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SUBMETACOMPACTNESS AND WEAK
SUBMETACOMPACTNESS IN COUNTABLE
PRODUCTS, 11

By

Hidenori TANAKA

Abstract. In this paper, we shall discuss submetacompactness and
weak submetacompactness in countable products of Cech-scattered
spaces and prove the following: (1) If {X,:n e w} is a countable
collection of submetacompact Cech-scattered spaces, then the product
Il,c., X» is submetacompact. (2) If Y is a hereditarily weakly
submetacompact space and {X, :n € w} is a countable collection of
weakly submetacompact Cech-scattered spaces, then the product
Y % I],c,, Xn is weakly submetacompact.

1 Introduction

A space X is said to be subparacompact (metacompact) if every open cover of
X has a g-locally finite closed (point finite open) refinement. A space X is said to
be submetacompact (weakly submetacompact) if for every open cover % of X,
there is a sequence (7, : n € ) of open refinements (an open refinement | | _ 73)
of % such that for each xe X, there is an new with ord(x,7;) <w
(1 <ord(x,7,) < w). For a collection .o of subsets of X and x e X, let .o/, =
{Ae .o :xe A} and ord(x, o) = |o/y|. We call such a sequence (7, :n € w) of

open refinements (an open refinement | | _7,) of % a 0-sequence (weak 0-

new
refinement) of 7. It is clear that a space X is weakly submetacompact if and only
if for every open cover % of X, there is an open refinement | J _ 7} of % such
that for each x € X, there is an n €  with ord(x,7;) = 1. It is well known that

(1) every paracompact space is subparacompact and metacompact, (2) every
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subparacompact (metacompact) space is submetacompact, and (3) every sub-
metacompact space is weakly submetacompact. Smith [S, Corollary 3.6(2)] proved
that every countably compact, weakly submetacompact space is compact.
Telgarsky [Te] introduced the notion of C-scattered spaces and proved that
the product of a paracompact (Lindelof) C-scattered space and a paracompact
(Lindelof) space is paracompact (Lindel6f). Yajima [Y1], Gruenhage and Yajima
[GY] proved similar results for subparacompact (metacompact, submetacompact,
weakly submetacompact) spaces. Furthermore, the author [T1, T2, T3, T4| proved
the following: (1) if Y is a perfect paracompact (hereditarily Lindelof, perfect
subparacompact, hereditarily weakly submetacompact) space and {X,, : n € w} is
a countable collection of paracompact (Lindelof, subparacompact, weakly sub-

metacompact) C-scattered spaces, then the product Y x [], ., X, is paracompact

new
(Lindelof, subparacompact, weakly submetacompact) and (2) if {X,:new} is a
countable collection of metacompact (submetacompact) C-scattered spaces, then
the product [], ., X, is metacompact (submetacompact).

On the other hand, Hohti and Zigiu [HZ] introduced the notion of Cech-
scattered spaces, which is a generalization of C-scattered spaces and studied
paracompactness (Lindelof property) of countable products. Furthermore Aoki,
Mori and the author [AMT], Higuchi and the author [HT] proved that (1) if Y is
a perfect paracompact (hereditarily Lindelof, perfect subparacompact) space and
{X,, : n € w} is a countable collection of paracompact (Lindel6f, subparacompact)

Cech-scattered spaces, then the product Y x [] _. X, is paracompact (Lindel6f,

new

subparacompact) and (2) if {X, : n € w} is a countable collection of metacompact

Cech-scattered spaces, then the product I1,c., Xu is metacompact.

new
It seems to be natural to consider submetacompactness and weak sub-
metacompactness of countable products of Cech-scattered spaces. So, Higuchi

and the author [HT] raised the following:

ProBLEM. (1) If {X, :n e w} is a countable collection of submetacompact

Cech-scattered spaces, then is the product [],_, X, submetacompact?

new
(2) If Y is a hereditarily weakly submetacompact space and {X, : n € o} is a
countable collection of weakly submetacompact Cech-scattered spaces, then is the

product Y x [], ., X» weakly submetacompact?

new
In this paper, we shall answer to these problems affirmatively.
All spaces are assumed to be Tychonoff spaces. Let w denote the set of
natural numbers. Let |4| denote the cardinality of a set A. Undefined terminology
can be found in Engelking [E].
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2 Preliminaries

A space X is said to be scattered if every nonempty (closed) subset 4 has an
isolated point in 4 and X is said to be C-scattered if for every nonempty closed
subset A4 of X, there is a point x € 4 which has a compact neighborhood in A.
Then scattered spaces and locally compact spaces are C-scattered. A space X is
said to be Cech-scattered if for every nonempty closed subset 4 of X, there is a
point x € A which has a Cech-complete neighborhood in A. Thus locally Cech-
complete spaces and C-scattered spaces are Cech-scattered. It is well known that
the space of irrationals P = w® is not C-scattered. However, it is éech-complete
and hence, Cech-scattered.

