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Symplectic structure perturbations and continuity
of symplectic invariants

JUN ZHANG

This paper studies how symplectic invariants created from Hamiltonian Floer theory
change under the perturbations of symplectic structures, not necessarily in the same
cohomology class. These symplectic invariants include spectral invariants, boundary
depth, and (partial) symplectic quasistates. This paper can split into two parts. In the
first part, we prove some energy estimations which control the shifts of symplectic
action functionals. These directly imply positive conclusions on the continuity of spec-
tral invariants and boundary depth in some important cases, including any symplectic
surface ;> and any closed symplectic manifold M with dimx H 2(M;K)=1.
This follows by applications on some rigidity of the subsets of a symplectic manifold
in terms of heaviness and superheaviness, as well as on the continuity property of
some symplectic capacities. In the second part, we generalize the construction in the
first part to any closed symplectic manifold. In particular, to deal with the change
of Novikov rings from symplectic structure perturbations, we construct a family of
variant Floer chain complexes over a common Novikov-type ring. In this setup, we
define a new family of spectral invariants called 7 —spectral invariants, and prove that
they are upper semicontinuous under the symplectic structure perturbations. This
implies a quasi-isometric embedding from (R, |—|x) to (I:Izﬁl(M ,w), dg) under
some dynamical assumption, imitating the main result of Usher (Ann. Sci. Ec. Norm.
Supér. 46 (2013) 57-128).

37105, 37K65, 53D40

1 Introduction

In Floer’s method [7] of solving Arnold’s conjecture (see also Hofer and Salamon [9])
Floer chain complexes were constructed. Let (M, ) be a symplectic manifold. A
Floer chain complex symbolically depends on three parameters: an almost com-
plex structure J on 7'M, a Hamiltonian function H € C*°(R/Z x M) and a sym-
plectic structure w on M. Conventionally, a Floer chain complex is denoted by
(CF«(M,J,H,w),05 H,w), Where 05 g 4 is the differential. With the help of the
symplectic action functional, a Floer chain complex can be viewed as a filtered chain
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complex (CF«(M,J, H,w),05 H.».Lw i), Where £y, g is a filtration function with
its values in R U {—o0}.

A filtration function provides a “height” for each element in CF.(M, J, H, w), and it
satisfies the non-Archimedean triangle inequality. From this filtered viewpoint, some
symplectic invariants were invented from a Floer chain complex or its homology,
such as spectral invariants p(a, H; w) (see Viterbo [30], Schwarz [22], Oh [14] and
Usher [23]), boundary depth 8(¢; @) (see Usher [27] and Usher and Zhang [28]) and
(partial) symplectic quasistates {,(H; ®) (see Entov and Poltervich [5; 6]). They have
played important roles in the study of Hamiltonian dynamics as well as some rigidity
properties of the subsets of a symplectic manifold.

It is a natural question how these symplectic invariants change if the three parameters of
a Floer chain complex are perturbed. It is well known that the perturbations of almost
complex structures do not affect the values of these invariants. Meanwhile, all these three
invariants admit a Lipschitz continuity under the perturbations of Hamiltonian functions.
The main results of this paper focus on the change of these symplectic invariants under
the perturbations of symplectic structures. In this paper, our manifold M is always
assumed to be closed.

Denote by (M, w, H) a Hamiltonian system where  is a symplectic structure on the
manifold M and H is a nondegenerate Hamiltonian function on (M, w). Denote by
Q Czlosed(M ) the set of all closed 2—forms of the manifold M. We call a closed 2—form
' a perturbation of w if @’ is symplectic. We do not require that @’ and @ be in the
same cohomology class. Let @’ be a perturbation of w. We call o’ sufficiently close

to w if o' —w € Q2

Slosed (M) is sufficiently small under a certain norm (see Section 3).

Before we state the main results, it is necessary to point out that some perturbations of
a symplectic structure may change the Novikov field associated to (M, w). Denote by
H2S (M) the image of 7, (M) in Hy(M ; Z)/Tor under the Hurewicz map ¢: (M) —
Hy(M;Z). Let K be a fixed field. Recall that an often-used version of Novikov
field ATe is defined by

1) AT .= { Z a, T ‘ a) € Kand (VC e R)#{ay #0| A <C} < oo)},
LeTy,

where [, = {Im[w]: st (M) — R} <R. Since AT is the coefficient field of the
Floer chain complex (CF«(M, J, H, ), H,»), a negative outcome is that, under a
perturbed symplectic structure, the Floer chain complex may be defined over a different
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coefficient field. This makes the comparison between the symplectic invariants from
this type of perturbation essentially harder than those from the perturbations of almost
complex structures and of Hamiltonian functions. For instance, comparing p(a, H; w)
with p(a, H;®') is in general ambiguous because where the class a is taken is in
question. In this paper, we will provide an approach to overcome this difficulty (see
Section 7). Finally, note that if our symplectic manifold (M, w) is aspherical, that
is my(M) = 0, then AT = K, which is independent of the symplectic structures.
Therefore, depending on whether AT changes or not, we will state our main results
in these two different situations.

1.1 Continuity on aspherical manifolds

Here is the first main result in our paper. Recall that QH, (M, @) denotes the quantum
homology of (M, w), that is QH, (M, w) = Hy«(M ; K) @ NTe _ In particular, if M
is aspherical, then QH, (M, w) = H«(M ; K).

Theorem 1.1 Let (M,w, H) be a Hamiltonian system where M is aspherical. If o'
is a perturbation of w and is sufficiently close to w, then there exists a constant C
such that

() |pla, H;w)—pla, H;®")| < Clw—'| forany a € Hy(M;K);
(i) |B(H;0)—B(H;0")| = Clo—0o'].

A standard example that satisfies the assumption in Theorem 1.1 is a symplectic surface
(¥g,w) with genus g > 1. Next, from a “rescaling” argument, a direct corollary of
Theorem 1.1 is the following result under a slightly relaxed hypothesis on M.

Corollary 1.2 Let (M, w, H) be a Hamiltonian system where M satisfies the con-
dition dimy H?(M ;K) = 1. Denote by [M] the fundamental class of M. If o’ is a
perturbation of w and is sufficiently close to w, then there exist constants C; and C,
such that

@) |p((M], H;0) = p((M], H; )| < Cio— o[

(ii) [B(H:w)—p(H;0")| = Glo—o|.
Note that Corollary 1.2 covers some important cases, for instance CP” for any n € N.
Roughly speaking, the proof of Theorem 1.1 splits into two steps. First, as elaborated in

Section 3, if @’ is a perturbation of w, then there exists a diffeomorphism on M which
“reduces” @’ to ¢*@’ in the sense that ¢*w’ coincides with @ near any Hamiltonian
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1—periodic orbit of the Hamiltonian system (M, H,®) (see Definition 3.1). This
considerably simplifies our discussion. Second, the desired estimation in Theorem 1.1
comes from a Floer-type argument, which is based on some new energy estimations
established in Section 4. In this second step, w’ is required to be sufficiently close to .

As applications of Theorem 1.1, we can reprove results on some rigidity properties of
the subsets of a symplectic surface X, with genus g > 1. To this end, we need the
following definition from Kawasaki [12, Definition 2.9]:

Definition 1.3 For a fixed symplectic manifold (M, w) and an element ¢ € QH, (M, w),
a subset U C M satisfies the bounded spectrum condition with respect to a if there
exists a constant K > 0 such that p(a, H; w) < K for any Hamiltonian function H
supported in R/Z x U.

We can prove the following result:

Theorem 1.4 Let (X, w) be a symplectic surface with genus g > 1. Then the disjoint
union of simply connected open subsets satisfies the bounded spectrum condition for
any a € Hy(Zg;K).

Recall that the concepts of heaviness and superheaviness of the subsets of a sym-
plectic manifold are introduced in [6] in order to study in a systematical way the
nondisplaceability properties (Definition 2.11). The following result is a corollary of
Theorem 1.4:

Corollary 1.5 Let (X, ®) be a symplectic surface with genus g > 1.

(a) For a closed subset X C Xg, if X\ X is a disjoint union of simply connected
open subsets, then it is a—superheavy for any a € Hy (X4, w).

(b) If aclosed subset X C X is contained in a disk, then X is not a—heavy for any
a€ Hy(Xg:K).

Notice that (a) includes the embedding of a wedge of circles \/lzi (ST Tesy.
This is studied in Ishikawa [11, Example 4.8], which generalizes the main result
from [12]. Also, (b) provides a topological obstruction for a closed subset to be
a-heavy. When a = [M], a necessary and sufficient condition for a subset to be
a-heavy or a—superheavy on a symplectic surface is given in Humili¢ére, Le Roux and
Seyfaddini [10].
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Another application of Theorem 1.1 and Corollary 1.2 is on the continuity of some
symplectic capacities under the perturbations of symplectic structures. Let 4 be a
subset of M. Here we mainly focus on the displacement energy e®(A4), Hofer—Zehnder
capacity ¢y, (A) and the spectral capacity ¢y (A4). Recall that the displacement energy
is defined by e®(A4) := inf{||H ||z | ¢}I (A)N A =2} and ||—|| g is the Hofer norm.
The capacities ¢jj,(A) and ¢y (A4) are defined in Definitions 6.3 and 6.4, respectively.
Here we put the symplectic structure o in all the notation to emphasize the dependence
on the symplectic structures. It is well known, as the energy—capacity inequality (see
Frauenfelder, Ginzburg and Schlenk [8, Theorem 1]), that

2 ciiz(4) = ¢ (4) < e”(A).

In general, we should not expect any continuity of ¢®(A) under the perturbations of
symplectic structures, due to the following easy example:

Example 1.6 Take (M = S?,wy = wgq) and let A be the open upper hemisphere.
Then the subset A is displaceable under wy and e®?(A4) = 27 . Consider a sequence of
symplectic structures w, — wo with w, = wg + a,, where oy, is positively supported
over a nonempty open subset of A and negatively supported over a nonempty open
subset of M \ A such that the total area of M remains the same for each w,. Then A
is not displaceable under w, by an area consideration. By definition, ¢®”(A4) = oo,
which implies that e® (A4) is not upper semicontinuous at wy.

However, we have the following “boundedness” conclusion:

Theorem 1.7 Let (M, w) be a symplectic manifold and A C M be a subset. If M is
aspherical or dimg H*(M ;K) = 1, then for any € > 0, there exists a neighborhood
Uy(€) of w in Qflosed(M) such that ¢®' (A4) > ¢y (A) — € = ¢jz(A) — € for any
' € Uyl(e).

1.2 Semicontinuity on general manifolds

For general symplectic manifolds, we will deal with the coefficient-change problem
of Floer chain complexes in the following way. First of all, due to Moser’s trick, it
is easy to see how the symplectic invariants change when the perturbation is formed
from an exact 2—form. Then the discussion on perturbations can be simplified to
be in H?(M;K). Since H*(M; K) is a finite-dimensional vector space, for a fixed
symplectic structure w there exist [w1], ..., [wm] as vertices forming a polygon A(w)
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in H?(M; K) such that each w; is a perturbation of w and [w] € A°(w), the interior
of A(w). Then, if a perturbation ’ is sufficiently close to w,

(3) [0] = tolw] + ti[w1] + -+ + tm[wm]

for some nonnegative f, ...,%, where Y it 4 = 1. To simplify our discussion
further, due to Proposition 3.2, all the perturbations of @ here are assumed to coincide
with @ near any Hamiltonian 1—periodic orbit of the Hamiltonian system (M, w, H)
(see Definition 3.1). For any Hamiltonian system (M, w, H), we give the following
definition:

Definition 1.8 Define a Novikov ring with multifiniteness condition as

AA(w)z{ Z aATA|aAEICand
A€Hy (M) (VC eR) (Yo' € A(w))(#{ay #0|[0'](A) 5C}<oo)}.

Proposition 7.6 implies that there exists a well-defined family of (filtered) Floer chain
complexes parametrized by A(w) over this common coefficient ring A z(p). This
family of filtered complexes is denoted by

“4) {CFA@)(M, H), 00, o)}/ eA(w)-

The construction of (4) takes its inspiration from Ono [16]. Moreover, for every two
parameters w1, > € A(w), Proposition 7.7 says that their corresponding filtered Floer
chain complexes from (4) are homotopy equivalent to each other. Therefore, there exists
a well-defined homology HF A () (M, H) over A (). In other words, we manage to
assemble the information of Floer chain complexes or their homologies under various
perturbations of @ into a family of filtered chain complexes or a single homology,
but over a complicated coefficient ring. It can be shown that HF () (M, H) ~
Hy(M; K)®k A aw :=QHa(w)(M). If we choose a class a € QHp () (M ), then there
will be no ambiguity when we compare spectral invariants under different symplectic
structures. In fact, from HFp () (M, H), we can define a A(w)—family of spectral
invariants, denoted by pe’(a, H) for any a € QHA () (M) (see Definition 8.1). Our
next main result is on the continuity of this new spectral invariants:

Theorem 1.9 Let (M,w, H) be a Hamiltonian system, and a € QHp,,)(M) be a
fixed class. Then the map from A(w) to R by o’ — pg(a, H) is upper semicontinuous
at .
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Meanwhile, Lemma 8.2 compares the standard spectral invariants p(a, H; w) with
Pwl(a, H), and they turn out to be the same. Therefore, we directly get the following
corollary on the continuity of the standard spectral invariants:

Corollary 1.10 Let (M, w, H) be a Hamiltonian system, and a € QHp,)(M) be a
fixed class. Then the map from A(w) to R by o’ — p(a, H; ') is upper semicontinu-
ous at w.

Remark 1.11 There is an obvious question on the lower semicontinuity of the spectral
invariants under the perturbations of symplectic structures. Unfortunately, the method
we provide here can not conclude any positive or negative conclusion on the lower
semicontinuity (see Remark 8.5).

Remark 1.12 Recall that boundary depth is defined from the standard Floer chain
complex. In the general setup, it is difficult to conclude any quantitative conclusion
between two standard Floer chain complexes that are defined from different symplectic
structures, so we can appeal to the variant Floer chain complex (4) when comparing
two boundary depths. For instance, one can define a A(w)—parametrized boundary
depth from (4). However, our method and estimations are unable to give any positive
or negative conclusion on its continuity.

