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Algebraic independence for values of integral curves

Tiago J. Fonseca

We prove a transcendence theorem concerning values of holomorphic maps from a disk to a quasiprojective
variety over @ that are integral curves of some algebraic vector field (defined over @). These maps are
required to satisfy some integrality property, besides a growth condition and a strong form of Zariski-
density that are natural for integral curves of algebraic vector fields.

This result generalizes a theorem of Nesterenko concerning algebraic independence of values of the
Eisenstein series E,, E4, E¢. The main technical improvement in our approach is the replacement of
a rather restrictive hypothesis of polynomial growth on Taylor coefficients by a geometric notion of
moderate growth formulated in terms of value distribution theory.
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1. Introduction

1A. A theorem of Nesterenko. This work was motivated by questions related to the following algebraic
independence result.

Let E,, E4, and Eg be the classical Eisenstein series, seen as holomorphic functions on the complex
unit disk D :={g € C| |g| < 1}, explicitly defined by

o0 o0 o0
Ex(q)=1-24) 01(j)g’. Ea(q)=14240) o03()g’. Ee(q)=1-504) o05(j)g’
j=1 j=1 j=1
MSC2010: primary 11J81; secondary 14G40, 37F75, 32A22.
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for every g € D, where oy (j) :=>_ dlj d* € Z. Let us also consider the g-expansion of the j-invariant

E4(q)? 1 Z“’ o
@ E4(q)° — Es(q)* 4 a2 el

j=1

Theorem 1.1 [Nesterenko 1996]. For every z € D \ {0}, we have
trdegq Q(z, E2(2), E4(z), E¢(2)) > 3.

This result is an improvement of Barré-Sirieix, Diaz, Gramain, and Philibert’s [Barré-Sirieix et al.
1996] breakthrough concerning the solution of a conjecture of Mahler: for every algebraic z € D \ {0},
J(2) is transcendental.

In order to fully motivate our contributions, we next sketch the main steps of Nesterenko’s original
proof.

In view of an algebraic independence criterion due to Philippon [1986, Théoreme 2.11], see also
[Nesterenko 1996, Lemma 2.5], it suffices to construct a sequence of polynomials with integral coefficients
0, € Z[Xo, X1, X2, X3], for n > 0, such that deg O, = O(nlogn), log | Qnllcc = O(n log2 n) —here,
|| Onlloo denotes the maximum of the absolute values of all the coefficients of Q, —and

—an* <10g|Q,(z, E2(2), E4(2), Es(2))| < —bn*

for some real constants a > b > 0.
For this, Nesterenko implemented a method benefiting from the fact that E,, E4, and Eg have integral
Taylor coefficients in their g-expansion and satisfy the so-called Ramanujan equations

dE, E3—Ey4

dEs  E,Ey— E
dq 12 7 N

dEs  E;E¢— Ej
dq 3 ’ N )

dq 2

q q q

It is also essential in his construction that

(i) (growth condition) for each k € {1, 2, 3}, the sequence of Taylor coefficients (Eéi) (0)/j1 j=0 grows
polynomially in j, and

(ii) (zero lemma)' there exists a constant C > 0 such that
ordy—o P(q. E2(q), E4(q). Es(q)) < C(deg P)*
for every nonzero polynomial P € C[ Xy, X1, X2, X3]\ {0}.

The first condition can be easily deduced from the explicit description of the Taylor coefficients of Ey
given above. The second, which may be regarded as a strong form of algebraic independence between
the functions g, E»>(q), E4(q), and Es(g), is a nontrivial consequence of Nesterenko’s D-property [1996,

In Diophantine approximation and transcendental number theory, “zero lemma” is an umbrella term covering several
auxiliary results involving estimates of the number of zeros in a certain region, or zeros’ multiplicities, of polynomials composed
with analytic functions.
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Section 6] (see Definition B.1), an algebraic property concerning the global behavior of the foliation
in C* induced by the vector field

9 Gimw) 3 m—x) 9 (ws—x) 3 (w1
aXQ 12 3)61 3 8)62 2 3)63.

A considerable part of [Nesterenko 1996] is devoted to a proof of a stronger form of the estimate in (ii).
Nesterenko’s method goes as follows:

(1) Using that the Taylor coefficients of E,, E4, and E¢ are integers of polynomial growth (property (i)
above), we may apply Siegel’s lemma [Lang 1966, 1.1, Lemma 1] to obtain auxiliary polynomials with
integral coefficients P, € Z[ Xy, X1, X2, X3]\ {0} such that deg P, = n, log || P,|lcc = O(nlogn), and

ord,—o P(q, E2(q), E4(q), Ee(q)) > cn*

for some constant ¢ > 0.

(2) For a fixed z € D \ {0}, the next step consists in proving the existence of a sequence j, = O (nlogn)
and of constants « > g > 0 such that the composed function f,(q) := P,(q, E2(q), E4(q), Es(q)) satisfies

—an* <log| £ (z)| < —pn*

for n > 0. The main point for obtaining the above lower bound is that, if all the Taylor coefficients of f;,
at ¢ = z up to a sufficiently large order are too small, then its first nonzero Taylor coefficient at ¢ =0
will have absolute value < 1, thereby contradicting its integrality. Here, we also make essential use of
property (ii) above. This is the most delicate part of the argument.

(3) Finally, for n > 0, if we consider the differential operator
vl = 120y o (v =1 o-- 0 (=, — 1)),
then the Ramanujan equations imply that Q, := vhd(P)) € Z[Xo, X1, X2, X3] satisfies

(12¢)7" £ (q) = Qu(q, E2(q), E4(q), Es(q))

for every g € D. The required properties for Q, are now easily deducible from (1) and (2).

1B. A puzzling remark. One of the most striking features of the above method is its generality.

Indeed, a close inspection of the previous arguments suggests that, if fi, ..., f;; are holomorphic
functions on the unit disk D with integral Taylor coefficients at ¢ = 0, satisfying some algebraic differential
equations with rational coefficients, and verifying conditions akin to (i) and (ii) above, then, mutatis
mutandis, the above method applied to the system (f1, ..., f,) in place of (E», E4, E¢) would produce
another transcendence result.

This was certainly known to specialists; see, for instance, [Nesterenko 2001, Section 3], where the
pertinent properties satisfied by E», E4, and E¢ were axiomatized as above — more generally, see the notion
of K-functions introduced in [Philippon 1998]. Clearly, one may produce examples of such f; ad libitum
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by algebraically manipulating Eisenstein series, but this procedure does not lead to new transcendence
results. The problem on the existence of functions fi, ..., f,, satisfying the above properties, but not
“related” to classical modular forms (in some imprecise sense), was explicitly stated in [Zudilin 2003].

Since the publication of [Candelas et al. 1991a; 1991b; Morrison 1993], it became apparent that the
phenomenon of mirror symmetry provides a large class of functions with integral Taylor coefficients with
respect to some canonical coordinate and which satisfy natural algebraic differential equations — see
[Lian and Yau 1998; Zudilin 2002; Kontsevich et al. 2006; Krattenthaler and Rivoal 2010; Delaygue
et al. 2017] for integrality issues. Zudilin [2000] studied some candidates within mirror symmetry for
playing the role of (f1, ..., fi), but the few cases where he is able to prove all the required properties of
Nesterenko’s method — those linked to elliptic curves and K3 surfaces — are all of modular nature.

It becomes clear in Zudilin’s work that one of the main obstructions in applying this method for such
functions is condition (i) (and, in particular, that the radius of convergence is equal to 1), which is not
verified in general. In a more basic level, computing radii of convergence or getting global information on
the domain of definition of such functions pertaining to mirror symmetry is a current research problem;
see [Krattenthaler and Rivoal 2012] for results on certain families of mirror maps.

The following phenomenon provides further evidence that condition (i) is overly restrictive. Let f be
the holomorphic function on D given by f(g) = ¢J(q) and set 0 := q(d/dq). Since Q(J, 0J,0%J) =
Q(E,, E4, Eg) (see, for instance, the explicit formulas in [Nesterenko 1996, Paragraph 1]), it follows
from Theorem 1.1 that

trdegg Q(z. f(2). 0 (2). 67 f(2)) = 3

for any z € D \ {0}. However, Nesterenko’s method cannot be directly applied to the system (£, 6f, 6% f)
since the sequence c(j) does not grow polynomially in j.2> All the other good properties are nevertheless
satisfied: f, 6f, and 62 f have integral Taylor coefficients, the Ramanujan equations imply f satisfies a
third-order algebraic differential equation with rational coefficients, and a condition similar to (ii) also
holds.

This paper grew from an observation of J.-B. Bost and H. Randriambololona that the growth condition (i)
in Nesterenko’s method could be replaced by a geometric notion of moderate growth formulated in terms
of characteristic functions a la Nevanlinna theory. Besides being weaker than the growth condition in (i),
which in principle enlarges the domain of application of Nesterenko’s method, this geometric growth
condition is preserved under some algebraic manipulations on the input functions, thereby eliminating the
odd phenomenon explained in last paragraph.

We next explain our main results. Further directions and open problems are indicated below.

1C. Our main results: a geometric approach. Our main theorem is a general geometric formulation
of Nesterenko’s method valid for arbitrary rings of algebraic integers and more general quasiprojective
ambient spaces.

2Actually, c(j) ~ e4”ﬁ/(\/§j3/4); see [Petersson 1932; Rademacher 1938].
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Let us first informally introduce the geometric notions which will replace conditions (i) and (ii) above.

1C1. Moderate growth. Let X be a smooth projective variety over C, and & be a C* Hermitian metric
on the complex manifold X (C). Let w := — Im /& be the positive real (1,1)-form on X (C) associated to .
To fix ideas, the reader may consider the example X = P¢. endowed with the Fubini-Study metric, for
which w is given in homogeneous coordinates z = (zo : - - - : z,) by

i <Z?:0deAde Z’},k:O Zjzkdz; /\dzk>

1 _
=—901 2
@ 2 oglz| 2

|z)? |z|*
where 21> = Y1_, 121

Let R > 0 be a real number and denote by Dy := {z € C | |z| < R} the complex disk of radius R
centered at the origin. One may measure the growth of an analytic map ¢ : D — X (C) as follows. For

each t € (0, R), the area of the “disk” ¢(D;) in X (C) with respect to the metric & is given by

Ay (1) ::/ w.
Dy

We may then form the characteristic function
T,: (0, R) = Rxo, 71> Ty(r) ::f Ay(t)dlogt,
0

and we say that ¢ has moderate growth in X if
T

lim sup Lr])

r—R— IOg m

< +00.

By the compactness of X (C), moderate growth does not depend on the choice of Hermitian metric.

When R = 1, any analytic map ¢ : D — C" C P"(C) whose coordinates have Taylor coefficients of
polynomial growth has moderate growth in P{. (see Example 4.5 below). Therefore, moderate growth
generalizes the growth condition (i) in Nesterenko’s method.

Moderate growth is nonetheless more flexible than polynomial growth on Taylor coefficients. For
instance, as long as the image of ¢ : D — X (C) is Zariski-dense in X, moderate growth is a birational
invariant in the following sense: if f : X — Y is a birational morphism between smooth projective
varieties over C, then ¢ has moderate growth in X if and only if f o ¢ has moderate growth in Y (see
Theorem 4.11 and Corollary 4.12 below). In particular, this allows us to define, via compactifications, an
unambiguous notion of moderate growth in smooth quasiprojective varieties.

1C2. ZL-density. Let k be a field, X a projective variety over k of dimension n, and L an ample line
bundle on X. Consider a parametrized formal curve ¢ : Spfk[[¢q]] — X in X; i.e., ¢ is a morphism of
formal k-schemes.

We say that ¢ is ZL-dense in X if there exists a constant C > 0 such that, for every integer d > 1 and
every nonzero global section s € I'(X, L®?) \ {0}, we have

ord,—o ¢*s < Cd".
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The exponent n = dim X in the above polynomial bound is the smallest possible (see Proposition 2.6
below). Moreover, since L is ample, a ZL-dense formal curve has Zariski-dense image. Thus, ZL-density
may be regarded as a strong form of Zariski-density.

For a formal curve ¢ : Spfk[lg]] = A} C P} the above notion boils down to a classical zero-lemma
property — here, L = Op (1). For instance, taking k = C, n =4, and ¢ defined by the system of formal
series (q, E2(q), E4(q), E¢(q)), the zero lemma in condition (ii) above amounts to asserting that ¢ is
Z1-dense in Pé.

We shall prove that ZL-density does not depend on the choice of L (see Proposition 2.9 below).
Actually, if X is only quasiprojective and the closed point ¢(0) in the image of ¢ is a regular point of X,
then we shall prove that ZL-density does not depend on the choice of a projective compactification of X
(see Corollary 2.16 below).

1C3. Statement of our main theorem and proof method. Let K be a number field and Ok be its ring of
integers. By an arithmetic scheme over Og we mean an integral scheme X endowed with a separated and
flat morphism of finite type X — Spec Ok.

The following theorem formalizes and generalizes Nesterenko’s method.

Theorem 1.2. Let X be a quasiprojective arithmetic scheme over Ok of relative dimension n > 2, with
smooth generic fiber Xk, and let ¢ : Spf Ok [[q]]l = X be a morphism of formal Ok -schemes such that,
for every field embedding o : K < C, the formal curve ¢, : Spf Cllq]] — X, obtained from ¢ by base
change, lifts to an analytic curve ¢, : Dr, C C— X2" defined on a disk of radius R, > 0 centered at the
origin.

Assume that

and that there exists a vector field v € I'(Xg, Tx, k) \ {0} on the generic fiber of X such that i :
Spf Klgll > Xk satisfies the differential equation
do _
q dg Yk -
If, moreover,

(1) the formal curve Qi is ZL-dense in Xk, and
(2) for each field embedding o : K — C, the analytic curve ¢y : Dg, — X" has moderate growth,

then, for every o : K < C, and every z € Dg_ {0}, the field of definition K (¢5(2)) of the complex point
¢ (2) in Xk satisfies
trdegg K (95 (2)) = n—1.

Let us remark that the conditions of ZL-density and of moderate growth, corresponding to conditions (i)
and (ii) in Nesterenko’s method, are actually very mild hypotheses.



Algebraic independence for values of integral curves 649

For instance, ZL-density is automatic whenever ¢ is a smooth integral curve of some vector field
satisfying Nesterenko’s D-property. When the ambient space is an affine space, this is also a theorem of
Nesterenko [1996, Theorem 6], which was recently extended to a geometric framework by Binyamini
[2014]. In Appendix B we explain how to slightly modify Binyamini’s arguments to prove a similar
statement for any smooth quasiprojective variety.