Let X be a space. For a closed subset 4 of X, let

A" ={xeA:x has no Cech-complete neighborhood in A}.

Let A0 =4, AU = (4")" and A" = (,_, 4P for a limit ordinal «.
Note that every 4™ is a closed subset of X and X is Cech-scattered if and only if
X® = ¥ for some ordinal o. Let X be a Cech-scattered space. If 4 is open or
closed in X, then A4 is also Cech-scattered. Let 4 be a subset of X. Put

AX)=inf{e: X = &} and
MA) =inf{a: ANX® = &} < A(X).

It is clear that if 4, B are subsets of X such that 4 = B, then A(4) < A(B). A
subset 4 of X is said to be topped if there is an ordinal o(4) such that 4 N X (*4)
is a nonempty Cech-complete subset of X and 4N X®A+) = &5 We denote
Top(A) = AN X)) For each xe X, there is a unique ordinal « such that
xe X® — x(+) which is denoted by rank(x) = o. Then there is a neighborhood
base %, of x in X, consisting of open subsets of X, such that for each Be %,, B
is topped in X and «(B) = rank(x).

It is clear that if X and Y are Cech-scattered spaces, then the product X x Y
is Cech-scattered.

LemmA 2.1 (Engelking [E]). A4 space X is Cech-complete if and only if there
is a sequence (/,) of open covers of X satisfying that if F is a collection of closed
subsets of X, with the finite intersection property, such that for each n € w, there
are F, e & and A, € o/, with F, = A,, then the intersection ﬂ? is nonempty.

In Lemma 2.1, we may assume that for each n € w, .27, is a refinement of
«f,. The sequence (.<7,) is said to be a complete sequence of open covers of X.
The following fact was well known.
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Fact. In Lemma 2.1,

(1) The intersection ﬂﬁ is countably compact. So, if X is weakly sub-
metacompact, then ()% is compact (Smith [S]).

(2) If # ={F,:new} is a decreasing sequence of nonempty closed subsets
of X such that for each n e w, there is an A, € .o/, with F, = A,, then the

nonempty countably compact closed subset F = (1) _ F, satisfies the following:

new
for every open neighborhood U of F, there is an ne w with F, < U.

LemmA 2.2 (Gruenhage and Yajima [GY]). There is a filter # on w sat-
isfying: for every submetacompact space X and every open cover U of X, there is a
sequence (V) of open refinements of U such that for each x e X,

new

{new:ordx,7,) <w}eF.

By Lemma 2.2, let #"*! denote the filter on "' generated by sets of the
form

HK”F,-, where F; € # for each i <n.

The proof of the following lemma is routine and hence, we omit it.

LEMMA 2.3. If X is a weakly submetacompact Cech-scattered space and Y is
a closed subset of X, then for every open cover % of Y, there is an open cover
U,ew 0 of Y such that:

(a) for each V e Unew vy, V is topped and is contained in some member of U,

(b) for each ye Y, there is an ne w with ord(y, V) = 1.

RepuctioN 2.4, In considering submetacompactness and weak sub-
metacompactness of countable products of Cech-scattered spaces, we may
consider X or Y x X®. Furthermore, we may assume that X has a single top
point a, that is, Top(X) = {a} (cf. Alster [A, Theorem]). For, let {X, : n € w} be
a countable collection of submetacompact (weakly submetacompact) Cech-
scattered spaces. Take an a¢ () _ X, and let

Yu=0@,.,X» for each mew and

X = @mewY’” U {a}

The topology of X is as follows: every X, is open and closed in X and the
neighborhood base at a is {U, U{a} :m e w}, where U, =@P,.,, Y for each
me w. Then X is a submetacompact (weakly submetacompact) Cech-scattered
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space with Top(X) = {a}. Let Y be a space. Then [], ., Xu(Y x ][, Xu) is a
closed subset of X® (Y x X®) and hence, if X (Y x X¢) is submetacompact
X, (Y <]

(weakly submetacompact), then [] X,) is also submetacompact

new new

(weakly submetacompact).

Let X be a Cech-scattered space and Y be a space. A subset of the form
B=Bx]]
B=Bx]]
and there is an n € w such that B; is an open subset of X for each i < n and
B; = X for each i > n. Let

i<pBiin Y X X" new, is said to be rectangle. A subset of the form

o Bi I Y X X is said to be basic open if B is an open subset of ¥

n(B) =inf{iew: B; = X for each j>i}.

We call n(B) the length of B. Let ne w. If A =[[;_, Ai (I];c,, 4i) is a subset
of X! (X®) such that for each i <n (i€w), A; is topped, then we denote
Top(4) =TT,z Top(4;) (TT,e., Top(41).

