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HIGSON COMPACTIFICATIONS OBTAINED BY
EXPANDING AND CONTRACTING THE
HALF-OPEN INTERVAL

By

Yutaka Iwamoro and Kazuo TOMOYASU

Abstract. In this paper, we study Higson compactifications of the
half-open interval obtained by expanding and contracting the base
space. We show that the Higson coronas of the half-open interval
obtained by these operations are indecomposable continua. More-
over, we show that the Stone-Cech compactification can be approxi-
mated by such Higson compactifications.

All spaces considered in this paper are assumed to be locally compact and
Hausdorff. By C*(X), we denote the Banach algebra of all bounded real-valued
continuous functions on X with the sup-norm. It is well-known that there is a
one-to-one correspondence between the compactifications of a space X and the
closed subrings of C*(X) containing the constants and generating the topology of
X. Let f: X — Y be a continuous function between metric spaces (X,d) and
(Y,p). We say that the function f satisfies the (x),-condition provided that

(%)4 )}1_{210 diam, f(By(x,r)) =0 for each r >0,
that is, for each r > 0 and each ¢ > 0, there is a compact set K = K, , in X such
that diam, f(By(x,r)) < & for each xe X\K. Let C;(X) ={fe C*(X)|f sat-
isfies (*),}. Then Cj;(X) is a closed subring of C*(X).

The Higson compactification X¢ of a proper metric space (X,d) is the
compactification associated with the closed subring C;(X) of C*(X) [5], where a
metric d on a space X is said to be proper provided that every bounded subset in
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X has the compact closure. The remainder X\ X is called the Higson corona
and we denote the Higson corona of X by vzX. In [4], it was shown that the
Stone-Cech compactifications can be approximated by Higson compactifications
operating their proper metrics.

In this paper, we study the Higson compactifications of the half-open in-
terval. In particular, we concentrate our attention on the proper metrics which
can be realized by expanding and contracting the base space, more precisely, the
proper metrics induced by homeomophisms (or difftomorphisms) between the
base space. We show that the Higson coronas obtained by these operations are
indecomposable continua. And then we show that the Stone-Cech compactifi-
cation of the half-open interval can be approximated by these kinds of Higson
compactifications.

The authors would like to thank Professors K. Kawamura and K. Sakai for
their helpful comments.

1. Indecomposable Continua as Higson Coronas

Lete: X — [] fec;(x) Ir be the evaluation map associated with C7(X), where
Iy = [inf f(X),sup f(X)] = R. If we take finite maps f},...,f, € C;(X), then
plx,y) = (oL (xi — v x=(x), y=0,) € [IZ, I, is a compatible metric
on [],I;. We say two compactifications «X and yX of X are equivalent ()
provided that there exists a homeomorphism f : aX — yX such that f|, is the
identity map on X. Recall that, identifying X with e(X), the closure clX =
cl(e(X)) of X in []/cc.(x)Ir and the Higson compactification X are equivalent.

ProposITION 1.1 ([5], Proposition 1). Let X be a non-compact metric space
with a proper metric d. Then for each compact metric space Y, amap f: X — Y
can be extended to the map f: X9 — Y if and only if f satisfies (*)4. Fur-

thermore, X% is the unique compactification of X satisfying this condition.

A finite system {Ej,...,E,} of subsets of a proper metric space (X,d)
diverges if, for each r > 0 the intersection of the r-neighborhoods B;(E;,r)’s of the
sets E;, i =1,...,n, is a bounded subset of X. A system {Ej,...,E,} diverges if
and only if lim,_, o > ., d(x, E;) = co.

The following proposition is essentially proved in [2].

PROPOSITION 1.2 (cf. [2], Proposition 2.3). Let X be a non-compact metric
space with a proper metric d. Then the following conditions are equivalent:
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(1) A compactification aX of X is equivalent to X<,
(2) For disjoint closed subsets A,B = X, the system {A, B} diverges if and only if
ClaX AN ClaX B = @

THEOREM 1.3 ([2], Theorem 1.4). Let X be a non-compact metric space with a
proper metric d and A a non-compact closed subspace of X. Then the closure clg, A
is equivalent to the Higson compactification A° , where d' is the metric on A
induced by d.

LeMMA 1.4. Let X be a non-compact metric space with a proper metric d.
Let U c X% be a neighborhood of x e vyX. Then for each r >0 and for each
compactum K < X, there is y € X\K such that B;(y,r) < U.

