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Almost periodic flows on 3—-manifolds

KELLY DELP

A 3—manifold which supports a periodic flow is a Seifert fibered space. We define a
notion of almost periodic flow and give conditions under which a manifold supporting
an almost periodic flow is Seifert fibered. It is well-known that R* does not support
fixed point free periodic flows, and our results include that R® does not support
certain almost periodic flows.

37C55; 57TM50

1 Introduction

A flow on a manifold M is a continuous action ®: M xR — M of R on M. If the
action has no global fixed points we say & is fixed point free. Differentiation of a C”
action yields a C”~! vector field on M . Conversely, the integration of a vector field
generates a flow on the manifold. Let ®; denote the time ¢ homeomorphism of the
manifold ®,(x) = ®(x,¢). A flow is periodic if there exits a T > 0 such that &7
is the identity map on M . Three dimensional manifolds that support fixed point free
periodic flows are Seifert fibered; the orbits under the R—action are the fibers. The
following natural question arises, which is the motivating question for this paper.

Question 1 If a Riemannian 3—manifold M supports a “non-trivial” flow & such
that & is close to idys, is M Seifert fibered?

Given € > 0, any sufficiently small vector field will generate a flow ® such that

d ( p, Dq( p)) < ¢ for all p € M. Therefore in all of our results we will require that
the flow & satisfies some “nontriviality” condition.

1.1 Definitions and Results
We begin by recalling some definitions from Riemannian geometry.

Definition 1.1 Let y: [a, ] —> M be a geodesic segment. We say y is a min-geodesic
if y is a shortest path between y(a) and y (b).
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The metric ball B(x;r)={y e M|d(x,y) <r} is convex if any two points in B(x;r)
are joined by a unique min-geodesic contained in B(x;r). The largest r such that
B(x;r) is convex is called the convexity radius at x. The convexity radius for a
manifold is defined by,

convrad(M, g) = inf convrad(p)
PEM

and is positive if M is compact (see Petersen [6]).

In our first result, we assume that our almost periodic flow ® possesses a flow line that,
in some sense, has infinite order in 7{(M). Thus @ is “homotopically non-trivial”.
Of course all flow lines may be non-compact, so we refer the reader to Section 2 for
the definition of a closed up flow line.

Theorem 2.4 Suppose M is a closed, orientable, connected, irreducible, Riemannian
3-manifold and € < convrad(M)/2. If M supports a flow ®: M xR — M such that,
(1) dy(x, ®(x.1)) <€ forall x e M

(2) for some x € M , the closed up flow line Ty has infinite order in 7wy (M)
then M is a Seifert fibered space.

Note that if the convexity radius of M is large, ®; need not be that close to the identity
map on M . For the remainder of our results we replace the homotopy condition with
a geometric condition (part (2) of Definition 1.2).

Definition 1.2 Given K > 1 and € > 0, a flow on a manifold M is (K, €)—almost
periodic if for all x € M :

(D) d(x, ®(x,1) <e
() d(x,®(x,3)) > Ke

It follows from a theorem of P A Smith [9] that S! actions on R” must have a fixed
point. We are able to show that R® does not support certain almost periodic flows. We
give a specific example of one such result, and refer the reader to Section 4 for the
statements of the more general theorems. Recall a vector field X on R3 is C—lipschitz
if for all p,q € R3,

1%, — X1l < Cllp —ql.

Now consider the class of flows that arise from integration of a C —lipschitz vector
field.
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Theorem 1.3 Let V be a C —lipschitz vector field on R® and ® the corresponding
flow that arises from integration of V. Then ® is not (10e€, €)—almost periodic for
any € > 0.

If a manifold supports one of Thurston’s eight geometric structures, it is covered by
R3, S3 or S2 x R. In the latter two cases the manifold is Seifert fibered (see Scott
[7]). Therefore we consider the case when M is covered by R*. Theorem 1.3 depends
on having a bound on the rate of growth of the length of a particular arc, which the
lipschitz condition provides. Using a more general version of this theorem, which is
stated in terms of the growth rate of an arc and does not assume the Euclidean metric
on R3, we prove the following. See Section 4 for definitions.

Theorem 5.2 Let M be a closed, orientable, Riemannian 3—manifold with universal
cover homeomorphic to R*, such that for all p € M, the exponential exp,,: T, pM —M
is a diffeomorphism. Let 0 <2¢ <convrad(M). If M supports a flow &: M xR— M
that satisfies

(1) for some p in M the min-geodesic between p and ®1(p) has time-one growth
rate N, and

(2) @ is (10N, €)—almost periodic,
then M is Seifert fibered.

Remark There are several notions of almost periodic flow. We discuss the definition
given by Cartwright [1].

Definition 1.4 A subset E of R is dense relative to the number L if every interval of
length L contains an element of E.

Definition 1.5 A flow @ is almost periodic (in the sense of [1] but not this paper) if
for every € > 0, there exists an L > 0, such that for all x € M, the set

E={teR|forall x € M,d(x, ®(x,7)) <€}

is dense relative to L.

The above definition, used by Cartwright, is neither stronger nor weaker than the
definition used in this paper. Our definition is “coarser” than Definition 1.5, in that we
do not require that d(idps, ®1) < € for every €. Also, we do not require that the set
E ={t|d(idpy(p), P:(p)) <€ forall p e M} be relatively dense in R, but merely
that @, is close to the identity map. However, Definition 1.5 does not imply condition
(2) of Definition 1.2.
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1.2 Outline

In Section 2 we prove Theorem 2.4, by showing that the subgroup generated by the
flow line of infinite order is central. Theorem 2.4 then follows from the Seifert fibered
space Theorem:

Theorem 1.6 (Casson [2], Gabai [4], Scott [8], Mess [5], Tukia [10], Waldhausen
[11]) If M is a compact, irreducible, orientable, connected 3—manifold, and w1 (M)
contains an infinite cyclic normal subgroup, then M is Seifert fibered.

