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The simplicial volume of hyperbolic manifolds
with geodesic boundary

ROBERTO FRIGERIO
CRISTINA PAGLIANTINI

Let n > 3, let M be an orientable complete finite-volume hyperbolic n—manifold
with compact (possibly empty) geodesic boundary, and let Vol(M) and || M || be
the Riemannian volume and the simplicial volume of M. A celebrated result by
Gromov and Thurston states that if dM = & then Vol(M)/|| M || = v,, where v, is
the volume of the regular ideal geodesic n—simplex in hyperbolic n—space. On the
contrary, Jungreis and Kuessner proved that if dM # & then Vol(M)/| M || < v,.

We prove here that for every 1 > 0 there exists k > 0 (only depending on 1 and n)
such that if Vol(dM)/Vol(M) < k, then Vol(M)/||M| = v, —n. As a conse-
quence we show that for every n > 0 there exists a compact orientable hyperbolic
n-manifold M with nonempty geodesic boundary such that Vol(M)/| M || > v, —7.
Our argument also works in the case of empty boundary, thus providing a somewhat
new proof of the proportionality principle for noncompact finite-volume hyperbolic
n—manifolds without geodesic boundary.

53C23; 57N16, 57N65

1 Preliminaries and statements

Let X be a topological space, let ¥ € X be a (possibly empty) subspace of X, and let
R be aring (in the present paper only the cases R =R and R = Z will be considered).
For i € N we denote by C;(X; R) the module of singular i —chains over R, ie the
R-module freely generated by the set S;(X') of singular i —simplices with values in X .
The natural inclusion of ¥ in X induces an inclusion of C;(Y; R) into C;(X; R),
so it makes sense to define C;(X,Y; R) as the quotient space C;(X; R)/C;(Y; R)
(of course, if ¥ =@ we get C;(X,Y; R) = C;(X; R)). The usual differential of the
complex Cx(X; R) defines a differential dy: Cx(X,Y; R) > Cyu—1(X,Y; R). The
homology of the resulting complex is the usual relative singular homology of the
topological pair (X, Y) and will be denoted by H.(X,Y; R).

Published: 23 April 2010 DOI: 10.2140/agt.2010.10.979


http://www.ams.org/mathscinet/search/mscdoc.html?code=53C23,(57N16, 57N65)
http://dx.doi.org/10.2140/agt.2010.10.979

980 Roberto Frigerio and Cristina Pagliantini

In what follows, we will denote simply by C;(X), C; (X, Y) respectively the modules
Ci(X;R), Ci(X,Y;R). The R-vector space C;(X,Y) can be endowed with the
following natural L!—norm: if o € C; (X,Y), then

||a||=||a||1=inf{ 3 |aa|,wherea=[ 3 aao} incior)/ci(Y)}.

oeS;(X) oesS;(X)

Such a norm descends to a seminorm on Hy (X, Y), which is defined as follows: if
[@] € H;i(X,Y), then

el = inf{l| Bl B € Ci(X.Y), df =0, [f] =[]}

(note that such a seminorm can be null on nonzero elements of Hy (X, Y)).

1.1 Simplicial volume

Throughout the whole paper, every manifold is assumed to be connected and orientable.
If M is a compact n—manifold with (possibly empty) boundary dM , then we denote
by [M]z a generator of H,(M,dM;7Z) = 7. Such a generator is usually known
as the fundamental class of the pair (M,dM). The inclusion Z — R induces a
map [: H,(M,0M;7)— H,(M,dM;R)= H,(M,0M) =R, and we set [M]|g =
[([M]z). The following definition is due to Gromov [7] (see also Thurston [23]):

Definition 1.1 The simplicial volume of M is | M| = ||[M]r]|.

Since continuous maps induce norm nonincreasing maps on singular chains and a
homotopy equivalence of pairs f: (M,dM) — (N, dN) between n—manifolds maps
the fundamental class of M into the fundamental class of N, it is readily seen that
the simplicial volume of a compact manifold M is a homotopy invariant of the pair
(M, oM).

As Gromov pointed out in his seminal work [7], even if it depends only on the homotopy
type of a manifold, the simplicial volume is deeply related to the geometric structures
that a manifold can carry. For example, closed manifolds which support negatively
curved Riemannian metrics have nonvanishing simplicial volume, while the simplicial
volume of flat or spherical manifolds is null (see eg Gromov [7]). Even if several
vanishing and nonvanishing results for the simplicial volume have been established
(see eg Gromov [7], Lafont and Schmidt [17] and Bucher-Karlsson [3]), it is maybe
worth mentioning that, as far as the authors know, the exact value of nonnull simplicial
volumes is known at the moment only in the following cases: a celebrated result by
Gromov and Thurston (see Theorem 1.2 below) computes the simplicial volume of
closed (and cusped) hyperbolic manifolds, and the simplicial volume of the product of
compact orientable surfaces has been recently determined by Bucher-Karlsson [4].
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1.2 The simplicial volume of hyperbolic manifolds

Let n > 3. Throughout the whole paper, by hyperbolic n—manifold we will mean
a complete finite-volume hyperbolic n—manifold M with compact (possibly empty)
geodesic boundary. We recall that if M is cusped, ie if it is noncompact, then M
naturally compactifies to a manifold with boundary M obtained by adding to M a
finite number of boundary (n — 1)—manifolds supporting a flat structure (see Section
2.1 below).

Let v, be the supremum of volumes of geodesic n—simplices in hyperbolic n—space H".
It is well-known (see Haagerup and Munkholm [9] and Peyerimhoff [21]) that v, is
equal to the volume of the geodesic regular ideal n—simplex. The following result
is due to Thurston [23] and Gromov [7] (detailed proofs can be found in Benedetti
and Petronio [2] for the closed case, and in Francaviglia [5] and Kuessner [16] for the
cusped case):

Theorem 1.2 (Gromov, Thurston) Suppose M is a hyperbolic n—manifold without
boundary. Then |M || # 0 and
Vol(M)
M

vn.

