c, ro depend on {)? i}l.qzo, p, i, R, and n;"ij o o> € also depends on r.

Analogously to what we have seen in Theorem 6.2, the proof of the above theorem relies on interpolation
inequalities for Sobolev norms and the use of cutoff functions. Regarding cutoff functions, we need the
following statement.

Lemma 7.3 (radial cutoff functions). Forany o € (%, 1),y >0and & € B (€, ), there exists ¢ € Cgo([R{N )
with the following properties.

1) Eor &)<p=< EU/,@) with o' = (1 + o) /2 (this means that ¢ = 1 in Ear (&) and it is supported in
By ().

(i) Fori, j=1,...,q,we have

~ c ~ ~ o~
| Xip| < m, [ Xopl, |Xi X o]

The above lemma, very similar to [Bramanti and Brandolini 2000a, Lemma 3.3], is actually contained

S m . (7—2)

in Lemma 6.3, but we prefer to state it explicitly because it is formulated in a slightly different notation,
suitable to our application to L? estimates.

Theorem 7.4 (interpolation inequality for Sobolev norms). Let B (€, R) be as before. For every p € (1, 00),
there exists ¢ > 0 and ri < R such that, for every 0 < e <4rj,u € Cgo(E(é_‘, ry)),

~ c
||Xiu||L1’(§(§,r1)) = 8||HM||LP(§(§J1)) + g||M||Lp(§(g,rl)) (7-3)

foreveryi=1,...,q,where H := 2?21 )?12 —{—?0.

Proof. The proof of this proposition is adapted from [Bramanti and Brandolini 2000a, Theorem 3.6], but
also improves that result, which is stated with a generic constant c(¢) instead of c/e.
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Let 1 be a small number to be fixed later. Like in the proof of Proposition 6.4, we can write, for any
ue CP(B(E, r)) and € € BE ),

Xiu(E) = SHu(£) + Tu(®),

where S and T are constant operators of type 1 and 0O, respectively, over B (€,2r1), provided 2r; < R.
(See the proof of Proposition 6.4 for the explanation of the term “constant operators of type A”.) Since

ITullLr B Ery = clullLe@E -
the result will follow if we prove that
c
ISHullLo & ry = lH Ul LB Ery + L 1ulLrBE - (74
Let k(£€, n) be the kernel of S, and, for any fixed & B (€, 1), let ¢, be a cutoff function (as in Lemma 7.3)

with
ES/Z(S) < Qe < Eg(é)

Let us split SHu(§) as

SHu(S)=/~_ k&, mU — e ()] Hu(n) dn + k&, m)Hu(m)g:(n) dn
BGE.r).pEm>e/2

/g(é,rn),p(é,n)fe
= 1) +1E).
Then

1) = HT (k(&, 1 —%(-)])(n)u(n)dn‘

é(é,rl),p(é,n)>8/2
§/~ {|[1—¢€]HTk(§,-)|+cZ|§,-[l—cpg]-)?jk(s,-)|

B(&,r1),p(E,m)>e/2
+ |k, O HT[1 = @l m)u(n))| }dn

=:A)+B(¢)+C(é).
Recall that, fori, j =1,2,...,q,

c
k&, m)| < dGE o’
~ c
Xlk N = L <
| & . nl =< dE. )0
c
|HTk(S, D] < W’
ARSI

IHT (1 - ) ()] < .
&
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and the derivatives of (1 — ¢.) are supported in the annulus ¢/2 <d(§,n) <e. Since §,n € E(é, r1), we
have d(&, n) < 2r;. Hence, letting k¢ be the integer such that 2k=lg < 2r; < 2%g, we have

ko
C
A < E _— d
el =e k=0 /ZVk—'s<p(§J))§2kg d(&, n)Q+1 )

ko

1 1
<c - u(n)|d
g 2k=lg (£2k-1)0 /p@,msz%' ldn
C
< —-sup =——— lu(n)| dn. (7-3)
& rS4r1 |B(55 r)l E(S,r)

We now have to recall the definition of a local maximal function M in a (metric) locally homogeneous
space (€2, {2,,}, d, du), given in [Bramanti and Zhu 2012]. Fix 2, €2,,+1 (see Section 3C for the notation)
and, for any f € L'(,1), define

1
Moy g, f(x) = sup —— IFO)ldp(y) for x € Q.
2R SO0 = S0P ) Ly 1 OARO

where r, = %sn. Applying this definition to our situation where 4r| =r, = %sn, we get g, = 10r; and,

for £ € B(E, r1), we have B(&, ¢,) C B(E, 11ry). Therefore, by (7-5), we can write

