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Constructible isocrystals

Bernard Le Stum

We introduce a new category of coefficients for p-adic cohomology called con-
structible isocrystals. Conjecturally, the category of constructible isocrystals
endowed with a Frobenius structure is equivalent to the category of perverse
holonomic arithmetic D-modules. We prove here that a constructible isocrystal is
completely determined by any of its geometric realizations.
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Introduction

The relation between topological invariants and differential invariants of a manifold
is always fascinating. We may first recall de Rham’s theorem, which implies the
existence of an isomorphism

Hix (V) >~ Hom(H; (V), C)

on any complex analytic manifold V. The nonabelian version is an equivalence of
categories
MIC(V) ~ Repc(m1(V, x))

between coherent modules endowed with an integrable connection and finite-
dimensional representations of the fundamental group. The analogous result holds
on a smooth complex algebraic variety X if we stick to regular connections (see
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2122 Bernard Le Stum

[Deligne 1970] or Bernard Malgrange’s lecture in [Borel et al. 1987]). It has been
generalized by Masaki Kashiwara [1984] to an equivalence

Db . (X)~DP (X™

reg,hol cons

between the categories of bounded complexes of Dx-modules with regular holo-
nomic cohomology and bounded complexes of Cya-modules with constructible
cohomology.

Both categories come with a so-called ¢-structure but these ¢-structures do not
correspond under this equivalence. Actually, they define a new #-structure on the
other side that may be called perverse. The notion of a perverse sheaf on X" has
been studied for some time now (see [Borel et al. 1987], for example). On the
D-module side, however, this notion only appeared in the recent article [Kashiwara
2004], even if he does not give it a name (we call it perverse but it might as well
be called constructible; see [Abe 2013]). In any case, he shows that the perverse
t-structure on DEeg,hol(X ) is given by

D=0: codim supp H"(F*) >n forn >0,
D=0 HL(F) =0 for n < codim Z.

In particular, if we call perverse a complex of Dy-modules satisfying both condi-
tions, there exists an equivalence of categories

DP (X)) = Cons(X™)

reg,

between the categories of perverse (complexes of) Dy-modules with regular holo-
nomic cohomology and constructible Cxa-modules.

In a handwritten note called “Cristaux discontinus”, Pierre Deligne gave an alge-
braic interpretation of the right-hand side of this equivalence. More precisely, he in-
troduces the notion of a constructible procoherent crystal and proves an equivalence

Consreg,procoh (X/(E) = ConS(Xan)

between the categories of regular constructible procoherent crystals and constructible
Cyxan-modules.
By composition, we obtain what may be called the Deligne—Kashiwara corre-
spondence:
Consreg,procoh(X/C) = Dperj/hOI(X) .

reg

It would be quite interesting to give an algebraic construction of this equivalence but
this is not our purpose here. Actually, we would like to describe an arithmetic analog.

Let K be a p-adic field with discrete valuation ring ) and perfect residue field k.
Let X — P be a locally closed embedding of an algebraic k-variety into a formal
V-scheme. Assume for the moment that P is smooth and quasicompact, and that
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the locus of X at infinity inside P has the form D N X, where D is a divisor
in P. We may consider the category D°(X C P/K) of bounded complexes of
D;(TD)@—modules on P with support on X (see [Berthelot 2002], for example).
On the other hand, we may also consider the category of overconvergent isocrystals
on (X C P/K). Daniel Caro proved [2009] that there exists a fully faithful functor

sp, :Isoc] (X C P/K) — DY, (X C P/K)

coh coh

(the index coh simply means overconvergent isocrystals in Berthelot’s sense —
see below). This is the first step towards an overconvergent Deligne—Kashiwara
correspondence. Note that this construction is extended to a slightly more general
situation by Tomoyuki Abe and Caro [2013] and was already known to Pierre
Berthelot [1996b, Proposition 4.4.3] in the case X = P,.

In [Le Stum 2014], we defined a category, which we may denote MICZOHS(P /K),
of convergent constructible V-modules on Px when P is a geometrically con-
nected smooth proper curve over V, as well as a category DP*"V(P/K) of perverse

(complexes of) D;@—modules on P, and we built a functor

R$p, : MIC! _(P/K) — D’V (P/K).

cons coh

Actually, we proved the overconvergent Deligne—Kashiwara correspondence in this
situation: this functor induces an equivalence of categories

R$p, : F-MIC]

cons

(P/K)~ F-Dp)"(P/K)

between (convergent) constructible F-V-modules on Px and perverse holonomic
F —D;,@—modules on P. Note that this is compatible with Caro’s sp, functor.

In order to extend this theorem to a higher dimension, it is necessary to develop a
general theory of constructible (overconvergent) isocrystals. One could try to mimic
Berthelot’s original definition and let Isoc! (X C ¥ C P/K) be the category of
j }’( Oyyr-modules F endowed with an overconvergent connection which are only
“constructible” and not necessarily coherent (here X is open in Y and Y is closed
in P). It means that there exists a locally finite covering of X by locally closed
subvarieties Z such that j;]—" is a coherent j;(’)] y-module. It would then be
necessary to show that the definition is essentially independent of P as long as P
is smooth and Y proper, and that they glue when there does not exist any global
geometric realization.

We choose here an equivalent but different approach with built-in functoriality.
I introduced in [Le Stum 2011] the overconvergent site of the algebraic variety X
and showed that we can identify the category of locally finitely presented modules
on this site with the category of overconvergent isocrystals in the sense of Berthelot.
Actually, we can define a broader category of overconvergent isocrystals (without
any finiteness condition) and call an overconvergent isocrystal E constructible when
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there exists a locally finite covering of X by locally closed subvarieties Y such
that E)y is locally finitely presented. Note that K may be any nontrivial complete
ultrametric field and that there exists a relative theory (over some base O). We
denote by Isoczons(X / O) the category of constructible overconvergent isocrystals
on X/0O. We expect a “Grothendieck’s six operations formalism” for overconver-
gent F-isocrystals and, more generally, that all usual properties of constructible
coefficients will hold in our context.

As usual, when we are given a crystalline solution to a coefficient problem, it is
necessary to be able to give an interpretation in terms of modules with an integrable
connection. Here, one may define a category MIC! (X, V/O) of constructible
modules endowed with an overconvergent connection on any “geometric realiza-
tion” V of X /O, as in Berthelot’s approach. We will prove (Theorem 4.12 below)
that, when Char(K) = 0, there exists an equivalence of categories

:
Isoc/ s

(X/0) ~MIC!

cons

(X,V/0).

As a corollary, we obtain that the later category is essentially independent of the
choice of the geometric realization (and that they glue when there does not exist
such a geometric realization). Note that this applies in particular to the case of the
curve P above which “is” a geometric realization of P so that

Isoc! (Py/K) =MIC]  (P/K).

cons

In Section 1, we briefly present the overconvergent site and review some material
that will be needed afterwards. In Section 2, we study some functors between
overconvergent sites that are associated to locally closed embeddings. We do a
little more that what is necessary for the study of constructible isocrystals, hoping
that this will be useful in the future. In Section 3, we introduce overconvergent
isocrystals and explain how one can construct and deconstruct them. In Section 4,
we show that constructible isocrystals may be interpreted in terms of modules with
integrable connections.

Notation and conventions

Throughout this article, K denotes a nontrivial complete ultrametric field with
valuation ring V and residue field k.

