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EFFECTIVE INTEGRABLE DYNAMICS
FOR A CERTAIN NONLINEAR WAVE EQUATION

PATRICK GERARD AND SANDRINE GRELLIER

We consider the following degenerate half-wave equation on the one-dimensional torus:
idu —|Dlu= |ul*u, u(0,-)=uo.

We show that, on a large time interval, the solution may be approximated by the solution of a completely
integrable system — the cubic Szegd equation. As a consequence, we prove an instability result for large
H* norms of solutions of this wave equation.

1. Introduction
Let us consider, on the one-dimensional torus T, the “half-wave” equation
idu—|Du=ulPu, u,-)=uy. (1)

Here | D| denotes the pseudodifferential operator defined by
|D|u = Z k|luge™,  u= Zukeikx.
k

This equation can be seen as a toy model for nonlinear Schrodinger equations on degenerate geometries
leading to lack of dispersion. For instance, it has the same structure as the cubic nonlinear Schrodinger
equation on the Heisenberg group, or associated with the GruSin operator. We refer to [Gérard and Grellier
2010a; 2010b] for more detail.

We endow L?(T) with the symplectic form

o(u,v) =Im(u, v),

where (u, v) denotes the inner product on L*(T). Equation (1) may be seen as the Hamiltonian system
related to the energy function H (1) := %(lDlu, u)+ }LHu ||AL'4. In particular, H is invariant by the flow,
which also admits the conservation laws

Q) :=llulljs, M) :=(Du,u).
However, Equation (1) is a nondispersive equation. Indeed, it is equivalent to the system
i3 +0ur = Me(ul’u), u(0, ) =T+ (up), (2)
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where u1 = T4 (u). Here, T1.. denotes the orthogonal projector from L?(T) onto

Li(T):= {u =Y uge™, (=0 € 62}
k=0
and IT_ :=1 —T1,.
Though the scaling is L>-critical, the first iteration map of the Duhamel formula

t
u(r):e—”'D'uo—i/ e Oy () Pu(r))dT
0

is not bounded on H* for s < % Indeed, such boundedness would require the inequality

1
—it|D 4 4
[ 1P gyt S 1 Wy
0

However, testing this inequality on functions localized on positive modes, for instance, shows that this
fails if s < % (see the Appendix for more detail).
Proceeding as in the case of the cubic Szegd equation [Gérard and Grellier 2010a, Theorem 2.1],

idw =T, (Jw|*w), 3)

one can prove the global existence and uniqueness of solutions of (1) in H* for any s > % The proof

1/2

uses in particular the a priori bound of the H'/“-norm provided by the energy conservation law.

Proposition 1. Given ug € H > (T), there existsu € C(R, H > (T)) unique such that
i0;u—|Dlu= |u|2u, u(0, x) = up(x).
Moreover if ug € H*(T) for some s > %, thenu € C(R, H*(T)).

Similarly to the cubic Szeg6 equation, the proof of Proposition 1 provides only bad large time estimates:
Cst
lu@) s S

This naturally leads to the question of the large time behavior of solutions of (1). In order to answer
this question, a fundamental issue is the decoupling of nonnegative and negative modes in system (2).
Assuming that initial data are small and spectrally localized on nonnegative modes, a first step in that
direction is given by the next simple proposition, which shows that x_(f) remains smaller in H'/?

uniformly in time.

Proposition 2. Assume
Maug=uo=0() in H2(T).

Then, the solution u of (1) satisfies

sup [TT_u(r)|| 1 = 0(e?).
teR H2
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Proof. By the energy and momentum conservation laws, we have
(IDlu, w) + 3 llully = (| Dluo, uo) + 3 luoly+, (Du, u) = (Duo, uo).
Subtracting these equalities, we get
2(1Dlu—, u) + 3 llullys = 5lluolls = 0"
hence

||u_||21 =0(eh). O

(S]]

This decoupling result suggests neglecting u_ in the system (2) and hence comparing the solutions of
(1) to those of

i9,v— Dv = I, (Jv]*v),

which can be reduced to (3) by the transformation v (¢, x) = w(¢, x —t).
Our main result is the following.