Moderate growth, in turn, is satisfied for curves having uniformly bounded derivative on the disk
(endowed with the Poincaré metric; see Example 4.3 for a precise statement). In particular, a theorem of
Brunella [Forness and Sibony 2008, Theorem 16] (see also Theorem 15 of that paper) implies that, for a
generic one-dimensional holomorphic foliation (with singularities) 7 on P"(C), any integral curve to F
parametrized by a disk has moderate growth.

In the broader context of transcendental number theory, our result may be regarded as complementary to
the Siegel-Shidlovsky and Schneider—Lang theories, which also deal with algebraic independence or tran-
scendence of values of integral curves of algebraic vector fields (see [Gasbarri 2010; 2013; Herblot 2012]
for general geometric formulations). Indeed, while the Siegel-Shidlovsky and Schneider-Lang criteria
handle curves parametrized by parabolic Riemann surfaces, our theorem deals with the hyperbolic case.

Our proof of Theorem 1.2 bears the same general structure of Nesterenko’s method. We also start
by reducing it to a Diophantine approximation statement: Theorem 7.1 below. This is done via the
same algebraic independence criterion of Philippon; we explain in Appendix A how to generalize it to
arbitrary quasiprojective varieties. The first step in the method, concerning the construction of “auxiliary
polynomials”, is replaced in our geometric framework by a construction of “auxiliary sections” given
by Theorem 5.1 below, the proof of which makes essential use of Bost’s method of slopes [1996] in
Arakelov theory; see also [Bost 2001; 2006]. The second step also involves estimating some higher-order
derivative — here, our main tool is a general result comparing, for a section of a Hermitian line bundle on
a disk, norms of jets at two distinct points; see Proposition 3.13 below and its corollaries. The third and
last step is essentially the same trick using the differential equation as explained above.

1D. Further directions and open problems. With Theorem 1.2 in hand, we may turn the puzzling
remark explained above into a precise mathematical question: is there any example of an application of
Theorem 1.2 whose resulting transcendence statement is not contained in Theorem 1.1?

As promising as the potential candidates from the theory of mirror symmetry may seem, one must face,
given our current state of knowledge, the logical possibility of a negative answer. However, let us remark
that a proof of this fact would be as remarkable as the discovery of a new example, since it would imply
that modular functions and their derivatives are the only ones satisfying the (quite general) hypotheses of
Theorem 1.2, which make no explicit reference to their geometric nature in terms of moduli of elliptic
curves.

This paper, specially our geometric formulation of Theorem 1.2, should also be seen as a first step in a
larger program aiming to adapt and apply Nesterenko’s method to the study of algebraic independence of
abelian periods of genus g > 1.
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Since values of quasimodular forms can be expressed in terms of periods of elliptic curves, the theorem
of Nesterenko recovers in particular a famous result of Chudnovsky [1980] establishing Grothendieck’s
period conjecture for complex multiplication elliptic curves. A family of analogs of (E», E4, E¢) related to
the Siegel moduli spaces A, was constructed in [Fonseca 2018]; in this setting involving analytic functions
of several variables, in addition to being easier to read the relevant properties required by Nesterenko’s
method from geometry, the appearance of truly geometric phenomena — such as positive-dimensional
“special subvarieties” of .4, — strongly suggests a geometric approach.

1E. Organization of this article. A great effort has been done to isolate all the different techniques
intervening in Nesterenko’s method and to place them in their natural generality. This distillation process
is aimed not only at improving the readability of our paper, but also at making these techniques suitable
for other applications in Diophantine approximation.

Section 2 contains the definition of ZL-density and some of its basic properties; here we use elementary
intersection theory. Section 3 defines characteristic functions and moderate growth for 2-forms on a disk
and contains basic versions of the jet estimates we shall need later; our main result here is Proposition 3.13
(see also Corollary 3.16). Both Sections 2 and 3 are self-contained and are of independent interest.

Section 4 treats the special case of moderate growth for analytic curves (as explained in this introduction)
and it depends only on the beginning of Section 3. Its main objective is to prove that, under a nondegeneracy
hypothesis, this concept is a birational invariant of the target space (Theorem 4.11); this is essentially
classical material on Nevanlinna theory.

Section 5 is devoted to the construction of “auxiliary sections” in a geometric context. Here, we
combine the concepts of moderate growth developed in Sections 3 and 4 with Bost’s slope inequality to
obtain Theorem 5.1. This section contains a review of the prerequisites in Arakelov theory.

In Section 6 we explain how vector fields induce derivations on global sections of line bundles and we
provide some L estimates. This section is also self-contained and of independent interest.

Section 7 contains a proof of Theorem 1.2. The reader will recognize, in Lemmas 7.2, 7.3, and 7.4,
natural generalizations of the three steps of Nesterenko’s method explained above.

Finally, Appendices A and B concern geometric generalizations of results of Philippon and Binyamini
originally stated only for affine (or projective) spaces, as explained above. In Appendix B we make use

of the basic constructions of Section 6.

1F. Terminology and notation.
1F1. By an (algebraic) variety over a field k we mean a separated integral scheme of finite type over k.

1F2. Recall that a line bundle L on a scheme X is semiample if there exists an integer m > 1 such
that L®™ is generated by its global sections. Observe that ample line bundles are semiample, and that
semiampleness is preserved under pullbacks.
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1F3. Areal (1,1)-form w on a complex manifold M can always be written, in local coordinates (z1, . . ., z,)
on M, as
l. n
w=2 ) hudzndz,
k=1

where H := (hy;)1<k.1<n 1s @ Hermitian matrix. We say that w is positive (resp. semipositive) if the
matrix H is positive-definite (resp. positive-semidefinite). Note that semipositive (1,1)-forms are stable
under pullbacks.

1F4. By a Hermitian line bundle L = (L, || ||) on a complex manifold M, we mean a holomorphic line
bundle L on M endowed with a C* Hermitian metric || ||. If ® denotes the curvature of the Chern
connection on L associated to || || (locally, ® = —99 log lle||?> where e is some trivialization of L), then
we define the Chern curvature of L by

— i
c1(L) = §®.

This is a closed real C* (1, 1)-form on M whose class in H>(M, R) coincides with the first Chern
class c;(L). We say that L is positive (resp. semipositive) if ¢ (L) is positive (resp. semipositive).

1F5. We use the standard notation

so that dd® = --99.

¥

1F6. The continuous function log™ : R — R is defined by

log™ x = logx ifx>1,
0 otherwise.

2. ZL-dense formal curves in quasiprojective varieties

In this section we introduce the purely algebraic concept of ZL-dense formal curves, and we prove some
of its basic properties. This notion refines the property of being Zariski-dense and isolates the content of
the zero lemma necessary in Nesterenko’s method; that is, a formal curve satisfies the zero lemma if and
only if it is ZL-dense.

2A. Degree of a divisor with respect to a line bundle. Let k be a field and X be a variety over k.
Recall from [Fulton 1984, 2.5] that (the isomorphism class of) a line bundle L on X defines an additive
operator
a—ci(L)Na

on the abelian group of algebraic cycles in X modulo rational equivalence; if « is the class of a subvariety V
of X, then ¢; (L) N« is by definition the class of the cycle in V associated to any Cartier divisor D of V for
which L|y = Oy (D). The r-fold composition of this operator with itself is denoted by o +— ¢ (L)" N«.
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We say that a cycle class « in X is semipositive if there exists an integer m > 1 such that ma can be
represented by a nonnegative cycle in X (i.e., a cycle of the form ), m;[V;], with each m; > 0). For
instance, the cycle class of a Cartier divisor D is semipositive if and only if some positive multiple of D
is linearly equivalent to an effective divisor.

Lemma 2.1. Let L be a semiample line bundle on X (see Section 1F?2 for a definition). Then ci(L) N« is

semipositive for any semipositive cycle class o in X.

Proof. Let m > 1 be an integer such that ma is represented by the cycle ), m;[V;], with each m; > 0.
As L is semiample, there exists an integer n > 1 such that L®" is generated by global sections. In

particular, for any subvariety V of X, the line bundle L®"|y on V admits a nonzero global section sy .
For every i, ¢ (L®")N[V;]is the cycle class induced by the effective Cartier divisor div(sy,) on V;, so

that nm ¢ (L) Na = ¢ (L®") Nma is represented by the nonnegative cycle > mildiv(sy,)]. O

Still following the terminology of [Fulton 1984], for any line bundle L on X, and any r-cycle class o
in X, the L-degree of « is defined by

deg; o =deg(ci (L) Na),

where deg denotes the degree function on zero-cycle classes. If D is a Cartier divisor on X, then we
denote by
deg; D = deg(ci(L)"™*~" n[D])

the L-degree of the cycle class [D] induced by D.

Observe that the degree of a semipositive zero-cycle class is nonnegative. In the next result, we use the
following easy consequence of Lemma 2.1: if L is semiample and « is semipositive, then deg; o > 0
[Fulton 1984, Lemma 12.1].

Proposition 2.2. Let X be a projective variety over a field k and L (resp. M) be an ample (resp. semiample)
line bundle on X. Then, there exists an integer m > 1 such that, for any semipositive r-cycle class o in X,
we have

0 <deg,, o <m" deg; «.

Proof. Let m > 1 be an integer such that N := L®" ® M" is semiample. For any r-cycle class « in X,
we have .
r
m" deg; o = degem o =degygy @ = Z(S) deg, (c1(N)* Na).
s=0
Since N is semiample and « is semipositive, it follows from Lemma 2.1 that each c; (V)* N is semipositive.
As M is also semiample, we conclude that each term in the right-hand side of the above equation is
nonnegative, so that m" deg; o > deg,, o > 0. ]

Remark 2.3. By combining the above proposition with an induction argument in r, one can actually
prove the following generalization. Let X be a projective variety over a field k, L be an ample line bundle
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on X, and M be any line bundle on X. Then there exists a constant C > 0 such that |deg,, a| < C deg; o
for every semipositive cycle class « in X.

Corollary 2.4. Let X be a projective variety over a field k. If L and M are ample line bundles on X, then
there exist constants C1, C2 > 0 such that

Cidegy, D <deg; D < Cydeg,, D
for any effective Cartier divisor D in X. U

2B. ZL-dense formal curves in projective varieties. Let X be an algebraic variety over a field k and
consider the ring of formal power series k[[g]l. By a formal curve in X we mean a morphism of k-schemes
¢ :Speck[[¢]] — X, or, equivalently, a morphism of formal k-schemes ¢ : Spfk[[¢] — X. The k-point of X
obtained by composing the k-point of Spec k[[¢]] given by the ideal (¢) C k[[¢] with ¢ is denoted by ¢(0).

Let ¢ : Speck[[¢g]] — X be a formal curve in X, and D be an effective Cartier divisor in X. We define
the intersection multiplicity of D with ¢ (at ¢(0)) by

mult; D := ordg ¢* f,

where f € Ox 40 is any local equation for D around ¢(0). This clearly does not depend on the choice
of f. The multiplicity function mult; is additive and takes values in N'U {+o00}.

Definition 2.5. Let X be a projective variety of dimension n over a field k and let L be any ample line
bundle on X. We say that a formal curve ¢ : Spec k[¢]] — X in X is ZL-dense if there exists a constant
C > 0 such that

mult; D < C(deg; D)" 2-1)

for every effective Cartier divisor D in X.

Observe that the choice of L in the above definition is irrelevant by Corollary 2.4.
Let us remark that the exponent n = dim X intervening in the polynomial bound (2-1) is the smallest
possible one:

Proposition 2.6. Let X be a projective variety of dimension n over k endowed with an ample line bundle L,
and ¢ be a formal curve in X. Then there exists ¢ > 0 and sequence of effective Cartier divisors (D;);>1
on X satisfying
lim deg; D; =400 and mult; D; > e(deg; D;)" foreveryi > 1.
i—>400
In the above statement we allow the possibility that mult; D; = +00 (i.e., the divisor D; vanishes
identically along the formal curve ¢) by adopting the standard convention that 400 > ¢ for every 7 € R.

Proof. Assume first that X =P} and L = O(1). Consider the natural projection A} \ {0} — P} and lift ¢
to some 1/,} : Speck[lgll — A7 \ {0}. Leti > 1 be an integer. If P = lel:i arX! e k[Xy, ..., X,]is a
homogeneous polynomial of degree i, seen as a regular function on A} \ {0}, then we may write
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YrP = Z(Z arby, ,-)qf € kliq]

j=0 Mi|=i
for some by ; € k depending on the coefficients of the n + 1 formal series defining . Since

i+n> L.,
> —i",
n n!

card{I e N"*1 | [[] = i} = (
it follows from elementary linear algebra that there exists a nonzero homogeneous polynomial P; of
degree i such that ord @*P,- > (1/n!)i". By considering the Cartier divisors D; on [P} induced by P;, we
see that we may take ¢ = 1/n! in this case.

The general case follows from the above one by considering a finite surjective morphism f : X — P}

satisfying f*O(1) = L™ for some m > 1. ]

Remark 2.7. It follows from the above proof that the Cartier divisors D; can actually be taken in the
linear system |L®™| for some fixed integer m > 1.

Any ZIL-dense formal curve ¢ in a projective variety X has a dense image in the Zariski topology.
Indeed, since X is projective, any Zariski-closed subset of X is contained in the support of some effective
Cartier divisor of X; then, one simply remarks that ZL-density implies that mult; D < +o00 for any
effective Cartier divisor D in X, so that the image of ¢ is not contained in the support of D.

The following example shows that the converse is not true in general.

Example 2.8 (lacunary series). Let k be a field and (n;);>0 be an increasing sequence of natural numbers
satisfying lim;_, 4o ni+1/nl.2 = 4-o00. If h € k[[q] is any formal series of the form

h(g) =) aiq", ai#0,

i>0

then the formal curve ¢ : Spec k[[¢]] — P2, given in homogeneous coordinates by ¢(q) = (1 : g : h(q)), is
not ZL-dense. Indeed, for any integer d > 0, we may consider the homogeneous polynomial of degree ny4

d
ng—1 ng—n; yni
Pi=Xy "' X0 =Y @i Xpi XY

i=0
so that
mult; div(P, n
¢2(d): d-zi-l_>+oo
ng ng
as d — +oo.

Observe that the image of ¢ is indeed Zariski-dense. By contradiction, if C C [P’% is an irreducible
curve containing the image of ¢, then, for any effective Cartier divisor D in [P’% whose support does
not contain C, we have mult; D = i(¢(0), C - D) < deg C - deg D. By construction, this is absurd for
D = div(P,;) and d sufficiently large.

For natural examples of ZL-dense formal curves we refer to Appendix B.
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2C. Reformulation in terms of sections of an ample line bundle. Let X be an algebraic variety over a
field k and ¢ : Spec k[[¢]] — X be a formal curve. If L is any line bundle on X, and s is a section of L
on a neighborhood of ¢(0), we may consider the vanishing order of ¢*s € I'(Spec k[¢1l, $*L) at g =0,
which coincides with the intersection multiplicity of the effective Cartier divisor div(s) with ¢:

ordg ¢*s = multy div(s).