An algebraic variety over k is a scheme over k that admits a locally finite covering
by schemes of finite type over k. A formal scheme over V always admits a locally
finite covering by m-adic formal schemes of finite presentation over V. An analytic
variety over K is a strictly analytic K-space in the sense of [Berkovich 1993], for
example. We will use the letters X, Y, Z, U, C, D, ... to denote algebraic varieties
over k, P, Q, S for formal schemes over V and V, W, O for analytic varieties over K.
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An analytic variety over K is said to be good if it is locally affinoid. This is the
case, for example, if V' is affinoid, proper or algebraic, or more generally if V is an
open subset of such a variety. Note that in Berkovich’s original definition [1990]
all analytic varieties were good.

As usual, we will write A! and P! for the affine and projective lines. We will
also use D(0, 1%) for the open or closed disc of radius 1.

1. The overconvergent site

We briefly recall the definition of the overconvergent site from [Le Stum 2011]. An
object is made of

(1) alocally closed embedding X < P of an algebraic variety (over k) into a
formal scheme (over V) and

(2) amorphism A : V — Pg of analytic varieties (over K).

We denote this object by X C P <2 Px <— V and call it an overconvergent
variety. Here, sp denotes the specialization map and we also introduce the notion
of atube of X in V:

1X[y := 2" (sp~ 1 (X)).

We call the overconvergent variety good if any point of | X[y has an affinoid
neighborhood in V. It makes it simpler to assume from the beginning that all
overconvergent varieties are good since the important theorems can only hold for
those (and bad overconvergent varieties play no role in the theory). But, on the
other hand, most constructions can be carried out without this assumption.

We define a formal morphism between overconvergent varieties as a triple of
compatible morphisms:

X' P’ Py v/
lf lv lvk lu
XC P Px %

Such a formal morphism induces a continuous map

1l 1X v — 1X1Ly

between the tubes.

Actually, the notion of a formal morphism is too rigid to reflect the true nature
of the algebraic variety X and it is necessary to make invertible what we call a
strict neighborhood, which we define now: it is a formal morphism as above such
that f is an isomorphism X’ >~ X and u is an open immersion that induces an
isomorphism between the tubes ]X'[y >~ ]X[y. Formal morphisms admit a calculus
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of right fractions with respect to strict neighborhoods, and the quotient category is
the overconvergent site Anjv. Roughly speaking, we allow the replacement of V
by any neighborhood of ]X[y in V and we make the role of P secondary (only
existence is required).

Since we call our category a site, we must endow it with a topology which is
actually defined by the pretopology of families of formal morphisms

XC P; P; Vi
R
Xc P Pk 1%

in which V; is open in V and ] X[y C |J V; (this is a standard site).

Since the formal scheme plays a very loose role in the theory, we usually denote
by (X, V) an overconvergent variety and write ( f, #) for a morphism.

We use the general formalism of restricted category (also called localized or
comma or slice category) to define relative overconvergent sites. First of all, we
jv. If we are
given an overconvergent presheaf 7, we may consider the restricted site An}T. An
object is a section s of T on some overconvergent variety (X, V) but we like to
see s as a morphism from (the presheaf represented by) (X, V) to T. We will then
say that (X, V) is a (overconvergent) variety over T. A morphism between varieties
over T is just a morphism of overconvergent varieties which is compatible with the
given sections. The above pretopology is still a pretopology on An}T and we denote
by T, the corresponding topos. As explained by David Zureick-Brown [2010;
2014], one may as well replace An}LT by any fibered category over Anjv. This is
necessary if one wishes to work with algebraic stacks instead of algebraic varieties.

As a first example, we can apply our construction to the case of a representable
sheaf T := (X, V). Another very important case is the following: we are given
an overconvergent variety (C, O) and an algebraic variety X over C. Then, we
define the overconvergent sheaf X /O as follows: a section of X/O is a variety
(X', V) over (C, O) with a given factorization X’ — X — C (this definition
extends immediately to algebraic spaces — or even algebraic stacks if one is ready
to work with fibered categories). Alternatively, if we are actually given a variety
(X, V) over (C, O), we may also consider the overconvergent presheaf Xy /O:
a section is a variety (X', V') over (C, O) with a given factorization X’ — X — C
which extends to some factorization (X', V') — (X, V) — (C, O). Note that we
only require the existence of the second factorization. In other words, Xy /O is
the image presheaf of the natural map (X, V) — X/O. An important theorem
(more precisely Corollary 2.5.12 in [Le Stum 2011]) states that, if we work only
with good overconvergent varieties, then there exists an isomorphism of topos

define an overconvergent presheaf as a presheaf (of sets) T on An
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(Xv/O) syt = (X/0),,+ when we start from a geometric situation

XC— P Pk 1%
bbb &
Ce—n s Sk 0

with P proper and smooth around X over S and V a neighborhood of the tube of X
in Pg x5, O (and (C, O) is good).

If we are given a morphism of overconvergent presheaves v : T’ — T, we will
also say that T’ is a (overconvergent) presheaf over T. It will induce a morphism
of topos i : T4+ — Tp,i- We will often drop the index An' and keep writing v
instead of v, . Also, we will usually write the inverse image of a sheaf F as F7/
when there is no ambiguity about v. Note that there will exist a triple of adjoint
functors vy, v~!, v, with vy exact.

For example, any morphism (f, ) : (Y, W) — (X, V) of overconvergent varieties
will give rise to a morphism of topos

(f’ u)AnT : (Y’ W)AnT - (X’ V)AnT-

It will also induce a morphism of overconvergent presheaves f, : Yy /O — Xy /O
giving rise to a morphism of topos

Juant 2 (Yw/O0) gyt = (Xv/O) py-

Finally, if (C, O) is an overconvergent variety, then any morphism f : Y — X
of algebraic varieties over C induces a morphism of overconvergent presheaves
f:Y/0 — X/O giving rise to a morphism of topos

Jant i (Y/0) ppyt = (X/0) pyi-

If we are given an overconvergent variety (X, V), there exists a realization map
(morphism of topos)

X, V)pni > 1 X[van, (X, V) < 1X[v,

where ] X [yan denotes the category of sheaves (of sets) on the analytic variety ] X[y
(which has a section ). Now, if T is any overconvergent presheaf and (X, V) is
a variety over T, then there exists a canonical morphism (X, V) — T. Therefore,
if F is a sheaf on T, we may consider its restriction F|(x,v), which is a sheaf on
(X, V). We define the realization of F on (X, V) as

Fx,v = ove(F(x,v))

(we shall simply write Fy in practice unless we want to emphasize the role of X).
As one might expect, the sheaf F is completely determined by its realizations Fy
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and the transition morphisms ] f [;1}"/ — Fy obtained by functoriality whenever
(fyu): (X', V') — (X, V) is a morphism over 7.
We will need below the following result:

Proposition 1.1. [fwe are given a cartesian diagram of overconvergent presheaves
(with a representable upper map)

X, vy —" L x v

T’ T

and F' is a sheaf on T, then
W F )y = 1f LusFyr-
Proof. Since the diagram is cartesian, we have (this is formal)
sThoF = (f, u)u(s) T F
It follows that
WF )y = ves ™ 0 F = gra(fLu)a(s) ' F'
= 1fLuspvi(s) T F = 1flus T O

If (X, V) is an overconvergent variety, we will denote by iy : ] X[y < V the
inclusion map. Then, if T is an overconvergent presheaf, we define the structural
sheaf of Aan as the sheaf (’)J} whose realization on any (X, V) is iy 1(’)\/. An
O;-module E will also be called a (overconvergent) module on T. As it was the case
for sheaves of sets, the module E is completely determined by its realizations Ey
and the transition morphisms

1fLEy =iy utix Ey — Ey 2)

obtained by functoriality whenever (f, u) : (X', V') — (X, V) is a morphism over 7.
A module on T is called an (overconvergent) isocrystal if all the transition maps (2)
are actually isomorphisms (used to be called a crystal in [Le Stum 2011]). We will
denote by

Isoc'(T) C (’);—Mod

the full subcategory made of all isocrystals on T (used to be denoted by Cris'(T')
in [Le Stum 2011]). Be careful that inclusion is only right exact in general.