Section 3 contains a technical algebraic topology result, which we use repeatedly in
Section 4 to prove our results about almost periodic flows on R?. First we prove that
R3 does not support (1, €)—almost periodic flows with a compact flow line of period 1.
We then extend the proof to eliminate the hypothesis of a closed flow line.

In Section 5 we prove Theorem 5.2. If we assume M is covered by R?, then 7, (M)
is torsion free, and Theorem 2.4 reduces our question to the case when the closed
up flow lines are contractible. If M supports a (K, €)—almost periodic flow, where
€ < convrad(M), and all flow lines contractible, the flow lifts to a (K, €)—almost
periodic flow on the universal cover. Using the results about almost periodic flows on
R3, we show that this can not occur.

1.3 Acknowledgements

I would like to thank Daryl Cooper for his continuing guidance throughout the work on
these results. I would also like to thank Jason Manning for many useful conversations.

2 Almost periodic flows

Let M be a compact Riemannian 3—manifold that supports a flow ¢ and x a point in
M such that d (x, D, (x)) < convrad(M). We define the closed up flow line starting
at x by flowing the point x for unit time to ®{(x), and then moving back to x along
the shortest geodesic (which is unique by hypothesis). For two paths f, g: [0, 1] > X
such that f(1) = g(0), we write f - g to denote the composition of paths.

Definition 2.1 Let ¢: [0, 1] - M be the flowline for x restricted to the unit interval

and let Ax: [0, 1] = M be the unique min-geodesic starting at ®(x, 1) and terminating
at x. Then the closed up flow line of x is 'y = ¢ - Ax. See Figure 1.
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Bc(x)

Figure 1: closed up flowline

We use the following lemmas to prove Theorem 2.4. Lemma 2.2 is a a basic fact
from Riemannian geometry about the continuity of min-geodesics. For a proof see Do
Carmo [3, Theorem 3.7, Remark 3.8].

Lemma 2.2 Suppose § < convrad(M). Let

U={(x,y)e M xM:d(x,y) <6}

Given p = (x,y) € U, let yp: [0,1] — M be the unique min-geodesic such that
¥p(0) = x and y, (1) = y. Then the function F: U x [0, 1] — M defined by

F(p,t) = yp(t)

is continuous.

Lemma 2.3 Let M be a closed, connected, Riemannian 3—manifold. Let € =
%conv rad(M) and ® be a flow on M such that d(x, ®(x,1)) <€ forall x in M . If
I'x and Iy, are the closed up flow lines for x and y, then I'y is freely homotopic to
ry.

Proof Let x, y € M such that d(x, y) <e. Let 0: [0, 1] > B(x;¢€) be a continuous
map such that o(0) = x and o (1) = y. Define the homotopy H: S' x[0,1] — M by
H(s, 1) = T (s).

So for each ¢ € [0, 1], the map H;: S! — M is the closed up flow line of o (7),
with Hy = I'y and H; = I'y,. We now show H is continuous. By definition we
have d(o(t),x) < €, and the “almost periodicity” property of the flow ® implies
d(a(t), CID(O(Z), 1)) < €. Therefore

d(®(o(t),1),x) <d(®(o(t),1),0(t)) +d(o(t), x) <2e.
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d(o, s)

Bje(x)

Figure 2

We have just shown that the image of ®; oo is contained in B(x;2¢). See Figure 2.
Since o and ® are continuous, and the images of both o and ®(o, 1) are contained in
the convex ball B,(x), Lemma 2.2 implies that H is continuous.

Therefore I'x >~ I'),. To show that any two closed up flowlines are freely homotopic
we define an equivalence relation on M by x ~ y if I'y is freely homotopic to T',.
These equivalence classes are open therefore M connected implies there is only one
equivalence class. a

Theorem 2.4 Suppose M is a closed, orientable, connected, irreducible, Riemannian
3-manifold and € < convrad(M)/2. If M supports a flow ®: M xR — M such that,

(1) dM(x, d(x, 1)) <eforall xe M

(2) for some x € M , the closed up flow line 'y has infinite order in 7w (M)
then M is a Seifert fibered space.

Proof Let x € M such that I'y has infinite order in 7{(M). By Lemma 2.3, all
closed up flow lines are freely homotopic, therefore the subgroup generated by Iy is
central. To see this, let B: S! — M be a representative of an element of 71 (M, x).
Then we can slide I'y along the path B, through the closed up flow lines I'g(y), until
'y returns to itself. Therefore BTy B~! = I'y and (T'y) is an infinite central cyclic
subgroup. By Theorem 1.6, the Seifert fibered space Theorem, the result follows. O
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3 Reflector homotopies
In this section we prove a technical result which will be used in later proofs.

Definition 3.1 Let D be a 2—disk and X = R*> x R3 \ A, where A denotes the
diagonal of R3 xR3. Let g: X — X be the map that reflects about the diagonal, that
is g((x, y)) = (»,x), and let C be a simple closed g-invariant curve in X . We say
the map

J: (D,0D) x[0,1] = (X, C)

is a reflector homotopy if J satisfies the following:
(1) J is a homotopy of maps of the pair (D, dD) — (X, C).
2) Jy =goJy, and therefore Jy ~ go Jy.

(3) J:¢lgp is a degree one map.

As motivation for Theorem 3.2, recall that R3 x R\ A is homotopy equivalent to S2,
and consider the following example.

Example Let D be a closed disk, S? the unit sphere in R*, and N the northern
hemisphere (z > 0) of S2. Let h: D — N be a homeomorphism, and a: S? — S?
the antipodal map. Then it is easy to see that /: (D, dD) — (S?,dN) is not homotopic
as a map of pairsto ao /.

Theorem 3.2 Reflector homotopies do not exist.

Proof Assuming J exists, we will determine the induced maps (Jg)« and (g o Jo)«
between the relative homology groups H, (D, dD;Z,) and Hy(X,C;Z,), and obtain
a contradiction.