The next proposition shows that ZL-density is a condition that has to be checked only for Cartier divisors
arising from sections of powers of some fixed ample line bundle.

Proposition 2.9. Let X be a projective variety of dimension n over a field k and L be an ample line
bundle on X. A formal curve ¢ : Spec k[lq]l — X is ZL-dense if and only if there exists a constant C > 0
such that

ordg ¢*s < Cd"

for any integer d > 1, and any s € T'(X, L®%)\ {0}.

Proof. The necessity follows from the fact that deg; div(s) = (deg; X)d for any s € I'(X, L&) \ {0}.

To prove the sufficiency, fix any finite surjective morphism f : X — [P} such that f*O(1) is isomorphic
to L®" for some m > 1. If E is an effective Cartier divisor in P%, then there exists a section s €
(P}, O(degp(y E)) satisfying E = div(s), so that

mult o5 E = ordo(f o @)*s = ordg ¢*(f*s) < C(mdegyy) E)" = Cm" (degp ) E)". (2-2)

Let D be an effective Cartier divisor in X. Since f is finite and P} is normal, we may define the
pushforward f, D by taking norms: there is an open affine covering (U;); of P}, such that D admits a local
equation /; on each f‘l(Ui), and we define f.D =[(Normy(h;), U;);]. As f* fi. D — D is effective, we
obtain

mult; D < multy f* f.D =mults,s fiD.

Note that the Weil divisor associated to f. D coincides with the pushforward (of cycles) of the Weil
divisor associated to D [Fulton 1984, Proposition 1.4]. In particular, the projection formula gives

so that, by (2-2),
multy D < Cm" (degoyy) fD)" = Cm™ (deg; D)". O
An advantage of considering the above equivalent form of ZL-density stems from the vector space
structure of the sets I'(X, L®9), d > 1. In general, a formal curve ¢ : Spec k[[¢]] — X induces, for every

integer d > 1, a decreasing filtration by linear subspaces (E 2) i>0 on the k-vector space Eq :=I'(X, L®%)
defined by Eél = {s € Eg|ordy ¢*s > i}.

Remark 2.10. Since Ej is finite-dimensional, there exists i; > 1 such that

E;dszQZ{SEEdMﬁ*S:O}.

i>0
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In other words, for every s € E; such that ¢*s # 0, we have ordy ¢*s < iy. In particular, this shows
that one may replace in Proposition 2.9 the condition “for any integer d > 1” by the weaker “for any
sufficiently large integer d”.

As a first application of Proposition 2.9, we use the filtration (£ é)izo to show that ZL-density is a
geometric property.

Proposition 2.11. Let X be a geometrically integral projective variety over a field k and ¢ : Spfk[[q] — X
be a formal curve. Then, for any field extension K of k, the formal curve ¢ : Spf K[[q]l = Xk, obtained
from ¢ by base change, is ZL-dense in X g if and only if ¢ is ZL-dense in X.

Proof. Letd > 1 and i > 0 be integers. Note that E; ®; K may be canonically identified with I'(Xg, L%d).
Moreover, since E jl is the kernel of the k-linear map

E; — T(Specklqll, $*L®) ® kllqll/(¢"), s+ ¢*s modq',

we conclude that Ezlz ®k K ={t e Eq® K |ordy ¢jt > i}.
In particular, for every integer d > 1, and any real number ¥ > 0, ordy ¢*s < « for every s €
(X, L®4)\ {0} if and only if ord ¢% ¢ < k for every 1 € ['(Xg, LZ%)\ {0}. O

As another application of Proposition 2.9, we prove the following result which will be used in our
proof of Proposition 2.15.

Proposition 2.12. Let f : X — Y be a surjective morphism between projective varieties of dimension n
over a field k and let ¢ : Speckl[q]l — X be a formal curve in X. If ¢ is ZL-dense in X, then f o § is
ZL-dense in Y.

Proof. Let L be an ample line bundle on X admitting a global section s € I' (X, L)\ {0}, and M be any ample
line bundle on Y. Since f*M is semiample, N := L ® f*M is ample [EGAII 1961, Proposition 4.5.6(ii)].

Let d > 1 be an integer, and r € I'(Y, M®9) \ {0}. Since f is surjective, f*t # 0. Thus s®¢ @ f*tis a
nonzero global section of N®¢ and, since ¢ is ZL-dense in X, there exists a constant C > 0 independent
of d such that

ordg ¢*(s®? @ f*1) < Cd".
To complete the proof, it is sufficient to remark that
ordo(f 0 §)*(t) = ordg ¢*(f*1) < ordg ¢*(s®! ® f*1). O

Remark 2.13. The above proposition, combined with the arguments in the proof of Proposition 2.9,
actually shows that for any finite surjective morphism f : X — Y between projective varieties over a
field k, with Y normal, a formal curve ¢ : Speck[[¢]] = X is ZL-dense in X if and only if f o ¢ is
ZL-dense in Y.
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2D. ZL-density in quasiprojective varieties. We defined a notion of ZL-density for formal curves in
projective varieties. In this subsection, under a mild technical condition, we extend this notion, via
compactification, to formal curves in quasiprojective varieties. To assure that we obtain a well-defined
notion, we must show that this does not depend on the choice of compactification.

We start by reformulating ZL-density in terms of Weil divisors in place of Cartier divisors. Let X be
an algebraic variety over a field k, and ¢ : Spec k[[¢]] = X be a formal curve. If ¢(0) is a regular point
of X, then we may define the intersection multiplicity of a Weil divisor with ¢: if U is a regular open
neighborhood of ¢(0) and Z is a Weil divisor on X, then Z N U is induced by some Cartier divisor D
on U, and we define

multy Z = multg D.
We may thus mimic the proof of Proposition 2.9 to obtain the following result.

Proposition 2.14. Let X be a projective variety of dimension n over a field k, L be an ample line bundle
on X, and ¢ : Speck[lq]l — X be a formal curve such that $(0) is a regular point of X. Then, ¢ is
ZL-dense in X if and only if there exists a constant C > 0 such that, for every effective Weil divisor Z
on X,

multy Z < C(deg; Z)".

We are now in position to prove that a modification away from ¢ does not affect ZL-density.

Proposition 2.15. Let f : X — Y be a proper morphism between projective varieties over a field k,
and U be an open subset of Y such that f induces an isomorphism f~'(U) => U. If § : Speck[[q] —
F~YU) C X is a formal curve such that ¢$(0) is a regular point of X, then § is ZL-dense in X if and only
if fo@isZL-denseinY.

Proof. Since f : X — Y is a proper birational morphism, and Y is irreducible, f is surjective. By
Proposition 2.12, if ¢ is ZL-dense in X, then f o ¢ is ZL-dense in Y.
Conversely, suppose that f o ¢ is ZL-dense in Y. Fix ample line bundles L on X and M on Y, and let
Z be an effective Weil divisor on X. Since f is an isomorphism over U and ¢ factors through f~!(U),
we have
multy Z =multy.; fiZ.

As f o ¢ is ZL-dense in Y, there is a constant C; > 0 (not depending on Z) such that
multyoy fixZ < Ci(degy fx2)",

where n = dim Y = dim X. By the projection formula, deg,, f»Z =deg.,, Z. Since f*M is semiample,
it follows from Proposition 2.2 that there exists a constant C; > 0 such that degs.), Z < Crdeg; Z. We
conclude that

multy Z < C,C5(deg; Z)". O
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Let us remark that it is essential in our proof above to consider the pushforward of a Weil divisor on X
under the proper morphism f. This explains why we reformulated ZL-density in terms of Weil divisors,
as the pushforward of a Cartier divisor under a proper morphism is not well-defined in general.

Corollary 2.16. Let X be a quasiprojective variety over a field k, and ¢ : Spec k[[q]]l — X be a formal
curve such that $(0) is a regular point of X. If ji : X — X;, i = 1, 2, are two projective compactifications
of X, then j) o § is ZL-dense in X1 if and only if j, o § is ZL-dense in X».

Proof. Consider the scheme-theoretic image X of (ji, j») : X — X xx X» and apply Proposition 2.15 to
the natural projections X — X;, i =1, 2. (]

This enables us to define a good notion of ZL-density in a quasiprojective variety.

Definition 2.17. Let X be a quasiprojective variety over a field k, and ¢ : Spec k[¢]] — X be a formal
curve such that ¢(0) is a regular point of X. We say that ¢ is ZL-dense in X if there exists a projective
compactification j : X < X of X such that j o ¢ is ZL-dense in X.

3. Moderate growth and jet estimates on complex disks

In this section we introduce characteristic functions and moderate growth of certain 2-forms on a complex
disk; these are purely analytic notions. We then proceed to establishing natural estimates on jets of
sections of holomorphic line bundles on disks. In a sense, our exposition is more basic than the usual
accounts on value distribution theory, since characteristic functions of analytic curves will be a special
case of our construction.

The kind of jet estimates we consider here play a central role in Diophantine approximation and
transcendence proofs. They notably appear in such proofs using the formalism of Arakelov geometry, to
estimate the height of evaluation maps, when applying Bost’s method of slopes; see, for instance, [Bost
1996; 2001; Graftieaux 2005; Gasbarri 2010; 2013; Herblot 2012].

3A. Characteristic functions. Let r > 0 be a real number, and p € D, :={z € C| |z| < r}. Recall that
the Green’s function of D, at p is defined by

rz— Pz
r(z—p)

This is a superharmonic (thus locally integrable) function on C, real-valued and continuous on C\ {p},

gp,.p: C— (=00, +0], zr>logt

strictly positive and harmonic (thus C°°) on D, \ {p}, and vanishing identically on C\ D,.
For any locally bounded 2-form « defined on an open neighborhood of D,, we define

Ta,p(r):zng,_,pa.
c

Remark 3.1. An integration by parts with u(¢) = f Do and v(¢) = logt shows that

r dt
Ty o(r) = / (/ oz)—.
0 D, t
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Since gp, ) is the composition of gp, o with the automorphism of D, given by

we obtain

! d
i [ (i)

Let R > 0 be a real number, and « be a locally bounded semipositive (1, 1)-form on the disk Dg. The
nondecreasing function

TO[ . (Oa R) - RZO? r = Ta,O(r)7

is the characteristic function of o in Dg.
We shall be particularly interested in the following special case. Let L=(L,||)bea semipositive
Hermitian line bundle on Dg. The characteristic function of L in Dg is defined by

TZ = Tcl(i)'
We also define I; ,(r) =T, ") for p € D, C Dg.

Remark 3.2. Let d > 1 be an integer. As c1(L®) =d - ci(L), we have T[@dm(r) =d- TLf’p(r).

3B. Forms of moderate growth. Let R > ( be a real number, and « be a locally bounded semipositive
(1,1)-form on Dg.

Definition 3.3. We say that « has moderate growth if there exist constants a, b > 0 such that

T,(r) <a+blog

1-r/R

for any r € (0, R). When a = ¢ (L) for some semipositive Hermitian line bundle L on Dy, we rather say
that L has moderate growth.

The motivating example of a form of moderate growth is the following one.

Example 3.4 (Poincaré form). Let

i R
d/_LR = E(m) dZ/\dZ

be the 2-form associated to the surface element of the Poincaré metric (R/(R? — |z|?))|dz| on Dg. A
direct computation shows that, for any r € (0, R),
T 1

T .
T4+r/R T2 ¥ TR

b
Tapg(r) = 5 log

Thus, the 2-form dug on Dy has moderate growth.
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We have defined moderate growth for a form o as a growth condition on 7, o(r) with respect to r. Our
next result shows that a similar growth condition for 7, ,(r) holds uniformly for p varying in a fixed
compact subset.

Lemma 3.5. Let O <rg <r; < Ry < R be real numbers. Then there exists a constant C > 0 such that,

for every p € Dy, and every r € [Ry, R), we have

8p,.p = &n,,.p T C&D, 0.

Proof. Letr € [Ry, R) and p € D,,. We set

D,,p\Z
2€dDr; gD, ,0(2)

and

Jr.p = 8D,.p = 8&Dy.p — Cr.p&D, 0-

By the definition of C, ,, we see that f, , < 0 over d D,,. Moreover, f, , vanishes identically on dD,.
Since f; , is subharmonic over the domains D,, and D, \ 5,1, by the maximum principle, we conclude
that f, , <0 everywhere.

To finish the proof, it is sufficient to remark that C;, , is uniformly bounded for r € [Ry, R) and p € D,,.
Indeed, for z € 9 D,,, we have

log’ rz—ﬁZ R2+I‘o}’]
8gp,,p(2) _ rz—p)! _ Ry (r1—ro) 0
8D,,0(2) log|r/z| = log(Ri/r1)

Proposition 3.6. Let R > 0 be a real number, K C Dg be a compact subset, and o be a locally bounded
semipositive (1,1)-form on Dg. Fix Ry € (0, R) such that K C Dg,. If a has moderate growth, then there
exist real numbers a, b > 0 such that

Sup ek To,p(r) < a+blog = /R

foreveryr € [Ry, R).

Proof. Let 0 < ryp < r be real numbers such that K C D, and r; < R;. By Lemma 3.5, there exists a
constant C > 0 such that

8p,.p = 8p,,.p T C8D,0
for every r € [Ry, R) and every p € K, so that
Toz,p(r) = Ta,p(rl) + CTy0(r).

Since a has moderate growth, to conclude it is sufficient to remark that the function p — T, ,(r1) is
continuous, thus bounded on the compact K. U
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3C. Jets and characteristic functions. Let r > 0 be a real number and p € D,. We define a probability
measure 7, , supported on 9D, by

/w T p == wo—](re’@))de
0

where o, , is the function defined in Remark 3.1. For the next proposition, we shall need the following
classical result.

Lemma 3.7. As an equality of distributions on C, we have
—2ddgp, , =8, — 1y p.
Proof. Apply Remark 3.1 and Stokes’ theorem (see also Section 1F5). (]

Let U be an open subset of C and L= (L,| |) be a Hermitian line bundle over U. If s € I'(U, L) and
z € U, the m-th jet of s at z is denoted by j"s. When s has vanishing order at least m at z, j"s is simply
an element of the fiber of L ® (2 }J)®’" at z. In this case, if r is a real number strictly greater than |z|, we
denote by

172" sl

the norm of j"s with respect to the metric || || on L and the norm on Q})h . given by the dual of the
Poincaré metric (r/(r> — |z|*))|dz| on D,.

The following result, relating jets of sections with characteristic functions, is a basic tool in Nevanlinna
theory (see, for instance, [Noguchi and Winkelmann 2014, Section 2.3]); variants of it were used in the
context of Diophantine approximation in [Bost 2001, Proposition 4.14; 2004, Section 3; Gasbarri 2010,
Theorem 5.13].

