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ON EQUATIONS OF THE TYPE Au = g(x,u, Du) WITH
DEGENERATE AND NONLINEAR BOUNDARY
CONDITIONS

By

Thomas RUNST and Yavdat IL’vyAasov

1. Introduction and Main Results

Let Q = R” be a bounded domain with C* boundary 0Q. Let

Au(x) = -Zé% (Xn: ag(x)%(x)) + c(x)u(x)
i=1 "7\ j=1 J

be a second order elliptic differential operator with real C* functions a;, ¢ on Q
satisfying the following properties:

(pl) ay(x) =ai(x), i,j=1,...,n,xe Q.

(p2) There exists a positive constant Cy such that for all x € Q and all ¢ € R"
> ag(x)¢g = Colel’.
-

(p3) ¢(x) =0 in Q.

Let Du be the gradient of u. We consider the following class of degenerate
boundary value problems for semilinear second order elliptic differential operators

ou

+ bu = ¢ on 0Q
ov

(P) Au = g(x,u,Du) in Q, Bu=a

in the framework of Sobolev spaces %2(9) with p > n, where B is a degenerate
boundary operator. Let us remark that

Wi Q) — C'(Q) if p>n,

where — denotes the continuous embedding. Here:

Received July 30, 1998
Revised December 22, 1998



506 Thomas RuUNST and Yavdat IL’YAsov

(p4) a and b are real-valued C* functions defined on JQ.

(pS) 0/dv=>3_["_, a;nj(0/0x;) is the conormal derivative corresponding with
the operator A, where n = (n,...,n,) is the unit exterior normal to the
boundary 0Q.

Note that (P) is nondegenerate (or coercive) if and only if either a # 0 on JQ or
a=0and b #0 on dQ. If a =1 and b = 0, then we have the Neumann problem.
The case when a=0 and b =1 hold coincides with the Dirichlet problem.
Furthermore, if a(x’) #0 on dQ, then we get the third boundary problem (or
Robin problem). We remark that the so-called Lopatinskij-Shapiro comple-
mentary condition does not hold at the points x’ € 0Q with a(x’) = 0. The main
theorem for elliptic boundary value problems, see Wloka [23, Hauptsatz 13.1],
implies that the ellipticity of a differential operator and the Lopatinskij-Shapiro
condition are equivalent to the Fredholm property of a boundary value prob-
lem if one uses spaces of Besov type B,f;,l/p (0Q) for the description of the
boundary operator B. To overcome these difficulties one introduces a subspace of
B;}l/ P(8Q) which is associated to our degenerate boundary operator. For more

details, we refer to Taira and Runst [14].
We make the following three assumptions (H1)—(H3):

(H1) a(x’) >0 and b(x') >0 on Q.
(H2) b(x’') >0 on X ={x"€dQ:a(x") =0}.
(H3) ¢(x) >0 in Q, ¢c#0 in Q.

Problem (P) with homogeneous nondegenerate boundary conditions has been
studied by Amann [2], Amann and Crandall [3] and Kazdan and Kramer [6]. In
these papers, it is assumed that the nonlinear function g(x, &, #) is continuous with
respect to all of its variables and grows at most quadratically in #, i.e., one
assumes that there exists a nonnegative and increasing function d : [0,00) — R
such that the Bernstein condition (cf. Bernstein [4], Nagumo [10]) holds:

(1) lg(x,&,m)| < d(|ED(1 + |)*) for all (x,&,7)eQ x R x R".

In this case, condition (1) is sufficient to obtain an a priori estimate of ||u|L ||
which generates an a priori estimate of ||Du|L.||, and finally an estimate of
|| Wp2|| for the solution . We remark that if g grows faster than quadratically in
n, then Serrin has proved that there are smooth data for which the Dirichlet
boundary value problem has no solution. Furthermore, we refer also to the
counterexamples given in Section 4.
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In the above-mentioned papers, it was shown the existence of solutions in the
Sobolev space WPZ(Q), p > n, provided that suitable sub- and supersolutions are
known. In [6], the authors have given conditions of Landesman—Lazer type which
imply the existence of sub- and supersolutions for a semilinear elliptic boundary
problem of type (P) under homogeneous Dirichlet boundary condition. In a paper
by Inkmann [5], existence and multiplicity results for (P) with nonlinear boundary
condition

Bu=%:f(x,u) on 0Q
have been proved.

A survey of existence and multiplicity results for nonlinear coupled systems of
the type (P) with inhomogeneous degenerate and nonlinear boundary conditions
may be found in Schmitt in the framework of Hélder space C>**(Q) for
some o € (0,1). In this paper, the conditions imposed on the function g(x,¢&,#)
(which also satisfies (1)) are of geometrical nature, in the sense that a nonempty
bounded open convex set M in &-space exists such that the vector field g(x, -, #) is
always outwardly directed on dM for all x € Q and certain values of #. We refer
to [17, Theorem 2.3.]. In this paper, it was shown that from these conditions one
can derive sub- and supersolution type results.

