
TSUKUBA J. MATH.
Vol. 31 No. 1 (2007), 197–204

THE SERRE DUALITY THEOREM FOR HOLOMORPHIC

VECTOR BUNDLES OVER A STRONGLY

PSEUDO-CONVEX MANIFOLD

By

Mitsuhiro Itoh and Takanari Saotome

Abstract. The Serre duality for a holomorphic vector bundle over

a compact, complex manifold still holds over a compact, strongly

pseudo-convex manifold M. This duality theorem is a vector bundle

version of the Serre duality obtained by N. Tanaka in [3] for or-

dinary ðp; qÞ-forms on M.

§ 1. Introduction

Let E be a holomorphic vector bundle over a compact, complex manifold

Mn and WpðEÞ be the sheaf of germs of holomorphic p-forms with values in E.

Then we have

HqðM;WpðEÞÞGHn�qðM;Wn�pðE �ÞÞ ð1Þ

for any non-negative integers ðp; qÞ. Here E � denotes the dual vector bundle of E.

We call this isomorphism the Serre duality, which plays an important role in

complex geometry. See, for examples, [1], [2]. When we restrict the bundle E as

the trivial complex line bundle, the above then reduces to the ordinary duality

HqðM;WpÞGHn�qðM;Wn�pÞ ð2Þ

On a compact, complex manifold there is an isomorphism between such

cohomology groups and the spaces H p;qðM;EÞ of harmonic forms taking values

in E and then the above dualities are verified in terms of E-valued ðp; qÞ-
harmonic forms together with the Hodge star operator(refer to [2]).

N. Tanaka developed the harmonic theory over a compact, strongly pseudo-

convex manifold M and derived a similar theorem for the space H p;qðMÞ of

harmonic ðp; qÞ-forms on M(refer to Theorem 7.3 in [3]);
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H p;qðMÞGH n�p;n�q�1ðMÞ: ð3Þ

for any ðp; qÞ. Here dim M ¼ 2n� 1.

In this article we consider a holomorphic vector bundle E over a compact,

strongly pseudo-convex manifold M. The sub-ellipticity of the Laplacian holds

also for the space of smooth E-valued ðp; qÞ-forms on M so that the spaces

H p;qðM;EÞ of E-valued harmonic ðp; qÞ-forms for any ðp; qÞ are finite dimen-

sional whenever q0 0; n� 1.

The aim of this article is to show the duality theorem for a holomorphic

vector bundle over a strongly pseudo-convex manifold. We have indeed via the

Hodge star operator a.

Theorem 1. Let M be a compact strongly pseudo-convex manifold and let E

be a holomorphic vector bundle over M. Then

H p;qðM;EÞGH n�p;n�q�1ðM;E �Þ

for any ðp; qÞ, where E � is the dual bundle of E.

A strongly pseudo-convex manifold M is a smooth manifold of dimension

2n� 1 which carries a strongly pseudo-convex structure ðS; y;P; I ; gÞ, that is,

a complex subbundle S of T CM satisfying S VS ¼ 0 and ½GðSÞ;GðSÞ�HGðSÞ
together with a contact form y so that M admits the real expression ðP; IÞ of S

such that the Levi-form g given by gðX ;YÞ ¼ �dyðIX ;Y Þ, X ;Y A P is positive

definite.

We notice that our M admits a canonical Riemannian metric h ¼ gþ yn y

and the volume form dv ¼ ðn� 1Þ!y5ðdyÞn�1 gives the orientation.

A complex vector bundle E over a strongly pseudo-convex manifold M is

said to be holomorphic, if there exists a smooth linear di¤erential operator

qE ¼ q : GðEÞ ! GðEnS �Þ satisfying

iÞ qð fuÞ ¼ f quþ un d 00f ; d 00f ¼ df j
S

namely, if we set qXu ¼ quðX Þ, then

i 0Þ qX ð fuÞ ¼ f qXuþ ðXf Þu for u A GðEÞ; f A Cy
C ðMÞ; X A GðSÞ;

iiÞ qX ðqYuÞ � qY ðqXuÞ � q½X ;Y �u ¼ 0 for u A GðEÞ; X ;Y A GðSÞ:

We call the operator q on E a holomorphic structure.