Next, we want to say a few words on (partial) symplectic quasistates. The method we
used in this paper can’t apply to study the continuity of (partial) symplectic quasistates.
The main reason is that in our discussion the Hamiltonian function H should be fixed
whenever a symplectic structure is perturbed. In general, one should not expect any
continuity result for (partial) symplectic quasistates. We illustrate this by the following
easy example, similarly to Example 1.6:

Example 1.13 Take (M = 5?2, wy = wyq) centered at the origin in x yz—coordinates.
The standard equation L = {z = 0} is a heavy subset and then it is not displaceable by
any Hamiltonian diffeomorphism. For any given € >0, let S¢:={(x,y,z) € S?|z>—¢}
and H be a time-independent Hamiltonian function supported on S¢ such that H|7 =1
and wq(supp(H)) = %wo (S?). Consider a closed 2—form o only positively supported
on S2?\ Sc. For any class a € QH,.(S?, wy) and any § > 0, Definition 2.11 of a heavy
subset says that
Ca(H; wo) > iEfH =1.

However, {,(H; wy+8a) =0 because (wg—+35a)(supp(H)) < %(a)o +8a)(S?) implies
that the support of H is displaceable in (5?2, g + 8at).
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Remark 1.14 Our choice of the perturbation in Example 1.13 is quite special. It
is easy to see that there are plenty of other perturbations that we can take so that
symplectic quasistates are invariant (in particular change continuously). In general, it
would be interesting to systematically study in which way we can perturb the symplectic
structure so that symplectic quasistates can satisfy a continuity result.

Recall that dg denotes Hofer’s metric on the universal cover of Hamiltonian diffeo-
morphism group of (M, ®) denoted by ﬁaTn(M ,w). As a standard application of
Theorem 1.9, we have the following Theorem 1.15, which is similar to [27, Theorem 1.1].
It concludes a large-scale geometric property of the metric space (ﬁafn(M ,w),dg)
when M satisfies a certain dynamical condition. This dynamical condition imitates
the assumption in [27, Theorem 1.1].

Theorem 1.15 Suppose that a manifold M admits a symplectic structure w satistying
the saa condition (2) in Definition 9.1. Then there exists an embedding ®: R>® —
Ham(M, w) such that, for every 3, % € R*, we have

|V — W|oo < dyg (P(V), D(w)) < osc(v —w),
where |d|o = max; |a;| and osc(a) = max;,j |a; —aj| for the vector a = (ay,as, . ..).
Outline of the paper

In Section 2, the background of Hamiltonian Floer theory and several symplectic
invariants derived from this theory are briefly reviewed. In Section 3, we explain
how a general perturbation of a symplectic structure can be simplified into a reduced
perturbation (see Definition 3.1), and this key step is given by Proposition 3.2. Imitating
the standard homotopy argument between two Hamiltonian functions in Hamiltonian
Floer theory, Section 4 discusses various energy estimations in terms of the perturbations
of symplectic structures. The main results in this section are Proposition 4.3 and
Proposition 4.6. In Sections 5 and 6, the main results of this paper, Theorems 1.1
and 1.2 as well as Theorems 1.4 and 1.7 on applications, are proved. In particular, the
proof of Theorem 1.4 takes inspiration from Ostrover’s trick [17]. Section 7 serves as an
algebraic preparation for the discussion of any closed symplectic manifold (in the sense
that Novikov fields have to be considered). In this section, we define a parametrized
Floer chain complex over an extended version of the Novikov ring (see Proposition 7.6).
Based on this discussion, another main result of this paper, Theorem 1.9, is proved
in Section 8. Finally, Theorem 1.15 on an application of the Hofer geometry on
ﬁ;r/n(M, w) is proved in Section 9.
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2 Preliminaries

2.1 Floer chain complex

In this subsection, we will briefly review the constriction of a Floer chain complex. In
an abstract language, a Floer chain complex is an example of a filtered complex defined
as follows. Denote by A*T" an abstract Novikov field (over ground field ), that is,

AST = { Y o T ( [ <R, a) €Kand (VC e R)#{a) 0|1 <C} <oo)}.
rel

By this finiteness condition on A’T | there exists a well-defined valuation v: AT —
R U {oo} which simply takes the minimal exponent A of any element in AT
Definition 2.1 We call (Cy, dc.Lc) a filtered complex over AT if (Cy,dc) is
a chain complex and Cj is a finite-dimensional vector space over AT for each
degree k € Z. Moreover, {¢: Cx — R U {—o0} is a function that satisfies (i) the
non-Archimedean triangle inequality; (ii) £c(dcx) < £c(x); and (iii) £c(Ax) =
Lc(x)—v()) forany x € C and A € AST,

On the level of chain complexes, we can compare two filtered complexes over the same
coefficient field AT, The following definition is taken from Definition 1.3 in [28]:

Definition 2.2 Let (Cx,dc,{c) and (D, dp.Lp) be filtered complexes over AT
and 6 > 0. A d—quasiequivalence between Cyx and Dy is a quadruple (@, WV, K1, K»)
where:

(1) ®: Cx — Dy and ¥: Dy — Cy are chain maps, with £p(dc) <£€c(c)+ 6 and
Le(Wd) <Lp(d)+ b forall c € Cx and d € Dy.
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(2) Themaps Ky: C« = Cx41 and K»: Dy — Dy 41 obey the homotopy equations
Vod—-1c, = dc K1+ K 0¢ and Po¥—-1p, = dp K, + K,0p, and for all
ceCyxand d € Dy wehave Lo (K c) <lc(c)+26 and £p(Krd) <Lp(d)+26.

Thus we say (Cx,dc,€c) and (D«,dp,p) are —quasiequivalent if there exists a
d—quasiequivalence between them.

Example 2.3 Recall that the Hofer norm of any function H € C*®°(R/Z x M) is
defined by | H ||z := fol (maxps Hy — minys Hy) dt. Then a Floer chain complex,
denoted by (CF«(M,J, H,w),0; H.0.LH,0), is a filtered complex over a Novikov
field. Moreover, for two pairs (J—, H-) and (J+, Hy), the Floer chain complexes
(CF«(M,J4,Hy,0),05, Hy 0 lH, 0) and (CF«(M,J_, H_,0),0;_ H_w.YH_ )
are || Hy+—H_| g —quasiequivalent.

To justify Example 2.3, we elaborate three objects: the generators of CF«(M, J, H, w),
the construction of 9 g, and the constructions of homotopy K; and K, from
Definition 2.2. Given a smooth function H € C*°(R/Z x M) on a closed symplectic
manifold (M, w), the Hamiltonian flow qﬁ}l comes from the differential equation

% = Xgo¢;, where w(-,Xyg)=d(H(t,")).

The generators of CF«(M, J, H, w) are Hamiltonian contractible loops y: R/Z — M,
where y (1) = ¢;I (y(0)). With a nondegeneracy condition, there are only finitely many
such generators. Set [, = {Im[w]: HZS (M) — R} <R, where HZS (M) is the image
of my(M) in Hy(M;7Z)/Tor under the Hurewicz map ¢: (M) — H,(M;Z); then

CF«(M, J, H, ) := span y«.r,, (Hamiltonian contractible loops).

The grading of each generator is given by the Conley—Zehnder index ¢z, . Its explicit
definition can be found in [19]. Moreover, since each generator y is a contractible
loop, we can fix a disk w spanning y and assign a value to each pair (y, w) via the
symplectic action functional defined as

1
© Anatro) == wor [ Hay@) .

Then define £y ,: CF«(M, J, H,w) — R U {—o0} by

(6) CH o (Z Ai(Vis wi)) = max{Ap o (vi. wi) —v(Ai)}.
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Conventionally, to simplify the discussion we usually replace the pair (y, w) with an
equivalence class [y, w]. We choose to define that (y, w) is equivalent to (t, v) if and
only y(¢) = 7(¢) and [w#(—v)] is homologically trivial. Note that the symplectic action
functional Ag 4, and Conley—Zehnder index (icz,, are both well defined over [y, w].
Thus, {g 4, is well defined over any linear combination of the equivalence classes.

Remark 2.4 In most literature, the equivalence relation between (y, w) and (t, v)
is weaker than what is given above. Explicitly, (y, w) is equivalent to (z, v) if and
only if y(z) = t(¢) and [w # (—v)] € ker([w]) N ker(cy) where c¢; is the first Chern
class of (M, w). Since later in this paper the perturbations of symplectic structures
are considered, we need an equivalence relation that is independent of symplectic
structures.

The Floer boundary operator d7 g ,: CF«(M,J, H,w) — CFx_1(M,J, H,w) is
defined by counting solutions (modulo R —translation) of the partial differential equation

™) 9 TutaCs, 0) (94~ X (1, us,0) =0,

where {J;}o</<1 is a family of almost complex structures that are compatible with @
and u(s,7): RxR/Z — X is such that

. du |2 .
e u has finite energy E(u) = foR/Z S| dr ds:;
e u has asymptotic condition u(s,-) — y+(-) as s - +o00;
o pez(ly- w-]) — pez(ly+, w+]) =1 and [y4, wi] = [y4, w—#u].

The celebrated Gromov compactness theorem guarantees that 05 g 4, is well defined
over ASTo  Moreover, the Floer chain complex (CF«(M,J, H,w), 07 H,) defines
a homology HF.(M, J, H, w), called Floer homology, which only depends on the
manifold M itself, so is denoted as HF,(M). Explicitly, up to a degree shift, one
gets that HFx(M) ~ H,(M, K) ®x AT | where the right-hand side is called the
quantum homology of M and denoted as QH, (M, w). A standard way to prove
this isomorphism is via the PSS—map, denoted as PSS, . For its explicit construction,
see [18].

Finally, given two different pairs (J—, H-) and (J4+, Hy), consider ahomotopy (7, H)
where H = Hs = H(s,t,x): RxR/Z x M — R between H_(¢,x) and H;(z,x) in
the form of

H(s, t,x) = (1 —a(s))H-(t,x) + a(s)Hy(t, x),
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where a(s) is a cut-off function, ie a(s) = 0 for s € (—o0, 0], a(s) =1 for s € [1, 00)
and 0 <a'(s) <1 for s € (0,1); J = Js is a homotopy (compatible with @) between
J_ and J4 by a cut-off function, too. Then, similarly to the boundary operator 97 g 4,
the construction of continuation map & is by counting solutions u(s,?): RxR/Z — M
of a parametrized pseudoholomorphic equation

®) 9t Tt 0) (2~ X, (1 us.1)) = 0

such that

e u has finite energy E(u) = foR/Z ‘ %—’s‘ }2 dtds;
ey has asymptotic condition u(s,-) — y+(-) as s — £o0;
o pcz(ly— w-]) —pez(ly+ w+]) = 0 and [y, wy] = [y4, w—#ul.

There are two well-known facts [21]. One is that ® is a chain map by a gluing argument;
the other is that, for any other homotopy (', H’), the associated chain map @’ is
chain homotopic to ®. Here we give some details on the shift of symplectic actions.
Since the symplectic structures are the same, for brevity, denote the symplectic action
functional by Ag if the Hamiltonian function is H. The standard computation goes as
follows:

An, v+, wi]) = Ag_([y-. w-])

= [t (o) oo )5, ds

—00

oo 1
=—F(u)+ / / o (s)(Hy — H_)(t,u(s, 1)) dt ds
—00 J0
1
<—E()+ / max(Hy — HO)(,u(s. 1) di
0
1
< /0 mj&x(H_,_ — H_)d:.

To pass from the upper bound fol maxys (Hy — H-)dt to |Hy — H—| g, strictly
speaking we need to normalize H4 and H_ so that both have mean values zero over M
(and this can be done simply by a constant shift due to our assumption that M is closed).
This implies that fol minps (Hy — H-) dt < 0 and then fol maxps (Hy — H-)dt <
|Hy — H-|Hg .
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2.2 Some symplectic invariants

2.2.1 Spectral invariant The filtration {f ,, defined in (6) can be used to define a
measurement for elements in HF. (M), and the outcomes of this measurement are
called spectral invariants.

Definition 2.5 For any ¢ € QH, (M, w), define its spectral invariant with respect to
the Hamiltonian system (M, w, H) by

pla, H;w) :=inf{l g 4, (a) | € CF«(M, J, H, w) with [¢] = PSS« (a)}.

Recall that PSSy is the well-known isomorphism from QH, (M, w) and HF(M). It
is easy to see that spectral invariants are independent of the almost complex structures.
Also, they enjoy many useful properties. The following result will be used later, which
is Theorem 1.4 in [23]:

Theorem 2.6 Let (M, w, H) be a Hamiltonian system. Then, for any a € QH, (M, w),
there exists some o € CF«(M, J, H, w) such that [o] = PSS« (a) and p(a, H;w) =
LH (). In other words, define Spec(H,w) := {{g o) | € CF«(M, J, H, w)};
then p(a, H; w) € Spec(H, w).

2.2.2 Boundary depth Boundary depth is defined on the chain complex level.

Definition 2.7 For a Floer chain complex (CF«(M,J, H,w),07 H,w.{H, ), define
its boundary depth by
BH;w):=  sup  inf{lyu(y)—LlH o) |0/ Hey =X}
X €Im BJ,H,Q,
More generally, the same formula as above defines the boundary depth § for any
filtered complex (C, d¢c,{c).

By Remark 3.3 in [25], boundary depth is independent of the almost complex structures.
What needs to be emphasized is that though boundary depth is even well defined on
Ham(M, w) by Corollary 5.4 in [27], we still use the notation S(H; ). The main
reason is that the process that passes from a Hamiltonian function H to its correspond-
ing Hamiltonian diffeomorphism ¢ = ¢11{ € Ham(M, w) depends on the symplectic
structure w. Similarly to spectral invariants, boundary depth also enjoys many useful
properties. The following ones will be used later. They are [27, Theorem 7.4] and
[27, Proposition 3.8], respectively.
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Theorem 2.8 For any Floer chain complex (CF«(M, J, H,®), 07, H 0. {H o), there
exists y € CF« (M, J, H, ) such that B(H; w) =g (y)—LH »(0y). In other words,
B(H;w) € Spec®(H,w) :={s—t | s,t € Spec(H, w)}.

Theorem 2.9 Let (Cy,01,£1) and (C,,05,€,) be two filtered complexes. Denote
their boundary depths by B1 and B, , respectively. If these two filtered chain complexes
are § —quasiequivalent, then |81 — B2| <46.

