TSUKUBA J. MATH.
Vol. 28 No. 2 (2004), 363-376

ON ARITHMETICAL BOUNDS OF CHOW-FORMS

By

Tatsuji TANAKA

Abstract. In this paper, we will show that classical resultants-which
are generalizations of Sylvester determinants-are closely related to
Chow-forms of projective varieties. As a result, we will see that the
maximal degree of the coefficients of a Chow-form in the coefficients
of defining equations may be assumed to be bounded from above.

1 Introduction

If V' is an abelian variety embedded in P" by using Theta functions, V is
defined by quadratic equations as coefficients admitting Theta constants ([T],
). In this case, it seems to the author that Chow-forms of projective abelian
varieties are explicitly described by using those Theta constants (cf. [Si]). Since
Chow-forms play important roles in the arithmetical theory of the moduli theory
of polarized abelian varieties and also they give homogeneous coordinates of
closed points of the corresponding Chow variety, it seems to be worth to the
author that we study explicit descriptions of Chow-forms. This paper may be
considered to be an attempt to find explicit descriptions of Chow-forms.

If V is an r-dimensional linear subvariety in P", then V has as its Chow-form
the one whose coefficients are homogeneous polynomials of total degree n — r in
the coefficients of a system of defining linear forms. Our aim is a generalization of
this fact. More explicitly, our main theorem is stated as follows: Let V be any
projective variety in P". If the prime ideal of V is generated by homogeneous
polynomials f1, ..., fn of degree bounded by I, then V admits its Chow-form whose
coefficients are given by homogeneous polynomials in the coefficients of fi,..., fm
of total degree at most codim V x [©°dmV=1 (Theorem 4.1)*.

*The main theorem was rewritten by suggestions from the referee. In the original manuscript it was
stated as follows: “If the prime ideal of V is generated by homogeneous polynomials fi,..., fm of like
degree 1,....”
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In order to prove the above theorem, we use the classical elimination theory,
especially the theory of resultants. In fact, the elimination theory is one of
methods by which we compute Chow-forms (|Vd2]). But actual computations of
Chow-forms are far-reaching to us except some special varieties (e.g. [T]). As an
example, let ¥ be an elliptic normal curve of degree S in P*. V is defined by five
quadratic forms with Theta constants as coefficients ((K]). We must compute the
resultant ideal of the five quadratic forms and two generic linear forms. This
computation is reduced to the computation of the resultant ideal of five quadratic
forms in three variables. So we consider resultants of three quadratic forms in
three variables. Such a resultant is known (e.g. [St]). The Chow-form of V
appears in those resultants as a factor. But the author can not explicitly de-
termine the Chow-form of V.

An above mentioned resultant is a certain expression which is multi-
homogeneous in the coefficients of the given n forms in » variables and of certain
multi-degree. We shall state its definition in 2.1. If n = 2, that resultant is the
same as an expansion of the Sylvester determinant.

About one hundred years ago, F. Mertens had proved fundamental results on
the theory of resultants of n forms in n variables ((Me]). Our arguments are based
on his results.

In §2, we prepare some results on the theory of resultants which are used in
this paper. They had been proved in [Me].

In §3, we consider the case of complete intersection which is not necessarily
irreducible and we show that the resultant is equal to a Chow-form (not nec-
essarily irreducible). A key step for proving the main result is Theorem 3.1, which
is essentially proved in [Me], except for the fact that the involving incidence
correspondence preserves multiplicities. Especially, we see that the Chow-form of
a variety which is a complete intersection is equal to a certain resultant.

In §4, we consider the general case which is not necessarily complete
intersection and we shall prove the above mentioned main theorem. Here, our
method is a reduction of the general case to the complete intersection case which
will be treated in §3. That reduction is achieved by, to a given variety V,
attaching a complete intersection cycle having V' as a component.

We shall work in a fixed universal domain of characteristic 0 and the prime
field is denoted by F.

