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Equivariant collaring, tubular neighbourhood and gluing
theorems for proper Lie group actions

MARJA KANKAANRINTA

The purpose of this paper is to prove equivariant versions of some basic theorems
in differential topology for proper Lie group actions. In particular, we study how
to extend equivariant isotopies and then apply these results to obtain equivariant
smoothing and gluing theorems. We also study equivariant collars and tubular
neighbourhoods. When possible, we follow the ideas in the well-known book of
M W Hirsch. When necessary, we use results from the differential topology of Hilbert
spaces.

57520

1 Introduction

The aim of this paper is to prove equivariant versions of some basic theorems in
differential topology, for proper actions of not necessarily compact Lie groups. If a Lie
group G acts properly and smoothly on a smooth manifold M , then its action resembles
a smooth action of a compact Lie group. The reason for this is that the slice theorem,
which is one of the most important basic results in the theory of compact transformation
groups, also holds for proper actions. According to the slice theorem, if x € M, then a
G —invariant neighbourhood of x is G —diffeomorphic to the twisted product G X, Ny,
where G denotes the isotropy subgroup at x and Ny = Tyx M /Tx(Gx) is the normal
space to the orbit Gx at x. There are different ways to formulate the slice theorem.
The first variant is due to JL Koszul [7, p 139]. The version we refer to is due to
R S Palais [13, Proposition 2.2.2].

Our main results concern equivariant isotopies. Isotopies are basic constructions in
differential topology, and isotopy extension results have proved to be especially useful.
For example, in order to extend an embedding it is sufficient to prove that it is isotopic
to an extendable embedding. In this paper, we study how to extend equivariant isotopies
and apply these results to obtain an equivariant smoothing theorem (Theorem 9.4).
We also prove a uniqueness theorem for the equivariant diffeomorphism type of the
adjunction space M Uy N, where M and N are proper smooth G -manifolds which
have been equivariantly glued together along their boundaries (Theorem 10.1).
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2 Marja Kankaanrinta

For the sake of background, let us mention another reason why equivariant isotopies
are important. It is natural to ask whether it is possible to classify G—spaces over a
given space. To prove a classifying result of this type, one needs to be able to lift
homotopies or isotopies from orbit spaces. For continuous actions, R S Palais’ covering
homotopy theorem [12] is a fundamental lifting result for homotopies of maps between
orbit spaces. Palais’ theorem was extended in a highly nontrivial way by G W Schwarz
to the smooth case [15]. Both results are stated for compact group actions, but they
also hold for proper actions of not necessarily compact Lie groups.

Some of the results in this paper concerning equivariant collars and tubular neighbour-
hoods may be known to the experts. We include them here in order to provide detailed
proofs for the literature. We hope that this paper will be of use in further study and
understanding of differential topology of smooth G —manifolds.

The paper is organized as follows: We first recall some basic properties of proper
smooth G —manifolds in Section 2. In Section 3 we prove an equivariant collaring
theorem (Theorem 3.5), ie we show that the boundary of a proper smooth G —manifold
M has an equivariant collar on M . We continue by proving an equivariant tubular
neighbourhood theorem for manifolds without boundary (Theorem 4.4). Section 6
shows some technical results concerning extensions of smooth equivariant maps. In
Section 7, we study equivariant collars and tubular neighbourhoods of neat submanifolds.
The results of Section 6 and Section 7 are needed in Section 9, where we prove an
equivariant smoothing theorem (Theorem 9.4). For that we also need results about
extending equivariant isotopies (Section 8). Finally, Section 10 deals with equivariant
gluing.

Most of the corresponding nonequivariant results can be found in a book of Hirsch [3].
Roughly, our results in Section 3 and Section 7 correspond to those in Section 4.6
in [3], and our results in Section 4 correspond to those in Section 4.5 in [3]. More-
over, the results in Section 8 and Section 9 are equivariant versions of the results in
[3, Section 8.1] and our results in Section 10 correspond to those in [3, Section 8.2].

In several of his proofs (for example the collaring theorem [3, Theorem 4.6.1]) Hirsch
uses a globalization theorem [3, Theorem 2.2.11] to obtain maps with required properties.
This approach does not generalize well to the equivariant setting, which is one reason
why some of our proofs differ from those of Hirsch. Unlike Hirsch we restrict our
attention to closed submanifolds. That’s why using the exponential map suits well
to our purposes. For example, we use the standard method, based on the use of the
exponential map, to construct G —invariant tubular neighbourhoods.

Another reason why some of the proofs in [3] need to be modified in the equivariant
case is that smooth manifolds can always be embedded in Euclidean spaces, while
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Equivariant gluing theorem 3

the corresponding equivariant results do not always hold even if the acting Lie group
is compact. Fortunately, proper smooth G—manifolds can be embedded in Hilbert
G —spaces. An equivariant tubular neighbourhood theorem for finite-dimensional closed
submanifolds of a Hilbert G —space is proved in Section 5.

2 Proper smooth G' -manifolds

Let X be a Hausdorff space and let G be a Lie group acting continuously on X . Let
A and B be subsets of X'. We denote by G(A, B) the subset {g € G | gAN B # &}
of G. We call a subset A of X relatively compact if its closure A is compact. The
interior of A is denoted by A. Let f: X — R be a continuous map. We denote the
support of [, ie the closure of the set {x € X | f(x) # 0}, by supp(f).

Definition 2.1 The action of G on X is called proper, if for every two points x and y
in X there are neighbourhoods U and V of x and y, respectively, such that G(U, V)
is relatively compact.

The action of G on X is proper, if and only if the map G x X — X x X taking (g, x)
to (gx, x) is proper.

Let a Lie group G act smoothly on a smooth (ie C°°) manifold M . If the action map
G xM — M is smooth, we call M a smooth G—manifold. If the action is also proper,
we call M a proper smooth G —manifold.

All the manifolds are assumed to be finite-dimensional and to have only countably
many connected components. They are allowed to have a nonempty boundary unless
the contrary is mentioned.

We recall the notion of a smooth slice:
Definition 2.2 Let G be a Lie group and let M be a proper smooth G —manifold. Let
x € M and let G denote the isotropy subgroup at x. A smooth submanifold S of

M is called a smooth slice at x if x € S, GS is open in M and there exists a smooth
G —equivariant map f: GS — G/Gy such that f~1(eGy) = S.

By Proposition 2.2.2 in [13], there exists a smooth slice at each point of a proper smooth
G —manifold.

Let F be a subset of M . If every point x € M has a neighbourhood U such that
G (U, F) is relatively compact, we call F small.
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4 Marja Kankaanrinta

Definition 2.3 Let G be a Lie group and let M be a proper smooth G —manifold. If
F is small and GF = M, we call F a fundamental set for G in M . If, in addition,
F is closed in M, we call it a closed fundamental set. We call a closed fundamental
set F in M fat,if GF = M.

By Lemma 3.6 in [llman and Kankaanrinta [4], a proper smooth G —manifold always
has a fat closed fundamental set.

We call a Euclidean space on which G acts linearly a linear G —space.

Lemma 2.4 Let G be a Lie group and let M be a proper smooth G —manifold. Let
f: M —V be a smooth map into a linear G —space V. Assume the support of f is
small. Then

Av(f): M =V, xn—>/Ggf(g_1x)dg,

where the integral is the left Haar integral over G, is a smooth G —equivariant map.

Proof It follows from Proposition 1.2.6 in Palais [13], that Av(f) is a well-defined
continuous G —equivariant map. Since the support of f is small, the smoothness
follows just like in the case where G is compact. For example, one can apply the proof
of Theorem 0.3.3 in Bredon [1] inductively, to prove the smoothness. O

By a Hilbert space we mean a real vector space H with an inner product such that
relative to the metric induced by the inner product, H is a complete metric space. We
denote the group of orthogonal linear transformations of H by O(H).