2.2.3 (Partial) symplectic quasistate In general, any stable homogenous quasimor-
phism [4; 5] induces a quasistate, iec a functional {: C®°(M) — R satisfying the
following properties:

e If{F,G}=0,then {(H+aG)=¢((H)+al(G) forany a € R.

e If H<G,then {(H)<((K).

. =1
In particular, if we use spectral quasimorphism, which is constructed from spectral
invariants [4], we can get (partial) symplectic quasistates. More directly:

Definition 2.10 For any a € QH, (M, w), define a function {;(—; w): C*°(M) - R

by
pla, kH; w)

k

This function is called the (partial) symplectic quasistate associated to the class a.

ta(H;w) = lim
k—o00

Symplectic quasistates are powerful tools to study the rigidity of intersections of subsets
in a symplectic manifold. The closely related concepts are heavy subset and superheavy
subset.

Definition 2.11 For a given a € QH, (M, w), we call a closed subset X C M a—heavy
if {4(H;w) > infy H forall H € C°°(M) and a—superheavy it {,(H;®) <supy H
forall H € C®(M).

To end this section, we emphasize that the quasiequivalence conclusion for Floer chain
complexes in Example 2.3 readily implies that all three symplectic invariants introduced
above satisfy 1-Lipschitz continuity under the perturbations of Hamiltonian functions.
Here we summarize them into the following theorem, and they are from Theorem 1(5)
in [14], Theorem 1.4(iii) in [27] and Theorem 3.2 in [3], respectively.
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Theorem 2.12 We have the following continuity results, where ||—| g is the Hofer
norm (see Example 2.3):

(a) Givenany a € QH,(M,w), forany H,G € C®°(R/Z x M), we have
lp(a. H:w) — pla. G:w)| < |[H -G | 5.
(b) Forany H,G € C®°(R/Z x M), we have
|B(H;0) —B(G;0)| < |H-G|H.
(¢) Given any idempotent element a € QH, (M, w), forany H,G € C*° (M),
n;/i[n(H— G)<l(H;0)—(Giw) < m};x(H— G).

3 Reduced perturbation

Given a Hamiltonian system (M, w, H), denote by Per(w, H) the collection of all
nonconstant geometrically distinct Hamiltonian 1—periodic orbits, where x(¢) denotes
a generic element in Per(w, H). Since H is nondegenerate and M is assumed to be
closed, Per(w, H) contains only finitely many elements. Consider the following subset
of leosed(M) :

) Qum={ac Q20ea(M) | « vanishes in a neighborhood of
each x(¢) € Per(w, H)}.
This leads to the following definition:

Definition 3.1 Given a Hamiltonian system (M, w, H), we call a perturbation o’ a
reduced perturbation of  if @' = w + « for some o € Q,, .

In this section, we will explain how any perturbation of a given symplectic structure w
can be reduced to a reduced perturbation as defined in Definition 3.1. Explicitly, we
have the following result:

Proposition 3.2 Let (M,w, H) be a Hamiltonian system. If o’ is a perturbation
of w, then there exists a diffeomorphism ¢ € Diff(M') such that ¢*o' —w € Qg g
and d co(¢,1pr) < C|w’ —w| for some constant C that does not depend on '

Here let us elaborate on the measurement |—| on the closed 2—forms in Proposition 3.2.
It is well known that for any k& € Z, we can associate the k—norm on the space of
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closed differential n—forms Q7 (M) for any n € Z. Explicitly, fixing a local chart
{(Ui, pi) Y7, of M, any o € Q"(M) can be locally expressed as

i=1
(67 ) *(@ly,) = > fiusa dxg Adxy,
(s,0)e{l,...,2n}x{1,...,2n}

where {x|,...,X2,} is the coordinate of R?" and f;s,: ¢i(U;) — R. Then define
the k—norm

|k ;= max max max || f; 1

el i€{l,..om} (s,)€{1,..2n}x{1,....2n} [=k | fistlle
where ||—||¢: is the standard C ! _norm defined over the function space. In particular,
(R0 ea(M), || - llx) is a normed vector space. Moreover, there exists a sequence of

positive real numbers € = (ex)x>o such that, under the é—norm defined by ||«||z :=
Y ko €kllallx, the space Q7 (M) ={a € QF (M) |]la|l; < oo} is a complete
normed vector space under ||—||z. For brevity, we denote ||—||z as |—|. In a similar
way, we can define a seminorm on Hi, (M ;R) as follows: given any a € Hi, (M ; R),

define |a|p = inf{|a| | [¢] = a}.

Remark 3.3 Due to the €é-norm, our proposed space Q2 g defined in (9) should be
modified to be Q, g N leosed(M )z. For brevity, we still use the notation 2, g as
well as the corresponding definition of the reduced perturbations in Definition 3.1.

Before giving the proof of Proposition 3.2, we want to explain how we use it. In order
to compare the symplectic invariants under different symplectic structures, we need to
compare their associated Floer chain complexes, that is, (CF«(M, J, H,®), 07, H,»)
and (CF«(M,J, H, '), 07 i), Wwhere @’ is a perturbation of w. We can simplify
this procedure by taking the ¢ concluded from Proposition 3.2 and inserting two
intermediate steps,

(1)

CF«(M,J, H,0) ————— CF(M, J, H,')
| |
@) 1(2)
| |
CRu(M, J. H.¢0) = - = CFu(M.$" ] ¢" H.¢*o)

where (1) is the desired comparison. Observe that (2) will not change spectral invariants,
boundary depth and (partial) symplectic quasistates. Moreover, (3) only results in a
small difference due to the second conclusion of Proposition 3.2 and 1-Lipschitz
continuities from Theorem 2.12. In other words, the original comparison (1) can be
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replaced by (4) if we forgive the small defect from (3). Hence, by the first conclusion
of Proposition 3.2, we only need to consider the reduced perturbations. Moreover, if
@’ is any reduced perturbation of w, the following proposition says that the generators
of CF«(M, J, H,w) and CF«(M, J, H,w') are the same, and also their degrees are
the same. However, their boundary operators are different in general.

Proposition 3.4 Let (M, w, H) be a Hamiltonian system. Then, for any reduced per-
turbation ' of w, Per(w, H) = Per(w’, H). Moreover, jicz,q(x (1)) = ez, (x(2))
for each contractible Hamiltonian 1—periodic orbit x(t) € Per(w, H).

Proof By definition, since o’ coincides with w on | J; U;, where U; is a neighbor-
hood of x;(t) € Per(w, H), Per(w’, H) has at least as many Hamiltonian 1-periodic
orbits as Per(w, H) has. Next, we claim that there are no other orbits in Per(w’, H)
outside | J; U;. Without loss of generality, we assume Per(w, H) consists of only
one element x (¢) with a neighborhood U. We will prove our claim by contrapositive.
Suppose there exists a sequence of symplectic structures {w,,} approaching to @
and, for each w;/,, there exists some z,(f) such that z,(¢) € Per(w/,, H) and
zp(t) € M \ U. Since M is compact, by the Arzela—Ascoli theorem, passing to a
subsequence, z,(f) converges to some zo(¢) in M \ U. Because XI(;'/ " converges
to Xy uniformly on M, it is easy to check zo(¢) is indeed a Hamiltonian 1-periodic
orbit under w. Thus we get a contradiction.

For the second conclusion, fix a disk w spanning x(¢); then one gets a trivialization
U: w*TM — D?xR?" . Restricting to the neighborhood of 3D?, one gets a symplectic
path yg(7) by the relation (¥ o d‘»bftl,w o U™ (¢,0) = (¢, yu(t)V). Meanwhile, the
defining property of a reduced perturbation implies flow qﬁltqy WU = (;5}1’ o |U- Since
Conley—Zehnder indices are computed from the same symplectic path, they have the
same indices, as desired. i

Now, let us give the proof of Proposition 3.2.

Proof of Proposition 3.2 For each orbit x;(¢) € Per(w, H), take a neighborhood U;
of x;(¢) such that U; deformation retracts to x;(z). This can be done by taking a union
of sufficiently small Darboux neighborhoods of the points on x;(¢). Moreover, if it
is necessary we shrink U; so that U; N U; = & whenever i # j. Consider the long
exact sequence

(10) - — HdzR(M,UUi;R) L5 H%Z(M:R) — HdZR(U Ui;R) N
i i
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where ©: Q2 (M, ; Ui) > Q2 .4(M) is the inclusion. By our choice of the neigh-
borhood U;, | J; U; deformation retracts to | |; x;(), so by a dimension consideration,
HZ (U; UisR) = 0. Now, let

m
HdzR(M;R) = @I&q for some ¢; € HdzR(M;R).
j=1
Then HdzR (U, U;; R) = 0 implies that for each basis element ¢;, there exists some

i € Q2 .q(M.U; Ui) such that ¢j = t4[o;]. By definition, oj vanishes in every U; .

closed
Meanwhlle, for w and its perturbation «’,

m
—[w] = thcj tht*[aj] for some (f1,...,t4,) € R™.

Therefore, [0 —wo] = [Z it j)] Moreover, by the definition of seminorm |—|,
on Hj,(M:R), for any § > 0, there exists an exact 2—form d6 such that

o= Z tjv(aj) +do
j=1

and |o| < |[o]lp + 6 = |[@ — ]|y + 6 < |0’ —w| + . We can choose § such that
o' —w|+ 8 < C;|o' — w| for any preferred constant C; > 1; then

(11) lo| < Ci o —w|.

Moreover, by (10) again we know df = ((dy) for some y € Q2 (M Ui U,-). Therefore,
the o chosen above vanishes near every Hamiltonian 1—periodic orbit, ie a € 24 g .

Next, consider the homotopy /; = (1 —1)(w + ) + tw’, where ¢ € [0, 1]. Note that

[%] :[a),_a)—(X]:[a)’_a)]—[a]:[a]_[a]:

Therefore, /i; represents the same cohomology class for each ¢ € [0, 1]; then, by Moser’s
trick, there exists some ¢ € Diff(A) such that

¥ =w +a.
More explicitly, ¢ is the time-one map of the flow ¢; of vector field X; defined as
hi(X¢,—)=—1 and dt=0"—(0+ ).
By the triangle inequality, we know

ldt| < |0 —o|+|a| < (1 +C)) | —o|.
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Therefore, using the dual norm of é-norm on the space of vector fields, we get
| X¢] < Cy|w’ —w| over M for some constant C,. This implies
dco(¢, 1) = sup dist(¢(x), x) = C3 |0 — o
xXEM
for some constant C3. Here C, and Cj involve the integration of forms and smooth
vector fields along the manifold M. Because M is assumed to be closed, both constants
are finite and only depend on M. Thus we get the conclusion by setting C = C3. O

4 Energy estimations

Similarly to the analysis from the perturbations of Hamiltonian functions (see Section
2.1), the comparison between two Floer chain complexes with different symplectic
structures starts from a homotopy between two symplectic structures. Explicitly, fix
a symplectic structure wg and consider a reduced perturbation w; = wg + «. Take a
smooth cut-off function « (s) such that k(s) =0 for s € (—o0, 0], k(s) =1 for s €[1, 00)
and «’(s) > 0 for s € (0, 1). Define an interpolating homotopy s — wg between wy
and w; by

(12) ws = (1 —«k(5)wy + k(s)wy.

Note that w; is also a reduced perturbation of wg for each s € R. Now take a family
of pairs (Js,ws) where, for each s € R, Jg is an wg—compatible almost complex
structure. They induce a family of Riemannian metrics gs(v, w) := w(v, Jyw). Then
we can give the following definition:

Definition 4.1 Given a Hamiltonian system (M, wg, H) and areduced perturbation wy,
denote s — w; as an interpolating homotopy between wy and w;. A parametrized
Floer operator F* is defined as

s_ 0 0 vy
(13) P =gyt (g = Xi)

where X;"f = Jsgrad, H and grad, H is the gradient of H with respect to the
induced metric g;. Moreover, we call a map u(s,?): R x S' — M an F*—trajectory
if u satisfies 7*(u) = 0.

For each F*—trajectory u, one defines its energy by

eo= [ 15
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Definition 4.2 We call an F* —trajectory admissible if it satisfies the following condi-
tions:

(a) The energy of u is finite, that is, E(u) < oo.

(b) u(s,?) satisfies the following asymptotic condition, where y_(¢) and y(¢) are
contractible Hamiltonian 1—periodic orbits:

lim wu(s,z) =y—(t) and lim u(s,?) = y4+(t).
§—>—00 §—>00
©) [y+w+]=[y+,w—#u], where the equivalent class is defined by the relation
[x,v]=[y,w] <= x(@)=y() and [v#(—w)]=0¢€ Hy(M;R).
Note that the symplectic action functional defined in (5) depends on symplectic struc-

tures. Along this interpolating homotopy s + wy, the corresponding symplectic action
functional at wy is

1
(14) At trow) == [ ot [ HG@.0

Since the Hamiltonian function H remains the same in our perturbation discussion,
for brevity, we simply denote Ag 4, by Ay, . Our first main result in this section is
the following energy estimation. Recall the notation o = w1 — wy.

Proposition 4.3 Suppose that u: R x S — M is an admissible F* —trajectory from
[y—, w—] to [y+,w+]. Then we have the energy estimation between the symplectic
action functionals

1+ ClaDEG@ = [ ()0 = Aoy (7 124]) = Ay [ 0-)
= ~(1=ClaDEw — [ @)

for some positive constant C which is independent of u.
Here let us state a “local” version of Proposition 4.3. Given an interpolating homotopy
between wq and wq, for any s < ¢ in [0, 1] the following proposition gives an energy

estimation with respect to wy and w; along this interpolating homotopy between wq
and w; :

Proposition 4.4 Suppose that u: R x S' — M is an admissible F* —trajectory from
[y—, w_] to [y+,w+]. Then we have the energy estimation between the symplectic
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action functionals

0 Corla E@+6=0) [ ()0 = oy (e 4D = Ao, (0]

= ~(1=CurloDE@+6=0) [ (wo)'a

for constant Cy; = (t —s) - C, where C is the constant from Proposition 4.3.

The proof of Proposition 4.4 is exactly the same as the proof of Proposition 4.3. For
simplicity, we only give the proof of Proposition 4.3.