We shall mean by a k-variety (k a field) a variety embedded in P” which is
irreducible over k, but not necessarily absolutely irreducible. We shall call an
absolutely irreducible variety simply a variety.
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The following notations will be used throughout this paper.
For sequences u = (ug,...,u,), v = (vo,...,0n),... of n+ 1 elements, we use
classical notations |
Ux = UpXo + - -+ + UpXnp,

Uy = UgXo -+ *** + UpXy,

for the corresponding linear forms, where xo,...,x, are independent variables.

By general (homogeneous) forms over a field k, we shall always mean
homogeneous forms whose coefficients of all the monomials in xg,...,x, are
independent variables over k.

For n+1 homogeneous forms fy,...,f, in the polynomial ring k[x]=
k[xo,...,x,), we denote the resultant (for the definition, cf. 2.1) by

xo PEEEY xn
When fi,..., fm are homogeneous polynomials in k[x], we shall always mean

by the field of coefficients of fi,..., f, the subfield of k generated by all the
coefficients of them over the prime field F and we shall denote it by k¢ (by
writing the subscript 0 to k). If f is a homogeneous form in xy,...,x, and Q is a
homogeneous polynomial in the coefficients of f, we denote by degf Q the degree
of Q in the coefficients of f.

Py is the Chow-form of a variety V.

2 Preliminaries

2.1. We recall the definition of resultants and some of their properties.

Let fo,..., f, be general forms in xo, ..., X, over a field k. Let mq, ..., m, be
their respective degrees.

Let A be the polynomial ring generated by all the coefficients of fp,..., f,
over the prime field F. For each i, let W; be the coefficient of x" in f;. We
define

P(f) == WWi - W

nn?

where

p =momy ---my, pi=—£— (1)

i

P(f) is called the principal monomial of the sequence {fo,..., f,}.
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Let # be a polynomial in 4. Then we define

R is the resultant of fo,...,f, W.r.t. Xo,...,X,

(a) Ix; s.t. Bx € (fo,...,fn) the ideal in A[xo,...,x,), for some r
g (b) for each i; # is homogeneous in the coefficients of f; of
degree p;,
(c) # has the principal monomial P(f) with coefficients 1.

There always exists one and only one resultant ([Hu] or [Me], I). Henceforth,
we denote this resultant £ by '

Xo v Xp
If we change the orders of the sequences fy,...,f, and X,...,X,, then the

corresponding resultant is the original resultant multiplied by the p-th powers of
the signatures of the permutations ([Me]).

When fj,..., f, are homogeneous forms in the polynomial ring k[x] whose
degrees are my,...,m,, we call the unique specialization of (2) the resultant of
fo,--., fn W.I.t. Xo,...,Xx, and denote this resultant by

fo o S
X0 e Xn ’

In this case, we have

V(fo, - fo) # DB & [f" f"] =0
X0 ' Xp
where the algebraic set is the one lying in P" (§23, §25 in [Me], II).
Especially, when fi, ..., f,_, are homogeneous forms in k[x] and »(©,... u®
are r+ 1 sequences of n+ 1 independent variables over k, we denote by
Zu®, ..., u") the resultant of the sequence Fiseoos Sreru® w40 e,

1 0
e@(u(o),_”‘,u("))z .flv""/f;l-—r? u)(c),"'au)(cr)a u)(c) ] (3)
X0y -y Xn—r—1y Xn—ry-.-yXn-1, Xn
R(u®, ... u®) is expressed as a homogeneous form in the minors of order

r+ 1 of the matrix

(0)

W0 oy

WO
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of degree my - --m,_, (§10 in [Me], I). If we denote by ko the field of coefficients
of fi,..., fu—r, then we have Z(u® ... u®)ekou®, ...  u")]

2.2. When f, = uy = ugxg + - - - + u,x, is a general linear form, instead of #
and p of (1), we use the notations:

O—0W.=|h " S 'ux]7

X0 - Xp—1 Xp

Vi=momy---my—-1.
Then

degj;i@:% 0<i<n-—1), deg,®=v.

The following theorem (§22 in [Me], II) is used in the proof of Mheorem 3.1.