If we are given a morphism of overconvergent presheaves v : T’ — T then the
1w, preserve modules (we use the same notation v, for sheaves of
sets and abelian groups; this should not create any confusion) and v~! preserves
isocrystals.

functors vy, v~
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One can show that a module on 7 is locally finitely presented if and only if it is
an isocrystal with coherent realizations. We will denote their category by Isoczoh(T)
(be careful that it only means that the realizations are coherent: Oy is not a coherent
ring in general). In the case T = X/Skx and Char(K) = 0, this is equivalent
to Berthelot’s original definition [1996a, Definition 2.3.6] of an overconvergent
isocrystal.

Back to our examples, it is not difficult to see that, when (X, V) is an overcon-

vergent variety, the realization functor induces an equivalence of categories
IsocT(X, V)~ i;lOV—Mod

between isocrystals on (X, V) and iy 1(’)V—modules. Now, if (X, V) is a variety
over an overconvergent variety (C, O) and

PP (X, VxoV)—=(X,V)

denote the projections, we define an overconvergent stratification on an iy Loy-
module F as an isomorphism

e Apl'F=1pil'F

that satisfies the cocycle condition on triple products and the normalization condition
along the diagonal. They form an additive category Strat™ (X, V/0) with cokernels
and tensor products. It is even an abelian category when V is universally flat over O
in a neighborhood of ]X[y. In any case, the realization functor will induce an
equivalence

Isoc' (Xy/0) ~ Strat’ (X, V/0).

We may also consider, for n € N, the n-th infinitesimal neighborhood V™ of V
in V xo V. Then, a (usual) stratification on an i, 1OV—module F is a compatible
family of isomorphisms

.1 .1
G(n) : lX Ov(n) ®i);IOV F =~ ’F®i;IOV lX Ov(n)

that satisfy the cocycle condition on triple products and the normalization condition
along the diagonal. Again, they form an additive category Strat(X, V/O) with
cokernels and tensor products, and even an abelian category when V is smooth
over O in a neighborhood of ] X[y. There exists an obvious faithful functor

Strat’ (X, V/0) — Strat(X, V/0). 3)

Note that, a priori, different overconvergent stratifications might give rise to the
same usual stratification (and of course many usual stratifications will not extend at
all to an overconvergent one). Finally, a connection on an i, 'Oy -module F is an
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Op-linear map
) 11
V.F— ]:®i§10v iy Qy

that satisfies the Leibniz rule. Integrability is defined as usual. They form an additive
category MIC(X, V/O) and there exists again a faithful functor

Strat(X, V/0) — MIC(X, V/0) 4)

(V is induced by eV — o, where o switches the factors in V xo V). When V is
smooth over O in a neighborhood of ]X [y and Char(K) = 0, then the functor (4)
is an equivalence. Actually, both categories are then equivalent to the category of
iy Dy so-modules. In general, we will denote by MICT(X, V/O) the image of the
composition of the functors (3) and (4) and then call the connection overconvergent
(and add an index coh when we consider only coherent modules). Thus, there exists
a realization functor

Isoc’ (Xy/0) — MICT (X, V/0) 5)

which is faithful and essentially surjective (but not an equivalence in general). In
practice, we are interested in isocrystals on X /O, where (C, O) is an overconvergent
variety and X is an algebraic variety over C. We can localize in order to find a
geometric realization V for X over O such as (1) and work directly on (X, V):
there exists an equivalence of categories

Isoc'(X/0) ~Isoc™ (Xy/0)
that may be composed with (5) in order to get the realization functor
Isoc’(X/0) — MIC'(X, V/0).
In [Le Stum 2011], we proved that, when Char(K) = 0, it induces an equivalence
Isoc, , (X/0) ~MIC. (X, V/O)

(showing in particular that the right-hand side is independent of the choice of the
geometric realization and that they glue). We will extend this below to what we
call constructible isocrystals.

2. Locally closed embeddings

In this section, we fix an algebraic variety X over k. Recall that a (overconvergent)
variety over X/ M (K) (we will simply write X/K in the future) is a pair made
of an overconvergent variety (X', V') and a morphism X’ — X. In other words,
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it is a diagram
V/

|

X' —— P +—— P

|

X

in which P’ is a formal scheme.

We also fix a presheaf 7" over X/K. For example, T could be (the presheaf
represented by) an overconvergent variety (X', V') over X/K. Also, if (C, O)
is an overconvergent variety and X is an algebraic variety over C, then we may
consider the sheaf 7 := X /O (see Section 1). Finally, if we are given a morphism
of overconvergent varieties (X, V) — (C, O), then we could set T := Xy /O (see
Section 1 again).

Finally, we also fix an open immersion « : U < X and denote by 8: Z — X
the embedding of a closed complement. Actually, in the beginning, we consider
more generally a locally closed embedding y : ¥ — X.

Definition 2.1. The restriction of T to Y is the inverse image
TY = (Y/K) X(X/K) T

of T over Y/K. We will still denote by y : Ty < T the corresponding map. When
F is a sheaf on T, the restriction of T to Y is Fy := y*1.7-".

For example, if T = (X', V') is a variety over X/K, then Ty = (Y, V'), where
Y’ is the inverse image of Y in X'. Also, if (C, O) is an overconvergent variety, X
is an algebraic variety over C and T = X /O, then Ty = Y/O. Finally, if we are
given a morphism of overconvergent varieties (X, V) — (C, O) and T = Xy /O,
then we will have Ty = Yy /O.

If (X, V) is an overconvergent variety, we may consider the morphism of
overconvergent varieties (y,Idy) : (¥, V) — (X, V). We will then denote by
lylv : 1Y[v = 1Xlv, or simply ]Jy[ if there is no ambiguity, the corresponding
map on the tubes. Recall that ]y [ is the inclusion of an analytic domain. This is an
open immersion when y is a closed embedding and vice versa (we use Berkovich

topology).
The next result generalizes Proposition 3.1.10 of [Le Stum 2011].

Proposition 2.2. Let (X', V') be an overconvergent variety over T andy':Y' — X’
be the inclusion of the inverse image of Y inside X'. If F is a sheaf on Ty, then

(V*}-)X’,V/ = ]V/[*]'—Y’,V’-
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Proof. Using [Le Stum 2011, Corollary 2.4.15], this follows from Proposition 1.1. [J

Since we will use it in some of our examples, we should also mention that
Ry, E =0 fori > 0 when E is an isocrystal with coherent realizations. This follows
from the fact that, with the notation of the proposition, ]y'[ is a quasi-Stein map.