Proof of Proposition 4.3 First of all,

Ao (404D = Aa (0D = [ 4 A, (s ) w— (00,51 SH]) ds

For any s € R, denote wy = w_ #u((—o0, s] x S') and topologically it is a disk D?
spanning the loop {u(s,?)},cg1. By the definition of ws and the symplectic action
functional A, ,

Auw, ([u(s, ), w—#u((—o0,s]x S1)])

|
=—/ w;’“a)s+/ H(u(s,1),t)dt
D2 0

1
= _/ w} (wo + k(s)a) +/ H(u(s,t),t)dt
D2 0

1
=—/ w;’“a)o—/c(s)/ w:a—F/ H(u(s,t),1)dt.
D2 D2 0

It is easy to check that for any closed 2—form w,

A oo [ o2 du
(15 ds Dzwsa’_/o “’(as’at)d"

In particular, for closed 2—forms wg and «, one gets

([ oo =) [ uta)
T P
=—K'(S)fD2 w;’“a—/olws(g—?,%—?) dt.
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On the other hand,

d (' 'd

—/ H(u(s,t),1) dtz[ —H(u(s,t),l) dt

ds Jo

1
o du _ ws 8u)
_fo dH (St ) di = /0 o5 (X5 52 ) dr.
Moreover, since u satisfies F* (1) = 0, we know that the vector field X;‘f is X;‘)f =
Js(u) grad, H = Js(u)(—— — Js(u) ) %—’t‘ — Js(u)%—'s‘. Therefore,

[ o G =[G f)a
= [}y 3

Combining these computations, one gets the equality

dt.

16 Aoy 0D Aol 0D =—E@ = [~ € [ utads

For the second term in (16), from an integration by parts,

/_Z/c’(s)/l)zw;'sowls=/_:%(K(s)/[)2 w;‘oc)ds—/_:ic(s)(%/l)z w:a)ds
= Dz(w_#u)*oz—/_oo K(s)(i/D w;‘a) ds
/ (w_) a—i—/ /(1 ~k(s)er a” 3“)dzd

Notice that the last term satisfies the inequality

f /‘ a” a” dtd </ (1—K(S))Ot<au a”)dtds
/ f’ 8u 814 dtd

Now, we claim that there exist some constant C’ and N, independent of the trajectory u,
such that

(17) [ /‘ a” a” dzd <la|-C’- jﬁ+|a| E(u).
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In fact, using the relation X;’f + J (u)g—'s‘ = %—’t‘, what we want to estimate can be

rewritten as

/_:/01‘“(3—”’/"?+Js(u)a—”))dzds
/ /‘ (5 %) d’d”/ /\ T | ar ds.

The second term is bounded from above by |«¢|- E(u). For the first term, by the

asymptotic property of u and the definition of & (which vanishes near orbits y_(¢)
and y4 (7)), we know that there exists some s, € R, depending on u, such that o« =0
when s € (—o0, —s,] U [sy, +00). So

(18) /_Z/OI’“(?) ‘*’S dtds—/_S/‘

Meanwhile, by Lemma 5.2 in [29], there exists some constant positive N, independent

of u, such that for any sy € [—sy, 5i] (enlarge s, if necessary),

1 2
2 _ ou >
|asu(sat)|L2|s=s* _/(; 05 ls=s. dzN.
In other words, if we set
T ={sx €R:|Ogu(s.0)|7,],_ _,, =N}

then [—s,, s4] C Z. So, for (18), we can improve it to be integrated over R/Z x Z. It
will not change the value of the integral by the vanishing property of «. Therefore, we

/;:/()l‘a<g—Z,X;’f) dtds=/I/01’a(g—?,Xss)
§|04|-C’/‘/1 —
zJo

where C’ is an upper bound of the uniform norm of the vector field X ;"IS for any

have

dtds

dt ds,

s €10, 1] on the closed manifold M. On the other hand, due to the energy constraint,
the (Lebesgue) measure of Z satisfies (Z) < E(u)/N. Applying the Cauchy—Schwarz

(L ) <L ) ([ )= 2

Together, we get the desired conclusion by setting C := C’/~/N + 1. O
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For later use, we need an energy estimation of another type:

Definition 4.5 Fix a finite number R € R. Choose a “symmetric” cut-off function
as follows. Let k(s) = 0 for s € (—oo,—(R + 1)J]U[R + 1,00) and «(s) = 1
for s € [-R, R]. Moreover, «'(s) > 0 for s € (—(R + 1),—R) and «’'(s) < 0 for
s € (R, R+ 1). Using this «x(s), we can define a symmetric homotopy s — wg as
in (12) from wy to itself which passes through w;. Accordingly, we can define a

Floer operator g, and an JF¢  ~trajectory as in Definition 4.1, and an admissible

F$ . —trajectory as in Definition 4.2.

sym
Then we have the following energy estimation:

Proposition 4.6 Suppose that u: R x S' — M is an admissible F?, —trajectory from

sym
[y—, w—] to [y+,w4]. Then we have the energy estimation, between the symplectic

action functionals,
—(1+ Cla)) E(u) = Apy([Y+, w]) — Awy ([y-, w-]) = —(1 = Cla|) E(u),

where the constant C is the one from Proposition 4.3.

Proof Denote wy = w— #u((—o0, s] x S'). Similarly to (16), one gets

Awo (V4> w+]) — Awy ([y-, w-]) =—E(u)—/_ K'(s) /1)2 wiads.

Then, integrating by parts, one gets
/ * _ “w % _ “w *
[—ooK(S)/DZwSadS_/—oo dS(K(S)/;)z wsa) ds /—ooK(S)(dS /1)2 wsa)ds
o d
:—/ /c(s)(—/ w;‘a) ds
- D2
/ / () (a” 3“)dzd

The last equality comes from (15). Moreover,

e} 1
du Jdu
—C|oc|E(u)§/_oo/0 K(S)Ol(g,g) dt ds < Ca|E(u)

by claim (17). Therefore, we get the conclusion. O
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Observe that there is no term || p2 WXa in the estimation from Proposition 4.6 exactly
because the cut-off function k(s) for F5,,, is symmetric. When working on a general
symplectic manifold, the value of | p2 WXa depends on the disk w— spanning y_,
so the action on w—_ from m,(M) can possibly change this value. In other words,
the estimation from Proposition 4.3 does not provide a uniform bound, which causes
an algebraic difficulty involving the Novikov finiteness condition. On a different
topic, when using the energy estimation from Proposition 4.3 or Proposition 4.6, we
always assume || is sufficiently small (which is equivalent to an assumption that the
perturbation w; is sufficiently close to wy), so that C || < 1.

5 Proof of Theorem 1.1

The main part of the proof of Theorem 1.1 is from the following quantitative comparison.
Recall that the definition of a §—quasiequivalence is given by Definition 2.2.

Lemma 5.1 Let (M,w, H) be a Hamiltonian system where M is aspherical, and
@’ is a perturbation of w. Then there exists an S(«)—quasiequivalence between
filtered complexes (CF« (M, J, H,®), 0y, {s) and (CF(M,J, H, '), 0y, L) for
some constant S(«) that depends on «.

Since M is aspherical, the Novikov field AT equals K. Therefore, both Floer chain
complexes (CF«(M, J, H,w),0y) and (CF«(M, J, H,w'),d,) are finite-dimensional
over K.

Proof Fix a basis of CF«(M, J, H,w) over K, say {[x{,w1],...,[Xn, wy]}. They
are also a basis for CF«(M, J, H, ") by Proposition 3.4. We need to find a quadruple
(@, ¥, K, K’) that satisfies the conditions in Definition 2.2.

First, fix any interpolating homotopy between @ and ' as in (12). Recall that the
Floer operator F* and the admissible F*—trajectories are defined in Definitions 4.1
and 4.2. Consider a map ®: CF«(M, J, H,w) — CF«(M, J, H, »’) defined by

19 Oy, wi)) = > n([xi, wil, [xj, wiDlx;, wyl,

je{l,...,n}
wez([xi,wiD=mcz([x;,w;])

where the number n([x;, w;], [x;, w;]) is defined by counting admissible F* —trajectories
connecting [x;, w;] and [x;, w;]. Due to the index condition, n([x;, w;], [x;, w;]) is a
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finite number. Moreover, since there are only finitely many Hamiltonian 1—periodic
orbits, the sum in the expression (19) is a finite sum. Finally, by the standard Floer
gluing argument (see Sections 3.3 and 3.4 in [21]), ® is a chain map. Similarly, we
can define W: CF« (M, J, H,') — CF«(M, J, H, w) and it is also a chain map.

Now let us study the change of filtrations. By Proposition 4.3, any admissible F*—
trajectory u connecting [x;, w;] and [x;, w;] gives rise to an inequality

Q0 Aol )~ Aorivwid <=1~ ClapE@ - [ wiae<-[ ua

2

since we always assume o’ is sufficiently close to w (so 1 — C|a| > 0). By the
definition of filtration function (6), for any chain ¢ € CF« (M, J, H, ) there exists some
Jo €{1,...,n} depending on o such that £, (®(c)) = Ay ([xj,, wj,]). Meanwhile,
there exists some ig € {1,...,n} such that [x;,, w;,] from the chain ¢ connects to
[Xjo. wj,] by an admissible F* —trajectory u. Therefore,

@ Aol ) = Ao ) = = [ i
Since £y (¢) = Ao ([Xig, wiy]), we have Ly (P(c)) — Lo (c) < —[p2 w;;oz. Denote

*

and it is nonnegative. Then £,/ (P(¢)) < €y (c) + S(a) for any ¢ € CF«(M, J, H, w).
A similar argument for W results in the same constant S(«) and a similar filtration

S(a) = max
1

’

inequality.

Next, we construct a homotopy between 1, and W o &, where 1,, is the identity map
on the complex (CF«(M, J, H, ), d4). So far, we have two different homotopies of
symplectic structure w: one is the constant homotopy of w that corresponds to 1, and
the other is a symmetric homotopy of w which passes through «’. This homotopy is
induced by the composition W o ®. Let us denote this symmetric homotopy as s > w;.
Take a homotopy {ws 3 }ae[o,1] between these two homotopies s — ws and @ such
that wg 0 = @ and w1 = ws. Moreover, we require wy 3 to be a symmetric homotopy
for each A € [0, 1]. Recall that the operator ]—';”y’él and the admissible ]-'gg;él—trajectory
with respect to w; ) are defined in Definition 4.5. Define K: CF«(M,J, H, w) —
CFyt1 (M, J, H,w) as

22)  K(xi,wi])) = > n(fxi, wil, by, wiDley, wy,

je{l,...,n}
ez ([xi,wiD+1=pcz([x; ,w;])
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where the number n([x;, w;], [x;, w;]) is defined by counting pairs (#, A) where u is an
admissible fssy’r};,—trajectory connecting [x;, w;] and [x;, w;]. Again n([x;, w;], [x;, w;])
is finite and (22) is a finite sum. Moreover, by a standard argument considering the
corresponding moduli space, one can show that K provides a homotopy between 1,
and W o ®@. Similarly, we obtain a homotopy K’ between 1, and ® o ¥, where 1,/
is the identity map on the complex (CF« (M, J, H,®'), 0y).

Again, let us study the changes of filtrations. For any chain ¢ € CF«(M, J, H, »),
suppose £, (K(c)) = Aw([xgy, Wq,]) for some go € {1,...,n}. There exists some
[Xpo» Wp,] from the chain ¢ connected to [x,,, wg,] by an admissible F**—trajectory
for some A €[0, 1]. By Proposition 4.6, A, ([Xg,, Wge]) < Aw([Xpy. Wp,]). This implies

Lo(K(c)) —Lw(c) = Aw([xgy, Wgo)) — Aw([Xpy, wpy]) = 0.

Since S(a) >0, in particular £, (K(c)) <€y (c)+2S(x) forany ¢ e CF«(M, J, H, w).
A similar inequality holds for the other homotopy K’. Thus we get the conclusion. O

Remark 5.2 Under the hypothesis of Lemma 5.1, the same argument can prove
the following more general result if one uses Proposition 4.4: for any s < ¢ in
[0, 1], there exists some constant Sy (o) such that (CF«(M, J, H, ws), 0p,, Lw,)
and (CF«(M, J, H,®;),00,,Lw,) are S (o)—quasiequivalent. Moreover, Sy ;(o) <
|s —t]|- C|a| for some constant C.

Proof of Theorem 1.1 From Proposition 3.2, if o’ is a perturbation of w, then
there exists a ¢ € Diff(M) such that ¢*w’ is a reduced perturbation of w. As
elaborated in Section 3, if we replace @’ with ¢*w in our discussion, then changes from
the perturbation of Hamiltonian functions (from H to ¢* H) need to be considered.
Theorem 2.12 implies that the resulting changes on both spectral invariants and boundary
depth are no greater than |¢p* H—H |g . Since M is compact, |¢* H—H|g <C'|o'—w|
for some constant C’ that involves a C%—norm of H. In what follows, we will focus
on the case when ' is a reduced perturbation of w.

The desired conclusion for boundary depth directly comes from Lemma 5.1 and
Theorem 2.9. For spectral invariants, by the same idea as the proof of Theorem 3.1(iii)
in [18], we have the commutative diagram

Hy (M K) ,
PSS? PSSy

HF.(M, J, H, ») 5 HF.(M, J, H,')
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where @, is the chain map constructed from Lemma 5.1. By Theorem 2.6, there exists
some element ¢ € CF.(M, J, H, w) such that p(a, H; w) = £4(c) and [¢] =PSSY (a).
Then
[®(c)] = Px([c]) = D« (PSSY (@) = PSSY (a).
Therefore,
pla, H; o) — p(a, H; ®) < Ly (P(c)) — Ly (c) < S(0 —w).
Switch the role of @ and ®’; then we get the other inequality. Therefore,

lp(a, H; w) — pla, H;0")| < S(0 —w).

Finally, it is easy to see that there exists a constant C such that S(o'—w) < C |0’ —w)|.
Thus we get the conclusion. a

To end this section, we will give the proof of Corollary 1.2.