Proposition 3.8. Let R > 0 be a real number, L = (L, | ||) be a semipositive Hermitian line bundle
on Dy, and p € Dg. For every real number r € (|p|, R) and every global section s € I'(Dg, L) \ {0}, if
m := ord, s denotes the vanishing order of s at p, we have

lOg ”JITS”r = T[,p(r) + / 10g ||s||77r,p - / 8D, ,p 8div(s)—m[p]~ (3-1)

We start with a lemma that follows immediately from the explicit formula for the Green’s functions on
disks (see Section 3A).

Lemma 3.9. With the above notation, if E C Dy denotes the support of the divisor div(s), then the
distribution log ||s|| +mgp, , on Dg defines a C™ function over (D, \ E)U{p} and a continuous function
over 3D, \ E. Moreover,

llm (log sl +mgp,,p(z)) =loglj,'sl u

Observe now that, for a fixed s, both sides in formula (3-1) are continuous with respect to r. Since E
is discrete, we may thus assume that 0D, N E = &.
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Proof of Proposition 3.8. The Poincaré-Lelong formula yields the identity of currents

dd® log ||s||* = 8aiv(s) — c1(L).
Thus, by Lemma 3.7,

C1 (Z) = _dec(log 5] +ng,,p) + 8div(s)—m[p] +mmy p.

Since 7., is supported on d D, and gp, , vanishes identically on 9 D,, we obtain

T ,(r) =/gD,,p'(—2ddC(10g [Is]] +ng,,p))+ng,,p 8div(s)—mlp]-

Note that, by our choice of r and by Lemma 3.9, the above products of distributions are well-defined.

By another application of Lemma 3.7,
Tz’p(}’) - /(log ||S|| +ngr,p)(8p - nr,p) + / gD,,p 8div(s)—m[p]

Z/(log ||S||+ng,,p)5p—/10g IISIIJTr,p+/gD,.,p Sdiv(s)—mlpl»

where in the second equality we used once again that gp_ , vanishes identically on d D,. To conclude,
we apply once more Lemma 3.9, which ensures that the function log ||s|| +mgp, , tends to log || j I’fs Il
at p. ([l

Corollary 3.10. Let us keep the notation of Proposition 3.8. Then,
logllj,'sll < Tz ,(r) +1og lIsliL~@Dp,)- (3-2)
If, moreover, p’ is another point of D,, and m’ denotes the vanishing order of s at p’, then
log lj,'sll- < Tz ,(r) +log lIsllz=@p,) —m'gp, p(P). (3-3)

Proof. Since 7, ), is a probability measure over 9 D,, we have f log ||s||7y, , <log|lsllz=@p,). Thus, the
estimate (3-2) (resp. (3-3)) follows immediately from the nonnegativity both of the function gp, , and of
the distribution (Sdiv(s)fm[p] (resp. (Sdiv(s)fm[p]fm’[p/])- |

3D. A first application of moderate growth. We shall need the following elementary inequality.

Lemma 3.11. Let A, B, and R be positive real numbers. Set

If log(B/A) > 2, then

1 B
Al — Bl <2Alog| — ) — BlogR.
og<1 —r/R) ogr < og(A) og

Proof. By homogeneity, we may assume that A = R =1, so that r = B/(1 4+ B) and our statement is
equivalent to
log(1+ B) — Blog(B/(1+ B)) <2log B
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when log B > 2. By subtracting log B from both sides, we see that this is yet equivalent to
(1+B)log(1+1/B) <logB,
when log B > 2. Now, this last inequality follows trivially from the fact that log(1+1/B) <1/B. [

Note that r as above is the minimum of the real function ¢ — A log(1/(1 —t/R)) — B logt defined on
the open interval (0, R).

Proposition 3.12. Let R > 0 be a real number and L = (L, || ||) be a semipositive Hermitian line bundle
on Dg. If L has moderate growth, then there exist constants k1, ko > 0 such that for every integer d > 1
and every bounded global section s € I' (Dg, L&) \ {0}, if we set m := ordy s, then

log 1ji'sllr < k1d + kad logt m +log |Is || Lo (py)-

Proof. Since L has moderate growth, there exist real numbers a, b > 0 such that

1
Tr(r) < a—i—blog(1 —r/R)

for any r € (0, R). We may assume that b > 1. By the jet estimate (3-2), for any r € (0, R), we have

log |l jo'sll <d-Tz(r)+loglisllL=@p,) <d-T;(r)+logllsllrompy)-

m
. . r
Ijg'sll- = ||](’)11S||R(E) :

we obtain

log ||j(’)"s||R§ad+bdlog< )—mlogr—i—mlogR—i—log ISl Loo(Dg)- (3-4)

1-r/R
The result being trivial for m = 0, we may assume that m > 0. We now consider two cases. If
log(m/(bd)) < 2, then we may take r := R/2 in (3-4) to obtain
loglljg'sllz < (a+ (14 €*)blog2)d +1log ||l L(Dy)-

If log(m/(bd)) > 2, we apply Lemma 3.11 for A = bd and B = m:
m
log [l jy'sllg < ad+2bd log(ﬁ) +log |Isllze(pg) < ad +2bd logm +1og ||s|| L= (Dg)- ([l
3E. Bounding jets via Taylor coefficients at another point. In this subsection, we compare Taylor

coefficients at different points. We start with a general result, and next we explain how moderate growth
improves the estimate.

Proposition 3.13. Let R > 0 be a real number, L = (L, || ||) be a semipositive Hermitian line bundle
on Dg, and g € Dg \ {0}. Fix a real number Ry satisfying |q| < Ry < R, and a global holomorphic
section sy € I'(Dg, L) such that so(q) # 0. Then there exists a real number k > 1 such that, for every
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integer J > 1, every integer d > 1, and every global section s € T'(Dg, L®?)\ {0}, if f denotes the germ
of holomorphic function at q such that s = f sggd in a neighborhood of q, and if m := ordg s, then

R

Ro\™’ " 1)
1 Msllg <1 — — x d+m+J = 22 ) +d-T-(Ry).
oglljo slir < Og<<|q|) (Ro) sl pgy) + K Jmax, 7 +d - T;(Ro)

Let us first remark that if such a constant ¥ > 0 exists for 5o € I'(Dg, L) trivializing L at g, then an
analogous constant ¥ > 0 will exist for any other trivialization 5y of L in a neighborhood of ¢ — we do

not require 5o to be a global section. Indeed, if we write s = f. Egg’d and 59 = usy in a neighborhood of ¢,
then f = fu‘ and

0)) F (k) dy (1) dy(j) ()
LI Y il [ CaAl0] 5(1 T >J<q>|> A

0<j<J J! 0<j<J J!

max - <
0<j<J Jj! O§j<Jk+l i k!

=j
We conclude by the Cauchy inequalities, which ensure that maxo<; ., [(u®)U )(q)| /Jj! grows at most

exponentially in d + J.

Proof. By the above remark, up to replacing sy by z~ "% 0) sy we can assume that so trivializes L both at
g and at 0. Let a; € C be defined by the expansion

o0
f@=7") ajz—q)
j=0
in a neighborhood of ¢, and set
J—1
g(@)=7" Z aj(z— q)’.
j=0
Note that g extends uniquely to a holomorphic function on Dg. Let sy, s € I'(Dg, L®d) be given by
§1 1= gsggd and s, := s — s51. Observe that both s; and s, have vanishing order at least m at 0.
Next, we estimate ||j6”s,- llz,» i =1, 2; for this, we shall first assume that each j{)”s,- # 0. By the jet
estimate (3-2) for p = 0, we have

log [l jg's1llr, < d - T (Ro) +10g lIs1ll L Dgy)-

Since ord, s, > J, by the jet estimate (3-3) for p =0 and p’ = ¢, we have

.7 RO
log |l jg's2llry < d - T7(Ro) +10g [Is2ll L@ Dgy) — 10g(|q—|) J.

Thus

R m R m
lio sllg =1ljy szl =) =< ljg sillr, + lljg s2llr)\ =
Ro Ro

= m” l > N m” I d (Ro))
R Ky 00 R — —_— kY 00 X -T5 .
=& L@ Dgy) T 7l Ro 21lL>(@Dg,) | €XP Lo
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Using that [[s2ll>@Dg,) < 1511l @Dgy) + I51Lo@Dg,)» We get

- RO —J R\" RO —J R\"
ljo slr < 1l o Isllo@Dgy + | 1+ il R Istll>@Dg,) ) exp(d - Tz (Ro))-

It should be clear at this point that the same estimate holds if jj's; =0 or jj's; = 0.
We now estimate ||s; ||L°°(3DRO)- For any z € 0 Dg,, we have
J-1 J-1

» :aj(z—q)f’ §R31<§ (2R0)j> max |a;] < J Ry max{l, (2R¢)’} max |a;|,
—0 20 0<j<J 0<j<J
]_ =

Ig(2)] = Ry’

so that

Isillz~@r) = sup 18 Iso@ I < Is0I¢wopy /Ry max{l, 2Ro)’} max |a;l.
z€3 DR, 0 0<j<J

To finish, we must bound the coefficients a;. By definition, for any j € N,

F@DY [ (=DF fktm—1y £90(g)
zzq(z_'")zz(qm“( k ><j—k>!)'

k=0

1 d/
aj = ———
v dzi

If j < J, then, for any 0 < k < j, we have the (crude but sufficient) estimate

<k+m_1)<<‘]+m_1)<2m+1—1<2m+J
k J ’

so that

J
laj| < Z : 2"+ max —lf(k)(qﬂ.
T\ g pm 0sk<j k!
Thus,
)
L) .

max |a;| < J(2max{l, |g|” -
0<j<J <j<J J!

Proposition 3.14. Let R > 0 be a real number, L = (L, || ||) be a semipositive Hermitian line bundle
over Dy, and let K C Dg be a compact subset. If L has moderate growth, then there exist real
numbers ko, k1 > 1 and an integer do > 1 such that, for any integer d > dy and any bounded section
s € T'(Dg, L®Y) \ {0} for which m := ordg s satisfies m > kod, we have

m
d |z]
ls(2)|l <m™ (E) sl Lo (Dg)

for every z € K\ {0}.

Proof. Fix any R; € (0, R) such that K C Dg,. By Proposition 3.6, there exist real numbers a, b > 0
such that

Ty ,(r) <a-+blog T=r/R

for any z € K and every r € [Ry, R).
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Lets € I'(Dg, L®d) \ {0} be a bounded section, and z € K \ {0}. We may assume that ord, s = 0. By
the jet estimate (3-3) for p = z and p’ = 0, we have, for every r € [R;, R),
r
log ls()ll <d - Ty (r) +log |Is|lL=@p,) —mlog il

1
fad—kbdlog1 R —mlogr +mlog|z| +1og ||s|| Lo (Dg)-

Assume m > e%bd (i.e., log(m/(bd)) > 2). It follows from Lemma 3.11 for A = bd and B = m that, if

m
r:=R ,
bd +m
then
bd1 logr < 2bdlog - — mlog R
(0] — (0] og — — (0] .
Bl g~ MOBT =R 08

If we also require that m > b(R;/(R — Ry))d, then r > Ry, so that
z
log ||s(2)|| <2bdlogm + (ad — 2bd log bd) + m log % +log sl Leo(pg)-

Now, for every integer d > e%/® /b, we have ad — 2bd log bd < 0, and we get

z
log ||s(2)]| < 2bd logm + mlog % +log [IsllLeo(pg)-

We may thus take kg := b max{e?, Ri/(R—R})}, k1 :=2b, and dy := (e“/b/lﬂ. O

The following result is a combination of Proposition 3.13 together with the existence of a nonzero
global section of L (see the remark following the statement; actually, L is holomorphically trivial on Dg)
and Proposition 3.14.

Corollary 3.15. Let R > 0 be a real number, L = (L, || ||) be a semipositive Hermitian line bundle on Dy,
q € D\ {0}, and sy be a holomorphic trivialization of L in a neighborhood of q. Assume moreover that
L has moderate growth. Then there exist real numbers k; > 1, i =0, ..., 4, and an integer dy > 1, such
that, for any integer J > 1, any integer d > dy, and every bounded section s € I'(Dg, L%?)\ {0} for which
m := ordg s satisfies m > kod, if f denotes the germ of holomorphic function at q such that s = f sgz’d ina

neighborhood of q, we have

. m*1d |
log ||J(’)”s||R §log( i ||s||LaO(DR)+K§’+m+J max ————— + Kkad.
K2 0<j<J J:

Proof. Fix any real number Ry € (|g|, R). We take 2 := Ro/|q|, 3 := k given by Proposition 3.13, and
k4 :=T7(Rp). Since L has moderate growth, we may apply Proposition 3.14 to the compact K = 3 D Ro
to obtain real numbers kg, k1 > 0 and an integer dy > 1 such that

RO m
15| Lo (@, Sm"ld(7> 51| oo (D)
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for any integer d > dp and any bounded section s € I'(Dg, L®)\ {0} such that m := ordy s > kod. We
conclude by combining this bound with the estimate given by Proposition 3.13. (Il

In practice, we shall be concerned with the following particular situation.

Corollary 3.16. Let R > 0 be a real number, L = (L, || ||) be a semipositive Hermitian line bundle of
moderate growth on Dg, and g € Dg \ {0}. Fix a holomorphic trivialization sy of L in a neighborhood
of q, real constants cy, c1, ¢y > 0, with cy < ¢y, and an integer n > 2. For any real number C > 0, there
exist real numbers yy, y1 > 0 such that, for any sufficiently large integer d, and any bounded section
s € T'(Dg, L®Y) satisfying

cod" <m:=ordys <cid", loglls|lzepg) < c2dlogd,

and 0
2@ _

max lo <—yd",

0<j<lyod logd] J!

where s = f sgg’d on a neighborhood of q, we have

=M

log |l jy'sllg < —Cdlogd.

Proof. Letk; > 1, i =0, ...,4, be the constants given by Corollary 3.15. We claim that it suffices to
take yp > (log 2) " Y(nky + ¢ + C) and y1 > c1 log k3.

Indeed, let s € ['(Dg, L®9) be as in the statement. Since n > 2 and m > cod”, if d is sufficiently large,
we have m > kod, so that the conclusion of Corollary 3.15 for J := [yyd logd] applies:

. m«1d |fP)
log || jo's |l §log( Vi ||S||L00(DR)—‘,—/(3d+m+J max ————=— + Kk4d. (3-5)
K5 0<j<J J:

Since m < c1d", log ||s|lL~(pg) < c2d logd, and J > ypd logd, we obtain

m/qd
10g< o ||S||L°c(DR)> < (nk1 + c2 — (logk2) yo)d log d + i (log c1)d.
2

Thus, by our choice of yy, if d is sufficiently large, we get

m/qd

log( — ||s||Loo(DR>> < —(C+epdlogd (3-6)
2

for some g1 > 0.