Definition 2.5 Let G be a Lie group and let H be a Hilbert space. If there exists a
representation o: G — O(H), such that the action G x H — H, (g,v) — o(g)v, is
continuous, we call H a Hilbert G —space.

Let G be a Lie group and let M be a proper smooth G -manifold. By Theorem
0.1 in Kankaanrinta [6], there exists a smooth G —equivariant embedding of M as a
closed smooth submanifold of some Hilbert G —space H. The result in [6] is stated for
manifolds without boundary but that assumption is not used anywhere in the proof, so
the result also holds for manifolds with boundary. It follows [6, Theorem 0.2] that every
proper smooth G —manifold (with or without boundary) admits a complete smooth
G —invariant Riemannian metric.
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3 Proof of the collaring theorem

Several different proofs for the nonequivariant collaring theorem are known (see for
example Theorems 4.6.1 and 6.2.1 in Hirsch [3]). The proof of Theorem 4.6.1 in [3]
can be adapted to the equivariant case. Hence we continue by proving Proposition 3.1,
Proposition 3.2 and Proposition 3.4 whose nonequivariant versions are being used in
that proof.

Proposition 3.1 Let G be a Lie group and let M be a proper smooth G —manifold
with boundary dM . Then there exist an open G —invariant neighbourhood W of oM
in M and a smooth G —equivariant retraction r: W — oM .

Proof Exactly the same as the proof of (a smooth version of ) Proposition 1.4 in
Illman and Kankaanrinta [5], but by using only inward pointing normal vectors. O

Proposition 3.2 Let G be a Lie group and let M be a proper smooth G —manifold
with boundary 0M . Then there exist an open G —invariant neighbourhood U of oM
in M and a smooth G —invariant map f: U — [0, c0) having 0 as a regular value and
taking O0M to 0.

Proof Let exp and TM denote the exponential map and the tangent bundle of M,
respectively. Let T(3M )1 denote the orthogonal complement of T(dM) in (TM)|aas
with respect to a smooth G —invariant Riemannian metric (,) of M. Moreover, let
T(OM )f‘ denote the inward pointing normal vectors in T(3M)L. Then dM has an
open G —invariant neighbourhood U in M and the zero section of T(dM )f‘ has an
open G —invariant neighbourhood V' such that the restriction exp|: V' — U is a smooth
G —equivariant diffeomorphism. The map

S:U —[0,00), x> (exp| ™ (x), exp| " (x))?
has the required properties. O
Lemma 3.3 Let G be a Lie group and let M be a proper smooth G —manifold without
boundary. Assume G acts trivially on [0, 00) and diagonally on M x[0,00). Let V be

a G —invariant neighbourhood of M x {0} in M x [0, c0). Then there exists a smooth
G —invariant map 6: M — (0, c0) such that (x,y) € V, forevery 0 < y < 6(x).

Proof Let E be a fat closed fundamental set in M . Let a: M — [0, 1] be a smooth

map whose support lies in E . We can assume that « is not identically zero on any
orbit of M. Let 8: M — (0,00) be a smooth map such that (x, y) € V, for every
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6 Marja Kankaanrinta

0<y<pB(x). Let g € G. Since V is G-invariant, it follows that (gx, y) € V, for
every 0 < y < B(x). Let 6 be the map

Jgag ' x)B(g" x)dg
Jga(g™1x)dg

By Lemma 2.4, 6 is a smooth G —invariant map. Let x € M . Then 6(x) < f(z), for
some z € supp(c|gy). It follows that 6 satisfies the required properties. O

0: M — (0,00), x>

Proposition 3.4 Let G be a Lie group and let M be a proper smooth G —manifold
without boundary. Let G act trivially on [0, o0) and diagonally on M x [0, c0). Let
V' be a G —invariant neighbourhood of M x {0} in M x [0, c0). Then there exists a
smooth G —equivariant embedding ¢: M x [0, c0) — V such that ¢(x,0) = (x,0), for
every x e M .

Proof Let 6: M — (0,00) be as in Lemma 3.3 and let e: R — R be the exponential
map. Then
@: M x[0,00) =V, (x,y) (x,0(x)(1—e7)),

is the required embedding. O

Assume G is a Lie group and M is a proper smooth G —manifold with boundary dM .
Let G act trivially on the interval [0, 00). By an equivariant collar of OM on M we
mean a smooth G —equivariant embedding

fi10M x[0,00) > M

such that f(x,0) = x, for every x € dM . An equivariant collaring theorem holds for
proper smooth actions:

Theorem 3.5 Let G be a Lie group and let M be a proper smooth G —manifold with
boundary M . Then dM has an equivariant collar on M .

Proof Letthe maps  and f be as in Proposition 3.1 and Proposition 3.2, respectively,
and let
h: WNU — M x[0,00), x> (r(x), f(x)).

Then / is a smooth G —equivariant map and /(x) = (x, 0), for every x € oM . The
restriction of s to dM is a G—homeomorphism onto dM x {0}. Since / is submersive
(and therefore also immersive) at the boundary points, it is a local diffeomorphism on
some neighbourhood of the boundary dM . It now follows from Lemma 1.3 in [5], that
dM has an open G —invariant neighbourhood V in WNU suchthat A|: V —h(V) isa
G —equivariant diffeomorphism and /(1) is open in dM %[0, co). By Proposition 3.4,
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there exists a smooth G —equivariant embedding ¢: dM X [0, 0co) — A(V') which fixes
dM x {0}. Then the composed map 4! o ¢ is an equivariant collar of dM on M. O

Let Tx M denote the tangent space of M at x. Then the normal space at x to the orbit
Gx is Ny = Tx M /T« (Gx). The linear slice theorem for manifolds without boundary
says that if x € M \ M , then a G —invariant neighbourhood of x is G —equivariantly
diffeomorphic to the twisted product G X, Ny . This fact and the equivariant collaring
theorem now imply Corollary 3.6, which is a linear slice theorem for manifolds with
boundary:

Corollary 3.6 Let G be a Lie group and let M be a proper smooth G —manifold with
boundary M . If x € OM , then a G —invariant neighbourhood of x is G —equivariantly
diffeomorphic to (G xgG, Nx) x[0,00), where Nx = Tx (M )/Tx(Gx).

Corollary 3.6 says that every proper smooth action of a Lie group on a smooth manifold
with boundary is locally linear (called locally smooth in Bredon [1]).

The action of a Lie group G on a topological manifold M with boundary is called lo-
cally linear, if every x € M \ M has a neighbourhood G —equivariantly homeomorphic
to G xg, Vx and every x € dM has a neighbourhood which is G —equivariantly home-
omorphic to (G Xg, Vx) x [0, 00), where V is a linear Gx—space. For compact G, a
topological version of the equivariant collaring theorem is known [1, Theorem V 1.5].
This theorem is proved for locally linear actions. The corresponding nonequivariant
result was proved by M Brown [2]. Since the covering homotopy theorem [12] of
R S Palais holds for proper actions, it is easy to verify that the proof of Bredon’s
theorem also works for proper locally linear actions. Thus we obtain a topological
version of the equivariant collaring theorem:

Theorem 3.7 Let G be a Lie group and let M be a topological manifold with
boundary M . Assume G acts properly and locally linearly on M . Then there exists
a G —equivariant homeomorphism h of dM x [0, o0) onto a neighbourhood of M in
M with h(x,0) = x, forevery x € dM .