In a recent paper by Taira [21], the author extended the results obtained
by Amann and Crandall to the case of degenerate boundary conditions. He
used essentially the same approach as that of Amann and Crandall to prove
existence and uniqueness theorems in the framework of Sobolev spaces WPZ(Q),
p > n.

On the other side, Pohozaev considered the nonlinear problem

(2) Au = g(x,u,Du) in Q, u=¢ on 0Q.

He extended the condition (1) in the following way: Assume that the nonlinear
function g belongs only to L,(Q) for any arbitrarily fixed u e WPZ(Q), p>n In
this case, condition (1) is not longer sufficient for the proof of an a priori estimate
of ||Du|L|| for the solution u of (2), if one has an a priori estimate of ||u|L||. It
was shown there that the following assumptions on g imply an a priori estimate
of ||Du|Ly|| for the solution u of (2) from an a priori estimate of ||u|L|:

(H4) Let g(x,&,7) : Q x R x R" — R satisfy the Caratheodory condition: g is
measurable with respect to x for all (£,#7) €e R x R"” and continuous with
respect to (£,n) for almost all x e Q.
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(HS5) Let the growth condition

3) l9(x, &,m)| < b(x,)(1 + [n]”)

be fulfiled with u =2 —n/p for almost all xe Q and all (£,7) e R x R",
where the function b(x,¢&) satisfies also the Caratheodory condition, and
such that for any fixed ¢ >0

sup b(-,¢) € L,(Q).

¢l <e

Note that (3) coincides with (1) in the special case p = co.

One of the aims of this paper is to prove that one can extend the results
of to degenerate and nonlinear boundary operators. With respect to the
mentioned papers of Amann and Crandall [3], Taira [21], etc., we suppose weaker
smoothness assumptions on the function g in the sense of [11], and we can also
consider inhomogeneous and nonlinear boundary conditions. The investigations
of such problems are motivated by nonlinear diffusion processes, see e.g. Keller

and Schmitt [17].

We use the following notations.
A function ue W}(Q), p >n, is a solution of (P) if

Au = g(x,u,Du) a.e. in Q, Bu=¢ on 0Q.

A function u, € I/Ij,z(Q) is called a supersolution of problem (P) if it satisfies the
condition

Au, > g(x,uy,Du,) ae. in Q, Bu, =¢ on 0.

Similarly, a function u_ € sz(Q) is called a subsolution of problem (P) if it
satisfies the condition

Au_ < g(x,u_,Du_) a.e. in Q, Bu_ = ¢ on Q.
Now we can formulate our existence result. We remark that the definition of the
function spaces of type B;j,}_l/” (0Q) will be given in the next section.
THEOREM 1. Suppose that (H1)-(H3) are fulfiled, and that g satisfies the
conditions (H4), (HS), and a Lipschitz condition given by

(H6) it holds

(4) lg(x,&,m1) — g(x, & m)| < br(x, &, my,m,) - [y = 12
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Sfor almost all x e Q and all (&,n,,n,) € R x R" x R", where the function
bi(x,&,n1,n,) satisfies the Caratheodory condition, and for any fixed ¢ > 0

Sup{bl('véﬂ?l)’h) : Iél <g, I”II <, I”Z < C} € LP(Q)a
for some p > n.

Let pe Byl '7(6Q). If there exist a subsolution u_ and a supersolution u. in

W2 (Q) of (P) with u_ <uy in Q, then (P) has a solution ue W}(Q) such that

u- <u<u, in Q.

The following uniqueness theorem is a generalization and an improvement of
[21, Theorem 2].

THEOREM 2. Suppose that (H1)-(HS) are satisfied for some p >n. Let
Qe B;,’;_l/ P(0Q). If g(x,&,n) is strictly decreasing with respect to & for almost all
xe€Q and all ne R", then (P) has at most one solution u € I/I/;,z(Q).

Finally, we apply and to prove the existence and the

uniqueness of the solution for special classes of nonlinear boundary conditions.

THEOREM 3. Let all assumption of Theorem 1 be satisfied. Further, let
y(x', &) : 0Q x R — R be a smooth function. Assume that

(5) S—E(x’,f)ZO for all (x',&)edQ x R
and
(6) y(x',0) =0 for all x' e Q.
(a) If there exist a subsolution u_ and a supersolution u in VK,Z(Q) of problem
(7) Au = g(x,u,Du) in Q, Byu= g% +y(x’',u) =@ on IQ

with u_ < u, in Q, then (7) has a solution u e I/I?;"(Q) such that u_ <u <u, in Q.
(b) If g(x,&,n) is strictly decreasing with respect to & for almost all x € Q and
all n € R", then (7) has at most one solution u € WPZ(Q).