THEOREM 2.1. Let fy,...,fyo1 be homogeneous forms in k[x] of degree
mo,...,my_1. Assume that ®=[f0 e ux}io in uo,...,u,. Then,
X0 . Xp-1 Xn

over the algebraic closure ko of the field of coefficients ko of the f;, © is de-

composed into a product
\4 n
®=c H ajju;
i=1 \j=0

of v linear forms in uy,...,u,, where c is a non-zero element of k.
Moreover, we have

V(fi,. s fum1) = {(aio, ... am) |1 <i < v}
We note that the v points (ay,...,a,) are not necessarily distinct.

2.3. In §4, we use the following theorem (§11 in [Me], I):

THEOREM 2.2. Let k,n and m be integers s.t. 0 <k <n+1<m and let

$1,..., 0, be m general forms of xy,...,x, of degree u. We define k homogeneous
- forms gy,...,gx by

[y

g il o Cim ¢

i

C e
gk k1 km ¢m
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where the c; are indeterminates. Moreover, we take n — k + 1 generic linear forms
U)(co), . .,u,(cn_k). Then the. resultant

(0) (n—k)
gis-- s 9k Ux "y ooy Ux
X0 -+ 3 Xk—1 Xy -+ 3 Xn

is a polynomial in the minors of order k of the matrix

3 Resultants and Chow-forms

In this section, we shall prove that if an r-dimensional variety V is a
complete intersection, then its Chow-form Py coincides with the resultant of the
defining equations of V' and r+ 1 general linear forms.

3.1. As a background of our main theme in this paper, we recall the
following: the field generated by the Chow-point of a projective variety over the
prime field F is the smallest field of definition for that variety, and hence if V is a
variety of P" over k with the prime ideal B, and Py is the Chow-form of V, then
we can assume that the coefficients of Py are given by polynomials of the
coefficients of homogeneous forms which constitute a basis of B.

3.2. Before we consider the case of complete intersections, we review the
definition of the Chow-form Py of an unmixed homogeneous ideal 2.

Let k be a field in the universal domain and R = k[xo,...,x,] be the
polynomial ring over k.

For any k-variety V' which is not necessarily absolutely irreducible, its Chow-
form Py can be defined. Py is irreducible over k.

Let p be the homogeneous prime ideal in R of a k-variety V', and we put
p =p®k. If py,...,p, are the prime ideals of p’ and V; is the variety
(absolutely irreducible) defined by p; for each i, then, by definition (since we have
assumed the characteristic to be 0), the cycle Z(p’) of p’ is

Z(p/): V1 + .-+ Vm-
If we denote by P; the Chow-form of V;, then we have

Py =Py Py,.
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This factorization is computed in the algebraic closure k (over some finitely
generated extension of k).
In this case, we define

deg V :=deg V) +--- +deg V},.

If dim V' =r and deg V' = d, then the Chow-form Py = Py®, ... u®)y of
V' is a multi-homogeneous form in the u() of degree d, where u©®, ... u(® are
r+ 1 sequences of n+ 1 independent variables over k.

Let A be a homogeneous ideal in R which is unmixed. Then the cycle
Z(W;k) of A over k is defined as follows: if p,,...,p, are the (homogeneous)
prime ideals of 2, then

Z(%U; k) := lengthg, (R/W), - V1 + - +lengthy (R/2), - Vi,

where the V; are k-varieties defined by the p;. .
Now, we assume that U is generated by n — r forms £, ..., far iIn R and is
of height n—r. Then U is unmixed. Let k, be the field of coefficients of

Siy-ooy faor. Let
ZWko) =arVi+ -+ aV,

be the r-cycle of A in P” defined over ko, where V;,.. ., V1 are kg-irreducible
varieties. Then we define the Chow-form Py of the ideal A by

Py =P ... P*,
with P; the Chow-form of ¥;. Since the Chow-form of an absolutely irreducible
variety is absolutely irreducible, Py is uniquely determined by the given ideal 9.