4 G —invariant tubular neighbourhoods

Let G be a Lie group acting smoothly and properly on a smooth manifold M . Let
& = (p, E, M) be a smooth vector bundle over M . Assume G acts smoothly on E
and in such a way that the action is linear on the fibers. Moreover, assume the projection
p: E — M is equivariant. We then call & a smooth G —vector bundle over M .
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Definition 4.1 Let G be a Lie group and let M be a proper smooth G —manifold. Let
N be a closed smooth G —invariant submanifold of M . By a G—invariant tubular
neighbourhood of N in M we mean a pair (¢, £), where £ = (p, E, N) is a smooth
G —vector bundle over N and ¢: E — M is a smooth G —equivariant embedding onto
some open neighbourhood of N in M, such that the restriction of ¢ to the zero section
(identified with N ) of £ is the inclusion of N in M .

Associated to ¢(F) is a particular smooth G —equivariant retraction r: ¢(E) — N .
We often refer to £, ¢(E) or r: ¢(E) — N as a G-invariant tubular neighbourhood
of Nin M.

The next lemma is proved for actions of compact Lie groups in [1, Theorem VI 2.1].

Lemma 4.2 Let G be a Lie group and let M be a proper smooth G —manifold. Let
& = (p, E, M) be a smooth G —vector bundle over M . Then there exists a smooth
positive definite G —invariant inner product on & .

Proof Let £ @& E denote the Whitney sum and let p: E & E — M denote the
projection. Let F be a fat closed fundamental set in M . Then p~!(F) is a fat closed
fundamental set in £ @ E. Let «: M — [0, 00) be a smooth map with support in
F and such that « is not identically zero on any orbit. Let (,) be a smooth positive
definite inner product on &£. (Such an inner product exists; see eg [1, Theorem VI 2.1].)
We define a new inner product {, } on £ by putting

{v.wiy = /Goc(g”X)(g‘lv, g w)g-1,dg.
By Lemma 2.4, {, } is smooth and G —invariant. Clearly, it is positive definite. m|

By a G-—invariant partial tubular neighbourhood of a closed smooth G —invariant
submanifold N of a proper smooth G-manifold M we mean a triple (f,§&, U)
where & = (p, E, N) is a smooth G —vector bundle over N, U is a G-invariant
neighbourhood of the zero section in £ and f: U — M is a smooth G —equivariant
embedding such that the restriction f|N =idy and f(U) is openin M .

The following proposition shows that a G —invariant partial tubular neighbourhood
always contains a G—invariant tubular neighbourhood. The proof is just as in the
nonequivariant case [3, p 109].

Proposition 4.3 Let G be a Lie group and let M be a proper smooth G —manifold.

Let N be a closed smooth G —invariant submanifold of M. Assume (f,&,U) is a
G —invariant partial tubular neighbourhood of N in M . Then there exists a G —invariant
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tubular neighbourhood (s, &) of N in M such that s equals f in a neighbourhood of
N.

Proof By Lemma 4.2, £ has a smooth positive definite G —invariant inner product
(,). Let || || be the norm (,) induces on the fibers in E. Let o: N — (0,00) be
a smooth G —invariant map such that if y € Ex and ||y| < o(x), then y € U. Let
A: [0,00) — [0, 1) be a diffeomorphism which equals the identity near 0. We define

h: E—E, y— e(p(y)A (Q(EEH}))) Iy~ v, i Iyl #0
y, otherwise.

Then £ is a G—equivariant map, #(E) C U and / is the identity near the zero section.
It is left for the reader to verify that /4 is a smooth embedding. Let s = f o /. Then
(s, &) is a G—invariant tubular neighbourhood of N with the required properties. O

Theorem 4.4 and Theorem 4.6 are equivariant versions of Theorems 4.5.2 and 4.5.3 in
[3], respectively. However, notice that Hirsch does not require N to be closed in M .
Equivariant versions for compact G' can be found in [1, Theorems VI 2.2 and VI 2.6].

Theorem 4.4 Let G be a Lie group and let M be a proper smooth G —manifold. Let
N be a closed smooth G —invariant submanifold of M . Assume 0M = ON = &. Then
N has a G —invariant tubular neighbourhood in M .

Proof Like the proof of Proposition 1.4 in [5]. O

Let G be a Lie group and let M and N be proper smooth G-manifolds. By a G-
equivariant isotopy from M to N we mean a smooth map F: N x I — M such that
for each t € I the map

Fi: N> M, x+— F(x,t),

is a smooth G—equivariant embedding. We call the embeddings Fy and F; G-
equivariantly isotopic (or G—isotopic). If A C M is such that F;(x) = Fy(x), for
all (x,7) € Ax I, then we call F a G—equivariant rel A isotopy. In the case when
N = M and each F; is a diffeomorphism, we call F' a G —equivariant diffeotopy (or
a G —diffeotopy). Notice that we do not require Fj to be the identity map of M as
Hirsch does when he defines a diffeotopy [3, p 178]. For an isotopy F we define a map

F: NxI—MxlI, (x,t) > (F(x,1),1).
Definition 4.5 Let ( f;,& = (pi, Ei, N)), i =0, 1, be G—invariant tubular neighbour-
hoods of N in M . By a G —equivariant isotopy of G —invariant tubular neighbourhoods

from ( fo,&p) to (f1,&1) we mean a G—equivariant rel N isotopy F: Egx I — M
such that
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e Fo=fo,
* Fi(Eo) = fi(EY),
. fl_l o Fi: Eg — E; is a vector bundle isomorphism &y — &1,

. ﬁ(EOXI) isopenin M x I.

Notice that the last condition is always true, if dM = &. Notice also that F; and f;
necessarily define the same retraction Fi(Eg) — N .

Theorem 4.6 Let G be a Lie group and let M be a proper smooth G —manifold. Let
N be a closed smooth G —invariant submanifold of M . Assume 0M = dN = @&. Then
any two G —invariant tubular neighbourhoods of N in M are G —equivariantly isotopic.

Proof The proof is like that of Theorem 4.5.3 in [3]. The map H in Hirsch’s
proof becomes G —equivariant when ( fo,&9) and (f1,&;) are G—invariant. Using
Lemma 4.2, it is also possible to make Hirsch’s maps /4 and G G —equivariant. m]

5 Tubular neighbourhoods in Hilbert G —spaces

In this section we prove an equivariant tubular neighbourhood theorem (Theorem 5.1)
for finite-dimensional closed submanifolds in Hilbert G —spaces. The result is needed
later, in Section 6 and Section 7.

For elements of infinite-dimensional differential geometry we refer to Lang [8]. Let
H be a Hilbert space. The exponential map of H defined by the trivial spray over H
is defined on an open O(H)—invariant subset of TH and it is O(H)—equivariant. We
obtain:

Theorem 5.1 Let G be a Lie group and let M be a proper smooth G —manifold with
oM =o. Let f: M — H be a closed smooth G —equivariant embedding in a Hilbert
G —space H. Then f (M) has a G —invariant tubular neighbourhood in H.

Proof The claim can be proved like Theorem IV.5.1 in [8], by using the exponential
map of H. Notice that we do not need partitions of unity, since in Lang’s proof they
are only used to construct a global spray. The trivial spray certainly is global. |

Remark 5.2 Let W be a G—invariant tubular neighbourhood of f(M). Since G
acts properly on f(M) and there exists an equivariant retraction r: W — (M), it
follows that G acts properly also on W .
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6 Extending smooth G —equivariant maps

In this section we show how to extend certain kind of smooth equivariant maps equiv-
ariantly. Corollary 6.3 will be applied in Section 9.

Lemma 6.1 Let G be a Lie group and let M and N be proper smooth G —manifolds
without boundary. Let G act trivially on R and diagonally on M xR and N X R.
Assume [ = (f1, f2): M x (—00,0] = N x (—o00, 0] is a smooth G —equivariant map
such that f,(x,0) =0, for every x € M . Then, for every x € M , there exists a slice
Sx at x such that the restriction f|(GSx x (—o0,0]) can be extended to a smooth
G —equivariant map fx: GSx X (—00,ay) = N xR, for some a, > 0.