We can work out very simple examples right now. We will do our computations
on the overconvergent variety

1 ol Dl 1,an
Pl =Pl Bl < P

We consider first the open immersion « : A}( — [P’}( and the structural sheaf (’)Al K
If we leti : D0, 17) — I]j’;(’an denote the inclusion map, we have *

RE(PY/g, @:0), ) =RE(PE™, isi ™' Opran) = K[1]" = | K{1/1)

A>1

¥
Al/K

(functions with radius of convergence (strictly) bigger than one at the origin).
On the other hand, if we start from 8 : 00 < P,i and let j : D(o0, 17) <> P}(’an
denote the inclusion map, we have

RT (P} . B+OL, ) =RT (Pg™, j*j—lop;(,an) = K[1/11" =) K{r/1}
A>1
(functions with radius of convergence at least one at infinity).
The following is immediate from Proposition 2.2:
Corollary 2.3. (1) yA_an O Vants = 1d, and
(2) if v/ : Y < X is another locally closed embedding with Y NY' = &, then

yx';nlJf © yAnT* =0.
Alternatively, one may say that if F is a sheaf on Ty, we have
(J/*.F)‘Y =F and ()/*F)ly/ =0.

The first assertion of the corollary means that y, + is an embedding of topos
(direct image is fully faithful). Actually, from the fact that Y is a subobject of X
in the category of varieties, one easily deduces that 7y is a subobject of T in the
overconvergent topos and y, i is therefore an open immersion of topos. Note also
that the second assertion applies in particular to open and closed complements (both
ways): in particular, these functors cannot be used to glue along open and closed
complements. We will need some refinement.

We focus now on the case of an open immersion « : U < X which gives rise to
a closed embedding on the tubes.

Proposition 2.4. The functor ap,1,: Ty gyt — Tyt Is exact and preserves isocrystals.
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Proof. This is not trivial but can be proved exactly as in Corollary 3.1.12 and
Proposition 3.3.15 of [Le Stum 2011] (which is the case T = X/O). [l

The following definition is related to rigid cohomology with compact support
(recall that 8 : Z — X denotes the embedding of a closed complement of U):

Definition 2.5. If F is a sheaf of abelian groups on 7, then
Ly F =ker(F — BiFiz)
is the subsheaf of sections of F with support in U.

If we denote by U the closed subtopos of T, + which is the complement of the
open topos T, 5,t, then 'y is the same thing as the functor 7-[2, of sections with
support in ¢/. With this in mind, the first two assertions of the next proposition
below are completely formal. One may also show that the functor F > F /8~ F
is an exact left adjoint to ['y; it follows that 'y preserves injectives.

Actually, we shall use the open/closed formalism only in the classical situation.
Recall (see [Iversen 1986, Section I1.6], for example, for these kinds of things)
that if i : W — V is a closed embedding of topological spaces, then i, has a right
adjoint i' (and one usually sets I'y := i,i') which commutes with direct images.
If (X, V) is an overconvergent variety, we know that Je[ : JU[ < ]X[ is a closed
embedding and we may therefore consider the functors Ja[' and Tor.

Proposition 2.6. (1) The functor 'y is left exact and preserves modules.
(2) If F is a sheaf of abelian groups on T, then there exists a distinguished triangle
RI'yF — F — RBFiz — .

3) If (X', V') is a variety over T and o’ : U' — X' denotes the immersion of the
inverse image of U into X', we have

(RCy E)v =RLw,, Ev
for any isocrystal E on T.

Proof. The first assertion follows immediately from the fact that all the functors
involved (87!, Bs and ker) do have these properties. The second assertion results
from the fact that the map 7 — B,F|z is surjective when F is an injective sheaf
(this is formal). In order to prove the last assertion, it is sufficient to remember (this
is a standard fact) that there exists a distinguished triangle

RDyy1, Ev — Ev: — RIB LB Eyr —,

where B8 : Z' < X' denotes the inverse image of the inclusion of a closed comple-
ment of U. Since E is an isocrystal, we have (E|z)z v = 1B 'Ex v (]
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Note that the second assertion means that there exists an exact sequence
0—[CyF— F— BuFiz— RTyF—0

and that R’ BsxFlz = R*ITy F for i > 0. We can do the exercise with « : A}( > P11<
and B : 00 — [P’,l( as above. We obtain

RI(Pyc. RL4 Oy ) = 1K = KI1/61™] = (K[1/11"/K)[=1].

Since realization does not commute with the inverse image in general, we need
to introduce a new functor. Recall that in order to define a sheaf on 7, it is sufficient
(and even equivalent) to give a compatible family of sheaves on the tubes ] X [y
for all (X', V') over T.

Lemma 2.7. If F is a sheaf on T, then the assignment
X' V) (i F)y = 1o [ [ Fo,

where o' : U' < X’ denotes the immersion of the inverse image of U into X', defines
a sheafon T.

Proof. We give ourselves a morphism (f, u) : (X", V") — (X', V') over T, we
denote by g : U” — U’ the map induced by f on the inverse images of U into X’
and X", respectively, and by o” : U” < X" the inclusion map. We consider the
cartesian diagram (forgetful functor to algebraic varieties is left exact)

", V") —— (X", V")
l(g,u) l(f,u)
U, V)—— X,V
which gives rise to a cartesian diagram (tube is left exact)
U [y & 1X" [y
J]g[u J/]f[u
W'y ——1X"lv

Since Jo'[ is a closed embedding, we have ] f[; ! o]a/[. = Jo"[+ o ]g[; ! and there
exists a canonical map

1 e L T Fy =10 gl e T Fy = 10 L T L Fyr
— 1" [\ Fyr. O

Definition 2.8. If F is a sheaf on 7, then le]]-" is the sheaf of overconvergent
sections of F around U.
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Proposition 2.9. (1) The functor j;] is exact and preserves isocrystals.
(2) If E is an isocrystal on T, we have le]E =o' E.

Proof. Exactness can be checked on realizations. But, if (X', V') is a variety over T
and o' : U’ — X' denotes the immersion of the inverse image of U in X', then we
know the exactness of ]a'[, (because ][ is a closed embedding) and Jo/[~!. The
second part of the first assertion is a consequence of the second assertion which
follows from the fact that (o« ' E)y = ]o’[ "' Ey, when E is an isocrystal. O

Note that the canonical map j;]—' — a1 F is still bijective when F is a sheaf
of Zariski type (see Definition 4.6.1" of [Le Stum 2011]) but there are important
concrete situations where equality fails, as we shall see right now.

In order to exhibit a counterexample, we let again o : A} <> P! and B : co <> P}
denote the inclusion maps and consider the sheaf F := ,B*O;fo K> which is not an
isocrystal (and not even of Zariski type). Since &~ o B, =0, we have a,a ™' F =0.
Now, let us denote by ig: & — P}(’a" the inclusion of the generic point of the
unit disc (corresponding to the Gauss norm) and let i : D(0, 11) — [P’}(’an and
jiD(oo, 17) — [P’}{’an be the inclusion maps as above. Let

R:= {Zant” : {3)»> 1, \"a, — 0 forn — —I—oo}}

VYA >1,Aa, - 0forn — —o0
nez

be the Robba ring (functions that converge on some open annulus of outer radius
one at infinity). Then, one easily sees that

LT ¥ R IS .
(JAiﬂ*Om/K)Pi/K =il jxOp,1-) = iexR
so that jgl]-" # 0. This computation also shows that
k

RT (P J'A?}Cﬁ*(?iom) =R.

We now turn to the study of the closed embedding 8 : Z < X, which requires
some care (as we just experienced, the direct image of an isocrystal need not be an
isocrystal).

The following definition has to do with cohomology with support in a closed
subset.

Definition 2.10. For any sheaf of abelian groups F on 7,
L‘;]—" =ker(F — a.Fv)
is the subsheaf of overconvergent sections of F with support in Z.