A different result holds for hyperbolic manifolds with nonempty geodesic boundary:

Theorem 1.3 [12; 15] Let M be a hyperbolic n—manifold with nonempty geodesic
boundary. Then | M || # 0 and
Vol(M
ol _
M|

In this paper we show how to control the gap between Vol(M)/|| M || and v, in terms
of the ratio between the (n — 1)—dimensional volume of dM and the n—dimensional
volume of M . More precisely, in Section 4 we prove the following:

Theorem 1.4 Let n > 0. Then there exists k > 0 depending only on n and n such that
the following result holds: if M is a hyperbolic n—manifold with nonempty geodesic
boundary such that

Vol(IM) _

k’
Vol(M) —
then
Vol(M
O(— ) Z Uy —1).
M
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It is not difficult to show that for every n > 3 there exist compact hyperbolic n—
manifolds with nonempty disconnected geodesic boundary (see for example Gromov
and Pietetski-Shapiro [8, Example 2.8.C]). Let M be one such manifold, choose one
connected component By of dM and let M’ be the manifold obtained by mirroring M
along dM \ By, so dM' is isometric to two copies of Bg. For i > 1, we inductively
construct M; by setting M; = M’ and defining M;,; as the manifold obtained
by isometrically gluing one component of dM; to one component of dM;. It is
readily seen that M; is a compact hyperbolic n—manifold with nonempty geodesic
boundary such that Vol(M;) = 2iVol(M) and Vol(dM;) = 2Vol(By). We have
therefore lim;—, oo Vol(dM;)/Vol(M;) = 0. Together with our main theorem, this
easily implies the following:

Corollary 1.5 For every n > 0, a compact hyperbolic n—manifold M with nonempty
geodesic boundary exists such that
- Vol(M) -
v >
oMy T

Finally, it is maybe worth mentioning that our proof of Theorem 1.4 can be applied
word by word (with obvious simplifications) to hyperbolic manifolds without boundary,
thus providing a somewhat new proof of Theorem 1.2 in the case of noncompact
manifolds.

1.3 Strategy of the proof

Let M be a hyperbolic n—manifold with possibly empty geodesic boundary. Once a
straightening procedure is defined which allows us to compute the simplicial volume
of M only considering linear combinations of geodesic simplices, the inequality
Vol(M)/||M|| < vy is easily established. In the case without boundary, in order to
prove the converse inequality (which fails in the case with boundary), one has to show
that for every ¢ > 0 a cycle ag € C, (M, dM) exists which represents the fundamental
class of M and is such that |jog|| < Vol(M)/v, + €. Such a cycle is said to be &—
efficient, and it is not difficult to show that a cycle is e—efficient if its simplices all have
hyperbolic volume close to v, (see eg Benedetti and Petronio [2]).

In the same spirit we prove here that if M has nonempty geodesic boundary then the
gap between Vol(M)/| M || and v, is bounded from above by the amount of simplices
in any fundamental cycle of M whose volume is forced to be far from v,. In order to
obtain Theorem 1.4 we then show how to control such amount of simplices in terms
of the ratio between the (n — 1)—dimensional volume of dM and the n—dimensional
volume of M .
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More precisely, in Section 2 we briefly describe some results about the geometry
of hyperbolic manifolds with geodesic boundary. Section 3, which uses tools from
Loh and Sauer [20, Section 4], is devoted to the description of a discrete version of
Thurston’s smearing construction which is very useful for exhibiting efficient cycles.
Finally in Section 4 we provide the needed estimates on the norm of such cycles, thus
concluding the proof of Theorem 1.4.

2 Hyperbolic manifolds with geodesic boundary

Let n > 3 and let M be a hyperbolic n—manifold with nonempty geodesic boundary.
This section is devoted to a brief description of the geometry of M .

2.1 Natural compactification

Since dM is compact, M decomposes as the union of a compact smooth manifold
with boundary N € M with dM C N and a finite number of cusps of the form
T; x[0,00),i=1,...,r, where T; is a closed Euclidean (7 — 1)-manifold for every i
(see eg Kojima [13; 14] and Frigerio [6], where also the noncompact boundary case is
considered). Moreover, N can be chosen in such a way that each cusp 7; x [0, 00) is
isometric to the quotient of a closed horoball in H" by a parabolic group of isometries.

Up to choosing “deeper” cusps, given ¢ > 0 we may suppose that the volume of M \ N
is at most ¢, and if this is the case we denote N by the symbol M. We also denote by
dM the boundary of M, as a topological manifold and we set int(M;) = M, \ IM;.
Observe that dM, is given by the union of dM and the boundaries of the deleted cusps.

The description of M just given implies that there exists a well-defined piecewise
smooth nearest point retraction M — M, which maps M \ int(M,) onto dM,. More-
over, M admits a natural compactification M which is obtained by adding a closed
Euclidean (n — 1)—manifold for each cusp and is homeomorphic to M;.

2.2 Universal covering

Let 7: M — M be the universal covering of M. By developing M in H" we
can identify M with a convex polyhedron of H” bounded by a countable number
of disjoint geodesic hyperplanes. The group of the automorphisms of the covering
7: M — M can be identified in a natural way with a discrete torsion-free subgroup I
of Isom* (M) < Isom™ (H") such that M = M /T. Also recall that there exists an
isomorphism 1 (M) = I', which is canonical up to conjugacy. With a slight abuse,
from now on we refer to I" as to the fundamental group of M .
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The covering m: M — M extends to a covering H" — H"/T = M , which will
still be denoted by 7. Being the quotient of H” by a discrete torsion-free group of
isometries, M is a complete (infinite-volume) hyperbolic manifold without boundary.
The inclusion M <> H" induces an isometric inclusion M <> M which realizes M
as the convex core of M (see eg [6]). Therefore, there exists a well-defined piecewise
smooth nearest point retraction of M onto M , which maps M \ int(M) onto IM .

Let ext(Mg) = M \ int(M,). If ¢ is sufficiently small, by composing the retrac-
tions M — M, M — M, mentioned above we get a retraction p: M — M such
that p(ext(Mg)) € dM,. Such a map is piecewise smooth and induces a homotopy
equivalence of pairs p: (1\2, ext(Mg)) — (Mg, 0M,).