Theorem 1.1. Lets > 1 and ug = I (up) € L%F(T) N H(T) with ||ug||gs = €, for e > 0 small enough.
Denote by v the solution of the cubic Szegd equation

id,v—Dv =TI (Jv]*v), v(0,-)=u. (4)

Then, for any a > 0, there exists a constant ¢ = ¢, < 1 such that

lu(t) = o)l ge = 0> fort < ‘;—2 log é 5)
Furthermore, there exists ¢ > 0 such that
lu(®)llix = 0e) forall 1 < =, (©)
Remarks. 1. If we rescale u as eu, Equation (1) becomes
idu—|Dlu = &*|ul*u, u(0,-) = uo,

with |lug|| g+ = 1. On the latter equation, it is easy to prove that u(¢) = e~ Plyg+0(1) fort < 1/€2, so
that nonlinear effects only start for 1/¢% < t. Rescaling v as v in (4), Theorem 1.1 states that the cubic
Szegd dynamics appear as the effective dynamics of (1) on a time interval where nonlinear effects are
taken into account.

2. As pointed out before, (4) reduces to (3) by a simple Galilean transformation. Equation (3) has been
studied in [Gérard and Grellier 2010a; 2010b; 2012], where its complete integrability is established
together with an explicit formula for its generic solutions. Consequently, the first part of Theorem 1.1
provides an accurate description of solutions of (1) for a reasonably large time. Moreover, the second part
of Theorem 1.1 claims an L°° bound for the solution of (1) on an even larger time. This latter bound is
closely related to a special conservation law of (3), namely, some Besov norm of v — see Section 2 below.
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3. In the case of small Cauchy data localized on nonnegatives modes, system (2) can be reformulated
as a— singular — perturbation of the cubic Szeg6 equation (3). Indeed, write ug = ewg and u(z, x) =
sw(e?t, x —1); then w = w4 + w_ solves the system

idwy = My (w*w),

7
(620, — 20 ) w_ = &*TI_(|w|*w). @

Notice that, for ¢ = 0 and IT;wp = wy, the solution of this system is exactly the solution of (3). It is
therefore natural to ask how much, for ¢ > 0 small, the solution of system (7) stays close to the solution
of Equation (3). Since Equation (3) turns out to be completely integrable, this problem appears as a
perturbation of a completely integrable infinite-dimensional system. There is a lot of literature on this
subject (see the books [Kuksin 1993; Craig 2000; Kappeler and Pdschel 2003] for KAM theory). In
the case of the 1D cubic NLS equation and the modified KdV equation, with special initial data such
as solitons or 2-solitons, we refer to [Holmer and Zworski 2007; 2008; Holmer et al. 2007; 2011] and
references therein. Here we emphasize that our perturbation is more singular and that we deal with general
Cauchy data.

4. The proof of Theorem 1.1 is based on a Poincaré-Birkhoff normal form approach, similarly to [Bambusi
2003; Grébert 2007] for instance. More specifically, we prove that (4) turns out to be a Poincaré—Birkhoff
normal form of (1), for small initial data with only nonnegative modes.

As a corollary of Theorem 1.1, we get the following instability result.

Corollary 1. Let s > 1. There exist a sequence of data uy and a sequence of times t™ such that, for
anyr,

lugll - — 0,

while the corresponding solution of (1) satisfies

2s—1
™ () || s 2= |y | s <log ~ ) :
2 || s

It is interesting to compare this result to what is known about the cubic NLS. In the one-dimensional case,
the cubic NLS is integrable [Zakharov and Shabat 1972] and admits an infinite number of conservation
laws which control the regularity of the solution in Sobolev spaces. As a consequence, no such norm
inflation occurs. This is in contrast with the 2D cubic NLS case for which Colliander, Keel, Staffilani,
Takaoka, and Tao [2010] exhibited small initial data in H® which give rise to large H* solutions after a
large time.