Proof of Corollary 1.2 Similarly to the argument in the proof of Theorem 1.1, we
will only focus on the case when ’ is a reduced perturbation of w. By the hypothesis
on the dimension of H?(M ; K), there exists a number A (sufficiently) close to 1 such
that ['] = A[w]. A key observation is that if we rescale AH and Aw, then

BOH; lw) = Ap(H;w) and p((M],AH; o) = Ap((M], H; w).
Hence, by Theorems 2.12(b) and 1.1,
B(H; ) — B(H: o)
<|B(H;w)— B H; ho)| + |BAH; Aw) — B(H; ho)| + |B(H; Aw) — B(H; o)
<[1=AB(H:;w)+ |1 =AM[Hllg + Cho — |
< =AB(H;0) + |1 =AM Hllg + C(1 = Al |o] + |0 —o'])
=1-Al-A+Clow—0o|,

where 4 := B(H;w) + ||H|lg + C|w| and C is the constant from Theorem 1.1.
Moreover, [w — '] = (1 — A)[w] implies

(23) [1=A[@]lr = llw -0k < o —o|.
Therefore, |1 —A| < (1/|[@]|p) | —@’]. So

A
N—=Al A+ Clo—0o'| < (—+C)~|a)—a)/.
@]l

Therefore, set C, = A/|[w]|;, + C and we get the conclusion.
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Similarly, for spectral invariants, by Theorems 2.12(a) and 1.1,

lp(M], H; w) — p((M], H; ")
= [p((M], H; 0) — p((M]. AH; Aw)| + |p(IM ], AH; hw) — p((M ], H; L)
+p(M], H; ho) — p(M], H; o)
<1 =Alp(M], H;0) + [1 =AM H| g + C |ho — o]
<|1=A]-B+Clo—o'|,
where B := p((M], H;w)+ |H||g + C |w| and C is the constant from Theorem 1.1.

The same estimation as in (23) implies the desired conclusion when we set C 1 =
B/|[w]|n + C. a

Remark 5.3 From the perspective of persistent homology theory in [28], we can
associate barcodes, denoted by B, and By, to both Cy, := (CF«(M, J, H,®), 0, {w)
and Cop := (CF«(M, J, H,®"), 04, L), respectively. Lemma 5.1 implies that their
quasiequivalence distance [28, Definition 8.1] satisfies

dQ(Ca), Ca)/) E %S(w _a)/).

Recall that dg denotes the bottleneck distance [28, Definition 8.14]. Then the stability
theorem in [28] implies the inequality

dp(Bw.Buw) <2dp(Cew.Cor) < S(w—0") <Clo—0o'|.

This can be regarded as a generalization of Theorem 1.1.

6 Proofs of Theorems 1.4 and 1.7

Proof of Theorem 1.4 Let U C X be a disjoint union of simply connected open
subsets and H € C®(R/Z x U). Pick an open ball V C £\ U and fix a closed
2—form « positively supported in V' and that vanishes elsewhere. By our choice of H,
o € Q4 g Fix A > 1. Consider the isotopy of the reduced perturbations,

ws =+ s(Aa),

where s € [0, 1]. Take A sufficient large such that, on (X, w;), U can be viewed as a
disjoint union of topological balls with total area sufficiently smaller than the total area
of ¥. Then it is displaceable. By an energy—capacity inequality, say [24, Corollary 3.3],

(24) pla, H o) < e (U) < +o0,
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where e®1 (U') denotes the displacement energy of U under the symplectic structure w; .
Moreover, since wg coincides with w inside U and H vanishes outside U,

pla, H; ws) € Spec(H,w), where s €[0, 1],

for any a € Hy (X, K). Note that in our situation Spec(H, wg) is just a finite set of R.
Then Theorem 1.1 implies that {p(a, H; ws)}o<s<1 is a continuous path over a finite
set. So p(a, H; wy) is constant for all s € [0, 1] and then p(a, H; ®w) < e®'(U). We
get the desired conclusion by setting K = ¢®!(U) in Definition 1.3. a

Remark 6.1 (i) Corollary 3.3 in [24] only claims an energy—capacity inequality (24)
for a = [X]. However, since [X] is a unit under the quantum product = (here it is just
intersection of homology classes), the triangle equality of spectral invariants says

pla. H:o1) = pa*[Z].0+ H: 1) < p(a,0:01) + p((Z], H: 01) < ' (U).

(i) Theorem 1.1 only applies locally, so in order to claim that {p(a, H; ws)}o<s<1
is a continuous path, we need to apply Theorem 1.1 inductively. To this end, we can
choose a uniform size of the neighborhoods of symplectic structures such that the
energy estimation, Proposition 4.3, applies. Then our claim directly follows from the
compactness of the interval [0, 1].

(ili) For ¥ = S2, the argument in the proof of Theorem 1.4 does not apply. Indeed,
s — p([M], H, ws) does not provide a function from [0, 1] to Spec(H, w) since the
corresponding fundamental classes actually lie in different quantum homologies when
ws changes.

Before giving the proof of Corollary 1.5, we need to recall equivalent definitions of a
heavy subset and a superheavy subset. This is stated as Proposition 4.1 in [6].

Definition 6.2 Given a closed subset X C M and a € QH, (M, w), if {,(H;w) =0
forany H € C°°(M) such that H <0 and H|y =0, then X is called a—heavy; if
ta(H;w) =0 forany H € C*°(M) such that H >0 and H|y =0, then X is called
a—superheavy.

Proof of Corollary 1.5 For (a), this is immediate from Definition 6.2. In fact, for
any H > 0 with H|y = 0, it is supported in Xg \ X, which is a disjoint union of
simply connected regions. By Theorem 1.4, p(a, H, w) < K for some finite K > 0, so
pla,kH,w) < K for any k € N. By the definition of (partial) symplectic quasistates
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in Definition 2.10, we know {,(H;®) = 0. Therefore, X is a—superheavy. For (b),
let U be the simply connected region that X lie in. By Theorem 1.4 and the argument
above, for any H supported in U, ¢,(H;w) = 0. Meanwhile, we can always choose
H such that H(x) > 6 > 0 for every x € X. Then Definition 2.11 says that X is not
a—heavy. a

Finally, we will study the continuity of some symplectic capacities. Let 4 C M. Recall
the definitions of ¢jj,(A4) and c¢g (A4):
Definition 6.3 The Hofer-Zehnder capacity cf7,(A) is defined as

cfiz(A) = sup{max H | H € H(A) is HZ-admissible}.

Here #(A) contains all the autonomous functions on M with compact supportin 4 and
H~1(0) and H~'(max(H)) contain nonempty open sets. Moreover, HZ—-admissible
means that the Hamiltonian flow of A under w contains no nonconstant periodic orbit
of period at most 1. Roughly speaking, it excludes those “fast” Hamiltonian orbits.

Definition 6.4 The spectral capacity ¢ (A4) is defined as

¢y (A) = sup{p(M]. H;w) | H € C°(R/Z x A)}.
Now, let us give the proof of Theorem 1.7.

Proof of Theorem 1.7 Fix € > 0. By definition, there exists some H € C°(R/Zx A)
such that ¢g(4) < p((M], H; w) + %e. Under our hypothesis, Theorem 1.1 and
Corollary 1.2 state that, near w, the function @’ — p([M], H; ®") is continuous when
M satisfies the topological hypothesis in our assumption. In particular, it is lower
semicontinuous. Then, for this fixed e, there exists a neighborhood of @ in Q4 g (so
in leosed(M)), denoted by U, (¢€), such that p((M], H; ") — p(IM], H; w) > —%6
for any o’ € U, (€). Hence,

¢y (A) =g (4) = p(M], H: ') = p((M]. H: 0) - e = —€.
Therefore, by (2),
e (A4) = ¢ (4) = ¢?(A) — € > ¢y (A) —e.

Thus we get the conclusion. a
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Remark 6.5 We can also use another capacity cl‘g" (A) from [27]. It is defined as
cg’(A) =sup{f(H;w) | H e CX(R/Z x A)}.

Corollary 5.12 in [27] says that ¢®(A) > %cg’ (A). By the lower semicontinuity of
boundary depth from Theorem 1.1 and Corollary 1.2, we can prove that e’ (A4) is
bounded from below by %cl‘é’ (A) —€ for any o’ € Uy(€).

7 Variant Floer chain complexes

7.1 Novikov ring with multifiniteness condition

In this subsection, we will study the Novikov ring with multifiniteness condition defined
in Definition 1.8. As explained in the introduction, this is the starting point of comparing
Floer chain complexes with different symplectic structures in a general setup. First of
all, let us recall the extended version of the Novikov ring considered in [23],

Ao=1 Y a41* ‘ 4y €K and (VC € R)(#ay £ 0 | [0](4) < C) < oo)},
AeH$ (M)

where H2S (M) is the image of m,(M) in Hy(M ; Z)/Tor under the Hurewicz map
t: my(M) — Hy(M;Z). By the exact sequence

(25) 0 — kerfw] > HS (M) 2L T, >0,

where I}, = Im[w], we can write any element x =), HS (M) 94 T4 e A, as

(26) X = Z agTé, where ag € Klker[w]].
gerl

In other words, A, can be rewritten as
27) Ay = { Z a,T® |ag € Klker[w]] and (VC e R)(#{ag #0| g <C} < oo)}.
gely

Note that, in general, K[ker[w]] is not necessarily a PID; therefore, by Theorem 4.2
in [9], Ay is not necessarily a PID. However, since K is Noetherian, Klker[w]] is
Noetherian. Compared with the very often used Novikov field AT defined in (1),
there is a natural homomorphism Ry: A, — AT defined by

(28) 3 apre R N a1,

gely g€l
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where [ag] € K is defined as follows: if ag =), ag S" where h € ket[w] and S is
the formal variable, then [ag] = )" a, 4. In other words, we uniformly weight any
h € ker[w] by the value zero. Then AT® can be regarded as a A,-module. The
following property of A, will be useful later:

Lemma 7.1 A, is an integral domain.

Proof First, because ker[w] is a subgroup of HZS (M) which is torsion-free and
abelian, ker[w] is also torsion-free and abelian. By [2, Proposition 1.3 and Lemma
0.1], K[ker[w]] is an integral domain. Take two nonzero elements A; and A, in A,
and write them as

A= Z ag,; T®7, where ag;; € Klker[w]] and i =1,2.
gij€lo

Since A; # 0, the finiteness condition implies that there exist smallest powers for both
i =1,2. Denote these smallest powers by g1;, for A; (for some j;) and g,;, for A,
(by some j,). Their corresponding coefficients in Klker[w]], ag, j, and ag,, ,arein
particular nonzero. Then ag,; -dg,;, # 0 implies Aq - Ay # 0. Therefore, Ay, is an
integral domain. |

Recall the construction in Section 1.2. There exist homology classes [w1], ..., [wm]
in H?(M; K) forming a polygon A(w) containing [w] inside such that any reduced
perturbation w’ (sufficiently close to @) has [w’] written as a convex linear combination
as (3). Set wy = w. Observe that any such convex linear combination can be inductively
constructed from the two-term case

[0'] = (1 —1)[wo] + t[w].

Here, we require [wg] and [w;] to be linearly independent over K in H?(M:;K).
Otherwise, it will be reduced to the rescaling case as studied in Corollary 1.2. This
automatically requires that dimyx H*(M;K) > 2. For simplicity, we will mainly
consider this two-term case in the rest of the paper. Moreover, note that o’ and
(1 — )wg + tw; are not necessarily the same. Instead, they differ by an exact 2—
form. By Moser’s trick, it is easy to deal with the perturbations from exact 2—forms.
Therefore, without loss of generality, we will also assume o’ = (1 —)wg + tw; for
some ¢ € [0, 1].
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Definition 7.2 Fix wq and its reduced perturbation w; such that [wg] and [w] are
linearly independent over K in H?(M ;K). We call the following Afo,1] a Novikov
ring with multifiniteness condition:

A[0,1]={ Z aATA‘aAEIC and
AeHy (M) (VC eR) (V1 €[0, 1)) (#{aq #0|[w:](A) SC}<oo)}.

By this definition, Ao 17 =) t€[0,1] Ao, . Two immediate properties of Ao, 1] follow:

(@) Afo,1] is nonempty because every finite-length power series, that is polynomial,
lies inside.

(b) Ajo,1] 1s also an integral domain because Ajg, 1] is a subring of A, for any
t €10, 1] and any subring of an integral domain is also an integral domain (see
Lemma 7.1).

In fact, instead of considering uncountably many w; for the finiteness condition in
Definition 7.2, the following result shows that A[o 1] has a much easier structure:

Lemma 7.3 Af0,1]1 = Awy N Aw, -

Proof The inclusion Apg 1] C Ay, N Ay, is trivial since the finiteness condition in
Definition 7.2 is in particular valid for t = 0 and # = 1. Now we prove the other
inclusion. Take any x € Ay, N Ay, , say x = ZAGHZS(M) asTA, that satisfies the
finiteness conditions for both wg and w ; then, for any C € R and for any ¢ € (0, 1),
[we](A) = (1 —1)[wo](A) + t{w1](A) < C implies that either (1 —¢)[wo](A) < %C or
tlw1](A4) < %C. Therefore,
C C
<_~ < =
The defining property of the element x implies that, in either case, there are only finitely
many A’s. Therefore, x also satisfies the finiteness condition in Definition 7.2. O

Example 7.4 Take x=) 72, T"4 where A €ker|w]\ker[wg]. This is an element in
A, butnotin Ao 17. In general, Ao 1y is strictly contained in A, forany 7 € [0, 1].
Moreover, the following computation shows that Ao, ;] does not act on Ay, \ A[o,1]-

Taking x as above,
o0

1-THx=(1- TA)( > T”A) =1¢€ A

n=0
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This is different from the observation in the proof of Theorem 2.5 in [23] that for any
proper subgroup G < T},, A9 acts on AF-Tw\G

Remark 7.5 Definition 7.2 can be easily generalized to higher-dimensional situations.
Assume that A(w) is a polygon in H?(M;K) that contains [w] and has vertices
[w1], ..., [®wm]. Define

AA(a))z{ Z aATA‘aAGICand
AcH; (M) (VC eR)(V[o']€ A(w))(#aqg #0|[0[(4) =<C} <oo)}.

In particular, A A(,) is an integral domain. Moreover, Axp) = Ap NAp, N+ NAgy,, .

