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LIFE SPAN FOR SOLUTIONS OF THE
HEAT EQUATION WITH A NONLINEAR
BOUNDARY CONDITION

By

Julidan FErRNANDEZ BONDER and Julio D. RossI

Abstract. In this note we obtain estimates in terms of the size of
the initial data for the blow-up time of positive solutions of the heat
equation in R, with a nonlinear boundary condition —u,(0,?) =
uP(0,1).

Introduction

In this note we obtain estimates for the blow-up time of positive solutions of
the following parabolic problem

U = Uxx in R+(0, Tl))
(1) —ux(0,1) =u?(0,1)  in (0,T}),
u(x,0) = Ag(x) >0 in R,.

where p > 1 is fixed and 1 > 0 is a parameter.

Throughout this note we assume that the initial datum ¢ is continuous,
positive and bounded.

Existence, uniqueness, regularity and continuous dependence on the initial
data for this problem were proved, for instance, in [2].

For problem (1), it is well known that if A is large enough the solution blows
up in finite time 7 (7 depends on 2) if and only if p > 1, see for example, [1],
[3], [4]. [8], [10]. This means that there exists a finite time 7; with

lim [|u(-, 7)., = +00.
Jim flu(, )l = +o0
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Here we are interested in the asymptotic behaviour of 7; when A goes to
infinity. We prove the following Theorem,

THEOREM 1. Under the above assumptions on ¢, the function A T, is
decreasing and continuous with the following asymptotic behaviour at infinity,

lim lz(p—l)Ti = T().

A—0

Here Ty is the blow-up time of the solution of (1) with initial datum u(x,0) = ¢(0).

Some related papers that deal with the heat equation with a nonlinear source
in the entire space are [7] and [9].

Under further assumptions on the initial datum, u(x,0) = y(x) (a compat-
ibility condition and y,, > 0, that guarantee u, > 0) it was proved in and
that the following-blow up rate holds,

(2) ¢ < (T =0 Vlut, ), < C

We observe that the exponent that appears in is related to the
one in the blow-up rate (2). This is a consequence of the natural scaling in the
equation (1).

Proof of

The fact that A+— T, is decreasing is an immediate consequence of the
maximum principle. To see this, let us call u the solution of (1) with initial datum
A¢ and v the solution of (1) with initial datum u¢. If 4 < u then, by a compar-
ison argument, u(x,?) < v(x,t) for all x>0 and 0 <t < min{T;,T,}. As T, is
the blow-up time for u, lim, ~7,||u(-,#)|| . = +o0 and hence v can not be defined
beyond T, proving that 7, < T;.

To see that is continuous we can assume that A < u, hence T; > T,,. Now,
given ¢ > 0 we have to show that T; — & < T, if u — 4 < 4, but this follows by the
continuous dependence with respect to the initial data (see [2]). In fact,

[u(-, Ta = &)ll, < C = Cle)

If we replace the power by a globally Lipchitz function g(u) that agrees with
u? for every u < 2C we deal with a regular problem, and hence there exists 6 =
o(¢) such that

lo(-, Tz —&)|l <2C < 400, fu—4<é.
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We observe that as long as v < 2C it is a solution of the problem with u”
as nonlinear flux at x = 0. By uniqueness, we can conclude that v is bounded up
to T; —e. Therefore, T, > T) — ¢ as we wanted to prove.

Finally, let us study the asymptotic behaviour at infinity. This is the main
point of the paper.

Let u be the solution of (1) and inspired by the natural scaling of the problem
we define

1
(3) v(x, 1) = Iu(xl—l’x, A21=P)yy,
As u satisfies (1), v, verifies

(vi)t = (vﬂ)xx in R+ X (07 T}»)a
(4) —(v2),(0,7) = v5(0, 1) in (0, 7;),
02(%,0) = $(A'"Px) = ¢;(x) in R,.

where T; = 227~V
We want to compute lim,_ ., 7;. For that purpose, let us define w as the
solution of

Wi = Wxx in R+ X (Oa TO)J
(5) —wy(0,7) = wP(0,¢) in (0, Ty),
W(X, 0) - ¢(0) in R—H

which is the natural “limit” equation as ¢; — ¢(0) uniformly over compact sets
of [0,+00).

As #(0) > 0, w blows up in finite time, Ty (see [4]).

The Theorem will follows if we prove that

TA—>T(), as 1 — oo.