In our case, the situation is different. Although the cubic Szegd equation is completely integrable, its
conservation laws do not control the regularity of the solutions, which allows a large time behavior similar
to the one proved in [Colliander et al. 2010] for 2D cubic NLS [Gérard and Grellier 2010a, Section 6,
Corollary 5]. Unfortunately, the time interval on which the approximation (5) holds does not allow to
infer large solutions for (1), but only solutions with large relative size with respect to their Cauchy data—



EFFECTIVE INTEGRABLE DYNAMICS FOR A CERTAIN NONLINEAR WAVE EQUATION 1143

see Section 3 below. A time interval of the form [0, 1/£27#] for some B > 0 would be enough to construct
large solutions for (1) for some H*-norms.

We close this introduction by mentioning that O. Pocovnicu solved a similar problem for Equation (1)
on the line by using the renormalization group method instead of the Poincaré—Birkhoff normal form
method. Moreover, she improved the approximation in Theorem 1.1 by introducing a quintic correction
to the Szegd cubic equation [Pocovnicu 2011].

The paper is organized as follows. In Section 2 we recall some basic facts about the Lax pair structure
for the cubic Szeg6 equation (3). In Section 3, we deduce Corollary 1 from Theorem 1.1. Finally, the
proof of Theorem 1.1 is given in Section 4.

2. The Lax pair for the cubic Szeg6 equation and some of its consequences

In this section, we recall some basic facts about Equation (3) (see [Gérard and Grellier 2010a] for more
detail). Given w € H'/>(T), we define (see, e.g., [Peller 1982; Nikolski 2002]) the Hankel operator of
symbol w by

Hy(h) =T (wh), hel?.

It is easy to check that H,, is a C-antilinear Hilbert—Schmidt operator. In [Gérard and Grellier 2010a], we
proved that the cubic Szegd flow admits a Lax pair in the following sense. For simplicity let us restrict
ourselves to the case of H*® solutions of (3) for s > % By [ibid., Theorem 3.1], there exists a mapping
w € H* — B,, valued into C-linear bounded skew-symmetric operators on L2, such that

H_in, (jwpw) = [Bw, Hyl. (8)

Moreover,
B, = iH2 —iT
w 5w UL )2,

where T} denotes the Toeplitz operator of symbol b, given by Ty, (h) = I1,(bh). Consequently, w is a

solution of (3) if and only if

iH = [By,, Hy] 9
dt w — wo wi-

An important consequence of this structure is that the cubic Szegd equation admits an infinite number
of conservation laws. Indeed, denoting by W (¢) the solution of the operator equation

d
—W=B,W, WO =I,
o w 0)

the operator W (¢) is unitary for every ¢, and
W) Hy@yW (t) = Hy ).

Hence, if w is a solution of (3), then H,,(;) is unitarily equivalent to H,, ). Consequently, the spectrum of
the C-linear positive self-adjoint trace class operator H? is conserved by the evolution. In particular, the
trace norm of H,, is conserved by the flow. A theorem by Peller [1982, Theorem 2, p. 454] states that the
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trace norm of a Hankel operator H,, is equivalent to the norm of w in the Besov space Bl1 (1. Recall
that the Besov space B! = B11 1 (T) is defined as the set of functions w such that ||w|| B, is finite, where

o0
lwllg, = 1So@) i+ 214wl
j=0

here w = So(w) + Z?io A jw stands for the Littlewood—Paley decomposition of w. It is standard that B!
is an algebra included into L°° (in fact into the Wiener algebra). The conservation of the trace norm of
H,, therefore provides an L* estimate for solutions of (3) with initial data in B!

The space B! and formula (8) will play an important role in the proof of Theorem 1.1. In particular,
the last part will follow from the fact that ||u(¢)|| 51 remains bounded by ¢ for t < 1/ ¢3. The fact that
H*(T) C B! for s > 1, explains why we assume s > 1 in the statement.