Using X ~ S?, a long exact sequence shows H,(X,C;Z,) =7, ® Z,. We choose
generators for the group H, (X, C;Z;), and determine what the map g« does on these
generators. To do so, we will start with a subspace of X for which we know exactly
the behavior of g. Given r > 0, let P and E be the spaces

P ={((x,y,2),(=x,—p,—2) e R* xR? | ||(x, y,2)| =}
E= {((X,y,O),(—X,—y,O)) € R3 XR3 | ||(x,y,0)|| =I"}

Then P is a 2—sphere with equator E, and P is contained in A+ = {(x, —x)|x € R?}.
Since C is a compact set we can choose r large enough so that C and E do not
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intersect. Since P < X is a homotopy equivalence this sphere is a generator for
Hy(X:Z,).

The quotient space P/E is the wedge of two spheres. Therefore H,(P, E;Z;) =
Z, & Z,, and the quotients of the northern(z > 0) and southern (z < 0) hemispheres
[N],[S]€ Hy(P, E; Zy) are generators for the group. The map g restricted to the sets
P and E is the antipodal map. Therefore g«: Hy(P, E;Z,) — H,(P, E; Z5) is the
map that switches our generators [N] and [S].

Since P is a generator for H,(X), the inclusion map i: (P, E) — (X, E) induces an
isomorphism ix: Hy(P, E;Z,) — Hy(X, E;Z,). Also P and E are both g—invariant,
and therefore we have i o g = g oi on the subspaces where these maps are defined, so
the following diagram commutes.

Hz(X,E§Zz)ﬁ>H2(X,E;Zz)

o

Hz(P,E;Zz)ﬁHz(P,E;Zz)

We will now build an isomorphism between H, (X, E;Z,) and H,(X, C;Z,) which
commutes with the map g«. To simplify notation we will use g« to denote the map
induced by the restriction of g on the relative homology groups for the pairs of spaces
(X, E),(X,C), (P, E) and the pair (X, Y) which will soon be defined.

Let X/~ be the quotient space where (p, g) ~¢ (¢, p). Note that g is fixed point free
and the map X — X/~ is a 2—fold covering. Therefore X /~¢ ~ RP2. Since C and
E are embedded g—invariant circles in X, the sets C = C/~g and E = E/~, are
circles that are doubled covered by C and E respectively. The loop that parameterizes
C lifts to an arc of C, therefore C must be the nontrivial element of 7 (X/ ~g).
Similarly for E.

Recall the sphere P was chosen to be large enough so that C and E are disjoint,
therefore C and E are also disjoint. Since C and E represent the same element in the
fundamental group of 7 (X/~), there is a homotopy f: S!x I — X/~ between
them. The space X/~ is six dimensional, and C and E disjoint, so using a general
position argument we may assume f is an embedding with image an annulus in X /~,
with boundary components C and E. This annulus lifts to a g—invariant embedded
annulus Y in X . Therefore H{(Y;Z,) = Z,, and a long exact sequence argument
implies that Hy(X,Y;Z,) =7, ® Z,. Since C generates H{ (Y ;Z,) = Z,, we know
that the inclusion map ic: (X, C) — (X, Y) induces an isomorphism between the
relative homology groups. Since the annulus Y is g-invariant the following diagram
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commutes.
Hy(X,C:Z5) 2 Hy(X,C:Z,)

(ic)* \L i(iC)*

Hy(X.Y:Z5) —S Hy(X.,Y:75)

Similarly £ generates H{(Y;Z,) = Z, and the inclusion map i g induces an isomor-
phism between relative homology groups and we get the commutative diagram

Hy(X,Y:;7Z5) BLLEN Hy(X,Y:7Z,)

(iE)*l\L l(iE)*l
Hy(X,E;7Z,) SLLN Hy(X, E; 7).

Putting all of the maps together, we have the following, where vertical arrows are
isomorphisms.

Hy(X.C:Z,) 55> Hy(X.C:Z,)
Hy(X.Y:Zy) —5> Hy(X.Y:Z,)

Hy(X.E:Z,) 5> Hy(X. E; Z,)

Hy(P.E:Z5) —5*> Hy(P. E:; Z,)

Recall that the map g« switches the generators [V ] and [S] of Hy(P, E;Z;). Let W be
the isomorphism between H, (X, C;Z,) and H,(P, E; Z,) which is the composition
of the isomorphisms on the downward pointing arrows. Then N :=y! (IN]) and
S:=w! ([S]) are generators for H,(X,C;Z,). Since the above diagram commutes
we have proven the following claim.

Claim 1 g, switches N and S.

Recall that (Jo)«: Hy(D,dD;7Z,) — Hy(X,C;Z,). Let [ D] denote the generator of
H,(D,dD;7;) and suppose that (Jo)«([D]) =aN + bS. Then Claim 1 implies
(g0 J0)«([DD = g« o (Jo)«(ID) = aS +bN.

Since Jy ~ g o Jo as maps of the pairs (D, dD) — (X, C), the induced maps on
relative homology groups (Jo)« and (g o Jy)+« must be equal, and therefore ¢ = b.
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Claim 2 If (Jo)«([D]) = aS +bN then a =b.

Now consider the exact sequence of the relative homology groups for the pair (X, C).
In the following commutative diagram vertical arrows are isomorphisms.

Jx 0%
Hy(X:Z,) —— Hy(X,C;Zy) — H(C; Z3)

| l |

Z, Zr,® 7y Zy

The map jx is induced by the inclusion map j: (X, &) — (X, C). Therefore j. maps
the nontrivial element of H,(X;Z,) onto N + S. Since 04 o ju is trivial, this implies
dx sends N + 5 10 0. So 94x(S + N) = 04x(S) + 9+«<(N) =0 or

3x(S) = —d4(N).

The long exact sequence shows Do H,(D,0D;Z,) — H(0D; Z5) is an isomorphism.
By naturality of the connecting homomorphism the following diagram commutes.