Cc
AG] = - M5 . 5E11ru ),

and, by [Bramanti and Zhu 2012, Theorem 8.3], we have

C C
1AL B@.ryy = ZNellirBEniny = SHullLr @@ )

since u € Cgo(E(é, r1)), provided 11r; < R. Also,

1 1 c
IBE)| SC/ Ll iy < / ()] dn
s<pmze, € d(E, 2 et Joem=e

Cc
<-.
&

C
sup—=—— [ luldn < Mg 5ie )
1B Nl e o MBEr BE )

provided ¢ < 4r;. As before, we have

C
1Bllr @@y = Z1ulLr@E n-

Finally,
1

1 c
) SC/ L ummay < —/ ()| .
e/2<p(emy<e € d(&,1)271 et Joem<e

Therefore, as for the term B(§),

C
Ml @@ ny = Z1lr@érn:
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Let us bound II:
[Hu(n)|

()| < .
| ($)|_Cfp<s,n)<ep(é,n)9‘1 7

Then a computation similar to that of C(£) gives

()] < ceMBE ry 5E 114w E)  and (Il o FE ) < cElull Lo BE r)-
provided & < 4ry. O

Theorem 7.5. Forany u € Sf?’p(g(é, r)), p€ell, 00), 0 <r <ry (where ry is the number in Theorem 7.4),
define the following quantities:

Or= sup ((L—o)r*ID*ull ., fork=0,1,2.
1/2<o <1 "

Then, for any § > 0 (small enough),
P <8Py + gcbo-

Proof. This result follows exactly as in [Bramanti and Brandolini 2000b, Theorem 21], exploiting the
interpolation result for compactly supported functions (Theorem 7.4), cutoff functions (Lemma 7.3), and
Proposition 3.19. U

Proof of Theorem 7.2. This proof is similar to that of theorem [Bramanti and Brandolini 2000b, Theorem 3].
Due to the different context, we include a complete proof for the convenience of the reader.

Pick ro = min(Ry, r1) where Ry and r; are the numbers appearing in Theorems 7.1 and 7.4, respectively.
Forr <rg, letu € S%p(g(é, r)). Let ¢ be a cutoff function as in Lemma 7.3:

BE, or) <@ < B(E,o'r).
By Theorem 7.1, pu € S%%(E(é, r)); then, by density, we can apply Theorem 7.1 to gu:
||§0“||s2,p(§(§,r)) = C{HEB(SDM)”LP(EQJ)) + ”(PMHLP(E(EJ))}-
For 1 <i, j <gq, from the above inequality we get
~ ~ ~ 1 ~ 1
1Xi X jull Lo, < ctlifullrg, )+ m”DM”LP(EJ,r) + m||u||u(§a,r)}-
Multiplying both sides by (1 —)%r?, we get
=0’ | Xi X ju ll 1o 5, < A1 —=0) 2P| Full 1oz, + (A —0)r(1Dull o, )+ Il 1o, )} (7-6)
Next, we compute (1 — a)zrzllfoullu,(gw):

q
(=) Xoull Lo,y = (1= 0?1 Fu— Y @ X X jull 1oz,
i,j=1

<c(1= o) r*(1%ull o g, + 1 X X jull oz, )- (7-7)
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Combining (7-6) and (7-7), we have
(=) 2| D%ull 1oz, <l — )| Zull 5, + (A — o)l Dull oz, ) + el o5, )} (7-8)

Adding (1 — o)r||5u||L,,(§m) to both sides of (7-8),

(1= o)r|Dull oz, + (1 — )| D?ull oz,
<ol =0V’ Lull 5, + (L= o)r|Dull o,y + 1l oz, )} (7-9)

which, by Theorem 7.5, is
~ c
= ol = o1 Ful o g,y + P2+ 5 P0) + el o ) )-
Choosing § small enough, we have

D+ Dy < c{r?|1%ull o) + 1l o)

Then
PIDull o By + DU o 562y < PPN E0N o 56y + 1l Lo B 6y
hence
el 2 6.0 2 < NN Loy + Nl e
which is the desired result. ]

Proof of Theorem 2.2. This follows from Theorem 7.2 in a way which is analogous to that followed in
Section 6 to prove Schauder estimates. Namely, fix X € Q' € Q and R such that in B(x, R) C Q all the
construction of the previous two subsections (lifting to B (€, R) and so on) can be performed. Let rg < R
as in Theorem 7.2, and let u € S)Zf’p(B()E, ro)). By Theorem 3.20 we know that the function u(x, h) = u(x)
belongs to S)2~(’p (B(&, rg)), so we can apply to i the L estimates contained in Theorem 7.2. Combining
this fact with the two estimates in Theorem 3.20, we get

lull 2. g sr 29y = €l ||S§°‘(§(§,ro/2>)
< Uil Lo BEroyy + 18l Lo B E 1))
< c(l&ullLeB.re) + NullLrBG.r))>

since Fif = (%u). Next, let us choose a family of balls B(x;, rg) in 2 such that

k k

Q' c | JB(xi. doro/2) € | JB(xi. ro) C Q.
i=1 i=1
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Therefore, .
il g2y < 002G orosn = D2 1080522 (8, suros
' i=1
< ¢ ALl Loy + 1l Loaeon)
i=1
< c{llFullLr@) + llullLr @)}
with ¢ also depending on ry. Il
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