3.3. Our key step is the following theorem:

THEOREM 3.1. Let fi,..., fu—r be n —r homogeneous forms in k(x] for some
field k. Suppose that the ideal W= (f1,..., fo_,) of k|[x] is of height n — r. Then we
have

Ru©, ... u") = Py. (4)

Moreover, if ko is the field of coefficients of fi,..., for and
ZWko) =arVi+---+aV,
then, in ko[u(o),...,u(’)], we have a decomposition

t%(u(()),.“’u(”))=1)1‘11...})Ial, B:PVI (5)
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ProOOF. It suffices to prove the second part of the claim. First we show that
the resultant 2(u®,...,u) is the Chow-form of an r-cycle in P". For this, we
go back to the classical definition of a Chow-form and we check the conditions
([H-P] or [Sa]) for a given multi-homogeneous form to be a Chow-form.

The resultant 2(u(®,... 4)) is multi-homogeneous in #©,... 4 whose
degree in u') is my---m,_, and Zu©,... . u") e kou®,.. .  u®.
We consider (1, ..., u") as a form in () and we denote it by F(u®).

Fu©) is equal to ®u®) in 2.2 for the sequence fi,..., fur,ul, ... ,ul).

L2y u®, . ).

X

L is a linear subspace generic over k of dimension n — (r+ 1).
From the assumption, V() is of pure dimension r. Hence V(A)NL = &.
Thus we have |

V(fh fn r?”x 7u)(cl)’ "’u)(cr))zg' |

Hence, O(u®) # 0. Therefore, by in 2.2, F(u®) decomposes
into linear forms in u©® over ko(u®,...,u).
Now

Fu©O) = ﬁ(ix u(0)> ‘ (%)
=1 ‘

where c, x eko(u ,u) and d = deg f---deg f,_,.
For the points x( ) — = (xgq),...,x,(,q)), by MTheorem 2.1, we have

n
YxPu =0 (1<Vs<rl<Vg<d).

Suppose that r + 1 hyperplanes H; = V(3] , vﬁs)x,-) (0 < s <r) pass through
some point x(%).

Then x9 is a common solution of fi =--- = f,_, = 0 and hence
fizm=foy =D = =) = y® =

has a non-trivial common solution x{9. Thus we have

ﬁ’ .. af;l—ra vgcl)a Ugcr), ’U.S(O) — 0

X0y .-+ Xn—r—1, xn—ra ey Xn—1, Xn
Since the left side is 2(v@,...,v"), 2(,...,00)) = 0.
Therefore 2(u®,uV), ... u ’>) is the Chow—form of a cycle in P (H-P)).

Next we show that this resultant is equal to the Chow-form Py of the ideal .
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“For this, let P be the dual projective space of P". We consider the incidence
correspondence

g put {(U(o) ) c (P)r+1 | V() ( (Z U(J)xl>) },
and ‘ .
&EE{@w' o) e (P r“|Vm< (}:v”&)> } (I<i<l).
i=0

Since V() =V U---UV;, we have
| | S=58U---US.

Thus, S is a closed set of pure codimension 1. v :
Since S is defined by Z(u(®,...,u®), the irreducible components of S are
‘defined by the irreducible factors of Z(u(®,... u®).
While, each S; is defined by the Chow-form P; of the component Vi of AU.
- Therefore for some integers a;, we have

e@(u(o,...,u(r)):PIIZl,.'.PIa{O

‘Here, for each i, a] is equal to the multiplicity of the component S;.

Finally we must show that a] = a;. We recall that Chow-forms are considered
as effective Cartier divisors on a certain grassmannian. Let ¢z be the structure
sheaf Oz of the closed subscheme Z defined by the homogeneous ideal 2 in P".
Then §; is a component of Supp(7,(0z(m)), where t =n—r—1 and T,(0z(m))
is the t-space Transform of Oz(m) ([F]). Under this set-up, we have

= the multiplicity of the induced reduced closed subscheme of Si.

Since the incidence correspondence S preserves the multiplicities (Lemma
10.3 in and §3 of Chap. 5 in [Mu2]), the right side of the above equality is a;.
Hence we get a! = a;. Q.E.D.