Since M retracts to M, via a homotopy equivalence, the set M, =n"1 (M) C M is
simply connected, and provides therefore the Riemannian universal covering of M,.
If ext(i\?s) = H" \int(ﬂe), then by construction ext(ﬁg) is a ['—invariant disjoint
union of closed half-spaces and closed horoballs. In particular, every component of
ext(ﬂg) is convex.

3 Straightening and smearing

Introduced by Thurston in [23], the smearing construction plays a fundamental role
in several proofs of Theorem 1.2 (see eg Thurston [23] and Kuessner [16]). Such a
construction takes usually place in the setting of the so-called measure homology (see
Thurston [23], Zastrow [25], Hansen [10] and Lo6h [19]). In order to make the proof
of Theorem 1.4 as self-contained as possible and to get rid of some technicalities, we
follow here some ideas described in Loh and Sauer [20], where a “discrete version” of
the smearing construction is introduced.

3.1 Straight simplices

We now fix some notation we will be extensively using from now on. For i € N we
denote by ¢; the point (0,0,...,1,...,0,0,...) € RN, where the unique nonzero
coefficient is at the i —th entry (entries are indexed by N, so (1,0,...) = ¢p). We
denote by A, the standard p—simplex, ie the convex hull of ey, ..., e, and we observe
that with this notation we have A, C A, ;. If 0 € S,(X) is a singular simplex, we
let 9;0 € Sp_1(X) be the i —th face of 0.

Let k € N, and let xg, ..., x; be points in H"”. We recall here the well-known definition
of straight simplex [xg, ..., x;] € S (H") with vertices xg,...,xg: if £k =0, then
[x0] is the O—simplex with image xg; if straight simplices have been defined for every
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h <k,then [xg,...,Xg+1]: Agry1 — H" is determined by the following condition: for
every z € Ay € Ag4 1, the restriction of [xo, ..., Xg41] to the segment with endpoints
Z,ek41 1s a constant speed parameterization of the geodesic joining [xo, ..., Xg](z)
to xg 41 (the fact that [xo,...,Xg4+1] is well-defined and continuous is an obvious
consequence of the fact that any two given points in H" are joined by a unique geodesic,
and hyperbolic geodesics continuously depend on their endpoints — see also Remark
3.1 below). It is not difficult to show that the image of a straight k—simplex coincides
with the hyperbolic convex hull of its vertices, and is therefore a (possibly degenerate)
geodesic k—simplex. For later purposes we point out the following:

Remark 3.1 Since H” is nonpositively curved, for every p € H" the exponential
map exp,: TpH" — H" is a diffeomorphism. Moreover, if z € Ag_; and ¢ =
1z + (1 —t)ey € Ay, then for every (k + 1)—uple of vertices (xq, ..., xx) € (H")k+!
we have

[X0.. ... Xkl(q) = expy, (r-expy)(xo.. ... xxk—1](2))).

Using this formula and an obvious inductive argument, it is not difficult to show
that every straight simplex in H” is smooth. Moreover, if we endow the space of
straight simplices with the C!—topology, then the map that takes every (k + 1)—uple
(X0, ..., xg) € (H")* 1 into the straight simplex [xo, ..., X] is continuous.

Keeping notation from Sectlons 2.1and 2.2,if M isa hyperbohc n—manifold with
universal covering 7: H" — M then we say that o: Ay — M is straight if it is
obtained by composing a straight simplex in H” with the covering projection 7.

The results stated in the following remarks will not be used in this paper.

Remark 3.2 Let 0 € Sk(ﬁ), take a lift ¢ € Si(H") and define stry(0) = 7 o
[6(eg),...,0(ex)]. Since isometries preserve geodesics we have y o[xg,...,X;] =
[Y(x0),...,y(xg)] forevery y € ', so stry (o) does not depend on the choice of & .
It is well-known that stry linearly extends to a chain endomorphism of Ci (]\2 ) which
is algebraically homotopic to the identity.

Remark 3.3 Straight simplices may be defined in the much more general setting of
nonpositively curved complete Riemannian manifolds. Almost all the properties of
straight simplices (and of the associated straightening procedure) described above also
hold in this wider context. It is maybe worth mentioning, however, that in the simply
connected nonconstant curvature case, straight simplices need not be convex.
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3.2 Some estimates on the volume of straight simplices

As explained in Section 1.3, in order to prove our main theorem we have to construct
fundamental cycles whose simplices have large volume. We are therefore interested
in giving lower bounds on the volume of simplices which approximate, in a suitable
sense, the geodesic ideal regular n—simplex.

For every L > 0, let q(])“, . .an € H” be the vertices of a fixed regular simplex with
edgelength L such that the embedding v = [q(])“, . ,an] of the standard simplex in
H" is orientation-preserving. For later purposes we insist that, as L tends to infinity,
the vertices of £ converge to the ideal vertices of a geodesic ideal regular simplex:

Lemma 3.4 We can choose the simplices tL, L > 0 in such a way that for every
i =0,...,n we have limy _, o, ql.L = q;° € 0H", where qg°,...,q;° are the ideal
vertices of a geodesic ideal regular positively-oriented n—simplex.

Proof Via an orientation-preserving identification of H"” with the Poincaré disk model
of hyperbolic space, the ideal boundary dH" is canonically identified with the unit
sphere S”~1, and if 494y €S "=1 are the vertices of a positively-oriented
regular Euclidean n—simplex inscribed in S, then the hyperbolic convex hull of
the ¢°’s is in fact a regular ideal positively-oriented geodesic simplex with vertices
qq°: -+ -4y - Let a; be the geodesic ray which starts at the origin O of the Poincaré
disk model and is asymptotic to ¢7°, i =0,...,n. For every r > 0 let p; be the point
on ¢; at distance r from O. It is easily seen that the straight simplex [pg, ..., py]
is a regular simplex of edgelength £(r), where £: (0, c0) — (0, 00) is increasing and
bijective. In order to conclude it is now sufficient to set qiL = pf_l (L), a

We are now interested in studying limits, as L tends to infinity, of volumes of straight
simplices which approximate v~ .