Since we have inclusions io: Ao 1] —> Aw, and i1: Ag,1] = Aw,, both Ay, and Ay,
are A[o,;j—modules. Together with (28), we have the coefficient extensions

Ruy
Awy — NTeo

ot
Awo N Aw1 = A[O,l]

>) Aw . AK:’le
1 Rw
1

Accordingly, we have variant versions of quantum homologies

K.T
—_— ®Aw0 A @0
®A[0,1] A(U() QHO E— QHO

QHjo, 1]
\ ey ®Aw A)C,Fa)l
®A[0.1] Aw, QH; = QH;,

Here the notation is defined as follows:

* QHjp,1) = H«(M; K) &k Afo,1]-
« QH,; =QHjo 1 ®ap Aw, fori =0,1.
* QH; = QH; ®x,, AT fori=0.1.
To end this subsection, we consider a similar short exact sequence as (25) but with
multivaluation from wy and w;. Explicitly, consider the short exact sequence
[wo]x[w1]

0 — ker[wo] Nker[w;] — HZS (M) ——— Iy, x Iy, = 0.
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This allows us to identify any x = ZAGHZS(M) asTA e Afo,1] with

(29) x = Z a(go,gl)T(gO’gl), where a (g, ¢,) € K[ker[wo] Nker[w,]].
(80,81) €Ty xTw,;

In other words, each x € A[g, 1] can be identified with a set of points of R? in coordinates
g0, g1- Moreover, by the multifiniteness condition, this set is discrete in R2.

7.2 Floer chain complex with multifiniteness condition

Given a Hamiltonian system (M, w, H), set wg = w and its reduced perturbation w; .
Similarly to the construction of a Floer chain complex, in this subsection we will
construct a variant Floer chain complex over A[g ;). Define a graded finitely generated
free A[p,ij—module (CF[o 1})« as

n n
(30) (CFo, 1)) := @D Apo.1p{lxi- wil) >~ €D Ao,y
i=1 i=1
where 7 is the number of contractible Hamiltonian 1—periodic orbits x; € Per(wq, H)
with CZ-index equal to k& and wj; is a disk spanning x;. Note that (30) is well defined
due to Proposition 3.4. Moreover, Lemma 7.3 implies

31) (CFpo,1)k = (CFo)x N (CFy) = () (CFi
t€[0,1]

for each degree k € Z. Here CF, is a free A, —module for any ¢ € [0, 1].

In order to form a chain complex, we need to choose a boundary operator on (CFg 17)«.
For any s € [0, 1], let wg = (1 — s)wg + sw;, and simply denote by d; the standard
Floer boundary operator of (CF«(M, J, H, ws), 07, H ). The following proposition
shows that we have a family of boundary operators for (CFg,17)«.

Proposition 7.6 For any s € [0, 1], d5 is well defined on (CFo 11)« and satisfies
32 =0.

Proof Since d; is already a well-defined boundary operator for the Floer chain complex
(CF«(M, J, H, ws), d5), the algebraic relation 92 holds. In order to show that 9y is
well defined on (CF[g,17)«, we need to show that for any 7 € [0, 1], the output of d;
satisfies the finiteness condition in terms of w;. Suppose that for a basis element [x, w],

(32) Os(rowh= D D naTp]

[y,vlebasis 4e HY (M)
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By definition, there exists a Floer trajectory u with respect to the symplectic structure wy
connecting [x, w] and [y, v# A]. We claim that there exists some constant Cs/’t <1
such that

(33) Aw, (T, v]) — Aw, ([x, w]) < —(1—C] ) E(u).

In fact, first we have A, (T4, v)) —Ap, ([x,w]) = —E(u). Here E(u) is the energy
of Floer trajectory under symplectic structure wg. By the definition of the symplectic
action functional with respect to wy,

1
Agy ([ w]) = — /D wror /0 H(x(1). 1) di

1
:—/Dzw a)s+/0 H(x(t),z)dt+/D2w (ws — wy)
=Ams([x,w])+(s—l)[ w*a,
DZ

where o = w; — wg. Similarly,
Aoy (T4 1) = Aoy (T4 ) +6=0) [ i)'
Therefore, one gets

Aw,(TA[y,vD—Aw,([x,w])=—E(u)+(s—r)(/ (v A)*ar - [ w*a).
D2 D2

By our equivalence relation, sz(v #A)'a = sz(w #u)*a. Hence, by (17), there
exists a constant C such that

/ (v#A)*oz—/ w*a=/ (w#u)*oz—/ w*a=/ u o < Cla|E(u).
D2 D2 D2 D2 RxS1

Meanwhile, as long as w is a priori chosen sufficiently close to wq, one gets C || < 1.
Therefore, by setting Cy , = [s — | C |a|, we get the claim (33).

Next, (33) can be rewritten as
[ Ao Ny = -1 - ¢ EW.
S2 ’

where N, = Ay, ([x, w]) — Aw, ([y, v]). This is a constant that is independent of the
sphere class 4. Since 1 —Cy, >0,

1
E < A* N> ).
(”)—1—c;,t([sz o+ 2)
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If [¢» A*w; <A for A € R, then

By the finiteness condition of wy, there are only finitely many such sphere classes 4.
Hence, (32) also satisfies the finiteness condition of wy. a

For each ((CF[o,1})«. ds), we can associate a filtration function £, using the sym-
plectic action functional Ay, together with the valuation on A[g ;] with respect to w;.
Explicitly, for any chain ¢ =) ; A;[y;, wi] € (CF[g,1])% With A; € Ao 1],

(34 bo, (€) = max{An o, ([xi. wil) = vo, (Ai)},

where v, (A;) denotes the minimal exponent from A; after they are evaluated by the
symplectic structure wy. For brevity, denote £, as {5. Proposition 7.6 says that there
exists a family of variant version of Floer chain complexes {((CF[o,17)«. 95, £s)}se[0,1]
which is parametrized by [0, 1]. It is important to use the filtration function ¢ and
the boundary operator dg together so that this boundary operator strictly decreases the
filtrations. In general, we get a family of Floer chain complexes

{(CFA(w) 00’ Lo’) o e Adw)-

A recent paper [13, Theorem 3.12] provides a similar construction of a family of
Floer-style chain complexes.

Next, we show that there exists an algebraic relation between any two slices of these
variant Floer chain complexes.

Proposition 7.7 For any s,t € [0, 1], the two complexes ((CF[o,17)«.0s,{s) and
((CF[o,1])*» 0¢. ) are chain homotopy equivalent.

Remark 7.8 Different from Lemma 5.1, we can not get any quantitative comparison
conclusion in Proposition 7.7. From the proof given below, one can see that this comes
from the “non-uniform” estimation from Proposition 4.4, ie the bound depends on the
symplectic area of the disk spanning the Hamiltonian 1—periodic orbit at the asymptotic
end s = —00. On the other hand, one can view the family {((CFjo,1])«. 95, €s)}se[0,1]
from a different perspective. Since each s—slice ((CFg 17)«, 0s.{s) provides a persis-
tence module [1], this family provides a 2—dimensional persistence module. Continuity
questions studied in this paper might be transferred into a stability problem of the
invariants constructed from a higher-dimensional persistence module.
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Proof of Proposition 7.7 We need to find a quadruple (s, ®; s, Ky, K;) such that
&, and @, are chain maps between (CFg 1), ds, £s) and (CF[g, 1)), 0, £;) and
K and K; are homotopies. First, choose a homotopy from ws to w; as in (12)
parametrized by t, and consider the Floer operator F* defined in Definition 4.1. For
any basis element [x, w], define

(35) O ([x, w]) = > > naTHy.0l,
[v,v]ebasis AeH$ (M)
wez([x,wh=ucz([y,v#A])

where n4 counts the number of admissible F*—trajectories connecting [x, w] and
[y, v# A]. We know that @y ; is a chain map by the standard gluing argument. In order
to show @ ; acts on (CF[g 17)«, we need to check that the output of @ ; satisfies the
finiteness condition of w, for any r € [0, 1]. Without loss of generality, assume s < ¢.
By Proposition 4.4, there exists a constant Cy; such that

Aoy (T4 0]) = Ao, (. 0) = =1 = Corla E@) + 6 =0) [ w'a
D
Meanwhile, evaluate 74[y, v] by Ay, and one gets the relation

Ao (T4 ) = Ao (T + =0 [ wtat =0 [ w'
STxR D2
where o = w; — wg. By (17) there exists some constant C' such that

Aw, (T4, v]) = Ap, (Ix, w])
5—(1—Cs,,|a|)E(u)+(t—r)/S Ru*a+(s—r)/ w*a
1y D2

S—(1=Csrla)E(u)+Cla|-(t—=r)Eu)+ (s —r)/ w*a
D2
<—(1-C/ i DEw)+ (s — r)f w*a
D2

for some constant C;  ,

=(Css +C-(t—r))|a| < 1. Also
Aoy (T4 1) = Aoy (0] = = [ 470, = N,
where N3 = A, ([x, w]) — Ay, ([¥, v]), independent of the sphere class A. Therefore,

1
—(/ A*a)r+N3+(s—r)/ w*a).
r,8,t S2 D2

E <
W=i=g
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If sz A*w, < A for any given A € R, then, since 1 —C/,s’t > 0 for any r €10, 1],

r

E(u)< )\.+N3+(S—V)szw*(X < oo
B 1_Ci{,s,t ‘

By the Gromov compactness theorem, there are only finitely many sphere classes 4.
Hence, the output of (35) also satisfies the finiteness condition of w, for any r € [0, 1].
Symmetrically, we can define ®; ¢ and prove it is a well-defined chain map.

Second, ®; 50y, is (Floer) homotopic to 15 on ((CFg, 1), ds), by the standard Floer
theory. Choose a homotopy between a symmetric homotopy of w; passing through w;
and the identity homotopy w;. We can construct a map Ky as in Lemma 5.1 as

(36) Ky([x.w]) = > > naTAy.v),
[v,v]€basis AEHZS(M)
ucz([x,wD+1=pcz([y,v#4])

where n4 counts the number of pairs (u#, A) where u is an admissible Fsry’I)I”l—trajectory
connecting [x, w] and [y, v# A]. Again, in order to show Kj acts on (CFg 1)), we
need to check that the output of K satisfies the finiteness condition of w, for any
r €0, 1]. By Proposition 4.6 (applied to wg = wg and w; = w;),

Aw, (TA[p, v]) = Aw, (Ix, w]) < =(1 = Cyrla)) E(u).

Evaluate T“[y, v] by Aew, , and one gets the relation

Aw, (T, v]) = Ap, (T[y, v]) + (r —5) wra+(r—s) | wre
SIxR D2

Hence, by a similar computation as above,
37) Ay, (TA[y, V) — Ap, ([x, w]) = —(1 = Cs ) E(u) + (s —r) /D2 w¥a.

Then the same argument as above implies the finiteness condition of w, . Thus we get
the conclusion. |

7.3 Revised Floer homology

Denote by CMo 1 the coefficient extension of Morse chain complex CM« (M ; Z)
over the ring A[o,1]. In the following diagram, let us summarize the relations between
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the various chain complexes that we have encountered so far:

— R
(CFjo,11- 90) — (CFo, d9) —= (CF«(M, H, J, o), do)

|
P
y J‘I:’O,t | no well-defined chain map
i

PSS —_—
(CM{o.1], dmorse) —— (CFy,13, 8;) —— (CFy, 8;)

T~ | !

— R
(CFpo,17, 91) — 5 (CFy,9,) — (CF«(M, H, J, 1), )

é

A[o,1j-module

where CF; = CFlo,1] ® Ao,y Aw, 1s a free Ay, —module for any 7 € [0, 1]. Take the
homology of each chain complex, and one gets the picture

s = (Ro)s
HF[g 11,0 ———— HFy ——% HFy,

|
J/(@o )% | no well-defined map
(Lt )*

(PSSp)
1

—~

(PSSt)*
QHjp,;j — HF[o,1},, — HF;

|
(38) \ l |
W~ (R«

HF[o 11,1 HF, HF,,

é

A [0, 1]—module

where QHj 1] = Hx(M;K) ® A[o,1]. Moreover, HF[g 1}, is the homology of the
Floer chain complex ((CFo,17)«. 9¢), HF; is the homology of the Floer chain complex
((615 t)%,0¢) for any 7 € [0, 1] and HF,,, is the homology of the Floer chain complex
(CF«(M, H, J,w;),0;) fori =0,1.

By Proposition 7.7, HF[g 17, are all isomorphic to each other. Moreover, one can show
that for any 7 € [0, 1],

(@0,1)x © (PSSo)x = (PSS,

A natural question is how these Floer homologies change when we extend the coeffi-
cients in each step. First, the universal coefficient theorem [20, Corollary 7.56(ii) and
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Theorem 7.15] says that, for each degree k € Z, we have the splitting
(39) Hk(a:lv A(D,’) x~ Hk(CF[O,l]’ A[O,l])®A[0!1]Aa)i @TOI'A[O’I] (Hk—l (CF[O,I])v Awf),

where Tor0-11(Hj_, (CF[o,1])» Aw;) is a torsion module over A[g, . It is not easy
to see the algebraic relation between Ao 1) and A, if we try to apply some well-
known fact, such as that a module over a PID is flat if and only if it is torsion-free (by
Lemma 7.1, we only know Af[g 1] is a domain). Fortunately, we still have the following
property claiming that the torsion part vanishes, due to the existence of PSS—maps who
transfer our discussion back to the Morse homology.