'COROLLARY 3. 2. Let V be a projective variety of P" of dimension r.
Assume that 'V is a complete intersection defined by the prime ideal
(fi,---sJur). Then the resultant

1) r (0)
Ao fo w4l
XQ ot Xp—p—1 xn—( MR O | Xn

is the Chow-form Py of V.
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Hence, in this case, a system of homogeneous coordinates of the Chow point
c(V) of V is given by multi-homogeneous forms in the coefficients of fi,--sfn—rs
whose degree in the coefficients of f; is d/m;, where d = deg V', m; = deg f;. This
is the case which we treated in [T].

4 Main Theorem

In this section, we consider a variety (absolutely irreducible) which is not
necessarily a complete intersection.

4.1. We note that if V is a variety of P" over k with the prime ideal B, and
Py is the Chow-form of V, then the coefficients of Py are multi-homogeneous in the
coefficients of homogeneous forms which constitute a basis of B. In fact, let
R = {Dy,..., Dy} be the resultant system of a basis fi,...,fm of P and generic
tinear forms #2,...,u{” (r=dim V). Then ged R is a power of Py ([Vd2]).
While, each D; is multi-homogeneous in the coefficients of fi,...,fm (Vd1]) and
by 3.1, the coefficients of Py are polynomials of them. Thus our statement is
proved.

42. As above, let V be a projective variety over a field k in P" of di-
mension r(< n— 1) and of degree d defined by the prime ideal B = (fi,. .-, Sm)-
We suppose that the f;’s are of degree bounded by /.

Following Mertens (§25, [Me], II) we construct new homogeneous forms of
degree [ as follows:

We may assume that

iveos iy ={fildeg fi=1}, {fort,-- o Su} = {fildeg fi < I}.
For each i, let x4 be the degree of f;. Then we define f{,...,f; by

( ﬁ?ﬁ? A ’ﬂ’
- - I—
xO #h+lﬁ1+1,x1 ﬂh+1fh+l, ey Xn l‘h+lfh+1’
L . L. 1— I— I—
{f{,..., f,} := the set consisting of ﬁ Xy " 2, X B2y ooy Xn M g,
I'”m I_.um I_um
on fmvx] fmw--’-xn fm-

Let A be the ideal (f{,...,f;) in k[x].
By putting k = n — r, we apply in 2.3 to the s forms f{,...,f;

s

1e.,
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I

g1 C11 Ce Cis fi
= : ) (6)

Inr Cn-rl "' Cn—rs f;’

where the c¢; are indeterminates.
We consider the resultant
(0) ("
ey Onor, Ux y.o.. U

.%(g) = g1 gn—r X X ) (7)

X0y -y Xn—r—15 Xn—ry---sXn

A(g) is a polynomial in the minors of order n —r of the matrix
‘1 Cls

Ch—rl '+ Cp—rs

In this case, we have p=1"", p;=I0""1 (1<i<n-—r) and %(g) is
homogeneous in the coefficients of g; of degree "~

Since g; = E;Zl cif;', #(g) is homogeneous in (ci1y...,cis) of degree [""~!
for each i.
A(g)E Y D, )
|a|:1n—r—l

where the ¢* are monomials in the determinants

cljl e cljn—r

(1 Sjl < <jn—rSS)
cn—rjl ot Cn—rj,,_,

of degree /"1

For convenience, we assume that ¢*’s are standard monomials, i.e., they
form a subsystem of a base of I'(G,Og(I""1)) where G is the corresponding
Grassmann variety ((H-P]). Each D, does not contain any c¢;.

4.3. Now we consider the algebraic set defined by gi,...,gn—r. Let k' = k(c)
be the field generated by {c;} over k. B = (fi, ..., fm) is the above prime ideal of
V in k[x] and A = (f/,...,f/) is the ideal. We denote by B* (resp. A) and A’
the ideals generated by fi,..., fm (resp. f{,...,f)) and g1,...,gn—r in k'[x]. The
ideal PB¢ contains A¢ and hence also contains A’
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LeMMA. The closed set V(') is of pure dimension r.