Since m < c1d", J < yppdlogd + 1, and

()
T

we have

)
log (x?*’"“ max M) < (c1logks — y1)d" + yo(logk3)d logd + (log i3)(d + 1).

0<j<J Jj!
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Thus, as n > 2, and by our choice of yy, if d is sufficiently large, we obtain

)
log</c§l+m+] max M) < —g&d" (3-7)
0<j<Js  j!
for some g, > 0.
We conclude by applying (3-6) and (3-7) in (3-5), and by taking d to be sufficiently large. ]

4. Analytic curves of moderate growth in quasiprojective varieties

This section contains mostly well-known techniques and results in Nevanlinna theory. These are never-
theless written in the literature in a form not suitable for our purposes. Although our proofs may vary,
much of the theory concerning growth of entire analytic maps (“parabolic case”) easily translates into our
hyperbolic situation; we refer the reader to the recent monograph [Noguchi and Winkelmann 2014] for a
thorough exposition of the general parabolic theory (in several variables).

4A. Analytic curves of moderate growth in compact complex manifolds. Let R > 0 be a real number,
M be a compact complex manifold, and ¢ : Dg — M be an analytic map. Fix any Hermitian metric 4 on M,
and let w := — Im A be the positive (1, 1)-form associated to %; in other words, if & = ZZ,1=1 hiydz ®dz;
in a local chart (zq, ..., z,) of M, then w = % ZZ,H hidze Ndz;.

Definition 4.1. We say that ¢ : Dr — M has moderate growth if the semipositive (1,1)-form ¢*w on Dg
has moderate growth (see Definition 3.3).

This notion does not depend on the choice of the Hermitian metric 4. Indeed, since M is compact, any
two Hermitian metrics on M are “comparable”: if /g is another Hermitian metric on M, then there exist

real numbers «, B > 0 such that || |ln, < || lIx < Bl |-

Remark 4.2. It follows from Remark 3.1 that Ty, (r) = [ (/f D, ¢*w)dlogt can be thought of as a
logarithmic integral of the areas of the disks ¢(D;) in M forO <t <r.

We next consider a simple example of curves of moderate growth.
Example 4.3 (bounded derivative). Let ¢ : D — M be an analytic map, and # be a Hermitian metric
on M. Then we can write
¢ o = ¢ @I% 4d g,
where d g is the Poincaré form defined in Example 3.4, and ||¢’(2) || g.» denotes the norm of the tangent
map D¢ : T,Dg — T,;)M with respect to the Poincaré metric on D, and the Hermitian metric 4 on M.

Since du g has moderate growth, the analytic curve ¢ has moderate growth in M whenever the function
2+ |9’ (2)||r.» is bounded on Dg (e.g., ¢ extends continuously to D C C).

4B. Nevanlinna’s characteristic function. Let M be a complex manifold, L = (L, || ||) be a semipositive
Hermitian line bundle on M, and sg € I'(M, L) \ {0} be a nonzero global section.
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Let R > 0 be a real number and ¢ : Dg — M be an analytic map whose image is not contained in the

support of div(sg). We define, for every r € (0, R),

2 1
m ,(’”)3:_/ log ey 4°
@.L.so 27 Jo lso(p(rei®)|l
and
r
N, i 5, (1) = (ordg ¢™s0) log r + Z (ord; ¢"s0) log 2l

0<|z|<r

Then we can form the Nevanlinna characteristic function on the interval (0, R)
T 7 5 = My 7 s + Nw,[,so'

For the next proposition, we introduce a temporary notation. If s is a global section of ¢*L and
m =ordy s, we denote by £(s) the unique element of the fiber of ¢* L at 0 € D such that j's = £(s)®d zom
(the “leading coefficient” of s).

The following classical identity, see [Noguchi and Winkelmann 2014, Theorem 2.3.31], is an immediate
corollary of Proposition 3.8 applied to the section s = ¢*sg and the point p = 0.

Proposition 4.4 (Nevanlinna’s first fundamental theorem). For every r € (0, R), we have

T,.;(r) =T, [, () +log [ o). O

As an application we show that, when R = 1, polynomial growth of Taylor coefficients implies moderate
growth.

Example 4.5. Let ¢ = (¢1, ..., ¢,) : D — C" be an analytic map with coordinates ¢; (z) = Z?io a; ij .

Assume that there exist a real number C > 1 and an integer d > 1 such that
la;j| < Cj4
for every 1 <i <n and j > 0. Then, when identifying C" with the open affine subset

Uo={(po:-:pn) €P*(C) | po # O}

of P"(C) via (z1,...,2,) = (1: 21 :---: z,), the analytic curve ¢ : D — P"(C) has moderate growth.
Indeed, let O(1) denote the line bundle O(1) on P"(C) endowed with the Fubini-Study metric; that is,
|pil
VIPoP+ -+ pal?
forevery0<i <n,and p=(po:---: pn) € P*(C). Since N, 0.0, Xo vanishes identically, by Proposition 4.4,

1Xi (Pl =

it is sufficient to prove that there exist a, b > 0 such that

m%m’xo(r) <a+blog 1

for every r € (0, 1).
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For any real numbers ¢1, ..., t,, > 0, we have log™" (Z:"Zl ti) <>", log™ t; +logm, so that

1

log—.=log\/1+ i (re'®) > <) log™ |gi(re'®)| +log(v/1+n).
I Xo(p(rei®))| ; ;

Since

1—r

> d+1
lpire < C Y jr §Cd!( ) :

j=0
we may take @ = log(+/1+4+n) +nlog(Cd!) and b =n(d +1).

4C. The field of moderate functions on a disk. In this subsection we study more closely the case
M = P'(C). We refer to [Tsuji 1959, Chapters V-VII] for a survey on the classical work on this subject.

Let R > 0 be a real number and f be a meromorphic function on Dg, i.e., an analytic map f : Dg —
P!(C) which is not constantly equal to co = (0: 1).

Definition 4.6. We say that f is a moderate function on Dy, if the analytic map f : Dg — P!(C) has
moderated growth.

If O(1) denotes the line bundle O(1) on P! (C) endowed with the Fubini—Study metric (see Example 4.5),
we define
Tf =T *m .

By Proposition 4.4, we have
Ty =m;5m.x, T Nrom.x, T OW),

where O(1) denotes a constant. To lighten the notation, we shall write my = m £00). X0 and Ny =
Nf ,0(1),Xo

Let Kp, denote the field of meromorphic functions on Dg. It is classical (and easy to prove) that
characteristic functions are compatible with the algebraic structure of Xp, in the following sense: for

f8€Kp, \{0} and n € Z\ {0}, we have
Tiig <Tr+T,+0Q1), T <Tr+T,+01), Tp=In|Tr+0(). 4-1)

It follows from the above relations that the subset K, of Kp, consisting of moderate meromorphic
functions is a field.

Proposition 4.7 (cf. [Noguchi and Winkelmann 2014, Lemma 2.5.15]). Let f, f1, ..., fn be meromorphic
functions on Dg. If f is algebraic over the field C(f1, ..., fu) C Kpy, then there exist real numbers
a, b > 0 such that

n
Ty §a+bZTf,..
i=1
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Proof. Let d be the degree of f over C(f1, ..., fu). If d =0, then the result follows immediately from
formulas (4-1). Assume that d > 1, and let P = X9 — gd_le_l —---—g0€C(f1,..., fulX] be the
minimal polynomial of f. Since each g; € C(f1, ..., f,), it suffices to prove that Ty < Zf;ol Ty, +0(1).

By formulas (4-1), we have
Tyo = Tigu s pt-24tg) frgo = Tggor pi24otgr T T +Tgo + o).

By descending induction, we get

d—1
Tro <(d—DTp+ Y To 4+ 0(D).
i=0
As Tpa =d - Ty + O(1), we obtain -
Ty <Y Ty +O(1). O
i=0
Corollary 4.8. The field of moderate functions K7, is algebraically closed in Kp,. ]

In particular, since the inclusion Dg — P!(C) is easily seen to be an analytic map of moderate growth
(see Example 4.3), the field IC%R contains the field of (univalued) algebraic meromorphic functions on Dyg.

4D. Birational invariance and moderate growth in quasiprojective varieties. In this subsection, we
establish the birational invariance of moderate growth under a nondegeneracy hypothesis. Our arguments
follow closely those of [Noguchi and Winkelmann 2014, Section 2.5]; we claim no originality here.

In what follows, if f is a meromorphic function on Dg, we denote the divisor of zeros of f by divy(f)
and the divisor of poles of f by dive(f), so that div(f) = divo(f) — diveo (f).

Lemma 4.9 (cf. [Noguchi and Winkelmann 2014, Theorem 2.5.7]). Let M be a compact complex manifold
endowed with a semipositive Hermitian line bundle L = (L, || ||). Fix global sections sq, s1 € T'(M, L),
with so # 0. Then, for any analytic map ¢ : D — M whose image is not contained in the support of
div(sog), if we denote by f the unique meromorphic function on Dg such that f¢*so = ¢*s|, we have

Tf < T(p,[,so + O(1).

Proof. Let H be the support of div(sg). For p € M \ H, we have

51 (PP | : 2
I \/i _ | |
8V o = gy 8 Y I+l ()

Since M is compact, the functions ||s;|| on M are bounded, so that

lIs1])? 1
log+/ 1+ 5 <log—+ 0(1)
lIsoll lIsoll

over M \ H. In particular, we get

mp<mg,jp .+ o(l).

)
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Since diveo (f) < div(p™*sg), the bound
Ny =Ny Ls
is trivial. O

For the next lemma, we endow the line bundle O(1) over P"(C) with the Fubini—Study metric as in
Example 4.5. Moreover, if £ = ZzeDR n,[z] is a divisor in Dg, we set i(z, E) := n,.

Lemma 4.10. Let ¢ : D — P*(C) be an analytic map whose image is not contained in the support
of div(Xo). For 1 < j < n, let us denote by f; the unique meromorphic function on Dy such that
fio*Xo=¢*X;. Then

T, 500.x <ZTf +O0().
j=1

Proof. We first prove that m 0.0().Xo = Z'I’: Mg For any real numbers ¢4, ..., t, > 0, we have

n n
log(l + th) < Zlog(l +1j).
j=1 j=1
Thus, for any r € (0, R),
2w
m(p’m’xo(r) f IOg 1—|—Z|fj(r619)| 4o
n
<N — [ 1 \/ﬁde - ().
_;hfo ogV1+|fj(re™)| ;mf,m

Next, observe that to prove that N, ) < o j=1 Ny; it suffices to show that

div(p* Xo) < Z diveo (f).
j=1
Since each div(fj) is an effective divisor, it is sufficient to prove that, for every z € Dg, there exists
1 < j <n such that i(z, div(¢* X)) <i(z,divee(f;)). Now, for any 1 < j <n, since fjp*Xo = ¢*X;,
we may write
diveo (fj) = div(¢™* Xo) +divo(f;) — div(e™X;).

Finally, we simply remark that for any z € Dg for which X¢(¢(z)) =0 (i.e., ord; ¢* X > 0 or, equivalently,
i(z,div(p*Xo)) > 0), there exists 1 < j < n such that X;(¢(z)) # 0 (i.e., ord; ¢*X; = 0), so that
i(z, diveo (f})) = i(z, div(¢™X0)) +i(z, divo(fj)) = i(z, div(¢™ Xo)). O

Let f, g: I — R be real functions defined on some interval / C R. We say that f and g are comparable

if there exist real numbers a, b, ¢, d > 0 such that

af —b<g<cf+d

everywhere on 1.
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Theorem 4.11 (cf. [Noguchi and Winkelmann 2014, Theorem 2.5.18]). Let R > 0 be a real number, X be
a smooth projective variety of dimension n over C, and ¢ : D — X" be an analytic map whose image is
Zariski-dense in X. Then, for any positive (1, 1)-form w on X, and any transcendence basis (fi, ..., fu)
of the function field C(X) of X, the real functions Ty, and Z?:l Tf0p on (0, R) are comparable. In
particular, ¢ has moderate growth in X if and only if f; o ¢ are moderate functions on Dy for every

1<j<n

Observe that the Zariski-density hypothesis above ensures that, for any rational function f on X, the
image of ¢ is not contained in the indeterminacy locus of f, so that f o ¢ is a well-defined meromorphic
function on Dg.

Proof. Leti : X — [P’g = Proj C[ Xy, ..., Xn] be a closed immersion such that i o ¢(Dgp) is not contained
in the support of div(Xy), and consider the rational functions g; € C(X), 1 < j < N, given by restriction
of X;/ X to X.

It follows from the compactness of X" (see remark following Definition 4.1), and from Proposition 4.4,
that the functions Ty, and 7., 51y x, are comparable. By Lemmas 4.9 and 4.10, the functions 7}, , 575 x,
and Z?’:l Ty,0p are comparable. Furthermore, as C(X) =C(g1, ..., gn) is an algebraic extension of
C(fi1, ..., fu), we deduce from formulas (4-1) and from Proposition 4.7 that Z//V: 1 Tg;0p and Z'/’: 1 Tf0p

are comparable. Our statement follows by transitivity of comparability. (I
In particular, moderate growth in projective varieties is a birational invariant.

Corollary 4.12. Let f : X — Y be a birational morphism between smooth projective varieties over C. If
R > 0 is a real number, then an analytic map ¢ : Dg — X" with Zariski-dense image has moderated

growth if and only if f o @ : Dgp — Y*" has moderate growth. (I

Combining the standard argument in the proof of Corollary 2.16 with a resolution of singularities
yields the following.

Corollary 4.13. Let X be a smooth quasiprojective variety over C, and let j; : X — X;, i = 1,2, be
smooth projective compactifications of X. If R > 0 is a real number and ¢ : Dg — X" is an analytic map
with Zariski-dense image, then j| o ¢ has moderate growth if and only if j, o ¢ has moderate growth. [

We may thus define an unambiguous notion of moderate growth for Zariski-dense analytic curves in
smooth quasiprojective varieties.

Definition 4.14. Let X be a smooth quasiprojective variety, R > 0 be a real number, and ¢ : Dp — X*"
be an analytic map with Zariski-dense image. We say that ¢ has moderate growth if there exists a smooth
projective compactification j : X < X of X such that j o ¢ : Dg — X" has moderate growth.

5. Construction of auxiliary sections

We prove in this section Theorem 5.1 below, generalizing the construction of auxiliary polynomials
in Nesterenko’s method. Our approach, based on Bost’s method of slopes, differs from the classical
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combinatorial one. However, the backbone of the argument remains the same: Minkowski’s theorem on

minima of lattices (see Proposition 5.7 below).