3. Proof of Corollary 1

As observed in [Gérard and Grellier 2010a, Section 6.1, Proposition 7, and Section 6.2, Corollary 5], the
equation
e +b
i0w =T, (wPw), w,x) =2 T2
1= poe'*

with ag, bg, po € C, | po| < 1 can be solved as

_a(®) e +b(1)
e

where a, b, p satisfy an explicitly solvable ODE system.
In the particular case when

ap=¢, bo=¢8, po=0, we(0,x)=¢e*+3),

T 2N ’
1_"7(2825) =%

one finds

so that, for s > 1

2’
T N
Hw8<2328>‘ s 8217
Let v, be the solution of
i3+ 0)ve =T (Jve]*ve) . v:(0,x) = (™ +9).
Then v (¢, x) = w,(¢t, x—t), so that
(o)l =5
Vel —— ~—_
2628/ s~ 8251
Choose
1 C
e=—, §
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with C large enough that if 1™ := 7r/(2625) then t™ < clog(1/e)/e?, where ¢ = ¢, in Theorem 1.1 for
a =1, say. Set ug :=v,:(0, ). As |lug|lgs = ¢, the previous estimate reads

ve(505: )| = gl (10 Ly
_— ~Nu s .
e\ 2e25) |l e = Mol 08 s

Applying Theorem 1.1, we get the same information about ||u,, (t")]| 5.

4. Proof of Theorem 1.1
First of all, we rescale u as eu so that Equation (1) becomes
idu—|Dlu=e*ulPu, u, )=up (10)
with ||ug||gs = 1.
4.1. Study of the resonances. We write the Duhamel formula as

u(t) =e"Plu),

with
a ky=aok) —ie* Y Ik, ka, k3, k),
ki—ky+ks—k=0
where
I(k1, ko, k3, k) = /0 Tk (o kAT R k) d
and

D(ky, ko, k3, ka) := k1| — |ko| + |k3| — |k4].

If ©(ky, ko, k3, k4) # 0, an integration by parts in I (ky, k2, k3, k4) provides an extra factor ¢2; hence
the set of (ki, k2, k3, k4) such that @ (ky, ko, k3, ks) = O is expected to play a crucial role in the analysis.
This set is described in the following lemma.

Lemma 1. Given (ky, k2, k3, ks) € Z*,
ki —ky+ks—ks=0 and |ki| — lkao|+ |k3| — |ks| =0
if and only if at least one of the following properties holds:
(@) kj >0 forall j.
(b) kj <0 forall j.
(c) ki =ky and k3 = k4.
(d) ky = kq and kz = k.
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Proof. Consider (ky, ka, k3, k4) € Z* such that k; —ky + k3 — k4 = 0, |k1| — |ka| + |k3] — |k4| = 0, and the
k; are not all nonnegative or all nonpositive. Let us prove in that case that either k| = k» and k3 = k4,
or k1 = k4 and k3 = kp. Without loss of generality, we can assume that at least one of the k; is positive,
for instance k. Then, subtracting both equations, we get that |k3| — k3 = |ka| — ko + |ka| — k4. If k3 is
nonnegative, both k; and k4 must be nonnegative; hence all the k; are nonnegative. Assume now that k3
is negative. At least one among kp, k4 is negative. If both of them are negative, then k3 = ky 4 k4 but this
would imply k; = 0 which is impossible by assumption. So we get either that k3 = k, (and so k; = k4) or
k3 = k4 (and so k; = k»). This completes the proof of the lemma. O

4.2. First reduction. We get rid of the resonances corresponding to cases (c) and (d) by applying the
transformation
fen2 2
u(t) s e2 e ol (11)

which, since the L? norm of u is conserved, leads to the equation
idu —|Dlu = e*(Jul* = 2l|ull?)u, u(0,-) = uo. (12)
Notice that this transformation does not change the H* norm. The Hamiltonian function associated to
(12) is given by
H(u) = 5(I1Dlu, w) + 3&* (lull s = 2llull}>) = Ho(w) +*R(w),

where
Ho(u) : = 3(IDlu, u),

1 —
R(u):=£(||u||i4—2||u||12)=1( > ukluhuksum—Zmu“).

ki —ko+k3z—kq=0 keZ
k) K3 kg

4.3. The Poincaré-Birkhoff normal form. We claim that under a suitable canonical transformation on
u, H can be reduced to the Hamiltonian

Hu) = Ho(u) +e*Ru) + 0(e),

where

~ 1 I
R(M) = Z Z l/lklukzuk31/lk4,
(k1,k2,k3,ka)eR

with
R = {(kl,kz,k3,k4) cki—ky+ks—ks =0; ky ;ékz; kq ;ék4; kj > 0 for allj Ol‘kj < 0 for allj}.