IThe comment following Definition 4.6.1 in [Le Stum 2011] is not correct and Lemma 4.6.2 is
only valid for an open immersion.
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We will do some examples below when we have more material at our disposal.

As above, if we denote by Z the closed subtopos of T, .+ which is the complement
of the open topos Ty, 4,t, then L‘; is the same thing as the functor ’HOZ of sections
with support in Z. This is the approach taken by David Zureick-Brown [2010;
2014] in order to define cohomology with support in Z on the overconvergent site.
The next proposition is completely formal if one uses Zureick-Brown’s approach.
Also, as above, one may prove that L‘; preserves injectives because the functor
F > F/aya~ ! F is an exact left adjoint.

Proposition 2.11. (1) The functor E; is left exact and preserves modules.

(2) If F is an abelian sheaf on T, then there exists a distinguished triangle
O—>R[;}'—>]-"—>o¢*]-'|u—>.

We will also show below that [‘; preserves isocrystals.

Proof. As in the proof of Proposition 2.6, the first assertion follows from the fact that
all the functors involved (and the kernel as well) are left exact and preserve overcon-
vergent modules. Similarly the second one is a formal consequence of the definition
because a, and o~! both preserve injectives (they both have an exact left adjoint)
and the map F — . F|y is an epimorphism when F is injective (standard). [

Note that the last assertion of the proposition means that there exists an exact
sequence
O—>E;]—'—>}'—>a*]-'|u—>R1[TZ]:—>O

and that R'T, F =0 fori > 1.

Before going any further, we want to stress the fact that 87! has an adjoint 8 on
the left in the category of all modules (or abelian groups or even sets with a light
modification) but ) does not preserve isocrystals in general. Actually, we always
have (B1F)x’.y: = 0 unless the morphism X’ — X factors through Z (recall that
we use the coarse topology on the algebraic side). Again, the workaround consists
in working directly with the realizations. If j : W < V is an open immersion of
topological spaces, then j~! has an adjoint j, on the left also (on sheaves of abelian
groups or sheaves of sets with a light modification). This is an exact functor that
commutes with inverse images (see [Iversen 1986, Section I1.6] again). Now, if
(X, V) is an overconvergent variety, then ]S8[ : ]Z[ < ]X[ is an open immersion
and we may consider the functor ]8[;.

In the next lemma again, we use realizations and transition maps in order to
define a sheaf.

Lemma 2.12. If F is a sheaf (of sets or abelian groups) on Tz, then the assignment

X', V) (BiF)x v =181 Fz v,
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where B’ : Z' — X' denotes the embedding of the inverse image of Z into X', defines
a sheaf on T. Moreover, if E is an isocrystal on Tz, then B+ E is an isocrystal on T.

Proof. As above, we consider a morphism (f, u) : (X", V") — (X', V') over T. We
denote by i : Z” — Z’ the map induced by f on the inverse images of Z into X’
and X", respectively, and by 8” : Z” < X" the inclusion map. We have a cartesian
diagram

(Z//’ ‘///)(‘_> (}(//7 V//)

l(h,u) l(f,u)
Z,V)y—— (X", V)
giving rise to a cartesian diagram
12" [y > 1X"[y»
J/]h[u l]f[u
1Z'lv —— IX'lv
It follows that there exists a canonical map

170,18 0Fy =18"LIkL,  Fve — 18”11 Fvr

as asserted. We consider now an isocrystal £ and we want to show that

1B LEy ~1B"LEy».
This immediately follows from the equality (which is formal)
i O ®; 1,10, 1B 1AL, Eve = 18"1(i7) O @110, Wl Evr). O
Definition 2.13. The sheaf B;F is the overconvergent direct image of F.

Note that there exist two flavors of B;: for sheaves of sets and for sheaves of
abelian groups. Whichever we consider should be clear from the context.

Proposition 2.14. (1) If F is a sheaf on Tz, then:

(@) (BsF)z=F.
() (BiF)w =0.
(¢c) If E is an isocrystal on T, then

Hom(B:F, E) = B Hom(F, B~ E). (6)
(d) There exists a short exact sequence

0= BiF — BuF — ji BuF — O. (7
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(2) The functor B+ is fully faithful, exact, and preserves isocrystals, and the induced
functor
B+ IsocT(TZ) — ISOCT(T)

is left adjoint to
,3_1 : IsocT(T) — Isoc%(TZ).

Proof. As usual, if (X', V') is a variety over T, then we denote by o' : U’ — X’
and B’ : Z' < X’ the inclusions of the inverse images of U and Z, respectively.

When (X', V') is an overconvergent variety over Tz, then we will have ]8'[ =1d,
and when (X', V') is an overconvergent variety over Ty then ]8'[ = &. We obtain
the first two assertions. When E is an isocrystal on 7, we have an isomorphism
(this is standard)

Hom(18'\Fy', Ev:) =18l Hom(Fy+, 18" Ev),
from which the third assertion follows. Also, there exists a short exact sequence
0= 181 Fz v = 1B Fzv = 1 [ 1 [ 1B [ Fz,v — 0

which provides the fourth assertion.

Full faithfulness and exactness of B; follow from the full faithfulness and exact-
ness of ][, for all (X', V’). The fact that B+ preserves isocrystals was proved in
Lemma 2.12. The last assertion may be obtained by taking global sections of the
equality (6). ([

We can also mention that there exists a distinguished triangle
BiF — RBuF — jiRBeF — .
Now, we prove that the exact sequence (7) is universal:

Proposition 2.15. If 7' and F" are modules on Tz and Ty, respectively, then any
extension
0 BF > F—>a.F' =0

is a pull-back of the fundamental extension (7) through a unique morphism
@ F" = BT .
Proof. We know that 8~ ', 7" = 0 and it follows that
Hom(a,.F", BF') = Hom(B~'a,. F", F') = 0.

This being true for any sheaves, we see that, actually, R Hom (o, 7", RB,F') = 0.
It formally follows that R® Hom(a, F”, B+ F') =0 for i < 1. As a consequence, we
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obtain a canonical isomorphism
Hom(a, F”, jii BeF') = Ext(as F", Br.F)).
This is exactly the content of our assertion. U

We should observe that we always have Hom(«, F”, B+F’') = 0. However, it is
not true that Ext(a,F”, B+ F’') =0 in general. This can happen because B+ does not
preserve injectives (although it is exact).

The overconvergent direct image is related to overconvergent support as follows:

Proposition 2.16. If E is an isocrystal on T, then
LLE=BiE;
and, for all i > 0, RT;E =0.
Proof. Recall from Proposition 2.11 that there exists an exact sequence
0— [‘;E — E— a,Ey — Rl[‘TZE -0

and that R"L‘;E =0 fori > 1. Now, let (X', V') be a variety over T. Denote by
B :Z — X', o : U < X' the embeddings of the inverse images of Z and U
into X'. There exists a short exact sequence (standard again)

0— 18 LB 'Ey — Ey — &L 1e[ ' Ey — 0.

Since E is an isocrystal, we have (a.E|y)y = 1¢'[ 1o/ ["LEy.. Tt follows that
(RIE;E)V/ = 0 and we also see that

(CLE)w =181 T Ev = (BiEz)v. 0

Note that the proposition is still valid for sheaves of Zariski type and not merely
for isocrystals. Be careful however that 8; E # [; B+« E in general, even when E is
an isocrystal on Tz. With our favorite example in mind, we have

[} B0L k= BOL i # BrOL s
as our computations below will show.
Corollary 2.17. The functor L‘; preserves isocrystals, and the induced functor
[; - Isoc'(T) — Isoc™(T)
is exact. Moreover, if E is an isocrystal on T, then there exists a short exact sequence

0—TCLE—E— jiE—O.