S5A. Notation and statement. Let K be a number field and Ok be its ring of integers. Recall that, if X is

an arithmetic scheme over Ok (i.e., an integral scheme X with a separated and flat morphism of finite type

X — Spec Ok ) with smooth generic fiber Xk, a Hermitian line bundle L=(L, (|| llo)o:k—c) over X is the

data of a line bundle L on X’ and a family of C°° Hermitian metrics || ||, on the holomorphic line bundles L

over X" deduced from L by the field embeddings o : K < C that is invariant under complex conjugation.
If d > 1is an integer, and s € I' (X, L®) s a global section, we define

Isllx = max 15 ller, Loo (aam)-

This section is devoted to the proof of the following theorem.
Theorem 5.1. Let X be a projective arithmetic scheme of relative dimension n > 1 over Og with smooth
generic fiber Xy, and fix any Hermitian line bundle L = (L, (|| |lo)o:k<>c) on X such that L is ample
on Xk. Let ¢ :Spf Ok g1l — X be a morphism of formal O -schemes such that, for every field embedding
o : K — C, the formal curve ¢, : Spf Cllqll = X, lifts to an analytic map ¢, : Dg, — X2 defined on

some complex disk of radius R, > 0, and assume that

If, moreover,

(1) the image of ¢ : Spf K[[q1l — Xk is Zariski-dense, and

(2) for every field embedding o : K — C, ¢, has moderate growth in X3",
then, there are constants c1, ¢y, ¢3 > 0 such that, for every large enough positive integer d, there exists
s € T (X, L®)\ {0} such that

m :=ordy ¢*s > c1d"
and
log ||s|lx < cad + c3d logm.

Remark 5.2. By Section 4D one could also assume that X is only quasiprojective over Spec Ok, and
then construct “auxiliary sections” on any projective compactification of X’ having smooth generic fiber.

If we require the stronger condition of ZL-density of ¢k instead of Zariski-density, we obtain the
following.
Corollary 5.3. With hypotheses and notation as in Theorem 5.1, if moreover ¢k : Spf K[[q]] — Xk is
ZL-dense, then there exist constants c1, c; > 0 such that, for every large enough positive integer d, there
exists s € T'(X, L®)\ {0} such that

ordg ¢*s > c1d"
and
log||s|lx < cadlogd.
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5B. Recollections of Arakelov theory; the slope inequality. For the convenience of the reader, we
recollect in this subsection some fundamental notions and results concerning Hermitian vector bundles
over rings of algebraic integers. Proofs and further developments can be found in [Bost 1996, Appendix A;
2001, Sections 4.1-4.2; Bost and Kiinnemann 2010, Sections 3.1-3.3].

Let K be number field, Ok be its ring of integers, and set S := Spec Ok . Recall that a Hermitian
vector bundle over S is a pair E=(E,(l llo)s:x>c), where E is a projective Ok -module of finite type,
and (|| ls)o:x—c is a family of Hermitian norms over E; := E ®4.0,— ¢ C, invariant under complex
conjugation. If rk E = 1, we say that E is a Hermitian line bundle over S.

The multilinear constructions in the category of projective modules over Ok (e.g., tensor products,
quotients, Hom) make sense in the category of Hermitian vector bundles over S.

Definition 5.4. Let E = (E, (|| |lo)o:k<>c) be a Hermitian vector bundle over S, and fix s € det E ~. {0},
where det E := N\*F E. We define the Arakelov degree of E by

deg(E) :=log|(det E)/Ogs| — Y log|lslls € R.
0:K—C

This is easily seen not to depend on the choice of s. We define moreover the normalized Arakelov degree
of E by

—_— — 1 — —
deg,(E) := T deg(E)

and the slope of E by
A(E) = ﬁd’%@)
when rk E > 0, and i(E) := —oo when rk E = 0.
Proposition 5.5 [Bost 2001, Section 4.1.1]. The following properties hold:
(1) If L and M are Hermitian line bundles over S, we have
deg(L ® M) = deg(L) + deg(M).
(2) Let E be a Hermitian vector bundle over S and

E=E’>E'>...2EVN > {0

be a filtration of E by saturated Ok -submodules. Then

N-—1
deg(E) = deg(EV) + Y deg(ET/ED),
i=0

where EN and Ei /Ei+1 denote the Hermitian vector bundles with underlying modules EN and E'JE'*!,

respectively, and Hermitian structure induced by E.

(3) For every Hermitian vector bundle E over S, and every Hermitian line bundle L over S, we have

A(E @ L) = p(E) +deg, (L).
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Let E and F be Hermitian vector bundles over S. For every maximal ideal p of O, we denote by K,
the completion of K at p and by || [|, the nonarchimedean norm over Homg, (Ek, , Fk,) associated to the
Ok, -lattice Hom(g,(p (E@Kp, FOKP); explicitly, if ¢ € Homg, (Ek,, Fk,) \{0}, then |l¢||, := |(9K/p|—vp(‘/’),
where v, (¢) = max{n € Z | np_”go € HomoKp (EoKp, F@Kp)} and 7, denotes some uniformizer of Ok, .
For a field embedding o : K < C, we consider the operator norm on Hom¢ (E,, Fy):

le@lls

lelle = m
7 veEN 0 v]lo

Then, the height of a nonzero K-linear map ¢ : Ex — F is defined by

1
hEF @ = e (Zlog lellp+ Y log ||<plla).
a4 .

If ¢ = 0, our convention is that hg z(¢) := —o0.

Proposition 5.6 (slope inequality; [Bost 2001, Proposition 4.5]). With the above notation, if ¢ : Ex — Fx
is injective, then
A(E) < fAmax(F) + by 75(9),
where fimax (F) := sup{{L(F") | F' is an Ok -submodule of F}.
Let us point out that ,&maX(F ) is attained by a saturated submodule of F'; see [Bost 1996, Section A.3].

In particular, if rk F = 1, then fimax (F) = (F).

5C. Short vectors in filtered Hermitian vector bundles. Let K be a field, Ok be its ring of integers, and
S = Spec Ok. Let E =(E, (| lls)s:x>c) be a nonzero Hermitian vector bundle over S; we denote its
first successive minimum by

M(E) := inf{maax Isllo | s € E\{0}}.

Since s — s ® 1 identifies £ with a lattice in the R-vector space E ®z R, the first successive minimum is
attained by some element s € E \ {0}.
Proposition 5.7 (Minkowski). Let E be a nonzero Hermitian vector bundle over S. Then

log M (E) < —fi(E) + 4 log(tk E) + log|Ak| + L log[K : Q]
- 2 2[K:Q] 2 ’

where Ak denotes the discriminant of K over Q.

This statement may be obtained from [Bost and Kiinnemann 2010, pp. 1027-1028] by considering the
Hermitian vector bundle over Spec Z given by the direct image of E via S — Spec Z.
Let (E 4)a>1 be a family of Hermitian vector bundles over § such that

rg =1k Eg — +00
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as d — +o0o. Assume that, for each d > 1, we are given a separated filtration
E)=E;,DE;DE;D- -

by saturated Ok -submodules. We endow each E with the Hermitian vector bundle structure induced
from E .

Proposition 5.8. With the above notation, assume that there exists an integer k > 1 and a double sequence
(ad.m)a=1.m>0 of positive real numbers, nondecreasing in m for every d > 1, such that

rk(E"/EMTY <k (5-1)
and

ACEDJERTYY < agm (5-2)

for everyd > 1 and m > 0. Then, for every d > 1 such that rq # 0, there exists m > |ry/(2k)] and
seET\ E;”H satisfying

max log ||s]ly < max{0, —2/1(Ey)} +dg.m + % logry + og|Ak| % g[K : QJ.
o

Z[K Q]
=[5
m=|—1,
2k
1

m' . m’ /
rg =tkEy >rg—km' > 5rq > 0.

Proof. Let d > 1 such that r; # 0 and set

so that, by (5-1),

By Proposition 5.5 (2), we have

= F N T 1 ; ;
A(Eq) = :—du(Ed = D Tk(Ey/E, OAE)/ES.

0<i<m/’

(When E',/ ELT' =0, we settk(E},/ELT) =0and i(E!,/E;™') = —o0, so that tk(E}; /E’“)M(E JET =
0 by convention.) Using hypotheses (5-1) and (5-2), and that (a4 ) is nondecreasing in m for every d,
we obtain
= o — m'kag
AE) < “RE]) + —,
Fd Fd

or, equivalently,
/

A m k
—M(Eff =< ——M(Ed) + —ag .
ry rd

Since ry < 2r[’l"/ and m’ < ry/(2k), we conclude that

—A(EY) < max{0, —2(Eq)} + ad.m'-
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Lets € EC’?/ \ {0} be such that max, ||s]ls = Al(lg"’). Then Proposition 5.7 yields

P + log|Akl|
1 1 .
mjlxlog ||S||O— < —;L(E?)—{—ilogrg’ +m+ilog[l( @]
- » log|A
<max{0, —24(E)}+aq . + % logry + % + % log[K : Q]. O

Thus m :=max{i e N |s € E fi} > m’ satisfies the conclusion of our statement.

5D. Proof of Theorem 5.1. Consider the notation and hypotheses of Theorem 5.1. Let us first observe
that if Theorem 5.1 holds for some particular choice of Hermitian metric (|| ||5)s:x->c On L, then a
similar statement holds for any other choice of metric, up to modifying the constant ¢;. We may thus
assume that each (L, || ||) is a positive Hermitian line bundle on A".
For every integer d > 1,
Ey:=T(x, L®)

is a projective Og-module of finite type. For each field embedding o : K < C, we may consider the
uniform norm || || (xam) on Ey » induced by the Hermitian metric || |l on L.

Note that the norm || || oo (xan) is not Hermitian in general. We denote by || |4, the John norm on Eg o
attached to || || Loo(xan) (see [Bost 2015, Appendix F]); this is a Hermitian norm on Ey , satisfying

I ooy < Il llao < 1k Eq)'2| [l (acam). (5-3)

We may thus consider the Hermitian vector bundle over Spec Og

Eq:=(Eq, (I la,0)o:k—c)-
We define a decreasing filtration (E7),>0 by saturated submodules on E; via
EY} :={s € Eq|ordg*s > m}.

Since the image of ¢k : Spf K [[¢]] — Xk is Zariski-dense, (E}}')>0 is a separated filtration. The subquo-
tients E' /E ZI"H bear Hermitian vector bundle structures E’}'/E’/ *1 induced by Eg.

Let us denote by €2 the fiber of coherent sheaf Qépf Oxligl/ox At the point of Spf Ok [[¢]l given by the
ideal (¢) C Okllq]l. This is a trivial Og-module generated by dgq. In what follows, we endow 2 with a
structure of Hermitian line bundle €2, defined by

ladglls = lo ()]

for any @ € Ok and any embedding o : K < C. Observe that Q is isomorphic to the trivial Hermitian
line bundle, and therefore c@ Q=0.

Let ¢(0) : Spec O — X denote the reduction of ¢ modulo g, i.e., the composition of ¢ with the closed
immersion Spec Ox — Spf Ok [[¢] associated to the ideal (¢). The Hermitian structure on L endows
¢(0)*L with the structure of a Hermitian line bundle over Spec Ok.
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For all integers d > 1 and m > 0, we have an injective Ok-linear map
v ERJERT - 9(0)* LY ®0, Q"
defined by mapping the class [s] € EZ’/EZ,”Jrl of s € Elf to j'@*s (the jet of order m at g =0 of ¢*s).
Lemma 5.9. There exist constants k1, ko > 0 such that for all integers d > 1 and m > 0 we have
h(y]'x) < kid + kad log" m,

where h denotes the height of y;'y with respect to the Hermitian vector bundles Ej [E ;"‘H and
$(0)*L® ®p, Q®™.
Proof. Let o : K < C be a field embedding. Since ¢, : Dg, — X" has moderate growth, it follows
from Proposition 3.12 that there exist constants k| ., k2 » > 0 such that, for any integers d > 1 and m >0
for which and E:{’/Eff+1 #0,and any s € E |\ E[’Z;l, we have

log Il ji' ¢Eslir, —log sl Le(xm) < k1,0d +Kk2,5d logt m. (5-4)

Here, the norm || ||z, is the norm | |, introduced before Proposition 3.8, in the special case where
r =R, and L is ¢} L, equipped with the pullback of || ||.
Note that

o' @ sllo = R, ™ jg' ¢5s g, »

where || ji'¢*s|l, denotes the norm of jj'@*s = yJ'([s]) with respect to the Hermitian structure of
$(0)*L®? ® Q®™. The estimate (5-4), together with (5-3), shows that

log ly)'lle +mlog Ry < k1,0d +k2,5d log™ m.

Since [[,.x¢c Ry =1, we obtain

Zlog lvi'lle < <Z Kl,a)d+ (Z Kz,g)dlogJ“m.
o

(el el

Since y;" is defined over Ok, we have ||yjf x llp < 1 for every maximal ideal p of Ok, so that

m 1 m 1 1
M = gy 2 I e = g (; '“’”)d Tik-a <Z Kz’”>d1°g+ me B

o

End of proof of Theorem 5.1. Let us first remark that, as Lg is ample, we have

deg;, Xk

rg = rk Ed = dim F(XK, L%d) ~d—+00 d’.

n!
In particular, logry = O(d) as d — +o0o. We shall apply Proposition 5.8 for (E')s>1,m>0 defined as
above. This suffices by the estimates (5-3).

Note that condition (5-1) is trivially verified for k = 1. Moreover, by the same argument of [Bost 2001,
Proposition 4.4] (see also Lemma 4.1 of that paper) and by the estimates (5-3), there exists a constant
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¢ > 0 such that — /l(l_? 4) < cd for every d > 1. Thus, to finish our proof, it is sufficient to find constants
a, b > 0 such that

A(EDJETY < ag = ad + bd log™ m

for every d > 1 and m > 0 (condition (5-2)).
By Lemma 5.9, there exist constants k1, k5 > 0 such that, for every d > 1 and m > 0 such that
E"/E} #£0, we have

h(yy'x) < k1d + Kkad log™ m.

Thus, since y,', is injective, we may apply the slope inequality (Proposition 5.6) to obtain

AED/EFTY < (@0 L ®0, QZ™) +h(y]')
< (k1 + @(@(0)*L))d + r2d log™ m. O

6. Derivatives of sections of line bundles along vector fields

A crucial step in Nesterenko’s method involves applying a certain differential operator (deduced from the
Ramanujan equations) to auxiliary polynomials. It is also important to understand how this differential
operator affects the degree and the norm || || of a polynomial.