(D] € Hy(D,3D; Z5) "~ H,(3D: Z)

r
(JO)* \L

Hy(X,C:7Z,)

i(JolaD)*

0%
Hy(C;Z3)

Property (3) of the reflector homotopy says that the map (Jo)|gp is a degree one map
and therefore I'([D]) # 0. Since the diagram commutes this implies that

050 (Jo)«([D]) = dx(aS +bN)
= a34(8) +b d«(N)
= a3+(S)—b3+(S)
= (a—b)3:(S)
# 0
Therefore a # b. However this contradicts Claim 2 and we have proven Theorem
3.2. |

4 R3 does not support almost periodic flows

Before proving that R® does not support (K, €)—almost periodic flows for sufficiently
large K, we prove Theorem 4.1, which has the additional hypothesis of a closed flow
line of period 1.
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Theorem 4.1 Let (M,g) be a Riemannian manifold homeomorphic to R3 with
positive convexity radius. Let € = convrad(M). If &: M xR — M is a flow with a
closed flow line of period 1, then ® is not (1, €)—almost periodic.

Note that if M is equipped with the standard Euclidean metric, then M has infinite
convexity radius, and Theorem 4.1 is true for any €. We list, for easy reference, several
definitions which will be used throughout the remainder of the paper.

e D isa 2-disk.
e X =MxM\A, where A is the diagonal of M x M .
e The map g: X — X is reflection about the diagonal and is defined by

g((x, ) = (. x).
e The induced flow on X is W: X xR — X, where
U, = O, x Oy
e The standard embedding e: M — X is defined by

e(p)=(p.21(p)).

Proof of Theorem 4.1 Assume @ is a (1, €)—almost periodic flow with a closed flow
line of period 1. Using ® we will construct a reflector homotopy, which contradicts
Theorem 3.2 and proves our result.

To construct the reflector homotopy, let p be a point in M whose orbit has period 1.
Identify S! with the unit interval modulo the endpoints and define f: S' — R? by
f(s) = ®(p,s). Since R? is contractible, we can extend f over the unit disk D so
that f is a null homotopy for the closed flow line ®(p,—). For any point z in the
disk D, let the map h(z, —): [0, 1]— M be the min-geodesic from ®;(f(z)) to f(z).
Since d(f(z), ¢ (f(z))) < €, the map h: D x[0,1] — M is continuous by Lemma
2.2. We define the reflector homotopy J: D x [0, 1] = X by

B lIJtonf(Z) 0=
ren= {(ab; o f(2).hiz.20-1) 3=

During the first time interval the homotopy J uses W to flow the map eo f to W 1oeo f.
Note that,

Ji(2) = (®yo0 f(2).h(z. 1)) = (1o f(2). f(2)) =goeo f(2).
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MxM
i d, x d, i
Jl ‘ ‘
2
| e

Figure 3: The homotopy J

We see that when ¢ € [%, 1] the map J homotopes \Il% oeo f to goeo f along a short
geodesic. See Figure 3. We now verify that J is a reflector homotopy, by showing that
J satisfies properties 1-3 of Definition 3.1.

Let C = Jy(dD). We will show that C is g—invariant, but first we verify property 1,
that J is a homotopy of the pairs (D, dD) — (X, C).

Claim 3 The image of the homotopy J does not intersect A, the diagonal of M x M .

Proof Letze D. Fort €0, %] we have J(z,t) = (CID,of(z), CDH_% of(z)). Property
2 of the almost periodic flow implies,

d(®s0 [ (2), P14,0 (@) =d(®r0 f(2), P (Pro [(2)) >e.

Thus J(z,t) ¢ A. Now assume ¢ € [%, 1]. Since J%(z) = (CD% o f(z),®10 f(z)), and
Ji(z) = (P 1o f(2), f(2)), the first coordinate of the image of J is constant for this

time interval. The second coordinate of the image is the min-geodesic between ® ;0 f(z)
and f(z), which are a distance of less than €. That J;(z) = (CD% (2),h(z,2t— 1)) does
not belong to A is evident from Figure 4, and is verified by the following inequalities.

d(®y 0 f(2),h(z,2t =) +d(h(z,2t = 1), £(2) 2d(®) 0 [(2). (2)) > €.
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Since /(z,2t — 1) lies on the min-geodesic between f(z) and ®; o f(z), which has
length less than €,

d(h(z, 2t —1), f(Z)) <e€.

Therefore

d(CD%of(z),h(z,%—l)) Zd(@l of(z),f(z))—d(h(z,2l—l),f(z)) >0. O

[l

> e
CD%(f(z)) . @1(f(2)
h(z,Zl—\i)\‘ I <e
/()

Figure 4: J; does not intersect A

Now we show that J;(dD) = C for all ¢ € [0, 1]. Recall f was defined on dD by
f(s) = ®(p,s). Therefore,

C = {(®s(p). @, 1(p)ls €[0.1]}.
Since the image of f is a closed flow line of period 1, the flow line
s> Wgoeo f(0)= (CD(p,s),CD%(p,s))
is also closed. Therefore for ¢ € [0, %],
J:(0D) =W, 0e0 f(dD) =C.

Since f|yp is a closed flow line with period 1, the map J 1 =goeo f on dD.
Therefore the adjustment that happens during the second time interval occurs only
on the interior of the disk, hence the homotopy is constant on dD during the interval
[% 1]. We have shown that the image of W;(0D) is C for ¢ € [0, 1], which completes
the verification of property 1.

To verify that the set C is g—invariant, let t = 5 + % Since the flow line for p has
period 1 we have

g(®@s(p), @1 1(p) = (@ 1(p), Ps(p))
= (q)t(p)’ CDt_%(p))
= (®:(p), @, 1(P)).
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Since (®;(p), <I>t+%(p)) isin C, the set is g—invariant.

To verify property 2 of Definition 3.1, note that Jo = Wyoeo f = e o f and
Ji=goeo f =golJy. Therefore Jy >~ go Jy.