Proof The map f can be extended to a smooth (nonequivariant) map h: U — N xR,
where U is a sufficiently small neighbourhood of M x (—o0,0] in M x R. Let
x € M and let S C N be a smooth slice at f;(x,0). Then S x R is a smooth slice
at f(x,0). Let r: W — § be a Gx—invariant tubular neighbourhood of S in GS.
We can assume that S and W are relatively compact. Thus W has only finitely
many orbit types and, consequently, there exists a closed smooth G, —equivariant
embedding e: W — R"(p), where R"(p) is a linear Gx—space on which G acts via
some homomorphism g: Gx — O(n) (see Mostow [10] or Palais [11]).

Now, 71 (W x R) is open in M x R. Let Sy C M be a smooth slice at x, and let
Jx be an open interval containing 0. By choosing S, and J to be sufficiently small,
we can assume that Sy x Jy, C A~} (W xR).

Let ' W/ — e(W) be a Gx—invariant tubular neighbourhood of ¢(W) in R"(p). Let
id: R — R be the identity map. Then

H, = (exid)oh|: Sy x Jx —> R"(0) xR

is a smooth map. Since Gy is compact, it follows that
AV(Hy): Sx x Jxy —> R"(0) xR, (y,t) > /G gH, (g7 'y, 1)dg,

is a smooth Gx—equivariant map. By shrinking S, and J,, if necessary, we can
assume that Av(Hy)(Sx X Jx) C W/ xR. Then

H, = (e " xid)o (r' xid) o Av(Hy): Sx x Jx = N xR
is a smooth Gx—equivariant map. Since Sy X Jy is a smooth slice at (x, 0), the map

hy: GSx X Jx > N xR, (gy,t)— gﬁx(y,t),
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is smooth and G —equivariant. Defining
Jx: (GSx X (—00,0) U (GSx x Jx) > N xR

by fx(r.1) = f(y.1) if (y.1) € GSx x (—00,0] and fx(y,1) = hx(y.1) if (y.7) €
G Sy x Jx, yields a smooth G —equivariant map with the desired properties. a

Theorem 6.2 Let G, M, N and f be as in Lemma 6.1. Then there exist a G —
invariant neighbourhood V of M x (—o00,0] in M x R and a smooth G —equivariant
map F: V — N xR extending f.

Proof We begin by covering M x{0} locally finitely by tubes G Sy, where Sy C M xR
is a smooth slice at (x,0), x € M. It is possible to do this in such a way that the
family {GSx} can be divided to finitely many subfamilies {GSy; }ieq;» | = j = n,
for some n € N, such that for all j, GSx;, NGSx, = @,if i,k €aj and i # k
[12, Theorem 1.8.2]. We denote

0j = (M x (=00,0) U (| ] GSy,).
iea]-
forall j. By Lemma 6.1, f has a smooth G —equivariant extension to GSy; , for every
i € aj. These extensions define a smooth G —equivariant extension of f,
Fj: Oj — N xR.

Let { fj}7=l be a smooth G—invariant partition of unity subordinate to {O; };’=1
[14, Theorem 4.2.4 (4)]. Let e: N — H be a closed smooth G —equivariant embedding
into a Hilbert G—space H and let r: W — ¢(N) be a smooth G—invariant tubular
neighbourhood of e(N) in H. Let id denote the identity map of R. For all j, define

the map F; by

Ji(v. (e xid)(Fj(y, 1), if (y.7) € O;

n
Fj: i —>HxR
J U 0j > HxR, (y.1) > { 0, otherwise.

Jj=1

We can assume that Ejfj(y, t)e W xR, forall (y,¢). Let

n
F: | J0j > NxR, (y.0)~ (¢! xid)(r xid)(Z7_, Fj (».1)).
ji=1

Then F is a smooth G —equivariant map extending f . |

Theorem 6.2 and Lemma 1.3 in [5] imply the following:
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Corollary 6.3 Let G be a Lie group and let M be a proper smooth G —manifold. Let
G act trivially on R and diagonally on M xR. Let f: M x (—o0,0] = M x (—o0, 0]
be a smooth G —equivariant diffeomorphism. Then there exist a G —invariant neigh-
bourhood V of M x (—o0,0] in M x R and a smooth G —equivariant diffeomorphism
F:V — F(V) extending f.

7 G —invariant collars and tubular neighbourhoods of closed
neat submanifolds

Let G be a Lie group and let M be a proper smooth G —manifold. Let N be a smooth
G —invariant submanifold of M . Following the terminology in [3], we call N a neat
submanifold of M ,if ON = N NdM and if N is covered by charts (¢, U) of M
such that N N U = ¢~ 1(R™) where m = dim(N). Thus N is neat if and only if
ON = N NaM and for every x € N, Tx N is not a subspace of Tx(dM).

Theorems 7.2, 7.3 and 7.4 are equivariant versions of Theorems 4.6.2, 4.6.3 and 4.6.4
in [3], respectively. Again, notice that in 4.6.3 and 4.6.4, Hirsch does not require the
submanifolds to be closed.

Lemma 7.1 Let G be a Lie group and let M be a proper smooth G —manifold. Let
N be a closed smooth neat G —invariant submanifold of M . Then there exist a G —
invariant neighbourhood Uy of dN in M and a smooth G —equivariant retraction
ri: Uy = Uy NAM such that ri(x) € dN forevery x e Uy N N.

Proof By the equivariant collaring theorem, dM has a neighbourhood in M which
is G —equivariantly diffeomorphic to dM x [0, c0). Let s: U — dN be a G —invariant
tubular neighbourhood of N in dM . Let e: U — H be a closed smooth G —equivariant
embedding in some Hilbert G —space H and let r’: V — ¢(U) be a G —invariant tubular
neighbourhood of ¢(U) in H. Moreover, let id denote the identity map of [0, o0) and
let eg = e xid: U x[0,00) = H x [0, 00).

Fix a smooth G —invariant Riemannian metric on N . Let T(dN )f‘ denote the inward
pointing normal vectors in the orthogonal complement T(dN )L of T(AN) in (TN)|yn -
Let exp denote the restriction of the exponential map of N to T(dN )f‘. Let lf-(v)
denote the inward pointing unit vector in Tg ) N/T)(0N). Since T(IN )f‘ is trivial
[3, Theorem 4.4.2], the map f: O — U x [0, 00) defined by

(v.1) > g ' o (r' xid) o (e(v) + eg(expy(y) (7 - lsl(v))) —eo(s(v)))

is well-defined on some G —invariant neighbourhood O of dN in U %[0, 00). Then f
is a smooth G —equivariant map and its restriction to some G —invariant neighbourhood
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W of dN is a diffeomorphism onto f(W). Moreover, we may assume that the
image f(ON x[0,00) N W) = N N f(W). Denote the inverse of f|W by f~1.
Let pr: U x [0, 00) — U be the projection. Then pro f~1: f(W) — U is a smooth
G —equivariant retraction such that pro f~1(x) € N forevery x e NN f(W). O

Theorem 7.2 Let G be a Lie group and let M be a proper smooth G —manifold.
Let N be a closed smooth neat G —invariant submanifold of M. Then dM has a
G —equivariant collar which restricts to a G —equivariant collar of dN in N .

Proof The proof is similar to the proof of Theorem 3.5, if we manage to choose
the maps r and ¢ in that proof in such a way that r: W — dM maps N N W onto
dN and that ¢(x,7) € N x [0, 00) for every (x,7) € N x[0,00). By choosing V, as
in Theorem 3.5, to be sufficiently small, we can then assume that the restricted map
hl: VAN — h(V)N (N x[0,00)) is a diffeomorphism. That ¢ has the required
property, follows immediately from its definition, see Proposition 3.4.