ProOF. Choose finite open sets U; = I, i=1,...,n so that xeﬂ?zlpi’l
(Ui) = U for some fi,...,f, € C;(X), where p,: erC;(X) Iy — I, is the pro-
jection. We take ¢ > 0 so that B,(n(x),e) = Uy x --- x U,, where 7 : erc;(X) I
— [IL,1; is the projection. Put g= (f;),: X = [I.,I;. Then g satisfies
(x); since each f; satisfies (x);. By [Proposition 1.1, there is the extension
g: X4 T, I, of g. Note that §~'(B,(n(x),¢/4)) N (X\K) # &. So we can
take y e (B, (n(x),e/4)) N (X\K) such that diam, g(By(y,r)) < &/2. Then, for
each z e By(y,r),

p(g9(2),m(x)) < p(g(2),9(»)) + p(g(y),n(x)) < &/2 +e/4 <,

ie., g(z) € By(n(x),e) = Uy x --- x U,. This means that p;(z) = fi(z) e U; for
i=1,...,n, hence z € U. Therefore, B;(y,r) = U. O

LEMMA 1.5. Let X be a non-compact metric space with a proper metric d and
N, an r-dense closed subset of X, r > 0. Let d' be the metric on N, induced by d.
Then the Higson corona vqX of X is homeomorphic to vy N, (vaX = vy N,).

Proor. Let xev;X and U < X¢ a neighborhood of x. Then, for each
compactum K < X, there exists y € X\K such that B;(y,r) = U by [Lemma 1.4,
Since N, is r-dense in X, B;(y,r)N N, # &. Thus, Bs(y,r)NN, <« UNN, # &.
So we have clg, N,\N, = vsX. By [Theorem 1.3, clp, N, is equivalent to N4,
Hence, v4X i1s homeomorphic to vy N,. O

In what follows, we consider a proper metric d on the half-open interval
[0, 0) satisfying the following condition:
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() d(x,y)+d(y,z) =d(x,z) for each x,y,ze€[0,00) with x< y <z.

Of course, the usual metric on [0, c0) satisfies the condition (). This condition
says that the metric d is induced by a homeomorphism between the half-open
interval.

In fact, if a proper metric d satisfies (f), then the maph : [0, 00) — [0, )
defined by A(x) = d(0, x) is a homeomorphism satisfying d(x, y) = |h(x) — h(y)|
for each x, y € [0, 0). On the contrary, for any given homeomorphism 4 : [0, o0)
— [0, 00), define d(x,y) = |h(x) —h(y)| for x,ye[0,00). Then we obtain a
proper metric d satisfying (f).

If a proper metric d satisfies the condition (1), we have the following theorem
as in the case of Stone-Cech compactification [1].

THEOREM 1.6. Let d be a proper metric on the half open interval satisfying the
condition (1). Then the Higson corona of the half-open interval with respect to d is
an indecomposable continuum.

ProoF. Put X = [0,00) and let d be a proper metric on X satisfying the
condition (1). Clearly v;X is a continuum. Let K and L be proper closed subsets
of v4X such that v;X = KUL. We shall show that K is not connected.

Let x € v X\K and y € vyX\L. By the regularity of X¢, we can take disjoint
open sets U, ¥V < X% such that xe U cclg, Uc X\K, yeV cclg, V<
XN\L and clg, UNclg, V = &. Inductively, we choose sequences {a;};, and
{b;};, as follows. Let a; € U be a point such that By(a;,2) = U. The existence
of such a point follows from [Lemma 1.4, Since d is a proper metric satisfying the
condition (f), we can take b, > a; so that b; e cly By(a;,2) and d(ai, b)) = 2.
Assume that a; < b; < --- < a; < b; have been constructed for i < n. Then let
a, € U be a point satisfying the following:

1) n—1 < Qp,

2) d(bp_1,a,) > 2",

3) [bn-1,a,) NV # & and

4) By(a,,2") < U (by Lemma 1.4).

By the condition (), we can take b, € cly Bg(an,2") such that

(
(
(
(

(5) a, < b, and d(a,, b,) = 2".

Define f: X — [0,1] by
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(0, if x € [0,a1],
d(—zf’«) if x € [a;, b;] and i is odd,
f(x)=<1, if x € [b;,ai+1] and i is odd,
d(x,.b,-)’ if x € [a;,b;] and i is even,
2
| 0, if x € [b;,a;+1) and i is even.

Then the well-definedness of the function f follows from the condition (5).