Lastly, we note that since the map f|5p is a homeomorphism onto the closed flowline,
the map J;|yp is also a homeomorphism, satisfying the third and final property of a
reflector homotopy. a

4.1 Removing the hypothesis of a closed flow line

Let ® be a flow on a manifold M, and «: [0, 1] > M an arc. If we flow the arc o for
time 7, we denote the length of the resulting arc ®; o by L;(x).

Definition 4.2 Let M be a Riemannian manifold and ® a flow on M . Let «: [a, b] —
M be a rectifiable arc. Then we define the time-one growth rate of a by
_ max{L(a) |t €0, 1]}

N(x): Lo@)

Note that if a min-geodesic « has time-one growth rate N, then L;(«) < Nd(p, q)
for all ¢ € [0, 1].

In this section we show that if ® is a flow on M3 ~ R3 (see hypothesis below) such
that for some point p € M the min-geodesic & between p and ®;(p) has time-one
growth rate N = N(«), then ® is not (10N, €)—almost periodic, for all € > 0. But
first a few preliminaries.

Let TM denote the tangent bundle of a Riemannian manifold M . The exponential
map, exp: TM — M, is defined as follows. Let ¢ — y (¢, p, v) be the constant speed
geodesic in M such that y(0, p,v) = p and y(0, p,v) =v € T,(M). Then,

exp(p,v) = y(1, p,v),
and exp, = exp |, p - See Do Carmo [3] for more details.

For a point x € M x M let d(x, A) denote the distance between x and A. That is,

d(x,A) =min{dprxpr(x,p) | y € A}

Lemma4.3 Let M be a Riemannian manifold such that for all p € M, the exponential
map exp,: Tp M — M is a diffeomorphism. Then for any point (p,q) € M x M,

d((p.q), A) = L2 d(p.q).
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Proof Let p and g be points in M and let m be the midpoint of y, the unique
min-geodesic (which exists since exp,, is a diffeomorphism) between p and ¢. Then
(m, m) is the point in A closest to (p, ¢). To verify this, let x be an arbitrary point
in M, and let A > 1 be the ratio of the lengths d(p, x) and d(g, x). Without loss of
generality assume A = d(p, x)/d(q, x). Then,

(l) dMXM((X,X), (p’q)) = \/dz(lﬁx) +d2(q7x) =V A2 +1 d(‘bx)

A continuity argument implies there exists a point x’ on the image of y such that
d(p,x")/d(q,x")=\. Since x’ lies on the min-geodesic between p and ¢, d(g, x’) <
d(q.x). Furthermore, when x" = m, we have A = 1, and darxar (X', x'), (p.q)) is
minimized. Equation (1) implies

darsrr ((p.q), (m,m)) = V2d(q,m) = L2d(p.q). 0

Theorem 4.4 Let (M, g) be a Riemannian manifold homeomorphic to R?, such that
for all p in M , the exponential map exp,: T, M — M is a diffeomorphism. Let
be a (K, €)—almost periodic flow on M such that for some p in M the min-geodesic
between p and ®;(p) has time-one growth rate N . Then K < 10N .

If ® is a flow generated by a C —lipschitz vector field, then a basic fact from differential
equations implies that every min-geodesic «: [0, 1] — R3 has a time-one growth rate
that is less than €. Note that R*® with the standard Euclidean metric has infinite
convexity radius. Therefore Theorem 4.4 implies that a flow ® on R? generated by a
C —Lipschitz vector field is not (10e€, €)—almost periodic, for any € > 0.

The basic strategy of the proof is the same as in Theorem 4.1. We will use ® to construct
a reflector homotopy and then Theorem 3.2 gives us a contradiction. To define the
homotopy, we need a g—invariant circle in X . Unlike the previous case we can not
use a closed flow line with period one, since we do not assume one exists. Instead
we take a segment of a flow line for a period of [0, 1] and then close it up to obtain a
circle. Using the resulting curve C’ we construct the homotopy J: D x [0, 1] — X, as
before. However, since C’ is only approximately g—invariant, the homotopy J is no
longer a reflector homotopy. We shall show there is a g—invariant curve C close to the
curve C'. Then we take a larger disk D' containing D and extend J over DV so
that J|3p+x s maps onto C, and the extension of J is a reflector homotopy.

Proof of Theorem 4.4 Let ® be a flow on M and p a point in M such that the
min-geodesic between the points p and ®;(p) has time-one growth rate N. Assume
® is (K, €)—almost periodic where K = 10N . The previous construction of J began
with defining a null-homotopy for the closed flow line of period 1. In the absence of
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this hypothesis, we will construct a map f: S! — X such that the image of the map
lies on a closed-up flow line for the point p.

Let D be the unit disk in the complex plane and identify 9D = {¢™**|s € R} with the
unit interval [0, 2] modulo the endpoints. (Our choice for this parameterization of d.D

makes later calculations less tedious.) Let y,: [1,2] — M be the min-geodesic with
Yp(1) = ®1(p) and y,(2) = p. Define f: 0D — X by

{CID(p,s) 0<s<1

Js) = vp(s) 1=<s<2

Since M is contractible we may extend the map f over the entire disk D. It is
important to note that f(dD) is no longer invariant under the flow. Using f, define
J: Dx|[0,1] = X as follows,

Woeo f(z) 0=
J(z,1) = { ((D%of(z),/’l(z,zt_l)) %5

This is the same homotopy defined in Theorem 4.1, where A(z, ) is the min-geodesic
starting at ®;( f(z)) and terminating at f(z). Recall Figure 3 if needed. Under the
new hypothesis, the image of J still does not intersect the diagonal of M x M . In
fact, since d(p, ® 1 (p)) > Ke, the image of J misses a neighborhood of the diagonal.
First we prove that the map g is approximately equal to W 1 on the image of e. To

simplify notation, we use d, rather than dps«ps to denote the induced path metric on
M x M.