It remains to construct a smooth G —equivariant retraction » from an open G —invariant
neighbourhood W of dM to dM such that r(x) € dN forevery x € N N W . First, let
U; and r; be as in Lemma 7.1. Next, let U, be an open G —invariant subset in M such
that oM C U; UU, and N NU, = @. Choosing U, to be sufficiently small and using
the collaring theorem, we obtain a smooth G —equivariant retraction r,: Uy — dM NU,.
Let { f1, f>} be a smooth G —invariant partition of unity such that supp(f;) C U; and
supp(f2) C U,. Let e: dM — H be a closed smooth G —equivariant embedding into a
Hilbert G—space H. For i = 1, 2, we define the map

fix)e(ri(x)), if x e U;

ri: U UU; - H, x+— )
-l 2 { 0, otherwise.

By Theorem 5.1, there is a smooth G —invariant tubular neighbourhood 7: O — ¢(dM)
of e(dM) in H. When U; and U, are sufficiently small, ie such that 7 (x)+72(x) € O,
for every x € Uy U U,, the map

r: U UUy — M, x> e o (7 (x) +72(x)),

is well-defined. Clearly, r then is a smooth G —equivariant retraction taking points of
N to ON . O

In the following theorem we construct tubular neighbourhoods for neat submanifolds.
It is easy to see that the standard method based on the use of the exponential map does
not work here. Therefore, we follow the idea of Hirsch, although some of our technical
details are slightly different due to the fact that we need Hilbert spaces in situations
where Hirsch uses Euclidean ones.
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Theorem 7.3 Let G be a Lie group and let M be a proper smooth G —manifold. Let
N be a closed smooth neat G —invariant submanifold of M . Then N has a G —invariant
tubular neighbourhood in M .

Proof By Theorem 7.2, there exist a G —invariant neighbourhood V7 of dM in M
and a G—equivariant diffeomorphism

o: (V1,0M) ~g (IM x[0,1),0M x{0})
such that l: ViN N ~g oN x[0,1).

Let V, be an open G —invariant subsetin M suchthat M\V; CV,. Let hy,hy: M —R
be a smooth G —invariant partition of unity with supp(/,) C V7 and supp(h;) C V5.

Let e;: IM — H; and e;: V, — H; be closed smooth G —equivariant embeddings
in some Hilbert G-spaces H; and H,, respectively. Let A: [0,1) — [0,00) be a
diffeomorphism and let id denote the identity map of dM . Then

e1: M x[0,00) — Hy x[0,00), (x,1) > (e1(x),1),
is a closed smooth G —equivariant embedding. Moreover, the maps
ep=e10(dxA)ogp: Vi — Hy x[0,00)
and ey Vo) > Hjy x[0,00), x> (e3(x),1)
are closed smooth G —equivariant embeddings. For i = 1,2, define

hi ()% (). if x € Vi
0 M — H; x[0
fi — Hi x[0,00), x> { 0, otherwise.

Then the map
F: M —->RxRxH, xH xR=HxR, x> (h1(x),h2(x), f1(x)+ fr(x)),

is a closed smooth G —equivariant embedding in the Hilbert G —space H x R, where
H=RxRxH; xH;. Thus F embeds M in H x[0,00) C H xR in such a way that
every vector of H x R which is normal to F(V;) at a point of F(dM') or normal to
F(ViNN) atapoint of F(dN), isin H.

The image F(M) is a closed smooth neat G —invariant submanifold of the G —space
H x [0, 00). For x € F(M), let T(F(M))* denote the orthogonal complement of
T« (F(M)) in Hx R. Then T(F(M))+ C F(M) x H x R. Thus

i T(FIM)t > HxR, (x,y)— x4y,

where x € F(M) and y € Ty (F(M))L, is a smooth G—equivariant map whose
restriction to the zero section is the identity. Moreover, df is a continuous bijection
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at points of F(M). By the inverse function theorem [8, Theorem 1.5.2], f is a
local diffeomorphism on F(M). It follows that f|: W — f(W) C Hx[0,00) is a
G —equivariant diffeomorphism for some G —invariant neighbourhood W of F(M) in
T(F(M))* and f(W) is open in Hx[0, c0). Hence we obtain a smooth G —equivariant
retraction r: f(W) — F(M). Notice that we can’t apply Lemma 1.3 in [5] here, since
that lemma is stated for locally compact spaces only. Instead, the shrinking can be
done like, for example, in the end of the proof of Theorem IV.5.1 in [8].

We give M the G-invariant Riemannian metric induced from H x [0, 00). Let
v = (p, E, N) be the normal bundle of N in M. Thus

VC (TM)Ny C(THx[0,00)))y = F(N) xHxR,
ie each fibre vy is contained in {F(x)} x H x R.

Let x e N. Wedefine Uy ={(F(x), y)evx | F(x)+ye f(W)}. Then U =, cn Ux
is an open G —invariant subset of £ and the map s: U — M sending (F(x), y) to
F~lor(F(x)+ y) provides a G—invariant partial tubular neighbourhood for N in
M . Applying Proposition 4.3 proves the theorem. |

Theorem 7.4 Let G be a Lie group and let M be a proper smooth G —manifold. Let
N be a closed smooth neat G —invariant submanifold of M . Then every G —invariant
tubular neighbourhood of dN in dM is the intersection with 0M of a G —invariant
tubular neighbourhood of N in M .

Proof We first consider the special case M = W x I, N = U x I, where U is a
closed smooth G —invariant submanifold of W and U = dW = &. Then

oM =W x{0}UW x {1}
and IN =U x{0}UU x{1}.

A G —invariant tubular neighbourhood of dN in dM is a pair of G—invariant tubular
neighbourhoods of U in W. Let these be Ey and E;. By Theorem 4.6, there is a
G —equivariant isotopy of tubular neighbourhoods from Ey to E;. We denote this
isotopy by F: Eog x I — W . The corresponding embedding

FiEgxI—>WxI=M, (1) (F(y,1).1),

defines a G —invariant tubular neighbourhood for U x I = N in M, and this tubular
neighbourhood restricts to £y and E; in dM .

We next consider the general case. By Theorem 7.2, dM has a G —equivariant collar in
M which restricts to a G—equivariant collar of N in N. We identify dM X [0, o0)
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with a G —invariant neighbourhood Ops of dM in M , so that N x[0, 0o) corresponds
to a G —invariant neighbourhood Oy of dN in N. Let

M' = M x[0, 1], N’ = 3N x[0, 1]
M"= M\ @M x[0,1)), N"= N\ (N x[0,1)).

Then M = M'UM”, M'OM” =M x {1}, N=N'UN", N'ON" = N x{1}.
Both M” and N” are smooth manifolds with boundary and N” is a neat submanifold
of M”.

Let Ey be a G—invariant tubular neighbourhood of dN x {0} in dM x {0}. By
Theorem 7.3, there is a G —invariant tubular neighbourhood E of N” in M". Let
E{=EN@OM x{l}) CoM x{1}. Then Ey and E; form a G —invariant tubular
neighbourhood for dN x {0, 1} in dM x {0, 1}. By the special case, we can extend
EgU E; to a G—invariant tubular neighbourhood E’ of N’ in M.

Let 7: [0, 1] — [0, 1] be a smooth increasing surjection collapsing a neighbourhood of
1 to 1, and let id be the identity map of E. Taking the composed map F o (id x 1),
we can assume that the isotopy from Eq to E;, which defines E’, is constant near 1.

Let s: [1,00) — [1, 00) be a smooth surjection which collapses a neighbourhood of 1
to 1 and increases on [12, 00). We can assume that s equals 1 on [1, 1%] and that s
equals the identity map on [2, 00). Write N” = (AN x[1,00)) U (N \ Op). Let

f = (iday x $) Uid(yy0y): (AN x[1,00)) U(N \ On) — (ON x[1,00)) U(N \ O).

The pullback of E by f defines a smooth G —vector bundle E” over N”. The
G —vector bundles E’ and E” fit together smoothly at N x {1}, forming a smooth
G —vector bundle E' U E” over N. Let p: E'’UE"” — N be the projection.