Our generalization of Nesterenko’s proof replaces polynomials of degree d by global sections of the
d-th tensor power of some ample line bundle. In this section we explain how to differentiate global
sections of tensor powers of a line bundle L along a vector field v. Under a projectivity hypothesis, we
also explain how L norms with respect to some Hermitian metric on L are affected by a differential
operator deduced from v.

6A. The basic definition. Let M be a compact connected complex manifold, and L be a line bundle
over M endowed with a global holomorphic section sg € I'(M, L) \ {0}. To L is associated the graded
ring R = @,.( Ra, where Ry :=T(M, L&),

Let v be a meromorphic vector field on M, and assume that v is holomorphic on the open subset
My, :={p € M | so(p) # 0}. Then there is a smallest integer k > 0, the “order of pole of v at div(sy)”,
such that v ® sggk defines a global holomorphic section of TM ® L%,

The vector field v induces a C-derivation of degree k + 1 of the graded ring R

dy:R— R

given as follows. By definition, 9, is the zero map on Ry = C. Let d > 1 be an integer, s € Ry, and
f 1 My, — C be the holomorphic function for which s = f ng)d over My,. Then 9,5 € Ry4+1 is defined as
the unique global section of L&4%+1 such that 8,5 = v(f)s$* ™! over My,. The next lemma guarantees
that this is well-defined.

Lemma 6.1. With the above notation, v( f )s?dﬂ( +1 extends to a global holomorphic section of L®ITk+1,
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Proof. The pair (L, s9) corresponds canonically to an effective analytic Cartier divisor £ on M; let

(gi» Ui)ier be a family of local equations of E for some open covering M = | J,_; U;. By hypothesis, gfv

iel
extends to a holomorphic vector field on U; for every i € I.
An element s € R; might be identified with a meromorphic function f =s/ s(?d on M having pole of

order at most d on E, i.e., such that gl?l f defines a holomorphic function on U; for every i € I. Under
d+k+1

this identification, our statement is equivalent to the assertion that g; v(f) defines a holomorphic
function on U; for every i € I.

Now, for i € I, we have

gl fr=gt @ g v(g) f+glv(f) =d - ghvgngl f+ gl Tu(p),

so that g.d+k+1

1

v(f) defines a holomorphic function on U;. O
Finally, it is easy to see that the C-linear map 9, : R — R satisfies Leibniz’s rule: if s € Ry and t € R,,

then

0py(S®1) = 0y,s Rt +5Q 0yt

N Rayetk+1-

6B. Estimates of uniform norms. Let us keep the notation of the last subsection and fix once and for
all some ¢ € Ry (recall that k denotes the “order of pole of v at div(sg)”).
For any integer j > 1 and d > 1, we define a differential operator of degree j(k + 1)

Ul R — R
as the composition

A1 =0,0 (3 —1)o--0(d—(j— Di).

Proposition 6.2. With the above notation, assume moreover that L = i*O(1) for some projectively normal
embedding i : M — P"(C). Let || || be a Hermitian metric on L. Then there exists a constant C > 0 such

that, for any integer j > 1, any sufficiently large positive integer d, and any s € Ry, we have
18515l Loy < TG +d) sl

where || 81[," I (8) | oo (my and ||s|| L= ar) denote the uniform norms on M with respect to the Hermitian metrics
on LBATI*+D qnd L2 respectively, induced by || |.

Our proof is a reduction to the case M = P"(C). Let || || denote the Fubini—Study metric on the line
bundle O(1) over P¢. = Proj C[Xo, ..., X,,] (see Example 4.5), and let us identify I'(Pg, O(d)) with
the C-vector space C[Xy, ..., X, ] of homogeneous polynomials of degree d. If P = ZI I)=d ar X', we
consider the norms

IPlloo :=max |a;,  [Pll:= )" layl.
[|=d \T=d
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The uniform norm of P, seen as an element of ' (P (C), O(d)), with O(1) equipped with the Fubini—Study

metric, is given by

IPllL=@n ey = sup o
o (pr = e nd/2"
zeor oy (X7 1zi1?) /

Lemma 6.3. For any P € T'(P%, O(d)), we have

d+n

1+ D2 Pl < I Plli~ren < 1P < (4]

IPle.

Proof. If we write P = ZI I1=a 41X ! then Cauchy’s integral formula gives, for any multi-index 1,

aj = ;f P& dz dz
= (27Ti)n+1 (D) +! Zl+1 0 "

where D denotes the unit disk in C and 1 the multi-index of order n + 1 having 1 at each coordinate.
Thus, if [z] denotes the image in P (C) of a point z € Cr {0},

lajl < sup [P =@m+DY? sup |[P(zD].
ze(@D)n+! ze(dD)+!

This proves that (n 4+ 1)"%/?|| Plloc < || Pll>@»c))-
For any z € C"*1\ {0}, we have

|PAZD] = |P(2)] - D iri=a larl 12" __maxjsj—qg B -
TN N2 T N A2 T s 2)2 1-
(Zl:() |Zl| ) (Zl:O |Zl| ) (Zz:O |Zl| )
Now, if I = (ig, . .., i) is a multi-index satisfying |/| = d, then it is clear that

n d
12 2\i 2vin 2
12717 = (Izol) - - (Iza] )™ < <§ |2l ) :
i=0

We thus obtain || P || L@y < || Pll.
The inequality | |1 < (") || Pllo is an immediate consequence of dim I'(P"(C), O(d)) = (*19). O

Proof of Proposition 6.2. Since M is compact, if the conclusion of the statement holds for some Hermitian
metric || ||, then, up to replacing the constant C, it also holds for any other Hermitian metric on L. We
may thus assume that || || is induced by the Fubini—Study metric on O(1) via the embedding i.
Let (Xo, ..., X,) denote the projective coordinates of P (C), seen as global sections of O(1), and let
t; € Ry be the restriction of X; to M for every 0 < j <n. Since i : M — P"(C) is projectively normal,
for any integer d > 1, Ry is generated as a C-vector space by the monomials of degree d in 1o, ..., t,.
We lift v to P"*(C) as follows. For every 0 < j <n, let

P; eT(P"(C), O(k+2)) =C[Xo, ..., Xnlks2

be a lifting of 3,7; € Ri42. Then there exists a unique C-derivation 9 of P 4>0 r'PHC), 0 )) =
C[Xo, ..., X,], of degree k + 1, such that 3 X; = P; for every 0 < j <n. Itis easy to see that, for every
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integer d > 0, the diagram

CIXo, ..., Xnld —— C[X0, ..., Xnlasis1

| |-

2
Ry - > Ratit1

commutes. Moreover, if Q € C[Xy, ..., X,lx+1 is any lifting of ¢ € R 1, then it is clear that, for any
Jj=1,

Wi=80@~Q)o-0(@—(j-1DO)
makes the diagram
[l
ClXo, -+, Xnld == CIXo, .-+, Xalatjoe+1)

gl

Ry - > Ratjk+1)

commute.

For every multi-index I € N"**!, we have
19X lloo < 1] max [|P;|co-
0<i<n
This implies that, for any d > 1 and any homogeneous polynomial P € C[Xy, ..., X,]a,

10Ploo < d(max [|P;l o)l Plloo-
0<i<n
Thus, if

k= [1Qfloo + (k+ 1) max | Pifloo

and S € C[Xy, ..., X,] is a homogeneous polynomial of degree d +m(k + 1) forsome 0 <m < j — 1,
we have

10 —mQ)Sllos < ((d +m(k+ 1))(0rgfl<xn I Pilloo) +ml Qllsc) ISlloo < k(d + j)IS]loc-
By induction, we conclude that, for any d > 1 and any P € C[Xy, ..., X, ]4, we have
18V P oo < &7 (d 4 ) || Pllco- (6-1)

To complete our proof, we apply a lifting argument. By [Bost 2004, Proposition 3.5], there exists a
constant Co > 0 such that, for every sufficiently large integer d and every s € I'(M, L®9), there exists a
lifting P € T'(PL, O(d)) of s such that

I Pl Le@rcy < CIIs| Lo (6-2)
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Thus, for any j > 1,

18y sl qaay < 181 Pl @neyy < 18V P11 < (dj(JI;(J]iJlr)l)) 871 lloc by Lemma 6.3
< 2d+ik+D gLl Py
<2 ED @+ Pl by (6-)
< 28D d + ) A+ DI P @ney) by Lemma 6.3
< 2T ED I (@ + ) (n + DYPCE sl Ly by (6-2). -

6C. The arithmetic case. We shall actually need an arithmetic variant of the above constructions.

Consider the notation and terminology of Section 5A. Let K be a number field, X’ be a projective
arithmetic scheme over S = Spec Ok with smooth generic fiber, and L be a line bundle over X endowed
with a global section so € I'(X, L) \ {0}. Arguing as above, we see that a section w € I'(Xy,, Derpg(Ox))
induces an Ok -derivation 9,, of the ring -, I'(X, L&Y).

Let us fix t € ['(X, L¥*1), where k > O_is the “order of pole of w at div(sg)”, and consider the
differential operators a},{] =0y o0(dy —t)o---0(dy — (j — 1)2), for j > 0, as above.

By applying Proposition 6.2 for each projective embedding o : K < C, we obtain the following
corollary.

Corollary 6.4. With the above notation, assume moreover that L = i*O(1) for some closed immersion
i X~ P'(loK over S such that ix : Xx — P'% is projectively normal. Let (|| ||o)o:x-c be a Hermitian
structure on L. Then, there exists a constant C > 0 such that, for any integer j > 1, any sufficiently large
positive integer d, and any s € I'(X, L®¢), we have

1Us | < CTH(G +d) |Is]| x.

7. Proof of Theorem 1.2

Recall the notation and hypotheses of Theorem 1.2: X is a quasiprojective arithmetic scheme over Ok of
relative dimension n > 2 with smooth generic fiber, and ¢ : Spf Ok [[¢]] — X is a morphism of formal
Ok-schemes such that

(i) the formal curve ¢k : Spf K[[q]l — Xk is ZL-dense in Xk and satisfies the differential equation

—d(ﬁK =vo@g;
qdq - QOK’

(ii) for any field embedding o : K <> C, the formal curve ¢, : Spf C[[q]] — X, lifts to an analytic curve
¢o : Dr, C C— X2 of moderate growth. We also assume that [[,.x.,.c Ro = 1.

Let X be some projective compactification with smooth generic fiber of the arithmetic variety X
over Ok. Fix a Hermitian line bundle L = (L, (|| |ls)s:x<>c) over X such that Lg is ample and
(Lo, | Ils) over X2" is positive for every o : K — C.
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In view of Philippon’s algebraic independence criterion (Theorem A.1), Theorem 1.2 will be a direct
consequence of the following.

Theorem 7.1. With the above notation, for any field embedding o : K < C, and any z € Dg_ \ {0}, there
exist real constants cg, c1, ¢z, c3 > 0 such that, for every sufficiently large positive integer d, there exists
a positive integer d' < cod logd, and t € T'(X, L®%) satisfying

log Il < c1d log”d
and
—cd" < log ||t (¢ ()l < —c3d".

We shall prove this theorem in three steps corresponding to the next three lemmas.

Lemma 7.2 (auxiliary sections). There exist constants a, b, ¢ > 0 such that, for every sufficiently large
positive integer d, there is a global section s € T'(X, L®%) such that

ad" < ordy ¢*s < bd" (7-1)
and
log|lsllz <cdlogd. (7-2)

Proof. Since ¢k is ZL-dense in Xk, and ¢, has moderate growth in X" for every embedding 7 : K < C,
our statement follows immediately from Corollary 5.3. (I

Fix a field embedding o : K — C and z € Dg, \ {0}. By the projective prime avoidance lemma, there
is an integer k > 1, and a global section so € I' (X, L®k) such that )?so = (50 #0) C X and ¢, (z) € 2??(‘)‘,0.
Up to replacing L by L®¥ we may assume that k = 1 (see Remark A.2).
Lemma 7.3. There exist constants vy, y1, y2» > 0 such that, for every sufficiently large positive integer d,
and every s € T'(X, L®?) as in Lemma 7.2, there exists j < yod logd such that, if we write s = fsggd
over X 50> then

—yd" <log (i )V ()| < —pad".

Proof. Let d be a sufficiently large positive integer and s € I'(X, L®?) be as in Lemma 7.2. Set
m = ordgy ¢*s.

According to Proposition 3.12 and to the bounds (7-1) and (7-2), for every embedding t # o, there is
a constant k; (not depending on d or s) such that

log |l jg'¢7sllr, <«cdlogd. (7-3)

We recall that the norm || ||z, above is the norm || ||, introduced before Proposition 3.8, in the special
case where r = R, and L is ¢* L, equipped with the pullback of || ||;.

Fix any constant C > ) _ 4o k7. Then Corollary 3.16 shows that there exist real numbers yy, y; > 0
such that, for sufficiently large d, if

(@2 £ (2)]
max log ————— <

- —yid" (7-4)
0<j<lyodlogd] J!
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then
log |l jg'¢5sllr, < —Cdlogd. (7-5)

By contradiction, assume that (7-4) holds. Observe that jj'@*s is an element of P(0)*L® @ Q®™,
and the Hermitian structure on @(O)*I:@’d ® Q®™ allows us to consider its norms (|| Jo' @*s|l)r:xc. For
every field embedding t : K — C, we have

sm __k

1jg'@*slie = R 1ljg' @ sllr, -

Thus, since ]_[T:K;)@ R, =1, we obtain from (7-3) and (7-5)

> loglljg'é sl < —(C = Kt>dlogd.

T:K—C T#0
On the other hand, by definition of the Arakelov degree, we have
3 log 1j'é*sll: = — deg(@(0)* L% ® Q") = — deg(p(0)*L)d.
T:K—C

This contradicts our choice of C for d > 0. We conclude that, for sufficiently large d, (7-4) cannot hold,
so that there exists an integer j < ypd logd for which

(95 YV @)
|

log |(¢% /)Y (2)| > log ; > —yd". (7-6)

Next, we bound log [(¢} f ) (z)| from above. Let A be a disk centered in z, of radius & > 0 small
enough so that AC O, ! (XS%?U). It follows from Proposition 3.14, and bounds (7-1) and (7-2), that there
is a constant ¢’ > 0 such that

1 * < /dn .
0og ;nelaax |¢a f(é )| =—C
By the Cauchy inequalities, we have

(@2 V() _ MaXeega lox f(&)]
j! - gl ’

so that
log [(¢2 /Y (2)] < —c'd" +1og j! — jloge.