Let ®, be an index set for each new and ® = Unew(D,,. If ¢=
(T0,T1, -+ s Tny Tut1) € Dpy1 is constructed by u = (z0,71,...,7,) €@, for new,
then we denote ¢ =p and ¢ =u® 1,41. If pedy, let ¢ = .

3 Submetacompactness

Let X be a space. If %, 7~ are collections of subsets of X, let A7V =
{UNV:Ue% and Ve¥'}. v is said to be a partial refinement of % if for
each Ve, there is a U e % such that VV < U. It is well known that X is
submetacompact if and only if for every open cover # of X, which is closed
under finite unions, there is a O-sequence of open refinements of %.

By the Reduction 2.4, in order to prove Problem (1) in the Introduction, it
suffices to prove the following.

THEOREM 3.1. If X is a submetacompact Cech-scattered space with
Top(X) = {a}, then the product X is submetacompact.

ProoF. Let 4 be the base of X, consisting of all basic open subsets of X',
Let % be an open cover of X, which is closed under finite unions and @ =
{Be%:Bc U for some Ue¥U}.

For each B=1],., Bi € %, let A'(B) = {i < n(B) : B; is topped in X}. Define
(B,(#(B);,)) €% if B=]],.,Bie# and for each ie A(B), (/(B)

complete sequence of open (in Top(B;)) covers of Top(B;). For each i < n(B), we

im iew i,m) 1S a
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shall construct an open (in B;) cover %4(i, B) of B; such that for each B’ € %4(i, B),
B’ is topped, as follows. Let i < n(B).

Case 1. ie A(B).

Since i € ./"(B), the complete sequence (.«/(B); ) of open (in Top(B;)) covers
of Top(B;) is given. For each 4 € .«/(B), , take an open subset A4’ of B; such that
A'N Top(B;) = A. For each x € B; — Top(B;), take an open neighborhood B(x) of
x in B; such that B(x) is topped with a(B(x)) = rank(x) and B(x) N Top(B;) = &.
Let #(i,B) ={A': A€ ./(B),(} U{B(x): x € B, — Top(B;)}.

Case 2. i<n(B), i¢ A (B) and A(B;) =7+ 1 for some ordinal 7.

Since A(B;) =y + 1, Top(B;) is a nonempty locally Cech-complete subspace
of X. For each x e Top( B;), there is an open neighborhood B(x) of x in B; such
that B(x) N Top(B;) is Cech-complete. For each x € B; — Top(B;), take an open
neighborhood B(x) of x in B; such that B(x) is topped with a(B(x)) = rank(x)
and B(x) N Top(B:) = &. Let #(i,B) = {B(x) : x € B;}.

Case 3. i<n(B), i¢ A (B) and A(B;) is limit.

For each x € B;, take an open neighborhood B(x) of x in B; such that B(x) is
topped with a(B(x)) = rank(x). Let %(i,B) = {B(x) : x € B;}.

Case 4. i =n(B).

Since Top(X) = {a}, take a proper open neighborhood B(a) of a in X,
and for each xe X — {a}, take an open neighborhood B(x) of x in X such
that a¢ B(x), B(x) is topped in X and «(B(x)) = rank(x). Let 2(i,B) =
{B(x) : x € B}

For i <n(B) and B' € #4(i,B), A(B') < A(B;). Furthermore, A(B’) = A(B;) if
and only if A(B;)=y+1 for some ordinal y and Top(B') = B;NX". Fur-
thermore, if i e 4"(B), then A(B’) = A(B;) if and only if Top(B’) = Top(B;) and
hence, Top(B') = A for some A e.o/(B),,

Since X is submetacompact, there is a 6-sequence (VB’ ;) of open (in X)
partial refinements of %(i, B), “/B’l ={Ve:: fe_B,} j €, such that for each
jew, Bi=J “//éfi and for each x€ B;, {jew: ord(x,"Véf[) < w}eF, where F
is the filter on o described in Lemma 2.2. For each j'ea) and ¢ eEéi, take
A(E) € 4 (B), , or x(¢) € B; such that V: = A(E)' or V: < B(x(¢)). Then A(Vz) =
A(B;) if and only if 7 is topped and A(B;) = o(Vz) + 1.

For each 7= (jo,j1,--,Jjus) € w"B*, put Eg, =Tl E4; For
each &= (¢(i) €Bpy, let V() =Ilicym Vey x X x -~ €2 and 7(B) =
{V(&):£eZpy}t. Then every ¥,(B) is an open cover of B. For
each & = (f()) €Epy let K(C) = [Tic ey Tor(Vewy) X [icnsy,ieirey Ve X
{a} x - = TLeo Ko and ' (B,y) = {K(S): £ € B, ).