Let 9: E — M" and ¢’: E' — M’ denote the smooth G —equivariant embeddings
defining the tubular neighbourhoods of N” in M” and N’ in M’, respectively. If
y € E and ¢(y) € IM X1, 00), we write ¢(¥) = (¢1(»), ¢2(¥)) € IM x[1, 00). Now
consider the function ¢: E’ U E” — M defined by:

¢'(y), if p(y)e N’
Yy (@1(),02(y) +1—s(1)), if p(y) = (x,1) € IN x(1,3]
@(y), if p(y) e N"\ (ON x[1,3])

This is a well-defined smooth G —equivariant map. Clearly, it’s restriction to the zero
section is a diffeomorphism onto N, and it is immersive at each point of the zero
section. Thus the restriction @|U, where U is some open G —invariant neighbourhood
of the zero section, defines a G —invariant partial tubular neighbourhood of N in M .
We can assume that E/\ p~ (N x{1}) C U.
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The restriction @|: U\ p~1(ON x{0}) — M \OM defines a G —invariant partial tubular
neighbourhood for N \ N in M \ dM . Choosing the map ¢: N \ IN — (0,00), as
in Proposition 4.3, in such a way that for (x, ) € dN x (0, 1), o(x, ) only depends on
t and o(x,t) — oo when ¢t — 0, and applying Proposition 4.3, yields a G —invariant
tubular neighbourhood of N \ dN in M \ dM which fits together smoothly with Ej.
Thus the obtained G —invariant tubular neighbourhood of N in M extends Eo. O

8 Extending equivariant isotopies

In this section we investigate equivariant isotopies. The results are equivariant versions
of the corresponding theorems in Hirsch [3, Section 8].

Let G be a Lie group and let M be a proper smooth G —manifold. Let X: M —TM
be a smooth vector field. If ng(fog_l) = Xx(f), forevery x e M, g € G and for
every smooth real valued map f defined on a neighbourhood of x in M, we call X
an invariant vector field. If X is an invariant vector field and o: I — M is an integral
curve of X at x € M, then g oo is an integral curve of X at gx € M .

By a time-dependent vector field on M we mean a smooth map Y: M xI —-TM
such that Y(, ;) = Y(x,7) € Tx M, for every x € M. If IM # &, we also require
that Y(dM x I) C T(dM). The vector field Y is called invariant, if the vector field
Y, n: M — TM is invariant, for every ¢ € I. We say that a vector field ¥ has
bounded velocity, if M has a complete smooth Riemannian metric {,) such that there
exists a constant K > 0 for which (Y (x,?), Y(x,?)) < K, forevery (x,1) e M x I.

Theorem 8.1 and Theorem 8.2 are equivariant versions of Theorems 8.1.1 and 8.1.2 in
[3], respectively.

Theorem 8.1 Let G be a Lie group and let M be a proper smooth G —manifold. Let
Y be a time-dependent invariant vector field on M having bounded velocity. Then
there is a unique G —equivariant diffeotopy F: M x I — M such that

oF
E(X,t) = Y(F(x,1),1).
Moreover, Fy =idys.

Proof Let X: M x I — T(M x I) be the vector field X (x,?) = (Y(x,?),1). By
Theorem 8.1.1 in [3], Y generates a diffeotopy F. This diffeotopy is constructed in
such a way that, for each x € M ,themap I — M x I, t — (F(x,t),t), is an integral
curve of X at (x,0). Since Y is invariant, it follows that gF(x,t) = F(gx,t), ie F
is a G—equivariant diffeotopy. a
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Let Y: M xI — TM be a time-dependent invariant vector field. By the support
supp(Y) C M of Y we mean the closure of {x € M | Y(x,t) # 0 for some ¢ € I}.
If supp(Y)/G is compact, then Y has bounded velocity with respect to any complete
smooth G —invariant Riemannian metric. As in the nonequivariant case, Theorem 8.1
implies:

Theorem 8.2 Let G be a Lie group and let M be a proper smooth G —manifold.
A time-dependent invariant vector field Y: M x I — TM such that supp(Y)/G is
compact generates a G —equivariant isotopy. In particular, if G is compact, then every
time-dependent invariant vector field on a compact smooth G —manifold generates a
G —equivariant isotopy.

Let N be a submanifold of M. Anisotopy F: N x I — M is said to have bounded
velocity if M has a complete smooth Riemannian metric such that the tangent vectors
to the curves ¢ — F(x,t¢) have bounded lengths. We call the closure of the set
{x € N | F(x,t) # F(x,0) for some ¢t € I} the support supp(F) of the isotopy
F:NxI—>M.

We next prove equivariant isotopy extension theorems, Theorem 8.3 and Theorem 8.6.
These results are equivariant versions of Theorems 8.1.7 and 8.1.6 in [3], respectively.

Theorem 8.3 Let G be a Lie group and let M be a proper smooth G —manifold. Let A
be a closed G —invariant subset of M and let U be an open G —invariant neighbourhood
of Ain M. Let F: U xI — M be a G—equivariant isotopy of U having bounded
velocity, such that F (U x1TI)isopenin M x I and Fy is the canonical inclusion. Then
there is a G —equivariant diffeotopy F of M havmg bounded velocity, such that F
agrees with F on a neighbourhood of A x I, supp(F) c F(U xI) and Fo =idpys.

Proof The tangent vectors to the curves
ﬁx: xxI—-MxI, (x,t)—~ (F(x,1),1),

for x € U, define a vector field Y on F(U x I), where Y(F(x,1),1) = (at (x,1),1).

The horizontal part of Y is a vector field X: F(U xI)—>TM, (y,t)—~ X(y n€ETyM.

The vector field X is time-dependent and has bounded ve1001ty As F (U x 1) is an
open G —invariant subset of M x I and since F(A x 1) C F(U x I) is a closed G—
invariant subset of M x I, there exists a smooth G —invariant map f: M x I — [0, 1]
such that f(y,?) =1 on a G—invariant neighbourhood V of ﬁ(A x I) in ﬁ(U x I)
and supp(f) C ﬁ(U x I). The vector field

XM xI—>TM, (5,1) SO Xy.n, if (v.t)e F({UXI)
. ' ' 0, otherwise
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is time-dependent and invariant. Moreover, X agrees with X on V.

Since X has bounded velocity, X also has bounded velocity. By Theorem 8.1, X
generates a G —equivariant diffeotopy F: M x I — M where

oF ~ o~ ~
E(x, t)=X(F(x,t),t) and Fy=1idyy.

Clearly, supp(ﬁ) C F(U x I). Since X has bounded velocity, F does too. If
(x,t) € F71(V), then

X (F(x,t),1) = X(F(x,1),1) = %—f(x,t),

and the uniqueness of the solutions implies that F agrees with F on the G —invariant
neighbourhood F~1(V) of AxI. |

Let M be a connected smooth manifold and let d be a metric on M induced by a
complete smooth Riemannian metric. In the proof of the following lemma we will use
the well-known fact that every bounded subset of M is relatively compact. Thus a
subset of M is compact if and only if it is closed and bounded.

Lemma 8.4 Let G be a Lie group and let M and N be proper smooth G —manifolds,
with OM = @ = ON. Assume F: N x I — M is a G —equivariant isotopy with
bounded velocity and such that the map Fy is a closed embedding. Then F (N x 1) is
a closed smooth neat G —invariant submanifold of M x I .

Proof Clearly, F is a smooth injective G —equivariant immersion. Since neatness is
also obvious, it remains to show that F' is a closed map.

We first assume that N has only finitely many connected components. Without loss of
generality we may assume that N and M are connected. Let d and d’ be complete
metrics on N and M , respectively, induced by complete smooth Riemannian metrics
(,) and (,)’. Assume F has bounded velocity with respect to (,)’.