Proposition 7.9 Forany k € Z,
Hi(CFi; Ag,) ~ Hi (CFo,17; Afo,1]) ®Ao.1y Ny
fori =0, 1, or simply HF; ~ HF[0,1] ® Ag.1; Aw; - In particular,
rankp , Hy (6150; Aoy = rankyp,, Hi (6151 i Aw,).
Proof Recall that CM[g ;] = CM(M:Z) ®7 Ao,1]- By the universal coefficient
theorem,
Hy(CMyo,13: Afo,17) = Hic(CM) ®z Afo,17 ® Tor” (Hy—1 (CMo,17). Afo,1))-

where Hy(CM) := Hy(CM; Z). By Lemma 7.1, A[o,1] is an integral domain, so it is
torsion-free as a Z-module, which implies the flatness since Z is a PID. Therefore,
the Tor functor vanishes, that is,

(40) Hy(CM) ®7 Afo,1] = H«(CM(p,1]: Afo,1])-
By the same argument,

(41) Hy(CM) ®7 Aw, =~ Hy(CM ®7 Au;; Awy).
Together, we get the relations

Hi(CM) 87 A, = (Hx(CM) 87 Af0,1) ® gy Awy
~ H«(CMjo,13; Ao,1]) ®Agp.1y Awi-

On the other hand, similarly to (39), we have

Hi (CMla Aw,-) >~ H, (CM[O,I]; A[O,l]) ®A[0'1] Aw,’ GaTorA[O‘l](H*—l (CM[O,I])v Awi)’
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where CM; = CM[o,1] ® Ay ;; Aw; - Consider the commutative diagram

(H«(CM) ®7 A[0,1]) ®Ao.13 Aw,;

J
[ Ho(CM)®7 Ap,—— Ho(CM®7 Aw;: Aw,)
s f

H(CMo,11; Af0,1) @A .1 Ao 5 Hy (CM; A gy, ) —Tor 00 (H, 1 (CM[g. 1)), Aw;)

g h

p
H*(CF[O,I]; A[0,1]) @ Ajo.1] Ao, — Hy(CFj; Awi)—>T0rA[0~1](H*_1 (CF[O,I])s Aw;)
In this diagram,

e f is anidentity map because CM; = CM ®z Ay, ;

e ¢ is an isomorphism because of (41);

e g and /& are PSS—maps (see [18]), so isomorphisms;

e j is an identity map due to the extension of coefficients;

e ¢ is an isomorphism because of (40).

Therefore, ¢ is an isomorphism, which implies that s is an isomorphism. This implies
i is an isomorphism, and then p is an isomorphism. |

Finally, since A1®i is a field, any torsion over A**T»i always vanishes. Hence, one
gets the following result:

Corollary 7.10 Forany k € Z,
Hy (CE(M, J, H,w;); NTei) ~ Hi (CFj; Ay) @4, N1
fori = 0,1, or simply HF,,, = /I:I\IE[O,I] ®Apo.1 A, . In particular,

rankA;c,er (HFwo)k = rankA;c,rwl (HFw] )k-

8 Variant spectral invariants; proof of Theorem 1.9
Fix any class a € QHyg ;7. Using (PSS;)«, one gets a class (PSS;)«(a) in HF[g 17;.

Recall that for each 7 € [0, 1], (CFg,13, 0¢, £;) is a filtered complex with respect to the
symplectic structure w; .
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Definition 8.1 Given a Hamiltonian system (M, w, H), set wg = w, and wq is a
reduced perturbation of wq . For a € QHy 1}, we call the following value the ¢—spectral
invariant associated to a:

pe(a, H) =inf{l;(a;) | [ar] = (PSS;)«(a)},

where a; € (CF[g,1],0¢).

Recall that for each ¢ € [0, 1], there is a well-defined spectral invariant p;(a, H) over
the coefficient ring Ay, for any a € QHg ;). This is the abstract spectral invariant
defined in [23]. Meanwhile, p(a, H; w;) denotes the standard spectral invariant over
the Novikov field ANTo . Tt is readily to see that p;(a, H) = p(H,a;w;) for any
t €[0,1] and any a € QH[ ;7. On the other hand, we have the following important

property:
Lemma 8.2 Let ¢ € [0, 1] and a nondegenerate Hamiltonian H € C*°(R/Z x M).

(1) Finiteness For any nonzero a € QHp 11, p¢(a, H) > —oo.
(2) Realization For any nonzero a € QHy 1y, there exists an a; € CF|g 1] such
that
,ot(a, H) = 6[(0[;).

(3) Extension Forany a € QHyg 11, ps(a, H) = ps(a, H).

Note that Lemma 8.2 reduces the comparison between p(a, H; wg) and p(a, H; w;)
to the comparison between pg(a, H) and p1(a, H), which has the advantage that they
are over the same coefficient ring Ao, 1].

Proof (1) Regard a =a ® 1 as an element in Qﬁ ¢ over the coefficient ring A, ,
still nonzero. By Theorem 1.3 in [23], we know p;(a, H) > —oo. On the other
hand, by definition, for any € > 0 there exists some o, € (CFg,;],d;) representing
[a¢] = (PSS;)«(a) such that

Li(oty) < prla, H) +e.

Then, in CF; over the coefficient ring Ay, , oy = oy ® 1 also represents (PSS;)«(a).
By definition, ps(a, H) < £;(oy) < pt(a, H) + €. So ps(a, H) > —oo. Therefore, we
get the conclusion (1).

(2)-(3) The same argument works for z—spectral invariants for any ¢ € [0, 1], so we
only prove the case for # = 0. Since « is a nonzero element in QHg ], there exists
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some chain a € CF[g, 1] such that (PSSg)«(a) = [«]. On the other hand, viewing a as
an element in QH over the coefficient ring A, Theorem 1.4 in [23] says that there
exists an optimal boundary dg ) in the sense that

pola, H) = Lo(a— o).

where y € CF o (but not necessarily in CFjq_ ;7). Decompose y into the two parts

(42) V=yr+ s

where £o(y«) < po(a, H). Then, by the finiteness condition, the subchain y contains
only finitely many terms. Also,

Lo(a—0doyy) =Lo(a— 09y + doyx) = Lo(a — o),

where the final equality comes from the relation £o(dgy«) < po(a, H) = £o(a — 3¢ y).
In other words, doyy is also an optimal boundary for the spectral invariant pg(a, H).
Since yy has only finitely many terms, certainly ys € CFq ;7. Proposition 7.6 implies
doyy is also in CFg 1], and then o — dg ¢ is an element in CFig ;7. Therefore,

(43) pola, H) =Lo(a—doyr) = pola, H).

On the other hand, for any € > 0, there exists some «’ € CFg 1] such that [a'] =
(PSSp)«(a) and £o(a’) < po(a, H) + €. Viewing «’ as an element in 61% and a as
an element in QH,y, o’ also represents a and hence po(a, H) < £¢(a’). Therefore,

(44) Pola, H) < Lo(e') < po(a, H) + €.

Since this is true for any € > 0, we get po(a, H) < po(a, H), which together with (43)
finishes the proof. a

Before giving the proof of Theorem 1.9, we will prove the following lemma on the
continuity of filtration functions on a fixed chain in CFg 13:

Lemma 8.3 For any fixed chain ¢ € CF|g ;j, the function t + {(c) is continuous
on [0, 1].

Proof We will only prove the continuity at # = 0. For any other ¢ € (0, 1], the proof
is exactly the same. First, suppose that CF[g 1] is a free A j—module of rank 7; we

n

can identify ¢ as an n—tuple X in A[O,l]‘ Moreover, by (29), we can write

45 x= Z 5(g0’gl)T(go,g1)’ where d (g, ¢,) € (Klker[wo] Nker[w;]])".
(g0.81)
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Moreover, X can be further identified with a set of points (go, g1) on the gog;—plane.
By the finiteness condition of both wy and w1, up to a uniform shift on both indices,
we can assume that all the points are lying in the first quadrant.

Second, by definition, w; = (1 —t)wg + tw; . Let ¢ := ﬁ for some nonnegative A
and define
wy, = Awg + w1 = (1 + A)wy.

Note that over a set of homological spheres, w; obtains its minimal value if and only
if w) obtains its minimal value. One way of viewing ¢ is via the perturbation of the
valuation function v; . Specifically, for any ¢ € CFg 17,

ve(c) = min{/ A*w, ‘ A is an exponent of c},
S2
and then
Li(c) = =ve(c) + pe(o),

where p;(c) comes from the Hamiltonian actions on Hamiltonian 1—periodic orbits,
as well as the symplectic areas of the (fixed) cappings of basis elements. As p;(c)
eventually goes to po(c) when ¢ — 0, it suffices to focus on V;(c) when studying the
continuity of £;(c). Actually, we will focus on (1 + A)v;(c), that is,

i (c) = min{/ A*wy, ‘ A is an exponent of c}
S2
= min{Ago + g1 | (g0, 1) is an exponent of X}.

Once rephrased in this way, it suggests a geometric way to view the value vy (c): for any
A >0 and for any point (gg, g1), draw a line passing through (gg, g;) with slope —A,
that is,

(46) y=—A(x—go)+g1-

Then the minimal y—intercept is just the value v (¢). The nontrivial part is that the
optimal point (g, g1) who attains the minimal y—intercept might change along the
change of A (equivalently the change of ¢). However, we claim that when A >> 0, there
exists a point (g5, g7) who serves as the optimal choice for all sufficiently large A.

The key observation is that for any point P = (gg, g1) attaining the value v) (¢) for
some A, it fails to attain the value vy (c) for any n > A if there exists another point Q
in the region enclosed by the y-axis, the line (46) passing through (gg, g1) with
slope —A and the line (46) passing through (go, g1) with slope —n. When A — oo,
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the width of this closed region goes to zero. Hence, by the discreteness of our points,
the choice of an optimal point will be eventually stable. Hence,

Ags +87 r>oo _

The limit A — oc is equivalent to the limit # — 0. Thus we get the conclusion. a

ve(c) =

The following proposition is the key step towards the proof of Theorem 1.9. A similar
result of this type, but from a different setup, is Proposition 8.4 in [15]. Recall
that in (35), we have defined a chain map over Ag 11, ®o,r: ((CFo,1])%. 0o, £o) —
((CF[o,1))*» 9¢.£;) for any ¢ € [0, 1].

Proposition 8.4 For any chain ¢ € (CFg 1], 9o, {o), the function t — £;(®¢(c)) is
upper semicontinuous at t = 0.

Proof We will prove it by contrapositive. Suppose that there exists a constant €y > 0
and a sequence f,;, — 0 such that

(47) 1, (Po,z, () — Lo(c) = €o.

Since gy, (c) = ¢ + 0, where there exist nontrivial Floer trajectories between ¢
and o0y, by the triangle inequality of ¢;,,

L1, (Do, () =Ly, (¢ + o) < max{ly, (), Ls,(0n)}.
Then (47) implies that
(48) max{{,,(c) —Lo(c),Ls,(0n) —Lo(c)} = €9 > 0.

Lemma 8.3 implies that the first term in (48) will be smaller than ¢y when #n is
sufficiently large. Therefore, (48) is possible only if £;, (0,) —£o(c) = €.

Since there are only finitely many basis elements, by passing to a subsequence, we can
assume that for each n, £, (on) = Aw,, (T 47y, v]), with the same basis element [y, v].
By definition, there exists some subchain of ¢ with elements connecting with 74#[y, v]
by Floer trajectories. Again, since there are only finitely many basis generators, by
passing to a subsequence, we can assume that

TAn [y, v] is connected with 78" [x, w] by a Floer trajectory
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for a basis element [x, w] and sphere classes Bj,. In particular, the set {7 B[, wli>2,
is a collection of elements from the chain ¢. Now, we claim that

/:ng:a

In fact, since £o(c) > Ay, (T B7[x, w]), Proposition 4.4 with s = 0 and ¢ = t, implies

— 00, where 0 = w; — wy.

the inequalities
(49) £y, (xn) —Lo(c) = Aw,, (TA"[y, v]) — AwO(TB” [x, w]) < -1, /Dz(w #By)*a.

Therefore, if ‘ f 52 By a} is bounded, then when 7, is close to 0, this violates (48).

Then, in particular, Bj, is not equal to any fixed homotopy class when 7 is sufficiently
large. The finiteness condition of the chain ¢ under the symplectic structure wo implies

(50) / B wy — o0.
S2
Returning to the continuation chain map, we know
o, (TP, w]) = TP, w] + T4y, ]+ .
Meanwhile, by A[g, j1-linearity of ®q,, for any m € N,
Do 1, (TEm[x, w]) = TBmx, w]+ TATBm=Bn[y ] 4. .

Since T Bm[x, w] is a generator of the chain ¢, T4n+Bm=Bn[}, y] will be a generator
of the chain o,,. However, since 747[y, v] attains the maximal filtration with respect
to wy,, forany m, [¢2(An + Bm — Bn)* w1, > [g2 Ajwy, . This implies that

(51) / B,*,,a)tn > / B:Cl)tn.
S2 S2

Rewrite
/ B oy, = / B wg + ty / Bro = dm + thbm,
S2 S2 S2

where apm = [g2 Bywo and by, = [g» Bya. Moreover, denote ¢, = [ Bywy, =
an + tyby . Then (51) says that

am + thbm = cn.
Switch the index m and n, then we get

dn + tmby > .
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Since by, = (¢ — am)/tm and by, = (¢, — an)/ty, the inequalities above are
t t
52) am + ——(cm—am) > cn and  ap + —(cp —an) > Cm.
Zm tn
Solve ¢;, from the first inequality, and then the second inequality implies that
Im Im
In In
This is equivalent to the relation
Im
(— — 1)(am —ay) > 0.
In

By (50), we know a,, > a, when m > n, which is strictly positive due to (50). This
implies #,, > t,, which is a contradiction since the #, converge to 0 (so #, < #; when
m>n). O

Now, we are ready to give the proof of Theorem 1.9.

Proof of Theorem 1.9 For simplicity, we will only prove the case for two symplectic
structures wq and wg, that is, for any ¢ € [0, 1] and @ € QHfg 1], the map ¢ — p,(a, H)
is upper semicontinuous. It is easy to see how this can be generalized to the general
case.

By the realization property (2) in Lemma 8.2, there exists some ¢ € (CF[g, 1], do) such
that £o(c) = po(a, H), where [c] = (PSS¢)«(a). On the other hand, ®¢ ;(c) represents

[Po,r ()] = (o) x[c] = (o) (PSSp)+(a)) = (PSS;)«(a).
Then, by definition, we know that p;(a, H) < £;(®¢(c)). Therefore,
pi(a, H)—po(a, H) = £;(Po,(c)) —Lo(c).
Upper semicontinuity from Proposition 8.4 implies the desired conclusion. O
Remark 8.5 There is an obvious question on the lower semicontinuity of ¢#—spectral
invariants. A trial of imitating the proof of Theorem 8.3 in [15] can be carried out but

some details could not go through deeply due to the non-uniform upper bound from
the energy estimation from Proposition 4.3.
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9 Applications on quasi-isometric embedding and capacity

9.1 Proof of Theorem 1.15

Definition 9.1 Let us give the following two definitions:

(1) [26, Definition 1.3] We say M admits an aperiodic symplectic structure if
there exists a symplectic structure w such that (M, @) admits an autonomous
Hamiltonian function H, not everywhere locally constant, such that its Hamil-
tonian flow has no nonconstant periodic orbit. Such H is called an associated

aperiodic Hamiltonian of .