We consider the following condition (*) for K(¢).
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(*) There are open subsets O,0' € # with n(0O) =n(0’) and U € %
such that K({)c0cO0cO0' <0 < U.

Then 0,0’ € O.
If K(¢) satisfies (*), define

n(é) =inf{n(0): K c0c0<c0' <0 cU
with n(0) =n(0’),0,0" € O and U e U}.
Put
r(¢) = max{n(B),n(&)}.
There are O(¢) =[];.,, Oci, O'(&) =[lc,, O € O, U(C) €% such that:

(3) K(&) = 0(8) = 0(¢) = 0'(§) = 0'(¢) = U(«f),
@) n(¢) =n(0(&)) = n(0'(2)).

Let Z(B)={P:Pc{0,1,...,n(B)}} and P e Z(B). Define

HIE(UGCI and Bé P HEwaPl

as follows:

(5) (a) Suppose r(¢) = n(B). For each i < n(B), let G¢; = V¢;) N O ; and for
each i > n(B), let Gz; = X.
(b) Suppose r(&) =n(&) > n(B). For each i e w, let Ge; = .
(c) In either case, for each i < n(B), if i€ P, let Bz p; = Ve(;) — Oc,; and
if i¢ P, let Bep;= Ve NOL,. For each i >n(B), let B;p;=X.

Clearly, if r(£) =n(B), then B(¢, &) = G(&). Notice that for each i€ w,
B: p; = B; and if B(, P) # &, then n(B(¢,P)) =n(B) + 1. Let i <n(B). If ie P
and i¢ A (V(&)), then Bep; = . Let

By.c(B) ={B(, P): Pe Z(B) - {}, B, P) # &} if r(¢) =n(B),
By.c(B) ={B((, P): Pe Z(B),B(¢, P) # &} if r(&) =n(E) > n(B).

We have that if P e 2(B), B({, P) € #,,¢(B) and r(&) = n(B), then there is an
i <n(é) with i e P.

If K(&) does not satisfy the condition (*), define G(&), B(&, P) and %, ¢(B) as
follows: Let G(&) = . Take a Pe Z(B). If P = &, let B(¢, P) = V(&). If P # (O,
et BE.P) = 2. Put #y4(8) = (V(€)).

Then, in each case, we have V(&) U ({J %,,:(B)). The proof of the
following claim is similar to that of Clalrn 2 in Tanaka [T4].
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CLamm. Let i<n(B), &= (&) €eZBpy, K(&) =1lic, Keiy, PeP(B) and
B(é,P) = HiewBésP‘i € ‘%f«,ﬂ(B)'

(a) If ie P, then K(&) satisfies (*), ie N (V(E)) and J(B: pi) < A(B).

(b) Let i¢ P. Then A(Bep;) < A(B;). Furthermore, J.(B: p ;)= A(B;) if and
only if B: p; is topped (i e N (B(&, P))) and A(B;) = a(Bes p;) + 1. Hence,
if ie V' (B), then J(B:p;)=A(B:) if and only if Top(B: p.;) = Top(B)
and hence, Top(Be: p ;) = A for some A€ o (B;).

Let B(&, P) € 8, ¢(B), where B(¢, P) =11, Bzepi. Let ie /(B P)). If
ie NV (B) with A(B: p;) = A(B;), then Top(B: p ;) = Top(B;). Let /(B (& P)im=
{ANTop(Be,p,i): Ae /(B )ime1
condition, take a complete sequence (.(B(E,P));,,) of open (in Top(B: p,i))
covers of Top(B:p;). In each case, we have (B(f,P),(.Qi(B(é,P))i_m))e%.
Let

} for each m € w. If i does not satisfy the above

9,(B) = {G(¢) : £ €Ep, and G(¢) # B} and

U{@n & 1 £ eEpyt
Then

(a) for each G e %,(B), G is contained in some member of %,

(b) 9,(B)U%,(B) is a cover of B,

(c) the length of element of %,(B) is n(B) + 1,

for each B' = B(¢, P) =[1,., Bi € #,,:(B), (€&, Pe#(B),

(d) if K(&) satisfies (*) and r(&) = n(B), then there is an i < n(&) with
ieP,

(e) if i e P, then A(B!) < A(B;),

(f) if i ¢ P, then A(B]) < A(B;). Furthermore, A(B!) = A(B;) if and only if
B is topped (i € ./'(B})) and A(B;) = a(B!) + 1. Hence, if i e ./ (B),
then A(B]) = A(B;) if and only if Top(B]) = Top(B;) and hence,
Top(B]) = A for some A e ./(B),,,

(g) (B',(H4(B"),,,)) €€ and furthermore, if ie /(B)N.A(B') with
Top(B]) = Top(B;), then /(B'),, ={ANTop(B]):Ae.4(B),,. }
for each m € w.