Let A be a closed subset of N x I and let (x,,t,) be a point in A, for every n € N.
Assume ﬁ(xn, th) = (F(xn,ty), ty) = (y,t) € M x I. Assume first that (x;) has no
convergent subsequence. Let z € N. We can now assume that d(x,, z) — oo. Since
Fy is a proper map, it follows that also d’(F(x,,0), F(z,0)) — oo. It follows that
d'(F(xy,0),y) — oo. Since F has bounded velocity, the paths F({x,} x I) have
bounded lengths. This yields a contradiction with the fact that F(x,,,) — y. Thus
we may assume that a subsequence of (x,, #;) converges to a point (x,?) € 4, and it
follows that (y,t) = ﬁ(x, t) € ﬁ(A). Thus ﬁ(A) is closed in M x I.
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Assume then that N is allowed to have countably many connected components. Passing
to a subsequence, if necessary, we may assume that each x; is in a different connected
component of N. Then (F(x,,0)) has no convergent subsequence. Again, this
contradicts the assumption that F(x,,t,) — y. It follows that F (A) is closed in
M x I and F is a closed map. a

Notice that in Lemma 8.5 and in Theorem 8.6, M x I strictly speaking is a manifold
with corners (see Mather [9)), if IM # @.

Lemma 8.5 Let G be a Lie group and let M be a proper smooth G —manifold.
Let N be a closed smooth G —invariant submanifold of M with N = @. Assume
F: N xI — M is a G—-equivariant isotopy with bounded velocity such that either
F(N xI)C oM or F(N xI) C M\ dM . Assume Fy is the canonical inclusion.
Then F (N x I) has a G —invariant tubular neighbourhood in M x I .

Proof Let us first assume that F(N x 1) C M \ M . By Lemma 8.4, ﬁ'(N x1)isa
closed smooth neat G —invariant submanifold of (M \ 0M ) x I. (In fact, one can see,
as in the proof of Lemma 8.4, that F (N x I) is closed in M x I.) The claim follows
from Theorem 7.3.

If F(N x1I)CdM,then F (N x 1) is a closed smooth neat G —invariant submanifold
of AM x I. By Theorem 7.3, there exists a G —invariant tubular neighbourhood
r:U— ﬁ(NxI) of ﬁ(NxI) in dM x 1. Let pr: U x[0,00) — U be the projection.
Then r o pr: U x [0, 00) — F (N x I) is a G—invariant tubular neighbourhood of
ﬁ(N x1)= ﬁ(N x 1) x {0} in dM x I x[0,00) = M x[0,00) x I. Using the
equivariant collaring theorem yields a G —invariant tubular neighbourhood for F (N xI)
in M x1I. O

Theorem 8.6 Let G be a Lie group and let M be a proper smooth G —manifold. Let N
be a closed smooth G —invariant submanifold of M with ON = &. Let F: NxI —> M
be a G —equivariant isotopy having bounded velocity with respect to some complete
smooth G —invariant Riemannian metric, and such that Fy is the canonical inclusion. If
either F(N xI) COM or F(N x 1) C M \ M , then F extends to a G —equivariant
diffeotopy of M which has bounded velocity.

Proof The tangent vectors to the curves
FyixxI—MxI, (x, )~ (F(x,1),1),

define a vector field Y on ﬁ(N xI), where Y(p(x,r), 1) = (%—I;(x, t), 1). The horizontal
part of Y is a vector field

X: F(Nx1)—=TM, (p,0)+ X(,.1) € Ty M.
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By Lemma 8.5, there is a G —invariant tubular neighbourhood r: U — F (N x 1) of
ﬁ(N xI)in M x[I. Let f: M x I — [0, 1] be a smooth G —invariant map such
that f|ﬁ (N xI)=1 and supp(f) C U. Let {,) be a complete smooth G —invariant
Riemannian metric on M such that F has bounded velocity with respect to (,). Let
(,)" be acomplete smooth G —invariant Riemannian metric on M x I . Denote the differ-
ential of r at p € U by drp. Then the restriction drp|: dr, Loyt — T,(p)F(N x I)
is an isomorphism, where dr,’ I(O)J- denotes the orthogonal complement of dr, 1(0)
in TpU and 0 is the origin in T,(p)F(N x I). Notice that a 7 (x, 1) lies in TF(x nM,
for every (x,7) € N x I, and that ( (x,1),1) lies in T(F(x ,),,)F(N x I). Thus
(Xr(p), 1) € T,(p)F(N x I). Let pr: TU — TM be the projection. We obtain a
smooth invariant vector field

X:U—TM, prpr(dr, (X, ). 1).0).

Since X is invariant and the restriction X |ﬁ (N x I) has bounded velocity, also X
has bounded velocity when U is sufficiently small. Define

P M STM, (o | DX, i G eU
’ ’ ’ 0, otherwise.

Then X isa time-dependent invariant vector field extending X . Since X has bounded
velocity, it follows that also X has bounded velocity. The G —equivariant diffeotopy
generated by X (Theorem 8.1) is the required diffeotopy. |

Theorem 8.6 implies the following result, which is an equivariant version of Theorem
8.1.51in [3]:

Theorem 8.7 Let G be a Lie group and let N and M be proper smooth G —manifolds.
Let P be a closed smooth G —invariant submanifold of N such that P/G is compact
and 0P = @. Let fy, f1: P — M \ OM be smooth G —equivariant embeddings which
are G —equivariantly isotopic in M \ M . If f, extends to a smooth G —equivariant
embedding N — M , then so does f.

Proof Let F: Px I — M\ 0M be a G—equivariant isotopy such that Fy = fy and
F; = fi. Let id be the identity map of /. Then Fo(fo_1 xid): fo(P)xI — M \oM
is a G —equivariant isotopy from the inclusion i: fo(P) — M \ IM to fio fo_l. Let
(,) be a complete smooth G —invariant Riemannian metric on M . Since fo(P)/G is
compact, it follows that the isotopy F o ( fo_l xid) has bounded velocity. It now follows
from Theorem 8.6, that F o ( j;)_l x id) extends to a G —equivariant diffeotopy H of
M. Thus Hi: M — M is a smooth G —equivariant diffeomorphism such that the
restriction H| fo(P)= fio0 fo_l . Therefore, if h: N — M is a smooth G —equivariant
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embedding extending fq, then Ho/h is a smooth G —equivariant embedding extending

Ji- O
9 A G —equivariant smoothing theorem

Let G be a Lie group and let M be a proper smooth G —manifold with boundary dM .
Let fi: OM x[0,00) - U; C M, i =0,1, be G—equivariant collars of dM .

Definition 9.1 The collars fy and f7 are said to have G —equivariantly isotopic OM —
germs, if there exist an open G —invariant neighbourhood V of dM in Uy N U; and a
G —equivariant isotopy F: V x I — M such that

e F;(x)=x, forevery x € oM,

e [y equals the inclusion i: V — M,
o Fy= fiofy |V,

. ﬁ(VxI)isopeninMxI.

Theorem 9.2 Let G be a Lie group and let M be a proper smooth G —manifold
with boundary oM . Then any two G —equivariant collars of 0M in M have G —
equivariantly isotopic dM —germs.

Proof Let f;: oM x[0,00) > U; C M, i = 1,2, be G—equivariant collars of M .
It follows easily, by applying Theorem 4.6, that there exists a G —equivariant rel 0M
isotopy F: dM x[0,00) x I — M satistying the conditions of Definition 4.5 for these
collars. Let V =UyNU;. Then Fo(fo_1 |V xidy): V xI — M is a G—equivariant rel
dM isotopy satisfying the first two conditions and the last condition of Definition 9.1. It
is left for the reader to find a G —equivariant map H: dM x[0, co)x I — dM x[0, co)x I
such that F o H o ( fo_1 |V xidy) satisfies all the conditions of Definition 9.1. a

Theorem 9.3 Let G be a Lie group and let M be a proper smooth G —manifold with
boundary dM . Let U be an open G —invariant neighbourhood of dM in M . Let
F be a G —equivariant isotopy of M —germs of two G —equivariant collars of M .
Then there exists a G —equivariant diffeotopy Fof M having support in U and such
that F|(V x I) = F|(V x I), for some G —invariant neighbourhood V of dM in M .
Moreover, F equals the identity map of M .