Proor. Since the algebraic set V() coincides with V', the ideal A is of
height n — r. Therefore we choose n — r forms from the set {f/,..., f,'} such that
they form a k[x]-regular sequence. Say, f;,...,f, s such a k[x]-regular se-
quence. Let R be the valuation ring in &’ of a place of k&’ which is an extension of
the specialization

g =0 (1<i<n—-rl1<j<s)

over k. Then the specialization of V(') with respect to R is V(fy ..., f; ).
Since the algebraic set V(f),...,f, ) has pure dimension r, V(A is also of
pure dimension r. Q.E.D.

We denote by Z(V) the cycle Z(U') determined by the ideal A’
4.4. We prove our main theorem:

THEOREM 4.1. Let V be a projective variety of P" of dimension r < n— 1.
Assume that V is defined by m homogeneous polynomials f,...,fn of degree
bounded by 1. Then there exists a Chow-form Py of V whose coefficients are
homogeneous polynomials in the coefficients of fi,...,fwm of total degree
(n —r)I"—r-1,

Proor. We use the above notations. By the lemma, Z(V) is an r-cycle.
Since V is absolutely irreducible and the ideal ' is contained in B¢, V = V(P°)
is a component of Z(V). Hence Z(V) is of the form Z(V) =aV + E for some
integer a > 1, where E is the part in which V' is not a component.

Since the ideal A’ is generated by n—r forms and of height n —r, by
Theorem 3.1, #(g) is equal to the Chow-form Py of the ideal ’. Therefore, we
get

R(g) = P2 - Pg. )

Let ko be the field generated by the coefficients of fj,..., fi, over the prime
field. We consider the cycle Z(U';ko(c)) and we put

Z(m,;ko(c)) =aV + E.

Then #(g) € ko[c][u®,...,u"] and Py € ko[u?,...,u]. By Theorem 3.1, in
ko[c][u®,...,u")], we have the factorization (9).
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By the condition (b) in the definition of the resultant (2.1), for each i, %Z(g) is
homogeneous in the coefficients of ¢; of degree /"'

Since each g; is linear in the coefficients of the f;’s, the total degree of #(g) in
the coefficients of f1,..., f, is (n—r) x "1,

Therefore, by 4.1, a Chow-form Py, appearing in #(g) as a factor has the
required property. Q.E.D.

By (8), Py is a common factor of the D,’s.

If the forms f’s are of degree /, in (6) we can use the f’s instead of the fs.
In this case, using the jacobian criterion ([Sa]), we see that V is a simple
component of the cycle Z(V'). Moreover, the equality (9) in the above proof also
holds even if V is a complete intersection, i.e., m =n —r. In fact, by §13, in

[Me], L,

ORI
%(g): gis---y9n—r, X gy lUx
X0y« oy Xn—r—1y Xp—py--.,Xn

xo"")xn—r—lv Xn—rs+--yXn

(0) (r)
" 1y Jn—ry u )"')ux l"
= l(ey)!! [ Siseeesfr x } = I(ey)|" Py

In this case, since E = 0, we consider Pg as 1. Thus the formula is valid up to
a constant factor.

Finally, we give an example of the formula (9):

Let V be the twisted cubic in P? defined by the prime ideal

B = (xz— y> yw— 2%, xw — yz).

We use the following notations:
Dij = ui(o)ujgl) - uj(o)u,-(l) 0<i<j<3)
f1:= xox2 — xlz. fri=x1x3 — xg'
f3 1= Xxox3 — X1X3.

{gl =cnfi+cenfrt+asfs
gri=cnfi+enfo+enfs

C1i Cyy

put
Gi=\|" .
C2i €

Now, we take a set of indeterminates Uj(i) and denote by capitals P; the
corresponding expressions which result if in the Pliicker coordinates p; the uj(-')
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are replaced by l/j(i). Then the Chow-form Py of V and the above %(g) are given |

by

Py = P} + PPy — PPy Pis + Po1 Pl — 2Py Po3 P23 — Po1 P12 Pas,

R(g) = Py - Py (CHPy3 — C12C13P13 + C12CosPoa + C% Py —2C13C Py + C2, Pyy).
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