Since j = O(d logd), we have log j! = O(d log? d), and we conclude that there is a constant > > 0 (not
depending on d or s) such that

log|(¢5 )V (@) < —y2d" (7-7)
for every sufficiently large d. ]

Again by Remark A.2, up to replacing L by a sufficiently large tensor power of itself, we may assume
that there exists a closed immersion i : X <> Po, over Ok such that ik : Xk < P% is projectively
normal and L = i*O(1).
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Fix any o € Ok \ {0} that “clears the denominators of v”, i.e., such that w := «v defines a nonzero
global section of Derp, (Ox). Let k > 0 be the smallest integer for which w ®sé®k defines a global section
of Derp, (Oz) ® L®k and let 9, be the Og-derivation of degree k + 1 of the ring - (X, L®9)
defined in Section 6. For any integer j > 1, set B

A =80 (3 —asS o0 (3, — (j — DasPFh.

Lemma 7.4. There exist constants c1, ¢z, ¢3 > 0 such that, for every sufficiently large positive integer d,
and every s € T'(X, L®%) as in Lemma 7.2, if j denotes the integer constructed in Lemma 7.3, then the
section t 1= 8/ (s) e T(X, LeA+ik+Dy satisfies

log ||t]| 5 < c1d log*d
and

—c2d" <log |t (¢g ()l = —c3d".

Proof. Since j grows on the order of d logd, by Corollary 6.4 and bound (7-2), there exists c¢; > 0 such
that
log ||t]|% < c1d log? d.

In order to bound || (¢4 (2))]ls, We first remark that the formal identity of differential operators

A d(d 4 i
qdqf_dq dq qdq J

and the differential equation
. d 5
(i) i

yield
§*t = " (B (B —asS T - (B, —(—DasSF ()
T d d d _ » » . dIOH(f) ., .
=a/lqg—(g——1)-(¢g——(G=-D)o*(f) | (so)®d+f<k+1>=(aq>f‘”—f<p (50) @I EHD,
dqg \ dq dq dq’

A similar formula holds for ¢,. Thus

log |t (96 () lo =log [(@% /)Y ()] + jlog laz| + (d + j(k + 1) log ¢Eso(@) o

Since j grows on the order of d logd, we conclude from (7-6) and (7-7) that there exist real constants
¢z > c¢3 > 0 such that
—cad" <log ||1t(¢s () ls < —c3d"

for sufficiently large d. U

To finish the proof, we simply remark that, if cg is any real number satisfying co > (k + 1)y, then the
degree d’' :=d + j(k + 1) of ¢ constructed above satisfies d’ < d + (k + 1)yod logd < codlogd, for d
sufficiently large.
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Appendix A: Philippon’s algebraic independence criterion for projective varieties

Let K be a number field, X be a projective arithmetic scheme over Ok of relative dimension n > 2
(see the definition in Section 5A), and L = (L, (|| |lo)e:k<>c) be a Hermitian line bundle over X with
L relatively ample over Spec Og. Recall that, if s € T'(X, L®?) for some integer d > 1, then we set
lsllx = maxy ||s]lo, Loo(xam), Where o runs through the set of field embeddings of K in C.

The proof of the main theorem of this article relies on the following generalized version of an algebraic
independence criterion of Philippon [1986, Théoréme 2.11]; see also [Nesterenko 1996, Lemma 2.5].

Theorem A.1. Let o : K — C be a field embedding and p € X, (C). Suppose that there exist an integer
m € [2, n], a nondecreasing sequence of positive real numbers (£;)4>1 satisfying 521_1 =o(d) asd — 400,
and real constants a > b > 0 such that, for every sufficiently large positive integer d, there exists an
integer d' < dlg and a section s € T'(X, L®) satisfying

log [Isllx < dl4

and
—ad™ <log|lss(p)lle <—bd".

Then the field of definition K (p) of the complex point p in Xk satisfies
trdegg K(p) > m — 1.

Remark A.2. For any integer k > 1, the conditions in the above statement are verified for the Hermitian
line bundle L if and only if similar conditions hold for the tensor power L& of L (up to multiplying £,
a, and b by suitable constants).

Moreover, since X is proper over Spec O, it is easy to see that if the above statement is true for a
particular choice of Hermitian structure on L, then it also holds for any other Hermitian structure on L.

In what follows, we explain how to deduce the above statement from Philippon’s original result
concerning X' = P%, . The main technical tool is the following “integral lifting lemma”.

Lemma A.3. Let X and Y be projective arithmetic schemes over O, L be a Hermitian line bundle
over X, with L relatively ample over Spec Ok, and Y — X be a closed immersion over Spec Og. Endow
L\|y with the induced Hermitian structure. Then, there exists a real number C > 0 such that, for every
sufficiently large positive integer d, any section s € I' (Y, L@d) can be lifted to a section § € T' (X, L®?)
satisfying

151 < C/lslly.

This type of result is well known in Arakelov geometry and goes back to Zhang’s work [1992] on
arithmetic ampleness. For lack of reference, we sketch a proof.

Sketch of the proof. If R is a ring, we set I'(X, L®9) g :=T'(X, L®Y) ®7 R.
Let d be large enough so that the restriction map pg : ['(X, L®) 5 T, L@d) is surjective. Since
D, I'(Xs, L®) =T(x, L®?)¢, we may apply [Bost 2004, Proposition 3.5] to obtain a constant Cy > 0,
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not depending on d or s, and an element t € I'(X, L®?)p C T'(X, L®)¢ lifting s (i.e., (04 @ D) (1) =s® 1)
and satisfying

d
tllx < Colislly-

The idea now is to define § as the element of ,od_1 (s) minimizing the distance ||t — §||x in ' (X, L®)p.

To finish the proof, we must show that the diameter of the fundamental domain of the lattice
',y ® L®) =ker pg in T (X, Iy ® L®)p grows at most exponentially in d. We mimic the argument
in the proof of [Charles 2017, Proposition 2.5]. Since L is ample, there exists an integer n > 1 such that,
for any sufficiently large integer r, and any positive integer ¢, the morphism

is surjective. Choose sufficiently large integers rq, ..., r, forming a complete residue system modulo 7.
Fixing bases of the finite free Z-modules I'(X, L®"), T'(X, Ty ® L&), ..., (X, Ty ® L®™"), we see
that there exists a constant B > 1 such that any ['(X,Zy ® L®"9"") admits a full-rank submodule
having a basis whose elements have norm bounded by BY. By [Zhang 1992, Lemma 1.7], the Z-module
I'(X, Ty ® L®"9"1) admits a basis whose elements have norm bounded by r B4, where r denotes the rank
of ['(X, Iy ® L®"4*"), Since r grows polynomially in ¢, and rq, ..., r, form a complete residue system
modulo n, we conclude that there exists a constant ¥ > 0 such that, for any sufficiently large integer d,
the Z-module I'(X, 7 ® L®?) admits a basis consisting of elements with norm bounded by «<. ]

To handle the case X' = Py, , we compare the height h(P) of a homogeneous polynomial P €
Okl[Xo, ..., X,] of degree d used in [Philippon 1986] with the Fubini—Study norm ”S”[pﬂb . of the
corresponding section s € I'(P, , O(d)). By definition,

1
[K : Q]

h(P) = > logt My (P),

0:K—C

where, for any field embedding o : K — C, we set

1 2w 2w ) )
M(,(P):zexp(Wfo fo log|P”(e‘9°,...,e‘9’1)|d90---d9,,).

Lemma A4. Let (|| |lo)o:x>C denote the Fubini—Study Hermitian structure on the line bundle O(1)
over the arithmetic scheme Py, . For any integer d > 1, and any section s € T'(PP;, , O(d)), if P €
Ok[Xo, ..., X,] denotes the homogeneous polynomial of degree d corresponding to s, then

(n+1)
2

Proof. For any field embedding o : K < C, and any (6, ..., 6,) € [0, 27]""!, we have

d.

h(P) <log" |Islley, +

|P? (e, ..., el%)]

i00 . .. ity —
s (€% : -2 )|, = PRI

’
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so that

(n+1) (n+1)

d <log ||s|||p»éK + > d.

log M, (P) <log|lsllo,Lopr(c)) +

Clearly, a similar inequality holds with log™ in place of log. The result follows by taking the arithmetic
mean over all o : K — C. U

Proof of Theorem A.1. The case where X = Py, and L is given by O(1) endowed with the Fubini-Study
metric follows from Lemma A.4 and [Philippon 1986, Théoréme 2.11]; see also [Nesterenko 1996,
Lemma 2.5].

The general case follows from this one by considering a closed immersion i : X — P, over Ok
satisfying i*O(1) = L®¥ for some k > 1, and by applying Lemma A.3 and Remark A.2. (I

Appendix B: D-property and ZL-density in quasiprojective varieties

Let k be a field, X be a smooth quasiprojective variety over k, and F be an Ox-submodule of rank 1 of
the tangent bundle T/ such that the quotient Tx/x/F is torsion-free, i.e., a one-dimensional (possibly
singular) foliation on X.

Let p € X (k) be a k-point of X. We say that a formal curve ¢ : Spfk[[¢q]] — X is an integral curve of
F at p if (0) = p and if the image of the tangent map

D¢ : Tspripqnsk = @ Tx/k

factors through the subbundle ¢*F of ¢*Tx /. Moreover, if F(p) := I'(Spec k, p*F) denotes the fiber of
F at p, we say that ¢ is smooth if ¢'(0) := Do¢(d/dq) € F(p) is nonzero.

From now on, we assume that k has characteristic 0. By a formal version of the Frobenius theorem,
for every p € X (k) such that F(p) # 0, there exists a unique smooth integral curve ¢ of F at p, up to
composition by an automorphism of Spfk[[¢].

We say that a closed subscheme Y of X is F-invariant if the ideal of Y in Oy is stable under the
derivations of F C Tx/x = Dery(Ox).

Definition B.1. Let X be a smooth quasiprojective variety over the field &, let 7 be a one-dimensional
foliation on X, and let ¢ : Spfk[[¢]] — X be a formal integral curve of F. We say that ¢ satisfies the
D-property for F if there exists a constant C > 0 such that, for every F-invariant closed subvariety Y
of X, there exists a Cartier divisor D whose support contains Y satisfying

mult(/; D<C.

Observe that, if ¢ satisfies the D-property, then its image is Zariski-dense in X. Indeed, the Zariski-
closure of the image of an integral curve of F is F-invariant.

Theorem B.2 (Nesterenko—Binyamini). Let X be a smooth quasiprojective variety over an algebraically
closed field k of characteristic 0, v € T'(X, Tx,x) \ {0} be a vector field on X, and ¢ : Spfkllg]l — X be a
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smooth formal curve satisfying the differential equation

d¢ N
— = VOoQ.
qdq @

If ¢ satisfies the D-property for the foliation generated by v, then ¢ is ZL-dense in X.

Note that ¢(0) is a singular point of v. In the nonsingular case, i.e., ¢ satisfies the differential equation
d¢/dg = v o ¢, stronger statements are true (see [Binyamini 2014, Theorem 2]), but an analog of the
above result may be also obtained by virtually the same proof.

Binyamini’s original result [2014, Corollary 3] builds on ideas of Nesterenko and concerns the case of
an analytic integral curve of a polynomial vector field on some affine space over C. In what follows, we
merely indicate how a slight modification of the geometric methods of Binyamini may be used to prove
Theorem B.2 above.

We start by recasting the D-property into a more workable form.

Proposition B.3. Let X be any projective compactification of X and L be an ample line bundle on X.
Then, a formal curve ¢ : Spfkl[q]l — X satisfies the D-property for a one-dimensional foliation F on X
if and only if there exists a constant C > 0 such that, for every F-invariant closed subvariety Y of X,
there exists an integer d > 1, and a global section s € F()? , L®d) vanishing identically on Y such that
ordg ¢*s < C.

Proof. The sufficiency is clear: consider the divisors div(s).

Conversely, suppose that ¢ satisfies the D-property for F with constant C > 0 and let Y be an F-
invariant closed subvariety of X. Since L is ample, we may assume that Y contains ¢(0); otherwise,
there exists an integer d > 1 and a section s € (X, L®Y) vanishing on Y such that s(¢(0)) # 0, so that
ordg p*s =0 < C.

Let D be a divisor whose support contains Y such that mult; D < C, and let f be a local equation
for D on some open neighborhood U of ¢(0). Since L is ample, there exists an integer m > 1 and a
section so € I'(X, L®™) such that ¢(0) € X s, and X so C U. Now, there exists an integer n > 1, and a
global section s € I'(X, L®™") such that s = f sggm" over X so- 1t is clear that s vanishes identically on Y
and satisfies ordg ¢*s = ordy ¢* f = mult; D < C. O

Consider the hypotheses and notation of Theorem B.2. Fix a projective compactification X of X, and
an ample line bundle L on X endowed with a global section s € T'(X, L) satisfying X, C X. Recall
from Section 6 that v defines a k-derivation 3, on the ring @, ['(X, L®%).

Let p = ¢(0). By a formal cycle of X at p, we mean a cycl_e in the scheme Spec 0 x,p» Where @) X.p
denotes the completion of the local ring Oy, with respect to its maximal ideal. Note that every (global)
cycle of X induces, by localization and formal completion, a formal cycle of X at p.

Let Y be a prime formal cycle of X at p corresponding to the prime ideal p of O x,p and denote by I
the ideal of im ¢ in 0 x,p- Assume that I; does not contain p (i.e., Y does not contain the image of ¢).
Since ¢ : Spfk[[¢]] — X is smooth, the image of I; in the local ring (/Q\X, p/p contains some power of the
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maximal ideal. We may thus consider the Samuel multiplicity
multy ¥ == ey,/1,0p(Ox. /).

By additivity, we may extend this definition to every formal cycle of X at p whose components do not
contain the image of ¢. By abuse of notation, if Z is a (global) cycle of X, we denote by mult; Z the
multiplicity multy Z of its completion at p.
Proposition B.4. The multiplicity function constructed above satisfies the following properties:

() If Z =div(f), for some f € 6x,p, then multy(Z) = ordy ¢* f.

(2) If Z = p, then multy;(Z) = 1.

(3) Forany closed subvariety Y of X, any integer d > 1, and any s € T' (X, L®%)\ {0} vanishing identically
onY, we have mult; (Y) < ordg ¢*s - mult, ().

(4) For any closed subvariety Y of X, any integer d > 1, and any s € I'(X, L®%)\ {0} vanishing identically
on'Y for which dys does not vanish identically on Y, we have mult; (Y) < multy (Y - div(9,s)).

(5) There is an integer ng > 0 such that, for every closed subvariety Y of X not contained in a v-invariant
subvariety of X, if d > 1 is the smallest integer for which there is s € T'(X, L®?) \ {0} vanishing
identically on Y, then min{n | 9})s does not vanish identically on Y} < ny.

Properties (1) and (2) are easy. For properties (3) and (4), see [Binyamini 2014, Lemma 8 and
Proposition 9]. Finally, property (5) follows by an adaptation of the arguments in [loc. cit., Section 3].

Once this is established, the proof Theorem B.2 becomes completely analogous to the proof of [loc. cit.,
Theorem 3].
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