Proof Let (,): TM & TM — R be a complete smooth G —invariant Riemannian
metric of M . The G —equivariant isotopy F is defined on Uy x I, where Uy is some
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G —invariant neighbourhood of dM in M. We may assume that F(Uyx 1) CU.
The isotopy F keeps dM pointwise fixed. Consequently, F has bounded velocity
in some G -—invariant neighbourhood V of dM . By Theorem 8.3, there exists a
G —diffeotopy F of M, which agrees with ¥ on V x I, where V C Vj is some
G —invariant neighbourhood of dM , whose support is in F(Vy x I) C U and such that

Fy=idyys. O

Let G be a Lie group and let M and N be proper smooth G—manifolds. Let Ay
and A; be G -invariant subsets of M and let M = AgU A;. Assume f;: A; > N,
i =0,1, are G—equivariant maps such that fy(x) = f1(x), for every x € 49N A;.
We then define the G —equivariant map fo U f1: M — N by (fo U f1)(x) = fo(x)
when x € Ag and (fo U f1)(x) = f1(x) when x € A4;.

The following result is an equivariant version of Theorem 8.1.9 in [3]:

Theorem 9.4 Let G be a Lie group. For i = 0,1, let W; be a proper smooth G —
manifold with dimension n and without boundary. Assume that each W; is the union
of two closed n—dimensional G —invariant submanifolds M; and N; such that

M; N N; = dM; = 0N; = V;.

Let h: Wy — W; be a G —equivariant homeomorphism which maps M, and N
ditfeomorphically onto My and N, respectively. Then there exists a G —equivariant
diffeomorphism f: Wy — W such that we have f(My) = M, f(Ny) = N; and
f|Vo = h|Vy. Moreover, f can be chosen to coincide with h outside a given G —
invariant neighbourhood Q of Vj.

Proof By Theorem 4.4, there exist G—invariant tubular neighbourhoods 7; of V; in
Wi, i =0,1. Then 1o defines a G—equivariant collar fo: V%[0, 00) = My, denoted
by t9|Mj. Similarly, we denote the G —equivariant collar fi: V7 x [0, o0) — M/ by
71| M . This collar then induces another G —equivariant collar for V, in M,

h= Yo fio(hxid): Vo x[0,00) — My,
which we denote by /7! (7;|M;).

By Theorem 9.2, the collars to| Mo and A~ (z;|M,) have G—equivariantly isotopic
dM —germs, ie there exists a G—equivariant isotopy H: Uy X I — My such that
H;(x) = x, for every x € Vy, Hy equals the inclusion i: Uy — My, H; is the
composition 21 o f; o (h xid) o fo‘1 |Up and fAI(UO x I) is open in My x I . Here,

Uo C fo(Vo x[0,00)) Nh™" o fi 0 (hxid)(Vo x [0, 00))
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is an open G —invariant neighbourhood of V4 in M. By Theorem 9.3, there exists

a G—equivariant diffeotopy H of My having support in My N @ and such that

H |(V x Iy = H|(V x I), for some G —invariant neighbourhood V of V in M,

and Hy = 1dM0 But then F =ho H: Myx I — M, is a G—equlvarlant isotopy,

= h|My, F1|Vo = h|Vy and Fy|(Mo\ Q) = h|(Mo \ Q). Moreover, Fy(zo|Mo)

and 71| M have the same V;—germs, ie there exists a neighbourhood V' of V; in
x [0, 00) such that Fy o foo(h~! xid)|V’ = f;|V'. We denote F; by f.

Similarly, we can isotop /| Ng: Ng — N equivariantly to a G —equivariant diffeomor-
phism f”: Ng — Np such that /" equals & on Vy and on Ny \ Q and the collar
f"(t0|No) has the same Vi—germ as 71|Ny. The map ' = f'U f": Wy — Wy is
the required G —equivariant diffeomorphism. |

Remark 9.5 Using Corollary 6.3 and Proposition 4.3, it is possible to choose the
tubular neighbourhood 7; in such a way that the collars t;|M; and h(7o| My) have
the same V;—germs. Thus we can make f to equal 2 on M{ (or on Ny).

10 Equivariant gluing

Let G be a Lie group and let M and N be proper smooth G —manifolds with boundary.
Assume f: M — dN is a G—equivariant diffeomorphism. Then the adjunction space
W = M Ur N is a topological manifold on which G acts properly and continuously.

We identify M and N with their images in W. Let dM = dN = V. Using equivariant
collars of V in M and N, we obtain a G —equivariant homeomorphism of a G—
invariant neighbourhood U of V in W onto V x R which takes x € V to (x,0), and
which maps U N M and U N N diffeomorphically onto V x [0, c0) and V x (—o0, 0],
respectively. This homeomorphism induces a differential structure on U . Collation of
differential structures [3, p13] of U, M and N gives a differential structure for W'.
By Theorem 9.4, the G —diffeomorphism type of W obtained by equivariant gluing is
unique. Using Remark 9.5, we obtain the following result (an equivariant version of
Theorem 8.2.1 in [3]):

Theorem 10.1 Let G be a Lie group and let M and N be proper smooth G —
manifolds with boundary. Let f: dM — ON be a G —equivariant diffeomorphism.
Let o and B be two differential structures on W = M Uy N which both induce the
original structures on M and N . Then there is a G —equivariant diffeomorphism
h: Wy — Wpg such that h|M =idyy .

The following is an equivariant version of Theorem 8.2.2 in [3]:
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Theorem 10.2 Let G be a Lie group and let My, M; and N be proper smooth
G —manifolds with boundary. Let f;: 0M; — N, i =0, 1, be G —equivariant diffeo-
morphisms. Suppose that the G —equivariant diffeomorphism fl_l o fo: IMy — IM,
extends to a G —equivariant diffeomorphism h: My — M;. Then My Uy N ~g
MU £ N.

Proof Define the map between adjuction spaces
Iﬂl MO UfON—>M1 Ufl N

by ¥|My=h and y|N =idp. Then ¢ is a G —equivariant homeomorphism mapping
My and N diffeomorphically onto M; and N, respectively. The claim now follows
from Theorem 9.4. |

The following result is an equivariant version of Theorem 8.2.3 in [3]:

Theorem 10.3 Let G be a Lie group and let M and N be proper smooth G—
manifolds with boundary. Let f;: 0M — dN, i =0, 1, be G—equivariantly isotopic
G —equivariant diffeomorphisms. Then M Ug N ~g M Uy, N .

Proof Let F: M x I — dN be a G—equivariant isotopy with Fo = fo and F; = f7.
We may assume that F' is a constant isotopy near 1. Then H = fl_l oF: OM xI— oM
is a G —equivariant isotopy with Hy = fl_1 o fo and H; = H; = idyps, when ¢ is
near 1. By the equivariant collaring theorem, we can identify dM x I with a G-
invariant neighbourhood O of dM in M . The map H: 0M x I — M x I defines a
G —equivariant diffeomorphism /: O — h(0O). Let id be the identity map of M \ O.
Then hUid: M = OU(M\ O) — h(O)U(M \ O) is a G—equivariant diffeomorphism
extending fl_1 o fo. By Theorem 10.2, M Us N ~¢g (h(O)U (M \ O)) Uy, N . The
claim follows, since (h(O)U (M \ O)) Uy, N ~g M Uy, N. |
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