We look for a canonical transformation as the value at time 1 of some Hamiltonian flow. In other
words, we look for a function F such that its Hamiltonian vector field is smooth on H® and on B!, so
that our canonical transformation is ¢, where ¢, is the solution of

d
S Po ) = e Xr(po ), @o(u) =u. (13)
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Recall that, given a smooth real valued function F, its Hamiltonian vector field X ¢ is defined by
dF(u).h=:wh, Xr(u)),
and, given functions F, G admitting Hamiltonian vector fields, their Poisson bracket { F, G} is defined by
{F,G}(u) =0 (XFu), Xgu)).

Let us make some preliminary remarks about the Poisson brackets.
In view of the expression of w, we have

2
{(F,G}=dG.Xr =~ E (g F oG — 9;Go F)
i
k

where i I stands for 9 F'/duy and o F for d FF /0uy. In particular, if F and G are respectively homogeneous
of order p and ¢, then their Poisson bracket is homogeneous of order p + g — 2.

Lemma 2. Set

F(u) = Z S ko ks kg Wiy Uky Uy Uk
k1 —ko+k3—ks=0

where .
i

Fo st = | 20— TR ks = Tkal)

0 otherwise.

if k1| = |k2| + [k3| = lkal # O,

Then X g is smooth on H®, s > % as well as on BY, and

{F,Hy}+R=R,

IDX F )R] < llul* (A,

where the norm is taken either in H*, s > % orin B'.

Proof. First we make a formal calculation with F given by
Fu) = Z Sy dea s ea Uk Uky Uy Uy,
k1 —ky+kz—kqs=0
for some coefficients fx, i, .k, to be determined later. We compute
1 _
(FoHod== ) (=lallkal = ksl KaD) fi bk bk Tl s T
ki—ko+kz—ks=0

so that equality {F, Hp} + R = R requires

i
A(lky| = k2 |+ k3| —|kal)
0 otherwise.

if |ki| — k2| + k3] — |ka| # 0,
Tri o ke =



1148 PATRICK GERARD AND SANDRINE GRELLIER

One can easily check that the function F is explicitly given by
F(u) = 3Im((Dg 'u—, |uy Puy) = (D u, Ju—Pus) — (Dg Hug 12, lu- 1),

where D Uis the operator defined by

_ Uk ikx
Dolu(x)zzﬁek .

k0

Notice that, since functions |u+|2 and |u_|* are real valued, the quantity (D, 1|u+|2, lu_|?) is purely
imaginary, and therefore is equal to i times its imaginary part.

In view of the formula above, the Hamiltonian vector field X (u) is a sum of products of terms
involving the maps f +— f, f Do_lf, f—=T1f, (f, g)— fg. These maps are continuous on H* and
on B'. Hence, X is smooth and its differential satisfies the claimed estimate on H*, s > % and B'. O

The proof of the following technical lemma is based on straightforward calculations.
Lemma 3. The function R and its Hamiltonian vector field are given by
R(w) = gl s+ 170 +Re(Gu, D) ey 1)) = 5(Nlus 13 + lulI32),
iX ) = T (e Pus) + T QuePus) = 2l g = 2llu- | u— + @, us)
+2(1, - (Ju_|*) + (1, wu?,

where we have set u4 = I14+(u).

The maps X (r gy and X (F.Ry are smooth homogeneous polynomials of degree five on B! and on H* for

every s > %

We now perform the canonical transformation
o 2
Xe :=exp(e“XF).

Lemma 4. Set ¢, :=exp(e’0 Xr) for —1 <o < 1. There exist mo > 0 and Co > 0 so that, for any u € B'
so that e||u|| g1 < mo, ¢, (1) is well defined for o € [—1, 1] and

3
oo )l g1 < 5llullpr,

2 3
oo (u) —ullpr < Coe”llullg,

Coe?lul*
|Dos )l g pt <e 0Tl

1

Moreover, the same estimates hold in H*, s > 5, with some constants m(s) and C((s).