Now we shall show that f satisfies (x),;. Let &,r > 0. Take k € N so that
r/2% < ¢/2. Then it suffices to show that diam f(B,(x,r)) < ¢ for each x > ay. Let
y € By(x,r). We only show the case x < y, x, y € [a;,b;], i = k and i is odd, since
the other cases follows from similar arguments. Then we have

() = (] = 57 1d(y,a) — d(x, )| = 5 (d(y,@) — d(x,)

< él-l—.(d(y, x) +d(x,a;) — d(x,a;))

:%d(y,x) <% < 2—rk<§
Hence we have diam f(By(x,r)) < ¢. Thus f satisfies the (x),-condition.

By [Proposition 1.1|, there is the extension f:X4— [0,1] of f. Then we shall
show that f(K) = {0, 1}. By (3), we can choose a sequence {c;};, such that b, <
cn < any1 and c, € V. Since f(capr1) =1 and clgi{cms1}in; © VDX <K,
F Y 1)NK # &. Similarly, /7' (0) N K # & since f(cz,) = 0. However, £~'((0,1))
= UNX by the construction of f and the conditions (4) and (5). This implies
that /~1((0,1))NK = . Thus f(K) = {0,1}. This means that K is not con-
nected, hence v, X is an indecomposable continuum. O

The indecomposability is not a common property among Higson coronas
even for the half-open interval. In fact, we have the following example:

EXAMPLE. Let g: [0, 00) — R? be the embedding defined by g(¢) = (¢, ¢sin?)
and put X = ¢([0, 00)). Let d be the metric on X induced by the usual metric on
R?. Now we show that the Higson corona v,X is a decomposable continuum.

Put K={(x,»)eX|y=0}, L={(x»)eX|y<0}, D={(xy)eR|
x>0,|lyl<x}, E={(x,y)eD|y>0} and F={(x,y)eD|y<0}. Then
KcE LcF and KUL=X <D= EUF. As proper metrics on these spaces,
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we consider the metrics induced by the usual metric on R? and, abusing
notations, we denote them by d. By Lemma 1.3, v;X = v,D, v;K =~ v4E and
vaL = v4F. Using Theorem 1.3, we identify v;K, v4L with clg, K\K, clg, L\L,
respectively. Note that vz X = vy(KUL) =clg,(KUL)\(KUL) = (clg, K\K)U
(clga L\L) = v4qKUvwyL. It is easy to see that v4E and v4F are continua. Thus
v4X can be realized as a union of two continua v;K and v,L.

Let A={g(t)|t=n/2+2nr,n=1,2,...} and B={g(¢)|t=3n/2+ 2nm,
n=1,2,...}. Then the system {4,B} diverges. Thus clz, ANclg, B= & by
Proposition 1.2 Since 4 =« K and Bc L, clg, A\A < v4K and clg, B\B < v4L.
Hence continua v4;K and vy;L are proper subcontinua of vz;X. Thus v, X =
vaKUvyL is a decomposable continuum.

2. Specific Metrics Derived by Real-Valued Functions

For each positive real-valued continuous function f :[0,c0) — R, let dr be
the metric defined as follows:

de(x,y) = for each x, y €0, ).

r f(t)dt

X

Let F:[0,00) — [0,00) be a diffeomorphism defined by F(x) = [; f(r)dt. Then
we have dy(x,y) = |F(x) — F(y)| for each x,ye[0,00). Thus the metric dr is
induced by the diffeomorphism F.

In this section, we consider this kind of metrics dr in case f >1, ie.,
f(x) =1 for each x € [0, 0). Note that the metric dy satisfies the condition (t)
stated in §1.

LemMA 2.1. Let X be the half-open interval. For each pair of disjoint closed
subsets A,B c X, there exists a continuous function f : X — R such that f > 1
and clgy ANCclgy B= .

ProOF. Let 4 and B be disjoint closed subsets of X. We may assume that
both 4 and B are non-compact because the other cases are trivial. First we take

unbounded sequences {a,}, o, {bn}oco, {Pn}ro and {gn}—, such that

a0 oC
4c U{anabn]a Bc U[Pan] and an < bn < Pn <qn<apy1, n= 0’ 1’
n=0 n=0
In fact, put ap = min{x: xe 4} and p, = min{x|x € B}. Without loss of
generality, we may assume that ag < p,. Let by = max{xe d|x < py}, a1 =
min{x € A|x > by} and go = max{x € B|x < a;}. Then we have ay < by < p, <
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qo < aj. Suppose ap < by < py < qo < a; < --- < a, has been constructed. Then

we take b, < p, < gn < any1 as follows: Let p,=min{xe B|x > a,}, b, =

max{xe A|x < p,}, a,y1 = max{xe A|x > b,} and ¢, = max{x € B|x < an;1}.
Now we define the continuous function f : X — R as follows:

e 0]
(1, if x € | [an, ba] U [0, a0],

n=0
(kn —1) - (x — bn)
S (%) = 4 (Pn — bn)
kn, lf X € [pnaqn])
(kn - l) : (an+l - X)
\ (an+1 - qn)

+1, if x € [by, p,),

+ la lf X € [qn’atH-l]s

where k, =max{n+1,(n+1)/(p, —bu),(n+1)/(an+1 —gn)}. Clearly, f is a
well-defined continuous function with f > 1.