l m

For the filter Z"®)*! we have

(7) For each x e B, {5 "B+ : ord(x, 7;(B)) < w} e "B+,
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To show this, take an x=(x;)eB. For each i<n(B), let F,=
{jew:ord(x;,7;) <w}eZF and F= H,<n F;e 7"®*! Then, for each
neF, ord(x,%(B)) <. So, {new"® ord(x 7;(B)) < w} e F"EHL,

By (7), we obtain

(8) For each x e B, {ne "B+ :ord(x,%,(B)U%,(B)) < w} e F"H+1,

Put ®, = [[,_,»""" foreachn e w and ® = | J{®, : n e w}. Let B(—1) = X*.
Then n(B(—1)) = 0. Since Top(X) = {a}, let o/ (B(—-1)),,, = {a} for each m € w.
Then (B(—1),(/(B(=1)),,,,)) € €. For each k € ®y = w, let G = G(B(—1)) and
B = Br(B(—1)) and for each Be %, define a complete sequence (o (B;n)),
satisfying (6)(g).

Assume that for new and pe ®,, we have already obtained %,, %, of
elements of # as before. Let te®,,; and t=u®y, where u=1_€ ®, and
new™?. Define 4. =|){%,(B):Be%,} and %,=|J){%,(B): Be %,}. For
Be #,, B € #,(B), n€ ", by the same method, define a complete sequence
(/(B'); ,,) such that (B',(</(B'),,)) € 6. Inductively, we have

(9) For te®,,; and u=1_€®,, new"?

,new with t=u®n,

(a) 9, = # and for each Ge %,, G is contained in some member of %,

(b) #. = %,

and for each Be 4,

©) B=U%(B)U(%,B)

(d) the length of element of %,(B) is n+ 2,

for B’ = B(¢, P) = [1;c,, Bi € %,,:(B), £€E, and P e #(B),

(e) if K(&) satisfies (*) and r(&) = n(B), then there is an i < n(¢) with
ieP,

(f) if ie P, then A(B)) < A(B;),

() if i ¢ P, then A(B!) < A(B;). Furthermore, A(B!) = A(B;) if and only
if B! is topped (ie./'(B') and A(B;) =a(B!)+1. Hence, if
ie V' (B), then A(B]) = A(B;) if and only if Top(B]) = Top(E) and
hence, Top(B]) = A for some A e ./(B); .

(h) (B',(#(B');,,)) €€ and furthermore, if ie A (B)N.A(B') with
Top(B!) = Top( B;), then «/(B'),, = {ANTop(B B)):Ae A (B); i1}
for each m e w.

(10) For ue ®,, Be #, and x € B, {n € 0" : ord(x,%,(B)U%,(B)) < w} €
,97”+2.

It suffices to prove that {4, U(%.A0):7e®} is a 6O-sequence of
open refinements of . By (9) (a), (c), every 4. U (%, A 0) is an open refinement
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of ¢. Take an x = (x;) e B(—1). By (10), take a 7(0) =#(0) € ® such that
ord(x,%0)U %)) < ®. Then 7(0) € @y. If %, = &, then we are done. So,
assume tha %) # &. By (9) (d), every nonempty element of %) has the
length 1. By (10) again, we can take an 7(1) € ®? such that

e {{new”: ord(x,%,(B)U%,(B)) <w}:xeBe B }eF

Let 7(1) = (#(0),%(1)) € ®1. Then we have ord(x,%.1)U %)) < w. Assume
that %) # & and also that we can continue this method infinitely. For each
tew, choose a (1) = (7(0),n(1),...,5n(t)) € @, such that

ord(x, 9. U% 1)) <o and Ry, # .

Since %, # & and finite for each 7 € w, it follows from Konig’s lemma (cf.
Kunen [K]) that there are sequences {#(f):tew}, {t(t):tew}, {&(f): 1€ w},
{N(t):tew}, {K(t):tew}, {P():tew}, {B(t)=B(&(1),P(t)):tew},
{A(i,t) : i,t € w} (if possible), satisfying: for each e w,

(11) (a) n(1) e ™' and z(¢) = (1(0), n(1),...,n(r)),
(b) (B(1), (#(B(1));,,)) € ¢ and x € B(t) =[], B(1); € By (B(1 — 1)),
(©) n(B(1))=1+1,
(d) #(r)= ( (1)),
(e) <(1) € Epu1).0)»
(f) K(1) =K(¢& ()) [Lico, K(2); € A (B(1 = 1),5(1)),
(8) P(1)e2({0,1,...,1}),
(h) if K(¢) satisfies the condition (*) and r(&(¢)) =1t then there is an

i < n(&(r)) with ie P(1),
(i) if ie P(¢), then A(B(1);) < A(B(t—1),),
(j) if i ¢ P(z), then A(B(t+1);) < A(B(t);). Furthermore, A(B(t+1),) =

A(B(t);) if and only if B(r+1); is topped (ie A (B(t+1))) and

J(B;) = a(B(t+1);) + 1. Hence, if ie A (B(7)), then A(B(t+1),) =

A(B(r);) if and only if Top(B(t+1);) = Top(B(z);) and hence,
Top(B(t+1);) = A for some A e </ (B(1); )-

(k) (B(t+1),(A(B(t+1));,)) €% and furthermore, if ie 4 (r)N
N (t+1) with Top(B(r+1);) = Top(B(1),), then o/(B(t+1)),,, =

{ANTop(B(t+1),) : A € A (B(1)), .1} for each m e w.