Definition 3.5 We denote by Ry be the set of all straight n—simplices o in H”"
satisfying the following property: there exists g € Isom™ (H") such that the distance
between g(qiL) and the 7 —th vertex of o is at most one forevery i =0, ..., n. Moreover,
we set

Vi = inf{VOlalg(O') |O’ S RL},
where Vol,jg is the signed volume of o, ie the value obtained by integrating the volume
form of H" on o (so |Volye(0)| = Vol(Im(0))).

As pointed out in Remark 3.1, straight simplices continuously depend (with respect to
the C!—topology) on their vertices, and this readily implies that the algebraic volume
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of a straight simplex continuously depends on its vertices. Together with a similar
(but deeper) continuity result for possibly ideal geodesic simplices (see Ratcliffe [22,
Theorem 11.3.2]), this fact allows us to prove the following:

Lemma 3.6 We have

lim Vi =vy,.
L—oo

In particular, there exists Ly > 0 such that if L > L then every element of Ry is an
embedded positively-oriented straight simplex in H" .

Proof Observe that by the very definitions a hyperbolic straight simplex is embedded
and positively-oriented if and only if it has positive algebraic volume. Therefore it is
sufficient to show that if {L;};en is a sequence of positive real numbers such that
lim; L; = +00 and o/ eR L; - then lim; Volalg(aj ) = vy, (here and in what follows,
whenever {f(j)}jen is a real sequence we denote simply by lim; f(;j) the limit
limj o0 f(J), if it exists).

Recall from Lemma 3.4 that the simplices £, L > 0 have been chosen in such a
way that limy,_, o ql.L =q;° € 0H" for i =0,...,n, where qgo, ..., g are the ideal
vertices of a regular ideal positively-oriented geodesic n—simplex 7°°

Forevery i =0,...,n, let wj be the i—th vertex of 0/ € R L; - Then by the very
definitions there exists g/ € Isom"" (H™) such that for every i =0,...,n we have
d(g’ (w]) q; Lj) <1, and this readily implies lim; g/ (w]) =q;°. As a consequence
we get

(1) lim Vol(6/) = lim Vol(g” - 6/) = Vol(z*°) = vy,
j j

where the first equality is due to the fact that isometries preserve the hyperbolic volume,
while the second one is due to the fact that the hyperbolic volume of a geodesic simplex
with vertices in H” U 0H” is a continuous function of its vertices (see Ratcliffe [22,
Theorem 11.3.2]).

Suppose now by contradiction that for every jo € N there exists j > jo such that o/
is not positively-oriented. Since the g/ s are orientation-preserving, up to passing to a
subsequence we may then suppose \(olalg(gj o)) = Volalg(aj ) <0 for every j € N.
Forevery j e N,i =0,...,n let vij (1), t €]0, 1] be a geodesic path joining g/ (wij)
with ql.Lf . Since 717 is positively-oriented we have VOlalg(‘(Lj ) >0 forevery j € N.
Moreover, as observed above the algebraic volume of a straight simplex continuously
depends on its vertices, so for every j > jo there exists #; € [0, 1] such that the straight
simplex 6/ with vertices v(J) ), ..., ;) (¢zj) has null algebraic volume, whence in
particular lim; Vol(G/) = lim; |Volye(6/)| = 0. However, we have by construction
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6/ eR L; » S0, by applying to the 67 s the argument described in the first part of the
proof, we get lim; Vol(G/) = vj,. This contradiction shows that there exists jo such
that Volyg(0/) > 0 for every j > jo.

Together with Equation (1), this implies lim; Vol (c/)= lim; Vol(o/) = v,,, whence
the conclusion. O

3.3 Haar measure

Let G be a locally compact Hausdorff topological group and A be the o —algebra of
the Borel subsets of G'. A measure p on A is called regular if for each A € A
w(A) = sup{u(K) | K compact set, K C A},
uw(A) =inf{u(U) | U open set, A C U}.

Definition 3.7 A Haar measure LG on G is a nonnegative regular measure (LG on
the o—algebra A such that

e ug(K) < oo for each compact set K € A;
e ug(A) # 0 for each nonempty open set 4 € A;

e ug(gAd) = ug(A) for all g € G and for all A € A, namely the measure is
left-invariant.

It is well-known that every locally compact Hausdorff group admits a Haar measure,
which is unique up to multiplication by a positive constant [11; 24]. The group G is
called unimodular if each left-invariant Haar measure on it is also right-invariant.

From now on we denote by G the group Isom(H") of isometries of H", endowed
with the compact-open topology, and by Gt € G (resp. G~ € G) the subset of
orientation-preserving (resp. orientation-reversing) elements of G. Of course, G is
a subgroup of G, and it is well-known that G*, G~ are the connected components
of G. Also observe that since M is orientable we have I' < G ™.

Proposition 3.8 [2; 22] The group G is locally compact and unimodular. Moreover,
the Haar measure g on G can be normalized in such a way that the following
condition holds: for every basepoint xo € H" and every Borel set R € H", the Haar
measure Lg(GR) of the Borel set

Gr=1{g€G|g(xo) € R}

is equal to the hyperbolic volume of R.
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From now on we fix a Haar measure ;g on G satisfying the normalization condition
described in Proposition 3.8. Keeping notation from the preceding section, I' acts
properly discontinuously on G via left translations as a group of measure-preserving
diffeomorphisms, so if W is a Borel subset of I'\G we can set

e (W) = (W),

where W C G is any Borel set that projects bijectively onto W . It is readily seen that
this definition of jup\g (W) does not depend on the choice of W, and that jur\g is in
fact a regular right-invariant measure on I'\G. The following lemma will prove useful
later:

Lemma3.9 Let A C M be a Borel subset, fix a basepoint xo € H" and set

* = {geG*|n(g(xo)) € 4}.

Then T¥ is a Borel subset of G such that y - T* = T* for every y € I' and
pur\G (I\T +) = Vol(A)/2, where Vol denotes the measure induced by the hyperbolic
volume form of M .