Proof. Write ¢, as the integral of its derivative and use Lemma 2 to get

sup llgo ()l gr < llullgr +Ce® sup oo @Iy, 0<tT <L (14)

o<t o<t

We now use the following standard bootstrap lemma.
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Lemmas. Leta,b, T >0andt €[0,T]— M(t) € Ry be a continuous function satisfying
M(t) <a+bM(t)® forallt €0, T).
Assume that ~/3b M (0) < 1 and ~/3ba < % Then M(7) < %a forallt €[0,T].

Proof. For the convenience of the reader, we give the proof of Lemma 5. The function f :z > 0+ z —bz>
attains its maximum at z. = 1/+4/3b, equal to f,, = 2/(3+4/3b). Consequently, since a is smaller than f,
by the second inequality,

{z=0: f(z) <a}=[0,z_]U[zy, +00)

with z_ <z, < z4 and f(z—) = a. Since M () belongs to this set for every t and since M (0) belongs to
the first interval by the first inequality, we conclude by continuity that M (t) < z_ for every 7. By the

concavity of f, f(z) > 3z for z € [0, z.], hence z_ < 3a. 0
2 . .
Let us come back to the proof of Lemma 4. If ¢||u|| 31 < ——, Equation (14) and Lemma 5 imply that
p llull B 3/3C q ply
sup [lgo )l g1 < 3llullp, (15)

loj<1

which is the first estimate. For the second one, we write for |o| < 1,

2 3
< Co?lull}s,
B!

d
— s (u)

oo (u) —ullpr = llgs () — @o(u)llp1 < |o| sup s

Is|<lo]

where the last inequality comes from Lemma 2 and estimate (15).
It remains to prove the last estimate. We differentiate the equation satisfied by ¢, and use again
Lemma 2 to obtain

IDgs )l g1 pr < 1+ € / IDX F (@ W)l g1 pr 11 Do (W) g1 g1 dT

0

< 1+ Coe?|lull%,

’

o
/ | Do: ()|l g1 prdt
0

and Gronwall’s lemma yields the result. Analogous proofs give the estimates in H*. ]

1
E.
Let us compute H o x. = H o ¢; as the Taylor expansion of H o ¢, at time 1 around 0. One gets

Let u satisfy the assumption of Lemma 4 in B! or in H® for some s >
Hoyx, = Hog =H00¢]+82Rog01
d 5 ! d? , d
=Ho+ ——[Hoo¢slo=0+ &R+ (I1—-0)—-—=[Hoops]+e"——[Rogs] ) do
do 0 do do
1
= Hy+£2(F. H0}+R)+84/ (1= 0)(F. {F. Ho)) + (F. R} gy do
0
~ 1 ~
=H0+82R+84/ (4 =o)F. Ry +0lF. RY) ogydo
0

1
=: Hy+¢’R + e4f G(0)og, do.
0
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By Lemma 3, one gets
sup [ Xgo)(w) < Cllwl?

0<o<l1

where the norm stands for the B! norm or the H® norm. Since

XG(0)op, () = Do (905 (1)) X G (o) (¢ (1)),

we conclude from Lemma 4 that, if e||u|| g1 < myo,
5
X6 0)00, Wl g1 < Cllull:-
As a consequence, one can write
XHoy, = Xuy + 2 X 5 + %Y,

where, if e||u|| g1 < mo, then
5
1Y @)l S llullp-

1

An analogous estimate holds in H*, s > 5.

4.4. End of the proof. We first deal with the B'-norm of a solution u of (12). We are going to prove
that |lu(t)||zpr = 0() for t « 1 /83 by the following bootstrap argument. We assume that for some K
large enough with respect to ||ug| 51, for some T > 0, for all ¢ € [0, T], we have ||u(¢)| g1 < 10K, and
we prove that if 7 < 1/&3, |u(t)|| g1 < K for t € [0, T]. This will prove the result by continuity.