Since f>1, f(4)=1 and f(b) =k, =>n+1 for be BN|[p,,q.], we have
dr(x,A) + dr(x,B) > n for each x > by,. Thus lim,_,,(dr(x, A4) + dr(x, B)) = oo,
ie., the system {4,B} diverges. By [Proposition 1.2, we have clgs ANclgs B
= . O

For compactifications X and yX of a non-compact space X we denote
aX = yX provided that there exists a continuous map f : X — pX such that f|,
is the identity map on X.

THEOREM 2.2. Let X be the half-open interval. Then the Stone-Cech com-
pactification X can be approximated by Higson compactifications whose coronas
are indecomposable continua, that is,

BX ~ sup{X%¥|f:X — R is continuous and f > 1}.
=

ProOF. Let yX =sup,{X%|f:X — R is continuous and f >1}. Let 4
and B be disjoint closed subsets of X. By there exists a continuous
function f : X — R such that f > 1 and clg4 ANclzy B = . Note that vy X is
an indecomposable continuum by [Theorem 1.6. Since yX > X%, the condition
clgs, ANclgy B= & implies that cl,y ANcl,y B= & for each pair of dis_ioint
closed subsets A4, B of X. By the characterization theorem of the Stone-Cech
compactification [3], we have X ~ yX. O
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REMARK. From another point of view, this theorem says that the Stone-
Cech compactification of the half-open interval can be approximated by Higson
compactifications induced by diffeomorpihsms, that is, fX = supt{z\_’ 41d is
induced by a diffeomorphism}.

Let X be the half-open interval. Let 4 and B be disjoint closed subsets of X.
As in the proof of [Lemma 2.1, take a sequence a, < b, < p, < gn < Guy1,
n=0,1,..., such that 4 = | )~ [an, bn), B < J,_o[Pn:gn]- It is easy to construct
a PL-homeomorphism G : [0,00) — [0,0) such that |G(b,) — G(p,)| >n and
|G(qn) — G(any1)| >n for each n. Define d(x,y)=|G(x) — G(y)| for each
x,y € [0,00). Then d is a proper metric on X satisfying (t). Moreover, d satisfies
the condition lim,_, (d(x, 4) + d(x, B)) = co. So we have cly, ANclgz, B = J by
Proposition 1.2, Hence, the arguments of the proof of can be
applied for proper metrics induced by PL-homeomorphisms. Thus we have the
following approximation theorem:

THEOREM 2.3. Let X be the half-open interval. Then the Stone-Cech com-
pactification of the half-open interval can be approximated by Higson compacti-
fications induced by PL-homeomorphisms, i.e., BX ~ sup, {X 4)d is induced by a
PL-homeomorphism}.

References

[1] D. P. Bellamy, A non-metric indecomposable continuum, Duke Math. J. 38 (1971), 15-20.

(2] A. N. Dranishnikov, J. Keesling and V. V. Uspenskij, On the Higson corona of uniformly
contractible spaces, Topology 37 (1998), 791-803.

[3] R. Engelking, General Topology, Helderman Verlag, Berlin, 1989.

[4] K. Kawamura and K. Tomoyasu, Approximations of Stone-Cech compactifications by Higson
compactifications, preprint.

[5] J. Keesling, The one-dimensional Cech cohomology of the Higson compactification and its
corona, Topology Proceedings 19 (1994), 129-148.

Yuge National College of Maritime Technology,
1000 Shimoyuge Yuge-cho Ochigun,

Ehime 794-2593, Japan

E-mail address: iwamoto@gen.yuge.ac.jp

Miyakonojo National College of Technology,
473-1 Yoshio-cho Miyakonojo-shi,

Miyazaki 885-8567, Japan

E-mail address: tomoyasu@cc.miyakonojo-nct.ac.jp



	HIGSON COMPACTIFICATIONS ...
	1. Indecomposable Continua ...
	THEOREM 1.3 ...
	THEOREM 1.6. ...

	2. Specific Metrics Derived ...
	THEOREM 2.2. ...
	THEOREM 2.3. ...

	References