@(p, s)
0<s=<l1

Figure 5: Themap f: S! — M

Claim 4 d(\If% oe(p),goe(p)) <e forall pin M.

Proof of Claim 4 This follows immediately from the fact that @ is almost periodic.

d(Wyoe(p).goe(p)) =d((®1(p). P1(p)). (P 1(p). p) = dm(P1(p). p) <€ O

Algebraic € Geometric Topology, Volume 7 (2007)



Almost periodic flows on 3—manifolds 173

Claim 5 The image of J is contained in M x M \ Ns(A) where § = (“/TEK —1e.

Proof of Claim 5 Let 7 € [0, %] and z € D. Then
J(z.1) =W0eo0 f(z) = ¥ (f(2). QD%(f(z))) = (P:(f(2)). <Dt+%(f(z))).

Property 2 of the flow implies dps (CD t(f(2), @, 1 (f (Z))) > Ke. Therefore Lemma
4.3 implies,
d(J(z,1), A) > L2 Ke.

For t € [%, 1] the map J;(z) is the min-geodesic between the points J 1 (2)=w 1o
eo f(z) and goeo f(z). By Claim 4, these points are less then ¢ apart. Therefore
d(J(z,1), J(z, 1)) <€ for 1 €[4, 1]. Since d(J(z, 1), A)) > Y2 Ke, this implies the
claim. |

Since the map f'|3p is no longer invariant under the flow, for each ¢ € [0, 1] the image
of J;(dD) is a different circle in X . However, we will show that J;(dD) is close to a
g—invariant circle C. Then we will extend our homotopy over a larger disk D, such
that D™ maps to C.

Lemma 4.5 There exists a g—invariant circle C C X and a 1-parameter family of
maps c: [0,2]/0=2 x |0, %] — C such that ¢ satisfies the following properties.

() C% =gocy
2) d(c(s,t), J|sp(s, 1)) <4Ne
(3) c¢; is adegree 1 map for all t € [0, %].

See Section 4.2 for a proof. Let D be the disk of radius 2 centered at the origin
of the complex plane. Then D™ contains the unit disk D. We denote points in the
annulus A = DY\ D by z=re™* with 1 <r <2 and s €0, 2]. Points in 0D are
therefore denoted by e’ % . The extension of J over A will map the outer circle of 94
to the g—invariant circle C constructed in Lemma 4.5 for all ¢ € [0, 1].

For ¢t €0, %], the map J;: A — X maps each segment {re™ *|r €[1,2]} to the unique
min-geodesic starting at the point J¢|yp (s) and terminating at the point c(s, ¢). See
Figure 6. Let v(s,1) = exp~! (J(e™'%,),c(s,1)). Then v(s,?) is an element of the
tangent space of M x M at the point J(e™%,1). We explicitly define J as follows.

() J(re™ s, 1) = exp (J (™5, 1), (r — (s, 1)).
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Figure 6: Extending J

By hypothesis, for a point p € M the exponential map exp,: Tp(M) — M is a
diffeomorphism. This implies for (p,q) € M x M the map

€XP(p.q) T(p,q)(M XM)—>MxM

is a diffeomorphism, and we conclude that J is continuous by Lemma 2.2.

For the second time interval, ¢ € [%, 1], each segment {re™*|r € [1,2]} is mapped
by J; to the min-geodesic between Jy|yp(s) and c(s, %) = goc(s,0). The formula
is same as in (2), but with v(s,?) = exp~! (J(e””, t),c(s, %)) Now that we have
defined J on all of DT, we verify that it is a reflector homotopy.

To satisfy property 1 of Definition 3.1, we show that J,(D 1) C X, and also J;(dD ") C
C . Note that for all 7 in [0, 1] the image of J;(dD) is the set C constructed in Lemma
4.5. Claim 5 implies that J;(D) € X . Therefore we need only to show that J;(A)
does not intersect A.

Claim 6 J;(A) is contained in a 5Ne¢ neighborhood of J;(dD).

Proof of Claim 6 First let ¢ € [0, %] On the annulus A, which we parameterized
by re”™'%, the map J; is the min-geodesic with respect to the radius r between the
maps J¢|sp and ¢;. Lemma 4.5 tells us these maps are distance less then 4 Ne apart.
Therefore

d(J(re™*,1), J(e™ 5, 1)) < d(c(s.t), J(e™*,1)) < 4Ne.
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For ¢ € [%, 1] the map J; is the min-geodesic with respect the the radius r between
the maps J¢|sp and g ocg. For z € D, we have d(J(z,1), J(z, 3)) < €. (This was
noted in the proof of Claim 5.) Therefore, for ™ IS ¢ 9D and re™'S € A,

d(J(re”is,t),J(e”is,t)) Sd(gOC(S,O),J(emsJ))
=d(c(s,3). J (™5, 1))
< d(c(s, %), J(e™'S, % ) +d(J(e”iS, %), J(e”is,t))
<4Ne+e€ <5Ne
which proves the claim. a

Claim 5 states that J;(dD) does not intersect a (IK — 1) neighborhood of A. Since
(fK— l)e > 5Ne, Claim 6 implies J;(A) is contained in X .

To verify property 2, that J; = g o Jy, we again need only verify this for points in
A, since for z € D, we have J;(z) = g o Jo(z). The segment S = {re™5|r €[1,2]}
is mapped by J to the min-geodesic from Jg|gp (s) to c¢(s,0). Call this geodesic A.
On S, the map J; is the min-geodesic starting at Jq|gp(s) = g o Jo|gp(s) and ending
at Ji|gp+(s) = goc(s,0). Since g is an isometry, this is the geodesic goA.

Property 3, that J;|yp+ is a degree one map, follows immediately from Lemma 4.5.
Therefore, using ® we have constructed a reflector homotopy J. This contradicts
Theorem 3.2, and the result is proven. O

4.2 Proof of Lemma 4.5

First we prove that on the image of e, the maps g and W 1 are pointwise €—close, and

the identity map and W, are within +/2¢.
Lemma 4.6 For any point p in M,
d(goe(p), lI/% oe(p)) <€ and d(e(p), v, oe(p)) <V 2e.
Proof
d(goe(p).Wyoe(p) =d((®y(p). p).(21(p). P1(p)) = dp(p. P1(p)) <e.