Every strongly pseudo-convex manifold M admits canonically a holomorphic

vector bundle called the holomorphic tangent bundle T̂TM of M, the quotient
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bundle T̂TM ¼ T CM=S with the operator q ¼ qT̂T given by qXu ¼ $ð½X ;Z�Þ,
for u A GðT̂TMÞ with Z A GðT CMÞ such that $ðZÞ ¼ u and X A GðSÞ. Here

$ : T CM ! T̂TM is the canonical projection.

Notice that like holomorphic vector bundles over a complex manifold the

tensor product EnF of holomorphic bundles E, F , the dual bundle E � and the

exterior product bundle Lk E of a holomorphic bundle E are also holomorphic.

Let ðE; qEÞ be a holomorphic vector bundle over a strongly pseudo-convex

manifold M. We assume that E admits a smooth Hermitian fiber metric h� ; �iE .

The tensor product EnLpðT̂TMÞ�, 0a pa n� 1 carries the holomorphic

structure

q ¼ qE n idLp þ idE n qLp

In complex geometry, it is a standard fact that a complex vector bundle E is

holomorphic if and only if E admits a locally defined holomorphic frame field

around any point. However on a strongly pseudo-convex manifold, it is not

obvious whether a holomorphic vector bundle admits a local holomorphic frame

fields. With respect to this we have the following theorem ([4]).

Theorem 2 ([4]). A holomorphic vector bundle ðE; qÞ over a strongly pseudo-

convex manifold M with dim Mb 7. Then, for any point p of M there exists an

open neighborhood U of p and a smooth local frame u1; . . . ; ur A GðU ;EÞ such that

each ui satisfies qui ¼ 0. Here r ¼ rank E.

Acknowledgment

The authors would like to thank Professor Kimio Miyajima and also to the

referee for indicating valuable comments.

§ 2. The Proof of Theorem 1

Although the proof of Theorem 1 for a strongly pseudo-convex manifold is

quite similar to the proof for a complex manifold, we will give the detailed proof

for the sake of readers.

Let E be a holomorphic vector bundle over a compact, strongly pseudo-

convex manifold M. We denote by Cp;qðEÞ ¼ GðM;EnLpT̂TM � nLqS �Þ the

space of smooth E-valued ðp; qÞ-forms on M. Then the holomorphic structure

q ¼ qE of E induces an operator for each p, q in the ordinary way

qq : Cp;qðEÞ ! Cp;qþ1ðEÞ
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for which we use, in abbreviation, the same symbol q ¼ qE . For this definition see

[3], p. 16.

Let � be the Hodge star operator. Then the operator � is given by the

formula

hð�f;cÞ dv ¼ ðn� 1Þ!f5c; f A LkT �M; c A L2n�1�kT �M:

It holds that � is isometric and involutive, that is, hð�f; �jÞ ¼ hðf; jÞ and �2 ¼ id.

Moreover, over a strongly pseudo-convex manifold M its complexification

exchanges holomorphic forms and anti-holomorphic forms. Thus, � : LpT̂TM � n

LqS � ! Ln�pT̂TM � nLn�q�1S �. If we write T̂TM ¼ CxlS, then the operator �
fulfills � : CynLp 0

S � nLqS � ! CynLn�q�1S � nLn�p 0�1S �.

For the proof of Theorem 1 we need to introduce an essential machinery,

namely, the Hodge star operator a. The complex conjugate Hodge star operator
� � � : LpT̂TM � nLqS � ! Ln�pT̂TM � nLn�q�1S � can be naturally extended over

the bundle E as

a : EnLpT̂TM � nLqS � ! E � nLn�pT̂TM � nLn�q�1S �

To be precise, let fsi j i ¼ 1; . . . ; rg be a local frame of E defined over U HM.