Let i € w. By (11)(c), let > 1 such that n(B(¢)) > i. By (11)(i), if i € P(¢) for
t>1, AB(t);) < A(B(t—1),). Since there does not exist an infinite decreasing
sequence of ordinals, there is a ¢; € w with #; > ¢ such that for each ¢ > 1;, i ¢ P().
By (11) (j), (k), there is a k; such that k; > #; and for each t > k;, t € A'(¢) and
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K(t+1),=Top(B(t+1),) = A(i,t) = K(t); = Top(B(t),). Let K =1]];.,K(?);:
Then it follows from Fact (1) in Section 2 that K is a nonempty compact subset
of X“. Since % is an open cover of X, which is closed under finite unions, there
are 0=T],., 0, O =]l;.,0/ €0, Ue¥ such that Kc OO0 <=0 <
U and n(K) = n(0) = n(0’), where n(K) is defined as that of n(£). By Fact (2)
and (11) (c), take an s > 1 such that:

(12) (a) n(0) <n(B(s - 1)),
(b) for each i <n(0), k; <s and K(s);

1

c Ol’.

Then K(s) cO<=Oc O’ = O = U and hence, K(s) satisfies the conditon
(*). Since n(&;) < n(0), r(&) =s. By (11)(h), there is an i < n(&;) with i€ P(s),
which is a contradiction.

4 Weak Submetacompactness

In order to give an affirmative answer to the Problem (2) in the Introduction,
it suffices to prove the following.

THEOREM 4.1. If'Y is a hereditarily weakly submetacompact space and X is a
weakly submetacompact Cech-scattered space with Top(X) = {a}, then the product
Y x X is weakly submetacompact.

Proor. Let % be the base of Y x X, consisting of all basic open subsets of
Y x X“ and % be an open cover of Y x X, which is closed under finite unions.
It suffices to prove that there is an open weak O-refinement of %.

Define (B, (</(B); ,,)) € € if B= B x [1,.,, Bi € % such that for each i < n(B),
B; is topped and (.7 (B) B;

Top(B)).

Take a (B,(#(B);,)) €% and B= Bx[l,., Bi. For i<n(B) and
A€ ./(B),,, take an open subset 4’ in B; as before. Then {4’: 4 € .o/(B), o} U
{B; — Top(B;)} is an open (in B;) cover of B;. Since X is weakly sub-
metacompact, by Lemma 2.3, there is a collection #'(B),=|J _, #(B);, of
open subsets of B; such that:

iew

i.m) 18 @ complete sequence of open (in Top(B;)) covers of

(1) (a) #(B), partial refines {A": 4 € o/(B), ,} U{B: — Top(B;)},
(b) for each element H of #°(B); H is topped,
(c) for each x e B, there is an s e w with ord(x, #(B), ) = 1.

Since Top(X) = {a}, take an open cover #,p =) ., H (B),p),, of X such
that:
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(2) (a) A(B),p).0 = {B}, where B is a proper open subset of X" with a € B,
(b) for s> 1, H e A (B),p) , a¢ H,
(c) for each element H of A (B),y(p)> H is topped,
(d) for each x e X, there is an sew with ord(x, #(B),4) ) = 1.

Let  A(B) =[l;cpp #(B);. For each xe[[,_,p B, there is an
(50,515 -+ Sn(B)) ea)”(B>+1 with ord(x, [1,<,s #(B), ) = 1. Smce "B+ = o,
we denote #(B) = |, #(B), such that for each xe [[,_,; B, there is an
s € w with ord(x,Jf( );) = 1. Take an H = [];_,p Hx e%( ) with Top(H)N
Top([ ;< sy Bi) = Top(I1;<n(m H)N Top(]i<u(p B) # Then for eAach i<
n(B), Top(H;)NTop(B;) # & and hence, Top(H;) = Top(E). Let H = H x
X x - =[l,e, Hi. Then n(H)=n(B )+1 and Top(H) = Top(H) x {a} x ---.
For each ye B, let H, = {y} x Top(H). Define the condition (**) for H, as
follows:

H, satisfies (**) < there are 0,0’ € # with n(O) =n(0’) and U e«
such that H,c 00 <=0 <0 <= U.
Let
n(Hy) = min{n(0) : 0,0" € # with n(0) =n(0’) such that
H,cO0c0cO0 <0 cU for some UeW}.