Hence

d(e(p). ¥1oe(p)) = d((p. 21(p). (21(p). 23 (p)))

= \/dM(p, @ (p)° +dp (21 (p), CPg(P))2
= «/56,
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which completes the proof. |

Recall that in the proof of Theorem 4.1, where we assumed the flow line for a point p
had period 1, the g—invariant circle C was the set

C=eo f(D) ={(Ps(p). ., 1 (p)) ] s €[0. 1]}
We note one other property of the map eo f. For s € [%, 1],

eof(s):goeof(s—%).

This is easily verified from the definitions of the maps. Note this implies that goe o
O =eof(1).

Now we give a sketch of the proof of Lemma 4.5. Although f no longer maps to
a flow line with period 1, the bounds that were proven in Lemma 4.6 imply that for
S E [%, 1], the point e o f(s) isclose to goeo f(s— %) So to construct a g—invariant
circle C, we define an arc «: [0, %] — M x M such that a(s) is close to eo f(s), and
goa(0) = a(%). Then for s € [0, 1],

als) s €[0, 1]

goa(s—%) S € [%, 1]

co(s) ={

The image of ¢q is a g—invariant circle in M x M , and ¢y(s) is close to J¢|3p . For
s €[1,2], Jilogp(s) = eoyp(s), where y, was the min-geodesic between ®;(p) and
p. Since the time 1 growth rate of y, is N, the image of e oy, lies in a neighborhood
of ¢o(0) = ¢o(1). Therefore for s € [1, 2] we define co(s) to be the constant map onto
co(1). By rotating the map cq, we define the maps ¢;: [0,2]/0=2 — C so that c;(s)
is close to J¢|sp (s).

Lemma 4.5 There exists a g—invariant circle C C X and a 1-parameter family of
maps c: [0,2]/0=2 %0, %] — C such that ¢ satisfies the following properties.

() C% =gocg
2) d(c(s,t), J|gp(s,t)) <4Ne
(3) c¢; isadegree | map forall t € [0, %]

Proof We construct the arc «: [0, %] — X, such that «(s) is close to eo f(s). Lemma

4.6 implies that W) oo f(0) =eo f(%) is contained in Be(goeo f(0)). Therefore,
by continuity, there exists § < % such that e o f(s) € Be (g oceo f (0)) whenever
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§<s< % Let o: [6, %] — X be the min-geodesic between e o f(§) and goeo f(0).
Then

Note that oz(%) = gow(0). Also, both a(s) and e o f(s) are contained in B¢(g o
eo f(0)) for s €6, %], therefore d(a(s),eo f(s)) < 2¢ forall s €0, %] We define
c: [0,2]/0=2 %0, %] — X by

a(s+1) OSSS%—Z

c.1) = goa(s+1—3) 3—1<s<1-—t
a(s+1—1) l-1<s=<1
a(t) 1<s<2

If a; is the constant map from an interval onto «(¢), the map cq is simply - (go)-aq.
As t increases, c; is equal to « - (g o ) - a; composed with a rotation. Let C =
{c(s,0)|s €]0,2]}. Then C is a g—invariant circle that is the image of ¢; for all ¢.
As defined, ¢; may not be a degree one map. If ®(p, R) is compact with period less
than %, the degree of the map ¢y will be greater than one. However, by perturbing o
arbitrarily small amount, we can make the map an embedding. Then « - (g o o) will be
an embedding, which implies ¢ is a degree one map, since ¢ >~ « - (g o ).

Wy oeo f(0)

fffffff ~¥'goeo f(0)
W,0e0 f

e eof(0) c(0,) =a(t)

Figure 7: close maps

We now verify that ¢; is close to J;|gp = W;o0eo f. As c is piecewise defined, we
check each of the four intervals.

Case 1 LetOsz%—t,ortis—i—tf%.Then

d(\IJ, oeof(s),oz(s—i—t)) =d(eof(s+t),a(s+t)) < 2e.

This follows immediately from the definition of «.

Algebraic € Geometric Topology, Volume 7 (2007)



178 Kelly Delp

Case 2 Let%—tisfl—t,or%§s+t§1.Then

d(‘l‘toeof(s),gocx(s—i-t—%)) (eof(s+t),goo((s+z—%))

(\IJ%onf(S+l—%)’g°“(S+t_%))

QU

Sd(‘l‘loeof(S+l—%),goeof(s+z_%))
2

+d(goeof(s+t—%),goa(s—l—l—%))
<€+ 2e.

The last inequality follows from the fact that g is an isometry, and Lemma 4.6, that

W, ~ g on the image of e.
2

Case3 Letl —t<s=<l,orl1<s+t¢t=<1+¢.Then

d(¥oeo f(s),a(s+t—1))=d(¥ioeo f(s+t—1),a(s+1—1))
<d(¥joeo f(s+1—1),e0 f(s+1—1))
+d(eo f(s+1—1),a(s+1—1))
< V2e + 2e.

The last inequality follows from the second conclusion of Lemma 4.6, that ¥; ~ id on
the image of e.

Cased4 Letl <s<2.

On the interval [1, 2], the map f is the min-geodesic between the points p and ®(p, 1).
Therefore for s € [1, 2], we have d(p, f(s)) < €. Since the time-one growth rate of
this geodesic is N, this implies d(<I>(p, 1), d(f(s), t)) < Ne for t €0, 1]. Therefore

d(\Ptoeof(s),oc(t)) Ed(\I/toeof(s),eof(t))—i— (eof(l),a(t))
d(\I/toeof(s),\IJtoeof(O))+26
d

(@:(/6). @ 1 (F6). (P2(p). @, 4 () +2¢
< v/2Ne + 2¢ < 4Ne.