2140 Bernard Le Stum

We might as well write this last short exact sequence as
0— B:+Ejz > E — a,Ey — 0.

As promised above, we can do an example and consider the closed embedding
B 00— [P’,i again. We compute

i i of
IBTOOO/K = Eooo[p}c/[('
We have
1 T _ 1 T _
RF(Pk/K,ﬂTOOO/K) =[K — K[t]'1= (K[t]"/K)[-1].

We can also remark that the (long) exact sequence obtained by applying RT" (IP,i /K> )
to the fundamental short exact sequence

0— ﬁfo;/,( N 5*0;/,( N jj,ﬁ*o;/,( =0
reads
0— K[1/t]™ - R — K[1]'/K — 0. (8)

Corollary 2.18. (1) The functors oy and o~ induce an equivalence between
isocrystals on Ty and isocrystals on T such that L‘;E =0 (or j(T/E =FE).

(2) The functors By and B ~Vinduce an equivalence between isocrystals on T, and
isocrystals on T such that [‘;E = FE (or j,TJE =0).

Proof. If E” is an isocrystal on Ty, then o, E” is an isocrystal on 7 and therefore
Tl E" = B:f B =0,

Conversely, if E is an isocrystal on 7" such that [;E =0, then E = j[T]E =a,0 'E.
This shows the first part.
Now, if E’ is an isocrystal on 7z, then B; E’ is an isocrystal on T and therefore

LYBiE = BiB ™ BrE = Bi E.
Conversely, if E is an isocrystal on 7" such that [;E =E,then E=g:7'E. O

We can also make the functor of sections with support in an open subset come
back into the picture:

Corollary 2.19. If E is an isocrystal on T, then there exists a distinguished triangle

RLyE — jIE— jiRBE;z — .
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Proof. There exists actually a commutative diagram of distinguished triangles:

IE——TJE
RruE E R,B*E|Z _—
RLyE JUE JURBLE|; —

More precisely, we know that the vertical triangles as well as the middle horizontal
one are all distinguished. The bottom one must be distinguished too. U

Back to our running example, we see that the long exact sequence obtained by

applying RF([P’}{ /K> ) 1o the distinguished triangle

t R -t t
REA}(OP}{/K — JA}COIP,l/K - JA]'(R'B*OOO/K -

reads
0— K[t]' > R — K[1/t]"/K — 0.

We can summarize the situation as follows:
(1) There exist two triples of adjoint functors (up means left):

o) ﬂ'

,‘1 ﬁ71
O} -Mod +*— Of-Mod — O}, -Mod.
C O *

Moreover, a, is exact and preserves isocrystals (and so do o~ and B~1).

(2) There exist two functors with support (that preserve injectives):

Ly (3 Of-Mod 7 )T}

T . . .
Moreover, I', preserves isocrystals and is exact on isocrystals.

(3) There exist two other functors:
7 t B T
i (5 07-Mod «—— O} -Mod.

They are both exact and preserve isocrystals (but not injectives). If E is an
isocrystal on 7T, we have

JyE=0,Ey and TLE =BiEz.
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3. Constructibility

Recall that K denotes a complete ultrametric field with ring of integers V and
residue field k. We let X be an algebraic variety over k and T a (overconvergent)
presheaf over X/K. Roughly speaking, T is some family of varieties X’ over X
which embed into a formal V-scheme P’, together with a morphism of analytic
K-varieties V' — Pf. A (overconvergent) module F on T is then a compatible
family of i;,l(’)v/—modules Fyr, where iy : ]X'[y < V'’ denotes the inclusion of
the tube (the reader is redirected to Section 1 for the details).

Definition 3.1. A module F on T is said to be constructible (with respect to X) if
there exists a locally finite covering of X by locally closed subvarieties Y such that
Fiy is locally finitely presented.

Recall that a locally finitely presented module is the same thing as an isocrystal
with coherent realizations. It is important to notice however that a constructible
module is not necessarily an isocrystal (the transition maps might not be bijective).
We’ll give an example later.

Proposition 3.2. (1) Constructible modules on T form an additive category which
is stable under cokernel, extension, tensor product and internal Hom.

(2) Constructible isocrystals on T form an additive category Isocl _ (T) which is

cons
stable under cokernel, extension and tensor product.
Proof. The analog to the first assertion for locally finitely presented modules is
completely formal besides the internal Hom question that was proved in Proposi-
tion 3.3.12 of [Le Stum 2011]. The analog to the second assertion for all isocrystals
was proved in Corollary 3.3.9 of [Le Stum 2011]. Since the restriction maps
F > Fjy are exact and commute with tensor product and internal Hom, everything
follows. ]

Note however that Hom(E|, E;) need not be an isocrystal (see example below)
when E| and E; are two constructible isocrystals.

Proposition 3.3. Let F be a module on T.

(1) The module F is constructible if and only if there exists a locally finite covering
by locally closed subvarieties Y of X such that F|y is constructible.

(2) If T' — T is any morphism of overconvergent presheaves and F is constructible,
then Fir is constructible. The converse also is true if T' — T is a covering.

(3) Assume that T is actually a presheaf on X' /K for some [ : X' — X. If F is
constructible with respect to X, then it is also constructible with respect to X'.
Proof. The first assertion is an immediate consequence of the transitivity of locally
finite coverings by locally closed subsets: if X = J X; and X; = [ X;; are such
coverings, so is the covering X = | X;;.
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In order to prove the second assertion, note first that it is formally satisfied by
locally finitely presented modules. Moreover, if Y is a locally closed subvariety
of X, we have (F|7/))y = (ﬂy)”*)//. The result follows.

Finally, for the third assertion, if X = X; is a locally finite covering by locally
closed subvarieties, so is X’ =|_J f~!(X;). Moreover, by definition Fle-1xn =Fixi
and there is nothing to do. U

Together with Corollary 2.18 above, the next proposition will allow us to move
freely along a closed or open embedding when we consider constructible isocrystals
(note that this is obviously wrong for overconvergent isocrystals with coherent
realizations):

Proposition 3.4. (1) If o : U — X is an open immersion of algebraic varieties,
then a module F" on Ty is constructible if and only if a, F" is constructible.

) If B: Z — X is a closed embedding of algebraic varieties, then a module F'
on Ty is constructible if and only if B+ F' is constructible.

Proof. We may assume that U and Z are open and closed complements. We saw in
Corollary 2.3 that (o, F")|z =F" and (a,.F”) |y =0. We also saw in Proposition 2.14
that (,BT]:/)IZ = F and (ﬁT}-/)W =0. O

It is easy to see that the usual dual to a constructible isocrystal is not an isocrystal
in general: if 8 : Z — X is a closed embedding of algebraic varieties and E
is an overconvergent isocrystal on Z with coherent realizations, it follows from
Proposition 2.14 that

(B+E)” :=Hom(B;E, OF) = . Hom(E, O}, ) = LE”,

which is constructible but is not an isocrystal in general (as we saw in Section 2).

The next property is also very important because it allows the use of noetherian
induction to reduce some assertions about constructible isocrystals to analogous
assertions about overconvergent isocrystals with coherent realizations.