We say that H satisfies (**) if there is a y € B such that H, satisfies (**).
If H, satisfies (**), take basic open subsets O(H,) = O(H,) x [];.,, O(H,);,
O'(H,) = O'(Hy) x [[;c, O'(H,); in Y x X and U(H,) € % such that

(3) (a) H, < O(H,) c O(H,) < O'(H,) < O'(H,) c U(H,),
(b) n(Hy) =n(O(H,)) = n(O'(H,)).

Define
r(H,) = max{n(B),n(H,)}.

Assume that H satisfies (**). For each kew, let W(H), =
{yeB:n(H,) <k}. Then W(H), =|){O(H,)NB:n(H,) <k} and hence,
W(H), is an open subspace of Y. Since Y is hereditarily weakly sub-
metacompact, there is a collection *"(H), = UJG(U“V )kj of open subsets of
W(H), (and hence, open subsets in Y) such that:

(4) (a) 7"(H), partial refines {0( )N B:n(H,) <k},
(b) for each xe W(H),, there is an je w with ord(x,7 (H), ;) = 1.
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For each Ve 7' (H),, take a y(V)e W(H), such that V c O(I}\yzy))ﬂé.
Define a basic open subset G(V) as follows:

V><H Hno (Hyy)),) x X x -+ if r(Hyy)) =n(B) and
G( V) =V x Hi<n<H‘m>(H" NO'(Hyy)),) x X x -+
if r(Hyy)) = r(Hy)) > n(B).

We denote G(V) =V x][[,., G(V);. For each iew, G(V), is topped and
V x Top(H) < G(V) U(H,y)). We obtain the following collection #(V) =
U e, 2(V), = # (cf. [AMT] or [HT]) such that:

(5) (a) for each B'e #(V), pry(B') =V, where pry: Y x X“ — Y is the
projection of Y x X® onto Y,

(b) VxH-GV U% V)<V x H,

(c) for each x e V x H — G(V), there is a t € w with ord(x,B(V),) = 1,

for each B' =V x[[,., Bl € #(V),

(d) I’I(B/) = V(H( )) > I’l(B) B

(e) for each iew, a(B!) < «(B;),

(f) (B',(#(B);,,)) €% such that for each i<n(B), if a(B]) =u(B;),
then Top(B))=A for some Ae/(B),, and ./(B)),, =
{ANTop(B]): A e </(B),,, } for each me o, '

(g) if r(Hyy)) =n(B), then there is an i<n(H,y)) such that
a(B)) < a(B;).

Fork,j,tew, let 9(H), ; , ={G(V): Ve (H), ;}, BH), ,; = {8V
Vet (H) ) B B

If H does not satisfy (**) or Top(H) N Top([[;<,p Bi) = &, for k, j, 1€,
let 9(H),;,={D}, #(H),;, ={B'}, where B'= Bx H. Take a sequence
(o/(B'), ) such that (B',(</(B'),,)) €% as (5)(f).

For sk, j t e w, let

iom im

B)s ke = \U{4(H)y;,: He #(B);} and

HZ &kjl U{g kj,r:HE%(B)s}'

Then we have

(6) (a) for s,k,j,tew, 9(B);, ;, <% and for each Ge%(B) G is
contained in some member of %,

(b) for s,k, j,t€ w, '%(B)s,k,j,t c A,

(c) for each x e B, there is a 4-tuple (s,k, j,¢) € @* such that

sk, j, 0>
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(c-1) 1 < ord(x,%(B), . ;,UB(B), ;)
(c-2) o (x Y(B)s i) =1,
(c-3) ord(x B(B )Skj ) <1

for B’ = B’x]_[,ewB’e%’(H)S_k’j’t,sk],tew H=1]]

d) n(B") > n(B),

(e) for each iew, a(B!) < «(B;),

(f) (B',(4(B'),,,)) €6 such that for each i<n(B), if «(B)) = «(B;),
then Top(Blf) cA for some Ae tszi(B),’0 and /(B’)
{4N Top(l?lf) tAe "Q{(B)i,m-&-l} for each m € w,

(g) if B'=V x][l,e,B; and r(Hy,y))=n(B), then there is an
i < n(Hyy,)) such that a(B]) < a(B).

p Hi€ H(B),,

l<Vl

lm_

Let ®y = {&}. For each n>1, let ®, = (v*)" = (0*) and ® =, _, Dy
Let 49y={J}, B(0)=Y x X, %By={B(0)}, o, ={{a}} for mew with
(B(0), (#(B(0),,))) € 6 and Y () = . By the above construction, for each
n>1 and ¢ € ®,, we obtain collections ¥, and % of subsets of ¥ x X and a
subset Y(¢) of Y, satisfying the following:

(7) for ¢=¢_@(s,k,j,0), (s,k, ], 1) e o,
) 9y =\{9(B), ;,: Be By } = % and for every element G € 9, G
is contained in some member of %,
() 25— {#(B),,,: Be By } = 4,
(8) for xe B and Be %, , there is a (s,k, j,7) € * such that

(a) 1< ord(x, g(B)s,k,j,t U g(B).Y,k,_f,I)7
(b) Ord(x>g(B)s,k,j,t) = 17
(C) Ord(xﬂg(B)s?kﬁj,t) =< 19
for ¢ = ¢7 ) (Svk,jv t)a (Sakajvt) € 6()4, B= B X Hiea} B e ﬁqﬁ,; B =
g/xl_[iewBile‘%(H) He%(B)s’

) (B7 (’Q/(B)i,m)) € (g’

0) n(B) < n(B’),

11) for i e w, a(B]) < a(B),

12) (B',(</(B');,,)) €€ such that for each i<n(B), if «(B)) = a(B;),
then Top(B]) = A for some A e </ (B);, and /(B'); , ={ANTop(B B)):
Ae ‘%(B)i,m-&-l}?

(13) let Y(¢) = {W(H),: Be By ,H e #(B), and H satisfies (**)},

(14) if B' =V x [1;c,, Bi € B(H); ; » H € #(B), and r(Hyy)) = n(B), then

there is an i < n(H,(y)) such that a(B]) < a(B).

sk, j, 0

(
(
(
(
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Let ¥ =(J{%;:¢e®@}. By (7)(a), ¥ is a collection of basic open subsets
of Y xX® and for each Ge %, G is contained in some member of #. Take
a point (y,(x,)) e Y x X“. We shall show that there is a ¢ ® such that
ord((y, (x4)),%4) = 1. Since (y,(x,)) € B(0), by (8), there is a (1) =¢(1) =
(s(1),k(1), j(1),#(1)) € ®; = »* such that

1 < ord((y, ()Cu))7 g¢(1) Ugé)(ﬁ(l)),
ord((y, (xu)),%p1)) <1 and ord((y,(xu)), By1)) < 1.

If (y, (x4)) € U %y1), then ord((y, (xu)),%41)) = 1. So we have done. Assume
that (v, (x.)) ¢ U %4)- Then (», (x4)) € | By4(1) and hence, ord((y, (x4)), Bya)) =
1. Take a unique B(l) € A4y such that (y, (xu)) € B(1). By (8) again, there is a
7(2) = (5(2),k(2), j(2),#(2)) € »* such that

1 <ord((y, (x4)), 9(B(1)),0) UZ(B(1))5)),
ord((y, (xu)), 9(B(1)),)) <1 and  ord((y, (xu)), B(B(1)) () < .

Let (;5( ) (z(1),7(2)) € ®y. Since ((y,(x,)) ¢ B for Be Ay, —{B(1)},
it (y,(x)elJ¥B 1 2 then ord((y, (xu)) Gy ) 1 So, assume
that  (y,(x,)) ¢ () 9(B )e- Then  (p,(xy)) el J4(B and hence,
ord((y, (xu)), By)) = 1. Take a unique B(2) € Ay such that (y, (x4)) € B(2).
We continue this method by the same manner and assume that it is continued
infinitely. Then there are sequences {t(n) = (s(n),k(n),j(n),t(n)) e w* :n > 1},
{p(n) e ®, :n>1}, {B(n):new}, {H(n):n=>1}, {A@i,n):i,new} (if possi-
ble), {y(n) : n > 1} (if possible) such that: for each n > 1,

(15) (a) ¢(n) =¢(n—1) @ t(n) € ®,, where ¢(0) = J and By = B(0),

b) B(n) = B( 1) X [;ce, Bni and {Be By : (v, (x,)) € B} = {B(n)},

) H(n) = Hiew H,, <= Hiew By1,is

d) n(B(n—1)) < n(B(n)), L

e) for each i€ w, a(By;) < a(Bu-11),

f) (B(n),(#(B(n)),,,)) €€ such that for each i<n(B(n-1)), if
u(Bri) = By 1), then Top(B,;) < A(n) € #/(B(n— 1)), and
A(Ba)y = {AN Top(Br) s A € o/ (Bt — 1)1},

(@) if H(n), satisfies (**), then y(n) € Y(¢(n)), n(H(n),) = n(H(n),,)
and furthermore, if r(H(n )y) =n(B(n—1)), then there is an
i <n(H(n),) such that (B, ;) < «(B, 1)

o

(
(
(
(
(
(

The rest of the proof is similar to that of Theorem 3.1. So we omit it.
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