Proof Let us consider the map fx G* — M defined by fx 5 (g) =m(g(xp)). Then
fdE is continuous, and for every y € I' we have fxO (g)= fxO (vg). Being the preimage
of A under fx , the set T'F is therefore Borel and invariant with respect to the left
action of I' on G*. Moreover, if D € H” is a Borel set of representatives for the
action of T' on H", then the set 7% = {g € GF|g(xo) € DN~ (A)} is a Borel set
of representatives for the left action of ' on 7'*. We have therefore ,LL]"\G(F\T ) =
/,Lg(Ti) so in order to conclude it is sufficient to show that [,L(;(T ) = [,L(;(T ) and
ue(TH) + pg(T™) = Vol(4).

Since 7= =T77- g, where g € G is any orientation-reversing isometry fixing x,
the first equality is an immediate consequence of the right-invariance of pug. On
the other hand the chosen normalization of ug readily gives Vol(D Nz~ 1(A4)) =
/,Lg(T+ uT- )= /Lg(T+) + ,ug(T ), where the last equality is due to the fact that
TH*NT~cGtNG~ =w. Since the projection 7|p: D — M is measure-preserving,
this implies in turn Vol(4) = Vol(D N7~ 1(A4)) = Mg(f”r) + ug(YA‘_), whence the
conclusion. |

3.4 TI —Nets

In order to define a “discrete” smearing procedure in the spirit of [20] we now need to
introduce the notion of I'-net. A I'-net in H" is given by a discrete subset A CH"
(called set of vertices) and a collection of Borel sets {Ex}x < (called cells) such that
the following conditions hold:
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(1) xe€By for every xeA, H" =U,ex B, and Exﬂgy = & for every x,yef\
with x # y.

(2) y(A)=A forevery y € I" and y(By) = Ey(x) forevery x e A, y €T.
(3) diam (Ex) <1 for every x € A.

4) If K is a connected component of ext(]\?g), then K = U B,.

xeANK
We begin with the following:

Lemma 3.10 There exists a I' —net.

Proof Let {7;};ien be a smooth triangulation of M which restricts to a smooth
triangulation of M, and is such that diam(7;) < 1/2 for every i € N. Since M, is
compact, the set of simplices of the triangulation whose internal part is contained in
M, is finite, so we may assume that indices are ordered in such a way that i < j for
every pair of simplices such that int(7;) € M, and int(7}) € M,.

If x; is any point in int(7;) we now set A = {x;};en and By, = T; \ (Uj>,- Tj). By
construction By; is a simply connected Borel subset of M for every i € N, and if K
is a connected component of ext(My), then K = |J,cpnx Bx-

Let now A = 7 ~I(A). For i € N, since By, is simply connected, every point
X € w~1(x;) is contained in exactly one connected component B~ of 77 1(By ;) CH"™.

It is now readily seen that the pair (A, {Bx}xefi) is a ['—net. ad

3.5 Smearing

We now fix L > 0 and for i =0,...,n we denote simply by ¢; the vertex q of the
straight 51mplex L introduced in Sectlon 3.2. We also ﬁx a ['—net (A {B }rex) and
let S A(M ) denote the set of straight n—simplices in M with vertices in A = n(A).
We would like to define real coefficients a, in such a way that the sum

E ag0o

ceSN (M)

is finite and defines a cycle in C, (1\7 ,ext(M;)). Roughly speaking, the coefficient a,
will measure the difference between the accuracy with which o approximates a
positively-oriented isometric copy of £ and the accuracy with which it approximates

a negatively-oriented isometric copy of L.
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Soletus fix o € SA(M) let & be a lift of o to H", and let Xy, . . )~cn be the vertices
of 6. Since 0 € S, A we have X Xj € A for every j, and we denote by B the cell of the
net containing X;. It is readily seen that the sets

QaﬂF ={geG™ |g(q;) € Ej for every j},

_ +
- U Qyﬁ
yerl
are Borel. Since different lifts of o differ by the action of an element of I', the set

ﬁcﬂf only depends on o, ie it is independent of the chosen lift 5. Moreover, as a
consequence of property (2) of I'—nets it is easy to see that for every y € I' we have

+
y-Q an,
yel

and in particular y - Qi Qi forevery y e I'.

We now claim that Qi provides a Borel set of representatives for the action of I" on
Qi In fact, let us suppose by contradiction that there exist ¥ y' €T with y # v’ and
Q}jf ﬂQi #+o.If ge Qi nQt V5 then g(gqg) € y(Bo)ﬂy (BO) # @, and by
property (2) of I" —nets this readlly 1mphes v(%0) =y (%o), whence y~1(y' (X)) = %o,
a contradiction since the action of I' on H" is free.

We denote by Qi C I'\G the quotient set Qi F\Q , and we observe that as a
consequence of the claim just proved we have /,LF\G(Q 5)= /Lg(QEi).

Remark 3.11 In principle, in what follows one could work only with the sets €2 ? and
the Haar measure g on G, rather than define also Q(:,t and the quotient measure pr\g
on ['\G. However, we have preferred to introduce some more notions (and notation)
since this choice will allow us to simplify some proofs, exploiting the properties of the
most convenient object as and when.

We now divide the simplices of S,f\ (]\2 ) into different classes. We denote by W
(resp. W) the set of simplices which intersect int(M;) and are “almost isometric” to
a positively-oriented (resp. negatively-oriented) copy of v~

* — {0 € SMM)|Im (0) Nint(M,) # @ and QF # @},

Moreover, we denote by Wli the subset of W¥ given by those simplices whose image
is entirely contained in int(M;):

={o € W¥|Im (o) Cint(M,)},

mt
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and we finally define

W=WTUW~, Wy=WIuW.,, Wu=W)\Wp.

int int>
For every 0 € W we now set
+ _ + o+ _
by = pur\c(Rg), ag =b; —b,.