Set, fort € [0, T],

i) = x; (),
so that u is a solution of
it — |Dlii = % X 5 (i) + &*i Y (@)
Moreover, by Lemma 4,

~ 2,113
@) —u@®lip < e llullp

and so by the hypothesis, ||i(f)||z1 < 11K if & is small enough. In view of the expression of the
Hamiltonian vector field of R in Lemma 3, the equation for i reads

ity — Dty = &* (H+(|ﬁ+|2b~l+) - 2||b~l+||izb~l+ + [t |1f7—|zﬁ—) + ety ),
i+ D =e* (M_(ja_*a_) = 2l|a—|3,0— 42, )A_(ja_*) + (1, w)a2) +&*iY_(@).

Notice that all the Hamiltonian functions we have dealt with so far are invariant by multiplication by
complex numbers of modulus 1, hence their Hamiltonian vector fields satisfy

X(eiez) = eiez,

so that the corresponding Hamiltonian flows conserve the L? norm. Hence ii has the same L? norm as u,
which is the L? norm of ug. In particular, |(1, )| < |luo|lz2-
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Moreover, as |lugll gt < |luollgs = O(1) since s > 1, i satisfies
~ 2
o —uollpr S €
by Lemma 4, so that, as ug_ = 0, we get |[ug_| g =0 (€%). Then we obtain from the second equation

sup [lii—(D)llg1 S e+t (sup a—(0)l% + sup lli—(D)l5) +e*tK.

O<t<t 0<t<t 0<t<t
Let M(t) = é Supg<,<, li— ()| g1, so that, if t < T,
M@) Se+ETM@)*(1+eM(t)) +€°T.
As 3m? < 14 2m? for any m > 0, we get
M(t) Se+eTM@1) +&°T.
Using Lemma 5, we conclude that, if T < 1/¢3,

sup flu—()llpr K&

0<t<T

For further reference, notice that, if T < iz log %, this estimate can be improved to
e

sup li— (D)l pn <e*® forall > 0.
0<t<T

We come back to the case T < 1/&>. From the estimate on ii_, we infer
la 172 = llall7> +0(e%) = luoll 7z +0(e?),
and the equation for i reads
i,y — Dity = & (Ty (i [Pii4) = 2luoll i+ ) + &Yy (@) +0(&”) + 0t
Since iy is not small in B!, we have to use a different strategy to estimate ii,. We use the complete

integrability of the cubic Szegd equation, especially its Lax pair and the conservation of the B'-norm.

At this stage it is of course convenient to cancel the linear term ||u0||2212+ by multiplying . (¢) by
2
L2, As pointed out before, this change of unknown is completely transparent to the above system.

This leads to

282t ||uol|
e

i0yiiy — Dily = 2Tl (i Yiiy) + 'Y (@) + 0(%) + 0(e)it ..

Notice that all the O terms above are measured in B! norm. We now appeal to the results recalled in
Section 2. We introduce the unitary family U (¢) defined by

iU — DU =¢&*(Tjz,p— 3H; YU, U©)=1,
so that, using formula (8),

i3, (U ()" Hz, 1)U (1)) = &*U (t)* Hy, (i) +0(e)+ 01y, U (1).
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Then, we use the theorem from [Peller 1982] that states, as recalled in Section 2, that the trace norm of a
Hankel operator of symbol b is equivalent to the B'-norm of b to obtain

()N pr = Tr|Hz, o)

t
g TI‘|H,;0+| —|—84/ (Tr|Hy+(;,)(r)| +TI‘|H,;+(‘E)| +e)drt
0

t
< Nliio+ 1l g1 +s“f a1 + i (D) | g1 + &) dt
0
so that as [|i(7)| g < 11K,
iy Ol g < lldorllg +e*t(11K)°,

and, if r <« 1 /83 and ¢ is small enough,

- K
Hllp < —.
le®lsr = 15

Using again the second estimate in Lemma 4, we infer

lu@®lp < K.

Finally, using the inverse of transformation (11) and multiplying u by ¢, we obtain estimate (6) of
Theorem 1.1.