IA

This completes the proof. a
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5 Almost periodic flows and Seifert fibered spaces

Theorem 5.1 Let M be a closed, orientable, Riemannian 3—manifold whose universal
cover is homeomorphic to R3. Let 0 < 2¢ < convrad(M). If M supports a (1,¢€)—
almost periodic flow ®: M xR — M with a closed flowline of period 1, then M is
Seifert fibered.

Proof Let p be a pointin M such that u© = ®(p, R) is compact and has period 1.
Since M is covered by R? its fundamental group is torsion free. If y has infinite
order in 1 (M), then by Theorem 2.4 the manifold M is Seifert fibered. This leaves
the case that p is contractible. Closed up flow lines are freely homotopic, by Lemma
2.3, hence all closed up flow lines are homotopic to p and contractible. Therefore the
lifted flow ® on the universal cover M with the lifted metric is (1, €)—almost periodic.
Since the universal cover M is homeomorphic to R3, this contradicts Theorem 4.1,
hence the case when p is contractible can not occur. |

Theorem 5.2 Let M be a closed, orientable, Riemannian 3—manifold with universal
cover homeomorphic to R*, such that for all p € M , the exponential exp,: T, pZ\Z M
is a diffeomorphism. Let 0 < 2¢ < convrad(M). If M supports a flow ®: M xR— M
that satisfies

(1) forsome p in M the min-geodesic between p and ®(p) has time-one growth
rate N, and

(2) @ is (10N, €)—almost periodic,
then M is Seifert fibered.

Proof Let p be the point in M such that the min-geodesic y between p and @ (p)
has time-one growth rate V. Let I', the closed up flow line for p. As before, Theorem
2.4 implies we need only consider the case when I', is trivial in 71 (M).

The lifted flow ® on the universal cover M with the lifted metric is (10N, €)—almost
periodic. Let p be a lift of p. Then ¥, the lift of y, is the min-geodesic between p
and (p) which also has a time-one growth rate of N under the flow ®. Therefore
@ satisfies the hypothesis of Theorem 4.4 and we get a contradiction for this case. O

Corollary 5.3 Let M be a closed, orientable, connected, Riemannian 3 —manifold
with non-positive sectional curvature. If M supports a flow ® such that for some p in
M the min-geodesic between p and ®(p) has time-one growth rate N , then ® is
not (10N, €)—almost periodic.
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This Corollary follows immediately from Hadamard’s Theorem (see Do Carmo [3] for
a proof).

Theorem 5.4 (Hadamard) Let M" be a complete Riemannian manifold, simply
connected, with all sectional curvature K < 0. Then M is diffeomorphic to R" ; more
precisely exp,: Tp M — M is a diffeomorphism.

References

(1]

(2]

(3]

(4]

(5]
(6]

(7]

(8]

(9]

[10]

[11]

ML Cartwright, Almost periodic flows and solutions of differential equations, Math.
Nachr. 32 (1966) 257-261 MR0224932

A Casson, D Jungreis, Convergence groups and Seifert fibered 3—manifolds, Invent.
Math. 118 (1994) 441-456 MR1296353

MP do Carmo, Riemannian geometry, Mathematics: Theory & Applications,
Birkhéuser, Boston (1992) MR1138207, Translated from the second Portuguese
edition by Francis Flaherty

D Gabai, Convergence groups are Fuchsian groups, Ann. of Math. (2) 136 (1992)
447-510 MR1189862

G Mess, The Seifert conjecture and groups which are quasiisometric to planes, preprint

P Petersen, Riemannian geometry, Graduate Texts in Mathematics 171, Springer, New
York (1998) MR1480173

P Scott, The geometries of 3—-manifolds, Bull. London Math. Soc. 15 (1983) 401-487
MR705527

P Scott, There are no fake Seifert fibre spaces with infinite 1, Ann. of Math. (2) 117
(1983) 35-70 MR683801

P A Smith, A theorem on fixed points for periodic transformations, Ann. of Math. (2)
35 (1934) 572-578 MR1503180

P Tukia, Homeomorphic conjugates of Fuchsian groups, J. Reine Angew. Math. 391
(1988) 1-54 MR961162

F Waldhausen, Gruppen mit Zentrum und 3—dimensionale Mannigfaltigkeiten, Topol-
ogy 6 (1967) 505-517 MR0236930

Mathematics Department, California Polytechnic State University
San Luis Obispo CA 93407, USA

kelly.delp@gmail.com

Received: 27 March 2006

Algebraic € Geometric Topology, Volume 7 (2007)


http://www.ams.org/mathscinet-getitem?mr=0224932
http://dx.doi.org/10.1007/BF01231540
http://www.ams.org/mathscinet-getitem?mr=1296353
http://www.ams.org/mathscinet-getitem?mr=1138207
http://dx.doi.org/10.2307/2946597
http://www.ams.org/mathscinet-getitem?mr=1189862
http://www.ams.org/mathscinet-getitem?mr=1480173
http://dx.doi.org/10.1112/blms/15.5.401
http://www.ams.org/mathscinet-getitem?mr=705527
http://dx.doi.org/10.2307/2006970
http://www.ams.org/mathscinet-getitem?mr=683801
http://dx.doi.org/10.2307/1968751
http://www.ams.org/mathscinet-getitem?mr=1503180
http://www.ams.org/mathscinet-getitem?mr=961162
http://dx.doi.org/10.1016/0040-9383(67)90008-0
http://www.ams.org/mathscinet-getitem?mr=0236930
mailto:kelly.delp@gmail.com

	1. Introduction
	1.1. Definitions and Results
	1.2. Outline
	1.3. Acknowledgements

	2. Almost periodic flows
	3. Reflector homotopies
	4. R3 does not support almost periodic flows
	4.1. Removing the hypothesis of a closed flow line
	4.2. Proof of Lemma 4.5

	5. Almost periodic flows and Seifert fibered spaces
	References