We will prove soon that W is finite and that each a, is a well-defined real num-
ber (see Lemma 3.13). Moreover, we will show in Proposition 3.14 that the sum
Y sew do0 defines a relative cycle in Gy, (]\//} ,ext(M¢)), which defines in turn a cycle
in C,(M,, dM) via a projection which does not affect simplices supported in int(M,).
Therefore if L is large and “most” simplices of W are contained in int(M,), then a
fundamental cycle for M, exists most simplices of which have volume close to vy .
As explained in Section 1.3, this is sufficient for proving that the simplicial volume of
M, (whence of 1\7) is close to Vol(M;)/v, (whence to Vol(M)/vy).

Lemma 3.12 If 6 € S,,(H") is a lift of a simplex 6 € W, then diam(Im(c)) < L +2.

Proof The edges of 7 have length L, and if 0 € W then the vertices of & are at
distance at most 1 from the vertices of an isometric copy of tZ. This implies that the
distance between any two vertices of ¢ is at most L + 2. But & is the convex hull of
its vertices and the hyperbolic distance is convex, so the diameter of & is realized by
the distance between two vertices. m|

From now on, for ¥ € M (resp. Y CH") and R > 0 we denote by Ng(Y) the closed
R-neighbourhood of Y in M (resp. in H").

Lemma 3.13 The set W is finite and

Vol(Mg \ Np43(0Mg)) < 23" v bF < 23 e+ bF
<

<<
Vol(Me \ Np+3(0Me)) < 23 jep—by = 2 sew-by

int

Vol(N(My)).
Vol(NL (My)).

=
=

Proof Let D € H” be a compact fundamental region for the action of I on M, e If
o € W there exists a lift & € S, (H") of o such that Im(c) N D # &. By Lemma 3.12
the diameter of & is at most L + 2, so Im(6) € N 4+,(D). However, A is discrete and
Np +2(D) is compact, so the number of straight simplices in H” which are contained
in Nz 4+2(D) and have vertices in A is finite. Since every o € W is obtained by
composing such a simplex with the covering projection = we get that also W is finite.
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We now prove the first sequence of inequalities of the statement, the proof of the second
one being very similar. We define the subsets H;', KZ' C G as follows:

K = {g€ G |g(qo) € Me\ Npy3(OMe)},
HZF = {g€ G |g(q0) € NL(M,)}.

By Lemma 3.9 these sets are I'—invariant Borel subsets of G such that

Vol(M¢ \ Np43(3M¢)) Vol(Np (Me))

@) pure(N\K}) = ———— = ung(M\H) = ————.
We now show that
3) Kfc | @fc QY cHf

UEWthr ocEWT
and these inclusions readily imply that
@ nNkfc | efc | af cnay.

ceW oEW Tt

Suppose first g € KJr Then g(go) lies in MS\NL+3(8M8) so if y; € A is the
vertex of the cell containing g(¢;), then yo lies in M, \ N, L+2(8M8) Let now & be
the straight simplex with vertices yg, ..., y, and set 0 = 7 oG . By Lemma 3.12 the
image of & lies in 1nt(Mg) SO Im(a) C int(M,). Moreover, we have by construction
ge S2+ C Q"' so QF = F\Q"‘ # @ and 0 € Wl:? We have thus proved the first
1nclus1on in (3).

The second inclusion is an obvious consequence of the inclusion WjL C W, s0weare
left to prove the last inclusion in (3). Suppose g€ Q+ for some 0 € W™ . Then there
exists a lift & of o with vertices yg,..., vy € A such that g€ Q , whence g(ql) € By,
forevery i =0,...,n. Also observe that since 0 € W™ we have Im(o) N 1nt(Mg) *J.
Suppose by contradlctlon g(qo0) £ NL (Mg) Having diameter L and being connected,
the image of gotl is then contained in a component K of ext(Mg) Since g(gi) € Byz ,
by property (4) in the definition of I"'—net we have therefore y; € K for every i, so
Im(c) € K by convexity of K, whence Im(a) N 1nt(M8) = &, a contradiction. This
concludes the proof of (3), whence of (4).

Since the 2 ’s are mutually disjoint, condition (4) now implies

ureMEKD < > ure@D) < D pne@d) < uneT\H}).
ocew.t oew+

int

By Equations (2) and the very definition of the b} s, these inequalities are in fact
equivalent to the first sequence of inequalities in the statement. m|
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We now set

(L= Z ao0 € Cn(ﬁ)

1514

Proposition 3.14 We have d{ , € C,—1(ext(M;)), so {1 ¢ is a relative n—cycle in
Cn(M ,ext(M,)).

Proof Fix a (n — 1)—face v € SA 1(M ) of some 0 € W. We will show that if
Im(v) Nint(M;) # @, then the coefﬁc1ent of vin d{r . is null. For every j =0, .

let us set Gj.i(v) ={oeW*| djo = v} and 0;(v) = 9j+(v) U GJ._(v). Since the
coefficient of v in d{y . is given by

n
Y o=/ ( > aa),
j=0 0€b;(v)
it is sufficient to prove that, under the assumption Im(v) Nint(M;) # &, we have
2. bi= 2 by
0’60]-+ W) o€d;(v)
forevery j =0,...,n

Let us suppose j = n, the other cases being similar. Let ¥ be a fixed lift of v to H”,
and for every o € 6,(v) let us denote by & the unique lift of ¢ such that 9,6 = 7.
By construction we have V(e;) € A for every i =0,...,n—1, and we denote by
B; the cell E’g(ei) containing v(e;). Now if o € 6,(v) then 6(e,) belongs to A and
o(ej) =v(e;) forevery i =0,...,n— 1. Recall that the set

Qf ={geG*|g(qi)eBifori=0,....n—1, g(gn) € Bs(e,}

satisfies bff = ug(Q-jF), and define
Qi {gEGi|g(q,)eB, for everyi =0,. n—l}.
We claim that, under the assumption Im(v) Nint(M,) # &, we have
Q) o= |J @i
cebE )

The inclusion 2 is obvious, while in order to get the inclusion C it is sufficient to
observe thatif g € Q% and & is the straight simplex with vertices in the cells containing
g2(qo), - .., g(gn), then necessarily Im(c) Nint(M) 2 Im(V) Nint(M;) # &, so that
0 = o0 belongs to 93:(1)) and g belongs to Qéc.
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Since the Q;f ’s (resp. the £2%’s) are pairwise disjoint, from Equation (5) we finally get