Here r ¼ rank E. Set the smooth functions aij ¼ hsi; sjiE A CyðU ;CÞ.
By using a local coframe fs j j j ¼ 1; . . . ; rg, the dual to fsig, we define a for

c ¼
P

i c
isi A EnLpT̂TM � nLqS �,

ac ¼
Xr
j¼1

ðacÞjs j;

where ðacÞj ¼
P

i aji�c
i. Here remark that c i are elements of LpT̂TM � nLqS �,

i ¼ 1; . . . ; r and the definition is independent of a choice of local frame. So,

ac A Cn�p;n�q�1ðE �Þ for c A Cp;qðEÞ.
Similarly, define a� : E � nLn�pT̂TM � nLn�q�1S � ! EnLpT̂TM � nLqS �,

a�
X
j

ajs
j

 !
¼
X
j;k

akj�ajsk:

Then, it holds a�ac ¼ c for any c A EnLpT̂TM � nLqS � at every point of M.

In fact,

a�ðacÞ ¼a�
X
i; j

aji�c i

 !
s j

( )

¼
X
i; j;k

akj�ðaji�c iÞsk

200 Mitsuhiro Itoh and Takanari Saotome



¼
X
i; j;k

a jkaij�ð�c iÞsk

¼
X

dki �ð�c
iÞsk ¼

X
i

�ð�c iÞsi

¼
X
i

c isi ¼ c:

Remark that we have also aa� ¼ 1 and then a : EnLpT̂TM � nLqS � !
E � nLn�pT̂TM � nLn�q�1S � gives a bundle isomorphism.

In order to define the formal adjoint of the operator qq we define an L2-inner

product ð� ; �Þ on Cp;qðEÞ. For f ¼
P

i f
isi, c ¼

P
j c

jsj we define a pointwise

Hermitian inner product as

hf;ci ¼
Xr
i; j¼1

hðf i;c jÞaij ;

where hðf i;c jÞ is the inner product of ðp; qÞ-forms f i, c j defined by

hðf i;c jÞ ¼ 1

k!

X
i1;...; ik

f iðXi1 ; . . . ;Xik Þc jðXi1 ; . . . ;Xik Þ;

where k ¼ pþ q and fXig is a unitary basis of TMC, i.e., yðX1Þ ¼ 1 and

gðXi;XjÞ ¼ dij , 2a i; ja n. Then we have an L2-inner product on Cp;qðEÞ by

integrating over M; ðf;cÞ ¼
Ð
M
hf;ci dv.

We denote by d ¼ dE the formal adjoint of q ¼ qE with respect to the

L2-inner product;

d : Cp;qðEÞ ! Cp;q�1ðEÞ:

To prove the following lemma, we need to define some notations. If

f A Cp;qðEÞ, a A Cs; tðE �Þ are locally represented by f ¼ jn u, a ¼ on g,

where j A Cp;qðMÞ, o A Cs; tðMÞ, u A GðEÞ, g A GðE �Þ, we define the product

f5a A Cpþs;qþtðMÞ as follows.

f5a ¼ j5hu; gio:

Here, h� ; �i is the pairing of E and E �. The property of this product is,

Lemma 1. For f A Cp;qðEÞ, a A Cs; tðE �Þ,

qL pþsðf5aÞ ¼ ð�1ÞsðqEfÞ5aþ ð�1Þqf5ðqE �aÞ:
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Proof of Lemma 1. Let f ¼ jn u, a ¼ on g, locally. Then by using the

formula d 00 ¼ ð�1ÞpqL p ,

qL pþsðf5aÞ ¼ qL pþsðj5hu; gioÞ

¼ ð�1Þpþs
d 00ðj5hu; gioÞ

¼ ð�1Þpþs
d 00j5hu; gioþ ð�1Þsþq

j5d 00hu; gio

þ ð�1Þsþqj5hu; gid 00o

¼ ð�1ÞsqL pj5hu; gioþ ð�1Þsþq
j5hqEu; gio

þ ð�1Þsþq
j5hu; qE �gioþ ð�1Þqj5hu; giqLso

¼ ð�1ÞsðqEfÞ5aþ ð�1Þqf5ðqE �aÞ:

Lemma 2.

dEc ¼ ð�1Þn�ka�qE � ðacÞ; c A Cp;qðEÞ

Proof of Lemma 2. First, we remark thatð
M

qLnðf5acÞ ¼ 0

for f A Cp;q�1ðEÞ, c A Cp;qðEÞ. In fact, the form f5ac is a globally defined

scalar valued ðn; n� 2Þ-from on M, so that qLnðf5acÞ ¼ ð�1Þnd 00ðf5acÞ ¼
ð�1Þndðf5acÞ.

Thus integrating both sides of the following

qLnðf5acÞ ¼ ð�1Þn�pðqEfÞ5acþ ð�1Þq�1f5ðqE �acÞ;

which is given by Lemma 1, we have

0 ¼ ð�1Þn�pðqEf;cÞ þ ð�1Þq�1ðf;a�ðqE �acÞÞ;

that is,

ðqEf;cÞ ¼ ð�1Þn�p�qðf;a�ðqE �acÞÞ:

for any f. This completes the proof of Lemma 2.

Let h� ; �iE � be the Hermitian fiber metric on the dual bundle E � induced

from the fiber metric h� ; �iE and set aij ¼ hsi; s jiE � with respect to the dual frame
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fsi j i ¼ 1; . . . ; rg of E �. The space Cn�p;n�q�1ðE �Þ also admits the L2-inner

product

ða; bÞE � ¼
1

ðn� 1Þ!

ð
M

X
i; j

ai5�bjaij

for a ¼
P

i ais
i, b ¼

P
j bjs

j.

Then the Hodge star operator a enjoys being an isometry with respect to the

L2-inner products, that is,

ðaf;acÞE � ¼ ðc; fÞ

This is shown in a straightforward manner as

ðn� 1Þ!ðaf;acÞE � ¼
ð
M

X
ðafÞi5�ðacÞjaij

¼
ð
M

X
ðafÞi5ð�aijðacÞjÞ

which is ð
M

X
ðafÞi5a�ðacÞ i ¼

ð
M

X
ðafÞi5c i ¼

ð
M

c i5ðacÞi;

which is written as

ðn� 1Þ!ðc; fÞ:

Moreover, for f A Cp;qðEÞ, c A Cp;q�1ðEÞ

ðqE �afÞi5�ðacÞja ij ¼
X

ðqE �afÞi5c j

¼ ðqE �afÞ5c

¼ c5ðqE �afÞ

¼ ð�1Þq�1
qL pðc5afÞ þ ð�1Þn�kðqEcÞ5af:

Therefore, it turn out that

ðqE �af;acÞE � ¼ ð�1Þn�kðqEc; fÞE

¼ ð�1Þn�kðadf;acÞE �

¼ ð�1Þn�kðaf;aqEcÞE � :
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This implies qE � ¼ ð�1Þn�kadEa�. Hence, the formal adjoint of qE � becomes

ð�1Þn�kaqEa�.

We are now in a position to show Theorem 1.

Take c A H p;qðM;EÞ. Then it holds from definition qEc ¼ 0 and dEc ¼ 0.

From Lemma 2 we have, since aa� ¼ id

qE � ðacÞ ¼ ð�1Þn�kadEc ¼ 0

On the other hand from the above consideration the formal adjoint dE � of qE � is

ð�1Þn�kaqEa� so that we have

dE �ac ¼ ð�1Þn�kaqEa
�ðacÞ ¼ ð�1Þn�kaqEc ¼ 0

Therefore we have ac A H n�p;n�q�1ðE �Þ
The inverse implication is similarly shown.

So we see

c A H p;qðM;EÞ ,ac A H n�p;n�q�1ðM;E �Þ:

In particular, a : H p;qðM;EÞ ! H n�p;n�q�1ðM;E �Þ is a complex conjugate linear

isomorphism.
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