Lemma 3.5. A module F on T is constructible if and only if there exists a closed
subvariety Z of X such that, if U := X \ Z, then both F|z and F|y are constructible.
We may even assume that U is dense in X and Fy is locally finitely presented.

Proof. The condition is sufficient thanks to assertion (1) of Proposition 3.3. Con-
versely, if & is a generic point of X, then there exists a locally closed subset Y
of X such that § € Y and Fy is locally finitely presented. The subset ¥ contains
necessarily an open neighborhood Uz of £ in X. We may choose U :=JU;. O

Proposition 3.6. An isocrystal E on T is constructible if and only if there exists an
exact sequence
0— B+E — E — a,E" — 0, 9)
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where E" (resp. E') is a constructible isocrystal on a closed subvariety Z of X
(resp.on U :=X\Z)and B: Z — X (resp. a : U — X) denotes the inclusion map.
We may assume that U is dense in X and that E” has coherent realizations.

Proof. If we are given such an exact sequence, we may pull back along o and 8 in
order to obtain E' >~ E|z and E” >~ E|y. Conversely, we may set E’ := E|z and
E" := Ey in order to get such an exact sequence by Proposition 2.16. U

Note that this property is specific to constructible isocrystals and that the analog
for constructible modules is wrong.

It follows from Proposition 2.15 that any extension such as (9) comes from
a unique morphism «,E” — le] B« E'. This is a classical gluing method and the
correspondence is given by the morphism of exact sequences

0 B:E' BE' —— jiBE ——0
0 B+E’ E o E” 0

We can do the computations in the very special case of « : A}( — [P’,i and B : 00— [P’}(.
We have E' = OZO /x ®k H for some finite-dimensional vector space H, and E” is
given by a finite free K [t]"-module M of finite rank endowed with a (overconvergent)
connection. One can show that there exists a canonical isomorphism

Ext(aE”, B+ E") = Hom(a E”, j} B+E)
= Homy(M,R®k H)
= Hg(M" @y R) ®x H
(the second identity is not trivial). A slight generalization will give a classification

of constructible isocrystals on smooth projective curves as in Theorem 6.15 of
[Le Stum 2014].

4. Integrable connections and constructibility

In this section, we will give a more concrete description of constructible isocrystals
in the case when T is representable by some overconvergent variety (X, V), in
the case T = Xy /O, where (X, V) is a variety over some overconvergent variety
(C, 0), and finally when T = X /O, where X is a variety over C (see Section 1).

Definition 4.1. Let (X, V) be an overconvergent variety. An iy l(’)v—module F
is constructible if there exists a locally finite covering of X by locally closed
subvarieties Y such that i, i x+F 1s a coherent i, ! Oy-module.
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Of course, we have i;lix*]-" = i;éx]-" if we denote by iycx : |Y[v < ]1X[v the
inclusion of the tubes.

Proposition 4.2. Let (X, V) be an overconvergent variety. Then:

(1) Isoc! (X, V) is an abelian subcategory of Isoc' (X, V).

cons
T

(2) The realization functor induces an equivalence between Isoc/ . (X, V) and

the category of all constructible iy YOy -modules.

Proof. 1t was shown in Proposition 3.3.8 of [Le Stum 2011] that the realization
functor induces an equivalence between Isoc’ (X, V) and the category of all i X toy-
modules. Overconvergent isocrystals correspond to coherent modules. The second
assertion is an immediate consequence of these observations. The first assertion
then follows immediately from the analogous result about coherent modules. [

Recall that an i ' Oy-module may be endowed with an overconvergent stratifi-
cation. Then, we have:

Proposition 4.3. Let (X, V) be an overconvergent variety over another overconver-
gent variety (C, O).

(1) If V is universally flat over O in a neighborhood of 1X|, then ISOCZOHS(X\//O)
is an abelian subcategory of Isoc’ (Xy /O).

(2) The realization functor induces an equivalence between ISOCZOHS(X v/O) and
the category of constructible iy YOy -modules F endowed with an overconver-

gent stratification.

Proof. According to Proposition 3.5.3 of [Le Stum 2011], its corollary and Proposi-
tion 3.5.5 of the same paper, the proof goes exactly as in Proposition 4.2. ([

The next corollary is valid if we work with good overconvergent varieties (which
we may have assumed from the beginning).

Corollary 4.4. If (C, O) is an (good) overconvergent variety and X is an algebraic
variety over C, then Isoc! (X /O) is an abelian subcategory of Isoc'(X/0).

cons

Proof. Using Proposition 4.6.3 of [Le Stum 2011], we may assume that X has a
geometric realization over (C, O) and use the second part of Proposition 3.5.8 in
the same paper. (]

We could have included a description of constructible isocrystal as modules
endowed with an overconvergent stratification on some geometric realization of
X /O but we are heading towards a finer description (this is what the rest of this
section is all about).

Recall that any overconvergent stratification will induce, by pull-back at each
level, a usual stratification. This is a faithful construction and we want to show that
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it is actually fully faithful when we work with constructible modules (in suitable
geometric situations). Thus, we have the sequence of injective maps

HOI‘nStratJr (F, G) = Homgy (F, G) = Hom(F, G)

and we wonder whether the first one is actually bijective. In order to do so, we will
also have to study the injectivity of the maps in the sequence

]:‘_:thnatT (]:7 g) - EXtStrat(f’ g) - EXt(fv g)

We start with the following observation:

Proposition 4.5. Let (X, V) be a variety over an overconvergent variety (C, O),
o : U — X the inclusion of an open subvariety of X and B : Z — X the inclusion of
a closed complement. Let F' be an igl Ovy-module and F" an iy, YOy -module. Then
a usual (resp. an overconvergent) stratification on the direct sum 180\ F @& la[+F”
is uniquely determined by its restrictions to F' and F".

Proof. Let us denote by
(n) __ ];3[!6/(”) @n
€ =
Vo lofe’™
the stratification of 18[}F" @ la[+F" (recall that the maps ]B[, and Ja[, are fully
faithful). Then the maps
O iy Oym ®: oy la[«F" — 1BLF' ®; 1o, ix'Oyw

and

Yn tix Oy ®; 16, 1BLF = 1ol F" ®;1, ix ' Oy

are necessarily zero, as one may see by considering the fibers.
On the other hand, denote by

6=<],3[!€/ @ )
Kl' ]a[*GN

the overconvergent stratification of ]8[,F’ @ Ja[.F”. Then the maps

T

¢ 1pa[M ol F = 1pi[N1BLF and ¢ : 1po[ 1B0F = 1pil lloF”

are necessarily zero, as one may see by considering the fibers and using the fact
that pj' commutes with o[, and 18][:. O

We keep the assumptions and the notation of the proposition for a while and
assume that 7’ and F” are both endowed with a usual (resp. an overconvergent)
stratification. From the general fact that

Hom(1B[.F', la[«F") =0 and Hom(le[.F",18[:F") =0,
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we can deduce that
Homsya(I8LF, 1a[oF") =0 (resp. Homg,: (181.F', [, F") = 0),
Homgyar (e[« F", 1BLF) =0 (resp. Homg,+ (Ja[.F", 1B[.F') = 0).
Since we also know that
Ext(1B0F, Ja[+F") =0,
we can deduce the following result from the proposition:

Corollary 4.6. If F' and F" are both endowed with a usual (resp. an overconver-
gent) stratification, then we have

Extsuat (1B0F, la[, F") =0  (resp. Extgy,+ (18LF', la[+F") = 0).