Zg€0+(v) b;_ = degfj(v) MG(Q;—) = MG ( Uaee,f(v) Q(j;) = /LG(Q;_),
Yoetrmbe = Xoetr oy h6(Q3) = ne(Usesrm 25) = nao(Q7).
so in order to conclude we are left to show that uc;(Q;f ) = 1 (25). However, if
sy € G~ is the reflection with respect to a hyperbolic hyperplane containing v (such

a hyperplane is unique if V is embedded), then Q3 = s5 - Q;‘ , and the conclusion
follows from the left-invariance of g . a

Let now px«: Cy (M ,ext(M;)) — Cy (Mg, 0M,;) be the map induced by the piecewise
smooth retraction p: (M ,ext(Mg)) — (M., 0M,) described in Section 2.2. The cycle

éL,a = Px (§L,a)

is our “efficient cycle”: in order to prove Theorem 1.4, in the next section we estimate
both the L!-norm of & L. and the proportionality factor between the class of &f, . in
H, (Mg, 0M,) and the fundamental class [M,] of M.

4 Proof of the main theorem

We begin by estimating the L!—norm of £ Le-

Lemma 4.1 We have
&Ll = VOl(NL (Me)).

Proof Since p4: Gy (M ,ext(M,)) = Cp (Mg, 0M,) is norm nonincreasing we have
leell <lzell = Y [bf =bg| < Y bf+ Y by = Vol(NL(M)),

ocEW ocEWt cEW—

where the last inequality is due to Lemma 3.13. O

4.1 The volume form

In order to compute the proportionality factor between [§r (] and [M;] we would
like to evaluate the Kronecker product of [£7, ] with the volume coclass of M. As
usual, we first have to take care of the fact that differential forms can be integrated
only on smooth simplices. So let S} (M ) (resp. S} (ext(M, ))) be the set of smooth
simplices with values in M (resp. in ext(ME)) let C; (M ) (resp. Cj(ext(M;)))
be the free R—module generated by S} (M ) (resp. by Ss 7 (ext(M,))) and let us set
CS(M ext(M;)) = CS(M)/CS(ext(Mg)) A standard result of differential topology
(see eg Lee [18]) ensures that a chain map smy: Cx (M )—>C§ (M ) exists such that
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(1) smg(o) € Sli(ﬂ) for every o € Sy, (1\2) and smy (0) € S (ext(M,)) for every
o € Si(ext(My));

(2) smy restricts to the identity of C; (M,);

(3) if ju: C5(Mg, 0M;) — Cx(Mg, 0M;) is induced by the natural inclusion, then
smy induces a map Cy (Mg, OM;) — C3(M,, M, ), which will still be denoted
by smy, such that j. osmy is homotopic to the identity of Cy(M,, IM,).

We fix an orientation on M (whence on M) by requiring that the fixed covering
w: H" — M is orientation- preservmg, and we denote by @ the volume differential
form on M . Since the retraction p: M — M, defined in Section 2.2 is piecewise
smooth, for every o € S, (M ) it makes sense to integrate @ over the composition of
smy (o) with p. We then define Qz7: Cy (1\2 ) — R as the linear extension of the map

Spu(M) — R

o Jposmu(o) ¥

Since smy is a chain map, if ¢ € Cy, (2\7 ) is a boundary then smj(¢) is the boundary
of a smooth (n + 1)—chain, so p«(smy(c)) is the boundary of a piecewise smooth
(n + 1)—chain and as a consequence of Stokes’ Theorem we have 2 37(¢) = 0. This
proves that Q237 = 0, ie that Q37 is an absolute cocycle. Moreover, by property (1)
of the smoothing operator, if Im(c) C ext(M,) then Im(smy(0)) C ext(M), so
Im(p osmy,(0)) € dM, and Q7(0) = 0. It follows that the cochain Q57 vanishes
on Cy(ext(M,)), ie that Q37 is in fact a relative cocycle, and defines therefore a
cohomology class [Q7] € H"(M , ext(My)).

Recall now that for every topological pair (X, Y) there exists a well-defined pairing
(usually called Kronecker pairing) given by

() HP(X.Y)x Hp(X.Y) > R, ([g].[c]) = ¢(0).

Let {1 . € Cp (]lz, ext(Mg)) be the cycle constructed above such that &7, . = p«({L.¢),
and let i: (M., 0M,) — (M ,ext(M,)) be the inclusion.

Lemma 4.2 We have R
QL)

[SL,s] = Vol(M,)

[M¢].

Proof We begin by recalling that
([S2a71], i ([M¢])) = Vol(Me).

In fact, if ¢p: A, — M, is a positively-oriented smooth embedding, then by the very
definitions we have that Q37 (ix(¢)) equals the hyperbolic volume of Im(p). We
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may now represent the fundamental class [M,] € H,(M,, 0M,) by a finite sum of
positively-oriented embeddings ¢;: A, — T;, i € I, where {T;};cy is a finite smooth
triangulation of M. So

(7). i ((Me]) = ( (Z w)) =) Vol(T;) = Vol (M) .

iel iel

Since H, (]\2, ext(M,;)) = Hy(Mg, IM;) = R, this readily implies

([27]. [l e]) . Qur(Cre)
[§ el = W ik ([Me]) = Vo 1(Ms) ix([Me)),
whence
_ _ Q]\?@L,s) . _ Q]V[(CL,S)
(L.l = P+ ([L.eD) = WP* (ix([Me]) = W[Ms]- a

In order to estimate the proportionality coefficient between [§f ] and [M,] we are
therefore left to compute 247 ($r,). From now on, we denote by L the positive
constant provided by Lemma 3.6. Also recall that Ry, and V7 were introduced in
Definition 3.5.

Corollary 4.3 Suppose L > L. Forevery 0 € W we have Q jj(ag0) > 0. Moreover,
ifo e Wn‘l'[ (resp. o € W), then Qpp(0) =V (resp. Qpr(0) <=V ).