To prove this claim, let ¢ > 0 and take T’ = Ty — &. Let M = supy_,.7/||w(-, 1)l .-
As before, we take g € Lip(R) such that g(s) = s? for s < 2M. With this g, we
define ¢ the solution of the following problem,

O = Pxx in R+ X (0’ T,)v
(6) _(px(o’ Z) = g((‘)) (Oa t) in (Ov T,)a
o(x,0) = ,(x)  in R..

Observe that ¢ = v; if v; < 2M.
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Let us see that |w(0,7) — ¢(0,7)| <0 if A > Ag(d) for all + < T'. For this
purpose, let us define z=w — ¢. As g€ Lip(R), z verifies

Zy = Zxx in R, x (0,7,
(7) —z¢(0,1) = g(w)(0,1) — g(9)(0,2) in (0, T"),
z(x,0) = ¢(0) — ¢;(x) in R,.
Then we have
(8) 12x(0, )| < K|z(0,7)|,

where K depends only on M.
Let ['(x,¢) be the fundamental solution of the heat equation, namely

1 x?
F(x, t) = WCXP(— 4_t> .

For xe R, by (8) we have (see [5])

(9) z(x,t) :J I'(x—y,t)z(y,0)dy — J;g—i 0,7)[(x,t—1)d7

R,

tor
+ Lg (x,t—1)2(0,7) dt.

Now we observe that I' satisfies

a—F(O,z——t):O, ro,t—r1)= :

0x 2/m(t )

Hence, using the initial and boundary conditions we get that

20,01 [ Tr 00,01 dy+5 =] ('ffo;)f Jis .

R,

Now we choose 1y = #,(K) such that

K Jto I dr<—1—
2ymlo (1o—0)'2 T 2

Hence, for t € [0,7)] we have

max 2(0, )| < 2max [ T(=,0)|z(3,0)|dy
[0, t0] (0,%] Jr

+



Life span for solutions of the heat equation 219

We observe that for every d; > 0 there exists 4; > 0 such that

L +o0
J r(_y7 t)|z(y,0)|dy: J r(_ya t)|Z(y’O)|dy+J r(_y’ t)IZ(y,O)'dy
R, 0 L
L + 00
<y| Tvowrc| Tenna
0 L

<

if 4> 4.

Now, choose L large so that f,f “T'(x— y,t)dy is small uniformly in (x,?) €
(0,L/2) x (0,%)), and take A, >0 such that |z(y,0)] <# for ye€(0,L) and 7
small.

With this bound on |z(0,¢)|] we can control z(x,t) for (x,¢)e (0,L/2) x
(0,%), in fact, from (8) and (9) we have

t laI“
|z(x,1)| < J F(x—y,t)|z(y,0)|dy+K(51J F(x,t—r)df+51J a(x,t—r)dr
0 0

+

L +00
< j T(x — y,0)lz(,0)| dy +j C(x— y,0)|z(,0)| dy + C5,
0 L
L + o0
SnJ F(x—y,t)dy+CJ I'(x—y,t)dy+ Cé; <62
0 L

if A is big enough.

Now, as #p is independent of A, we can repeat this procedure beginning
with z(x,#) as initial datum to find that |z(x,7)] <d; for (x,t) e (0,L/4) x
(to,2tp). Therefore, after a finite number of iterations we obtain that, for 4
large (A > 4¢(9))

|2(0,1)] <6 forallz< T,

as we wanted to see.
Now, as w(0,7') < M and |w(0,t) — ¢(0,¢)| <, we have that ¢(0,7) < 2M
in [0, T’]. Therefore, by uniqueness, ¢ = v; in [0, 7’]. Hence T,>T' =Ty —e.
Now, take Y a compatible initial datum with compact support and ¢, >0
such that ¥(x) < ¢(0) and ¢(0) — ¥(x) small enough in (0,L). From the previous
argument, it follows that the solution w of (1) with ¥ as initial datum verifies

w(0,T") — w(0, T') < 6.
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Hence T(y) > T'. By the assumptions on y, w verifies (2). Then
w(0,T") =3 < w(0,T") < |lw(-, T')|l,. < C(TW) - Ty~ /2e ),

Therefore it is easy to see that T(y) — T’ <k if e = Ty — T’ is small (depending
on k). Now, choosing A large enough, we can obtain ¢,(x) > y(x), then T; <
T(y) < T'+«x and hence as Tp — T' =¢, we conclude the desired result. [
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