Alternatively, it means that any short exact sequence of i, 'Oy -modules (resp.
with a usual stratification, resp. with an overconvergent stratification)

0— Ja[+F" — F— 1BLF — 0

splits (and the splitting is compatible with the extra structure).
From the proposition, we may also deduce the following:

Corollary 4.7. If F' and F" are both endowed with a usual stratification, then the
map
Extsat(Jae[+ F", 180 F) = Ext(la[.F", 1B[L.F")

is injective. If F' and F'" are both endowed with an overconvergent stratification,
then the maps

Extgypyt (Il F", 1BLF) = Extsya(Jo [ F ", 180 F) = Ext(la[.F", 1B[.F)

are injective.

Alternatively, it means that if F is an i;l(’)v—module with a usual (resp. an
overconvergent) stratification, and if the exact sequence of i 'Oy -modules

0— 181 Fjz1 = F = lal«Fhuy — 0

splits, then the splitting is always compatible with the (resp. the overconvergent)
stratifications.
We are now ready to prove our main result:

Proposition 4.8. Let

Xc P Py %
T
Cc S Sk 0]
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be a formal morphism of overconvergent varieties with f quasicompact, v smooth
at X, O locally separated and V a good neighborhood of X in Px xgs, O. If
F and G are two constructible iy YOy -modules endowed with an overconvergent
stratification, then

HomStratT (F, 9) =~ Homg (F, G).

Proof. Since we know that the map is injective, we may rephrase the assertion
as follows: we are given a morphism ¢ : F — G of constructible iy ' Oy-modules
which is compatible with the usual stratifications and we have to show that ¢ is
actually compatible with the overconvergent stratifications. This question is clearly
local on O, which is locally compact. We may therefore assume that the image of
O in Sk is contained in some Sy with S’ quasicompact. We may then pull back
the diagram along S’ — S and assume that X is finite-dimensional (use assertion
(3) of Proposition 3.3). This will allow us to use noetherian induction.

We know (use, for example, Propositions 3.5 and 4.3) that there exists a dense
open subset U of X such that the restrictions F” and G” to U of F and G are
coherent. Moreover, it was shown in Corollary 3.4.10 of [Le Stum 2011] that the
proposition is valid for 7" and G” on U. Let us denote as usual by « : U < X the
inclusion map. Since Jo/[, is fully faithful, we see that the proposition is valid for
Ja[+F" and Ja[+G". In other words, we have a bijection

HomStraﬁ(]a[*I‘Nv ]Cl[*g//) ~ HomStrat(]a[*]://, ]Ol [*g”)~ (10)

We denote now by B : Z < X the inclusion of a closed complement of U and let 7’
and G’ be the restrictions of F and G to Z. We observe the following commutative
diagram:

Homg, ..+ (Joe[«F", G) ————— Homgra (ot [+ F”, G)

Homyg,,, .+ (la[.F", Ja[.G") —— Homsa ([ F", Jo[,G")

Extgyyet (le[+ F", 1B1:G") —— Extsyac(l[+F", 1B1.G")

The columns are exact because Hom(Ju[.F", 18[:G’) = 0, the bottom map is
injective thanks to Corollary 4.7 and the middle map is the isomorphism (10). It
follows from the five lemma (or an easy diagram chase) that the upper map is
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necessarily bijective: we have
HOmStratT(]Ol[*]://, g) ~ HomStrat(]a[*-F//a g//)- (11)

We turn now to the other side: by induction, the proposition is valid for 7" and G’
on Z, and since ]B[; is fully faithful, it also holds for ]8[,7’ and ]8[,G". Hence,
we have

Homg,,.« (1B0.F, 18[:G") ~ Homsya (180.F', 181:G"). (12)

Now, we consider the commutative square

Homg,,+ (18[.F", 18[:G") —— Homgya (1801.F, 181,G)
HomStrat*(]IB[!]:/’ g) C—> HomSLrat(],B[!]:/, g)

The vertical maps are bijective because Hom(]18[,.F’, le[+G”) = 0 and the upper
map is simply the isomorphism (12). It follows that we have an isomorphism

Homg,,: (180 F", G) =~ Homsya (1801 F, G). (13)

In order to end the proof, we will need to kill another obstruction. Since the
proposition holds for Ja[,F"” and any constructible G, the following canonical map
is necessarily injective:

Extgyyt (Ja [+ F", G) = Extsyar(Je [+ F", G). (14)
We consider now the commutative diagram with exact columns

0 0
Homyg,,, (le[+F", G) —— Homsya (o[ F”, G)
HornStrat+ (‘F’ g) — HomStrat (f", g)

Homg,,: (JB[+F", §) —— Homsua (18[+F". )

EXtgypyt (I [+ F", §) —— Extsyra (la [ F", G)

The horizontal isomorphisms are just (11) and (13) and the bottom injection is (14).
It is then sufficient to apply the five lemma again. (]
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We may reformulate the statement of the proposition as follows:

Corollary 4.9. The forgetful functor from constructible iy YOy -modules endowed
with an overconvergent stratification to iy LOv-modules endowed with a usual
stratification is fully faithful.

It is also worth mentioning the following immediate consequence:

Corollary 4.10. If F and G are two constructible i, YOy -modules endowed with
an overconvergent stratification, then we have an injective map

EXtgypat (F, §) > Extsyat(F, G). (15)

It means that if
O>F—>G—>H—>0 (16)

is a short exact sequence of constructible i 'Oy -modules endowed with an over-
convergent stratification, then any splitting for the usual stratifications will be
compatible with the overconvergent stratifications. I strongly suspect that much
more is actually true: if we are given an exact sequence (16) of constructible i, toy-
modules endowed with usual stratifications and if the stratifications of 7 and F”
are overconvergent, then the stratification of F should also be overconvergent. In
other words, the injective map (15) would be an isomorphism.

If (X, V) is a variety over an overconvergent variety (C, O), we will denote by

MIC! (X,V/0)

cons

the category of constructible i L Oy -modules F endowed with an overconvergent
connection (recall that it means that the connection extends to some overconvergent
stratification). Then, we can also state the following corollary:

Corollary 4.11. If Char(K) = 0, then the realization functor induces an equiva-
lence of categories

Isoc! (Xy/0)~MIC! (X,V/O).

cons cons

As a consequence, we observe that we will have, for a constructible isocrystal E
on Xy /O,
[(Xv/0, E) = Hg(Evy),

and we expect the same to hold for higher cohomology spaces; we only know at
this point that
H'(Xy/0, E) C Hjz(Ey).

Again, we need to work with good overconvergent varieties for the theorem to
hold:
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Theorem 4.12. Assume that Char(K) = 0 and that we are given a commutative
diagram

Xc P Px 1% (17)
Pl
Cc S Sk 0]

in which P is a formal scheme over S which is proper and smooth around X, and V
is a neighborhood of the tube of X in Px X5, O (and O is good in the neighborhood
of 1C[). Then the realization functor induces an equivalence of categories

Isoc!  (X/0)~MIC!

cons cons

(X,V/0)

between constructible overconvergent isocrystals on X /O and constructible iy loy-
modules endowed with an overconvergent connection.

Proof. Using the second assertion of Proposition 3.5.8 in [Le Stum 2011], this
follows immediately from Corollary 4.11. O

As a consequence of the theorem, we see that the notion of a constructible module
endowed with an overconvergent connection only depends on X and not on the
choice of the geometric realization (17). It is likely that this could have been proven
directly using Berthelot’s technique of diagonal embedding. However, we believe
that our method is much more natural because functoriality is built in.
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