(2) For a symplectic structure w, we call it strongly aperiodic-approximated (the
saa condition) if there exists a sequence of aperiodic structures w, such that (a)
wyn — w under the norm | - | in Section 3; (b) there exists a sequence of associated
aperiodic Hamiltonians H, of w, that C°—converges to a differentiable function
H on M.

It is well known that the computation of spectral invariants is difficult in general. The
following theorem will be helpful in the proof later:

Proposition 9.2 [24, Proposition 4.1] Let (M, w) be a symplectic manifold. It H
is an autonomous Hamiltonian function on M such that its Hamiltonian flow has no
nonconstant contractible periodic orbit with the period at most 1, then

p(M], H:w) = —rrj{/iln H.

Notice that the condition in this proposition is weaker than the assumption of [27,
Theorem 1.1]. In [17], for any symplectic manifold (M, w), it is proved that the
Hofer diameter of I-/I;r/n(M ,w) is infinite by using, roughly speaking, a sequence of
bump functions on a displaceable subset. Theorem 1.15 shows that under a certain
condition (which covers a variety of symplectic manifolds, especially in 4 dimensions)
the Hofer diameter of ﬁgfn(M ,w) goes to infinity in uncountably many linearly
independent directions. The proof of Theorem 1.15 takes its inspiration from the proof
of Theorem 1.1 in [27].

Proof of Theorem 1.15 First, note that if w is already aperiodic, then in particular
(M, w) admits an autonomous Hamiltonian H such that its Hamiltonian flow has no
nonconstant contractible periodic orbit. Then, by the compactness of M and Sard’s
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theorem, there exists a nontrivial closed interval [a, b] (assumed to be [0, 1]) such that
every ¢ € [0, 1] is a regular value of H. Now, take a function g: R — [0, 1] such that
its support is in (0, 1), max g = 1 and its only local minimum has value 0. For each
U= (vq,v3,...) € R®, define f;: R — R by

L) =Y vi-g(2(s—(1-2""")).
i=1

The embedding ®: R*° — Ham(M, w) is constructed as ®(v) = [¢}~o ) Then, for
any nonzero v € R®, Xr o = fé (H) - Xg , which implies ® is a homomorphism.
Therefore,

dp (D), () = di (9}, 5] 19} o)
=dp (9, ,oml1n)
< fo—poHlla
= max(f; 0 H) —min(fgz o H) = osc(V — w).
Note that this computation is true for any @ without assuming @ to be aperiodic.

On the other hand, f; o H also satisfies the condition that it has no nonconstant
contractible periodic orbit. In particular, it has no nonconstant contractible periodic
orbit with period at most 1. By Proposition 9.2, we know

p(M], fi—i © H;w) = —min(f5_g o H) = max(w; —v;)
and
p(M], fi—s0o H;w) = —rr]biln(fﬂ)_;) oH)= mljdx(v,- —w;).

Therefore,
dg (P(V), P(w)) > max{max(w; — v;), max(v; — w;)} = |V — W|oo,
1 l
where the first inequality comes from (a) in Theorem 2.12.

Next, if w satisfies the saa condition, then take a sequence of aperiodic symplectic
structures w, — . By Corollary 1.10, for each fixed w and v in R* and any given
€ > 0, there exists an N € N such that whenever n > N, we have

max(w; —v;) = p((M]. f5—g © Hpiwn) = p(M]. f_g 0 Hiw) + e
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and
max(vi —wi) = p(M). fi55© Hu:on) < p((M]. fig_ 0 H:) + €,

where the equalities come from the computation above when the symplectic structure
is aperiodic. Therefore,

dg (@), ®(W)) + € = max{max(w; —v;), max(v; — w;)} = [V — W|oo-
1 1

Since this result is true for any € > 0, we get the conclusion. a

Remark 9.3 If the continuity result of boundary depth is affirmative (especially the
lower semicontinuity), a similar argument as in the proof of Theorem 1.15 implies that
if M admits a symplectic structure which satisfies the saa condition, then there is a
quasi-isometric embedding from (R, |—|) into (Ham(M, w), |—|co). This can be
regarded as an “approximated” version of Theorem 1.1 in [27], which can probably
cover more symplectic manifolds.

References

[1] G Carlsson, A Zomorodian, The theory of multidimensional persistence, Discrete
Comput. Geom. 42 (2009) 71-93 MR

[21 JM Cohen, Zero divisors in group rings, Comm. Algebra 2 (1974) 1-14 MR

[31 M Entov, Quasi-morphisms and quasi-states in symplectic topology, from “Proceedings
of the International Congress of Mathematicians” (SY Jang, Y R Kim, D-W Lee, I Ye,
editors), volume 2, Kyung Moon Sa, Seoul (2014) 1147-1171 MR

[4] M Entov, L Polterovich, Calabi quasimorphism and quantum homology, Int. Math.
Res. Not. 2003 (2003) 1635-1676 MR

[5] M Entov, L Polterovich, Symplectic quasi-states and semi-simplicity of quantum
homology, from “Toric topology” (M Harada, Y Karshon, M Masuda, T Panov, editors),
Contemp. Math. 460, Amer. Math. Soc., Providence, RI (2008) 47-70 MR

[6] M Entov, L Polterovich, Rigid subsets of symplectic manifolds, Compos. Math. 145
(2009) 773-826 MR

[7]1 A Floer, Symplectic fixed points and holomorphic spheres, Comm. Math. Phys. 120
(1989) 575-611 MR

[81 U Frauenfelder, V Ginzburg, F Schlenk, Energy capacity inequalities via an action
selector, from “Geometry, spectral theory, groups, and dynamics” (M Entov, Y Pin-
chover, M Sageev, editors), Contemp. Math. 387, Amer. Math. Soc., Providence, RI
(2005) 129-152 MR

Algebraic & Geometric Topology, Volume 19 (2019)


http://dx.doi.org/10.1007/s00454-009-9176-0
http://msp.org/idx/mr/2506738
http://dx.doi.org/10.1080/00927877408822001
http://msp.org/idx/mr/344280
https://www.mathunion.org/fileadmin/ICM/Proceedings/ICM2014.2/ICM2014.2.pdf
http://msp.org/idx/mr/3728656
http://dx.doi.org/10.1155/S1073792803210011
http://msp.org/idx/mr/1979584
http://dx.doi.org/10.1090/conm/460/09010
http://dx.doi.org/10.1090/conm/460/09010
http://msp.org/idx/mr/2428348
http://dx.doi.org/10.1112/S0010437X0900400X
http://msp.org/idx/mr/2507748
http://dx.doi.org/10.1007/BF01260388
http://msp.org/idx/mr/987770
http://dx.doi.org/10.1090/conm/387/07239
http://dx.doi.org/10.1090/conm/387/07239
http://msp.org/idx/mr/2179791

Symplectic structure perturbations and continuity of symplectic invariants 3313

(9]

(10]

(11]

(12]

(13]

(14]

[15]

[16]

(17]

(18]

[19]

(20]

(21]

(22]

(23]

[24]

[25]

H Hofer, D A Salamon, Floer homology and Novikov rings, from “The Floer memorial
volume” (H Hofer, CH Taubes, A Weinstein, E Zehnder, editors), Progr. Math. 133,
Birkhauser, Basel (1995) 483-524 MR

V Humiliere, F Le Roux, S Seyfaddini, Towards a dynamical interpretation of Hamil-
tonian spectral invariants on surfaces, Geom. Topol. 20 (2016) 2253-2334 MR

S Ishikawa, Spectral invariants of distance functions, J. Topol. Anal. 8 (2016) 655-676
MR

M Kawasaki, Superheavy Lagrangian immersions in surfaces, J. Symplectic Geom. 17
(2019) 239-249 MR

H L&, The Calabi invariant and the least number of periodic solutions of locally
Hamiltonian equations, preprint (2015) arXiv

Y-G Oh, Construction of spectral invariants of Hamiltonian paths on closed symplectic
manifolds, from “The breadth of symplectic and Poisson geometry” (J E Marsden, T S
Ratiu, editors), Progr. Math. 232, Birkhduser, Boston (2005) 525-570 MR

Y-G Oh, Floer mini-max theory, the Cerf diagram, and the spectral invariants, J.
Korean Math. Soc. 46 (2009) 363-447 MR

K Ono, Floer—Novikov cohomology and symplectic fixed points, J. Symplectic Geom.
3 (2005) 545-563 MR

Y Ostrover, A comparison of Hofer’s metrics on Hamiltonian diffeomorphisms and
Lagrangian submanifolds, Commun. Contemp. Math. 5 (2003) 803-811 MR

S Piunikhin, D Salamon, M Schwarz, Symplectic Floer—-Donaldson theory and quan-
tum cohomology, from “Contact and symplectic geometry” (C B Thomas, editor), Publ.
Newton Inst. 8, Cambridge Univ. Press (1996) 171-200 MR

J Robbin, D Salamon, The Maslov index for paths, Topology 32 (1993) 827-844 MR
JJ Rotman, An introduction to homological algebra, 2nd edition, Springer (2009) MR

D Salamon, Lectures on Floer homology, from “Symplectic geometry and topology”
(Y Eliashberg, L Traynor, editors), IAS/Park City Math. Ser. 7, Amer. Math. Soc.,
Providence, RI (1999) 143-229 MR

M Schwarz, On the action spectrum for closed symplectically aspherical manifolds,
Pacific J. Math. 193 (2000) 419-461 MR

M Usher, Spectral numbers in Floer theories, Compos. Math. 144 (2008) 1581-1592
MR

M Usher, The sharp energy-capacity inequality, Commun. Contemp. Math. 12 (2010)
457-473 MR

M Usher, Boundary depth in Floer theory and its applications to Hamiltonian dynamics
and coisotropic submanifolds, Israel J. Math. 184 (2011) 1-57 MR

Algebraic & Geometric Topology, Volume 19 (2019)


http://dx.doi.org/10.1007/978-3-0348-9217-9_20
http://msp.org/idx/mr/1362838
http://dx.doi.org/10.2140/gt.2016.20.2253
http://dx.doi.org/10.2140/gt.2016.20.2253
http://msp.org/idx/mr/3548467
http://dx.doi.org/10.1142/S1793525316500254
http://msp.org/idx/mr/3545016
http://dx.doi.org/10.4310/JSG.2019.v17.n1.a5
http://msp.org/idx/mr/3956374
http://msp.org/idx/arx/1511.00638
http://dx.doi.org/10.1007/0-8176-4419-9_18
http://dx.doi.org/10.1007/0-8176-4419-9_18
http://msp.org/idx/mr/2103018
http://dx.doi.org/10.4134/JKMS.2009.46.2.363
http://msp.org/idx/mr/2494501
http://dx.doi.org/10.4310/JSG.2005.v3.n4.a3
http://msp.org/idx/mr/2235854
http://dx.doi.org/10.1142/S0219199703001154
http://dx.doi.org/10.1142/S0219199703001154
http://msp.org/idx/mr/2017719
http://msp.org/idx/mr/1432464
http://dx.doi.org/10.1016/0040-9383(93)90052-W
http://msp.org/idx/mr/1241874
http://dx.doi.org/10.1007/b98977
http://msp.org/idx/mr/2455920
http://msp.org/idx/mr/1702944
http://dx.doi.org/10.2140/pjm.2000.193.419
http://msp.org/idx/mr/1755825
http://dx.doi.org/10.1112/S0010437X08003564
http://msp.org/idx/mr/2474322
http://dx.doi.org/10.1142/S0219199710003889
http://msp.org/idx/mr/2661273
http://dx.doi.org/10.1007/s11856-011-0058-9
http://dx.doi.org/10.1007/s11856-011-0058-9
http://msp.org/idx/mr/2823968

3314 Jun Zhang

[26] M Usher, Many closed symplectic manifolds have infinite Hofer—Zehnder capacity,
Trans. Amer. Math. Soc. 364 (2012) 5913-5943 MR

[27] M Usher, Hofer’s metrics and boundary depth, Ann. Sci. Ec. Norm. Supér. 46 (2013)
57-128 MR

[28] M Usher, J Zhang, Persistent homology and Floer—Novikov theory, Geom. Topol. 20
(2016) 3333-3430 MR

[29] LH Van, K Ono, Symplectic fixed points, the Calabi invariant and Novikov homology,
Topology 34 (1995) 155-176 MR

[30] C Viterbo, Symplectic topology as the geometry of generating functions, Math. Ann.
292 (1992) 685-710 MR

School of Mathematical Sciences, Tel Aviv University
Tel Aviv, Israel

junzhang@mail.tau.ac.il

Received: 2 April 2017 Revised: 18 January 2019

Geometry € Topology Publications, an imprint of mathematical sciences publishers :.msp


http://dx.doi.org/10.1090/S0002-9947-2012-05623-6
http://msp.org/idx/mr/2946937
https://smf.emath.fr/publications/metriques-de-hofer-et-profondeur-de-bord
http://msp.org/idx/mr/3087390
http://dx.doi.org/10.2140/gt.2016.20.3333
http://msp.org/idx/mr/3590354
http://dx.doi.org/10.1016/0040-9383(94)E0015-C
http://msp.org/idx/mr/1308493
http://dx.doi.org/10.1007/BF01444643
http://msp.org/idx/mr/1157321
mailto:junzhang@mail.tau.ac.il
http://msp.org
http://msp.org

	1. Introduction
	1.1. Continuity on aspherical manifolds
	1.2. Semicontinuity on general manifolds
	Outline of the paper
	Acknowledgement

	2. Preliminaries
	2.1. Floer chain complex
	2.2. Some symplectic invariants
	2.2.1. Spectral invariant
	2.2.2. Boundary depth
	2.2.3. (Partial) symplectic quasistate


	3. Reduced perturbation
	4. Energy estimations
	5. Proof of Theorem 1.1
	6. Proofs of Theorems 1.4 and 1.7
	7. Variant Floer chain complexes
	7.1. Novikov ring with multifiniteness condition
	7.2. Floer chain complex with multifiniteness condition
	7.3. Revised Floer homology

	8. Variant spectral invariants; proof of Theorem 1.9
	9. Applications on quasi-isometric embedding and capacity
	9.1. Proof of Theorem 1.15

	References