We now estimate the difference between the solution of the wave equation and the solution of the cubic
Szeg equation. Since we have applied transformation (11), we have to compare in B! the solution u of
(12) to the solution v of equation

i3;v — Dv = > (I (Jv*v) = 2fluolF>v) ,  v(0) = u.
Notice that, as ug is bounded in H*, s > 1, and as the B! norm is conserved by the cubic Szegé flow,
) llp1 2 luollp < luoll s = O(1).
We shall prove that, for every o > 0, there exists ¢, > 0 such that,

2—«

|
lu(t) —v(@)llp <& forall i < % log —.
& &

In view of the previous estimates, it is enough to prove that, on the same time interval,

~ 2—
i (@) — vl g <7,

where i satisfies

(16)

i0yii+ — Diiy = & (T (i [*i4) = 2lluoll7 i) +0(eh),
ui(0) =ug 4.

Aslla@®llp ST, l@llp S 1, ldo+ —uollpr < &?lluollpr < &> and

(i0; — D)(iiy —v) = Ty (|iiy ity — [v]*v = 2luol|72 (4 — v)) + O(e*),
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we get, using that B! is an algebra on which IT, acts,

13
|m+ay—wnmﬂ582+e%+f2/|m+a)—vuw3uh.
0

This yields
~ 2
i () = vl g1 S (€2 +e*ne’;
c 1
hence, for t < =% log =,
=2 08y )
i+ () —v@®) g <&
‘We now turn to the estimates in H® for s > 1.
From the equation on v and the a priori estimate in B', it follows that |[v(¢)| zs < AeAezt, t>0,so0

that |[v(¢)||gs < N(e) for t < (c/e?)log(1/e), 0 <c < 1, where N (g) := Ag 4,
Let us assume that for some 7 > 0,

lu(@®)||gs < 10N (e) forallre]0,T].

We are going to prove that, for every o > 0, there exists ¢, > 0 such that, if

Ca

T <
o2

1
log —,
£
then
lu(t) —v@)||gs < 27 forallz €0, T]

Since ||[v(®)||lgs < N(g) fort < (c/s2) log(1/¢), this will prove the result by a bootstrap argument.
As before, we perform the same canonical transformation

(1) == x. @),
to get the solution of
it — |D|ii = % X z(it) + &*i Y (@)
By Lemma 4,
li(6) —u@)llas S >N (e)?

and so ||i(t)| g < N(e). Therefore it suffices to prove that

i) —v()|| gs <& forallt €0, T].
1

We first deal with iZ_. A similar argument to the one developed in B! gives that for, for 0 <t < 8% log -

sup [|ii—(v) |l s < Co&™™®
0<t<t

for every o > 0.
It remains to estimate the H* norm of . — v. Notice that

- 2
lltto,+ —uollus <&
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by Lemma 4. We use the following inequality — recall that B! ¢ L™:

| T e = [0 P0) | e < (el +101050) Nl = vll s+ (10l s+ = vl ) (lull g+ vl 1) = vl
Plugging this into a Gronwall inequality, in view of the previous estimates, we finally get

2—a

lus () —v@)llus <e

fort < g—g log é This completes the proof.

Appendix: A necessary condition for wellposedness
In this section, we justify that the boundedness in H* of the first iteration map of the Duhamel formula
F(r)y=e Pl f /Ot e ORI F ()2 F (7)) dt
implies
| e e S

0

Indeed, assume the inequality

1
‘/ 1 (1=DIDl (| =i7ID] £12,=i7ID] £y

0
We compute the scalar product of the expression in the left hand side with e~#!P! f and we get

3
S s
H.Y

1
—it|D| ;4 3
f le™ P £ 14 vt < A1 L .
0

If we assume first that f is spectrally supported, that is if f = Ay f for some N, then || f || g+ ~ NE5|| £l
and the preceding inequality becomes

1
[ 1 e N
Finally, for general f =)\ Ay(f), we used the Littlewood—Paley estimate

lellFs S llanell;
N

to get
1
—it|D| ¢y 4 4
/0 le 1P F I e < L F 1.
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