Proof Since the covering projection 7: H" — M is an orientation-preserving local
isometry, if o is any straight simplex in M and & is any lift of o in H”, then Q37 (o)
is the signed volume of the portion of Im(G) contained in M.

Now, if 0 € Wt and & is any lift of o, then by construction we have ¢ € R,
so by Lemma 3.6 the simplex ¢ is positively-oriented and Vol,o(6) > Vz . This
implies that the signed volume of the portion of Im(&) contained in ]\78 is nonneg-
ative, so Q237(0) = 0. Moreover, if o € WH:: then Im(c) C int(ﬂg), so Qur(0) =
VOlalg(g) >VL.

On the other hand, it is easily seen that if & is any lift of a simplex 0 € W~ and
g € G~ is any orientation-reversing isometry of H”, then g -6 € Ry . Therefore
Volye(g-0) >V and g - is positively-oriented, so Vol () =—Volae(g-6) <—V7,
and & is negatively-oriented. Just as before, this readily implies that Q2 37(0) <0, and

that Qp7(0) < -V whenever 0 € W,

In order to conclude we are left to show that Q37 (as0) > 0 for every 0 € W. As
observed above, if o € W (resp. o € W), then every lift of o is positively-oriented
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(resp. negatively-oriented), and this readily implies that W N W™ = @. Therefore,
if 0 € W, then either 0 € W, and Qp1(as0) = bFQpr(0) > 0,0r 0 € W, and
again Qpz(as0) =—b ;Qp(0) > 0. ad

4.2 The final step

We are now ready to provide the required estimate on 257 (r ¢) .

Proposition 4.4 Suppose L > L. Then
Qar(CL.e) = VL - Vol(Mg \ NL43(IM)).

Proof We decompose . . as the sum {y, , = {i'; + &+ Cext, where

é'j_:l_tz Z b;_O', it = — Z by, Lext= Z dg0.

cew. T oceW. 0 EWeye

int nt

By Corollary 4.3 and Lemma 3.13 we get

Qi) = (Cpept b)Ve = (Vol(Me\ Npos(OMe)) - Vi)/2,
Qi) = (Xoewz b5)Ve = (Vol(Me\ NL13(0M)) - VL)/2.
Qi1 Cex) = (Xoemw,, @i1(as0)) = 0,

whence the conclusion by linearity of €2 7. O

Corollary 4.5 We have
VoI(M) _ Vol(M¢ \ Np+3(0M,))
IM| ~ Vol(NL(Me))

(6) VL.

Proof Since M is diffeomorphic to M, we have |M || = | M| = ||[M,]||. Thus
from Lemma 4.1, Lemma 4.2 and Proposition 4.4 we get

IM| = || =—— [éL.e]| = | =——| I6L.ell < :
Qa1 (Sr.e) Qa1 (Sre) VL - Vol(Me \ Np+3(0Me))
Since Vol(M) > Vol(M,), this readily implies the conclusion. a

In order to conclude we now need some estimates on the volume of L —neighbourhoods
of geodesic hypersurfaces in hyperbolic manifolds. For ¢ > 0 let

L
g(t) = 2/0 cosh” 1 (r) dr.
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An easy computation (see eg Basmajian [1]) shows that if A is an embedded totally
geodesic hypersurface in a hyperbolic n—manifold X, then the n—dimensional volume
of any embedded tubular ¢ —neighbourhood of A in X is given by g(¢) - Vol(A).

Lemma 4.6 Forevery L > (0 we have

lir% Vol(Np (0M;)) < g(L) - Vol(dM).

Proof Recall that oM, = dM U T,, where T, is the union of the boundaries of the
deleted cusps. Therefore Ny (d0Mg) = Np(dM)U N (T;) and it is easily seen that
limg_, 9 Vol(N,(T:)) = 0, whence limg_,o Vol(Ny, (0M,)) = Vol(Nr, (0M)).

Let now B be a connected component of dM and let X — M be the Riemannian
covering associated to the image of w{(B) into 7;(M). Then X is diffeomorphic
to B x (—o0, +00) and contains a totally geodesic hypersurface B x {0} isometric to
B. The L-neighbourhood of B x {0} in X is embedded and has therefore volume
g(L)-Vol(B). Since the projection X — M is alocal isometry and maps (possibly not
injectively) such a neighbourhood onto Ny (B) C M, it follows that Vol(Nr.(B)) <
g(L)-Vol(B). If By,..., By are the components of dM we then have

k k
Vol(NL(0M)) < Y " Vol(NL(B;)) < g(L) ( > Vol(Bi)) = g(L)-Vol(dM),

i=1 i=1

whence the conclusion. O

Let us put the estimate of Lemma 4.6 into inequality (6). We have
Vol(M; \ Ni13(3Mz)) = Vol (My) — Vol(Np +3 (0M,)),
so since lim,_, o Vol(M;) = Vol(M) we get
lim Vol(Mg \ Np+3(0M;)) = Vol(M) — g(L + 3) - Vol(dM).

e—0

In the same way we get lim,_,o Vol(Ng (M;)) < Vol(M )+ g(L)-Vol(dM). Therefore,
if ¥ = Vol(dM)/Vol(M'), then passing to the limit in the right-hand side of (6) we
obtain

Vol(M) - l—r-g(L+3) .

M| — 14r-g(L)
Let now n < v, be given. By Lemma 3.6 there exists L{ > Ly (only depending on n
and n) such that Vg, > v, —n/2. Since

lim (1=r-g(Ly +3)/(1+7-g(L1) = 1,

(M

VL.
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there exists £ > 0 (only depending on L, thatis on 7 and n) such that

(I—r-g(Li+3))/(A+r-g(L1))> (va—n)/(vp—n/2)

for every r <k . Inequality (7) with L =L now shows thatif » =Vol(dM)/Vol(M ) <k

then
Vol(M) _ VUn—1

IM| ~ va—n/2
and this concludes the proof of Theorem 1.4.

(vn—n/2) = vy —n,
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