The paper is organized in the following way. In Section 2, an existence and
uniqueness theorem for the corresponding linearized boundary value problem is
given. The next section deals with an a priori estimate ||u| W;,zll for the solution u
of (P). In Section 4, we prove Theorems 1-3. These results follow from a priori
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estimates, a generalization of Aleksandrov’s maximum principle, see Aleksandrov
[1], to degenerate boundary conditions and Leray-Schauder degree arguments.

2. Linear Theory

Let Q = R" be a bounded and smooth domain with boundary 0Q. Fur-
thermore, let (4, B) have the same meaning as before. At first we consider the
corresponding linearized boundary problem

(1) Au=fin Q, Bu=g¢ on éQ

in the framework of Sobolev spaces.

Suppose that 1 < p < 0. If k=1,2,..., then the Sobolev space Wp"(Q) is
defined by

Wy(Q) = ueL,(Q): |ulWy| = HE: |D*u|L,(Q)]| < o0
a| <k

Let B,l,‘,;l/p (0Q) be the Besov space of all boundary function ¢ of functions
ue Wp"(Q) (in the sense of traces) equipped with the norm

loIBy, /71| = inf{llu| Wy|| : ue W,(Q) with uaq = ¢}

We introduce a subspace of B,l,_pl/” (0Q) which is associated to our boundary
operator B: Let

By "'P(0Q) = {9 = ap, + by, : ¢, € B,,'/7(0Q), 9, € B},'7(0Q)},

and the norm is given by

lo|B;:, =71l = inf{lle1| B, 71l + o2l By, 71l - 0 = apy + by}

REMARK. It is not hard to check that B, /”(9Q) becomes a Banach space.
We remark that B;, '7(0Q)=B;,'/P(0Q) if a=0 on 4Q and
By, '7(0Q) = B,,'/7(8Q) if a > 0 on Q. In this sense, the space B, /7 (0Q)
can be considered as a interpolation space with respect to our boundary operator B.

Now the following existence and uniqueness result for problem (1) holds (see

[19, Theorem 1], [14]):
PrROPOSITION 1. Let (H1)-(H3) be satisfied. Then the map
(4,B) : sz(Q) — L,(Q) x B;:;—l/p(aﬂ)

is an algebraic and topological isomorphism for all p, 1 < p < oo.
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We remark that this result was proved in in the more general framework
of the two scales of function spaces of Besov-Triebel-Lizorkin type.

For our further investigations, the following maximum principle due to
Aleksandrov [1, Theorem 2] will become important. We formulate a special result
which is sufficient for our considerations. Hereby the notation > is used in the

sense of distributions, i.e., a distribution f € D'(Q) is said to be non-negative
(f = 0) if and only if f(p) >0 for any test function ¢ € D(Q) with ¢ > 0.

LEmMMA 1. Let ay,...,a, and ay be function in L,(Q) such that ay > 0 in Q.
Suppose that ue W2(Q) satisfies

n
ou
Au + a—+au<0 ae in Q.
Z J an 0
J=1
Then u does not take its positive maximum in Q if it is not a constant function.

Using this lemma we are able to show the following assertion. The subset
has the same meaning as in (H2).

LEMMA 2. Let ay,...,a, and ay be functions in L,(Q) such that ag >0 in Q.
If a function ue WX(Q), p > n, satisfies

n

0

Au + E aj—u+a0u20 ae. in Q,
j=1 0x;

then u >0 in Q.
Further, if us 0 in Q satisfies the boundary conditions

Bu:a%+bu=0 on 09,
ov
then it holds
. = ou
u>0in Q\X, u=0 on X and é;<00n2.

Proor. Note that an application of to —u shows
u>0 in Q.

Now we assume that u # 0. If there is a point xp € Q with u(xy) =0, then
Lemma 1, see also [1, Theorem 2(I)], imply that u =0 in Q. Hence we obtain
u>0in Q.
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If there is a point y, € dQ with u(y,) = 0, then it follows from the boundary
point lemma (see [12, Section 2.3, Theorem 8]) that du/dv(y,) < 0. Furthermore,
we have

Bu(yo) = al3o) oo (70) = .

This implies that y, e Z.
Conversely, if y, e X, then we have by (H2) that b(y,) > 0. Therefore,

Bu(y,) = b(yo)u(ye) =0

implies u(y,) =0. We have proved u(y,) =0 if and only if y,eZX, and
ou/ov(y,) <0 on X. The proof is finished. |

Further, we apply the following mapping property of the nonlinear Nemytskij
operator

Ty(u) : x — y(x,u(x)),

see [16, Section 5.3, Subsection 5.5.2]. We remark that for p >n we have the
continuous embedding

B, ,\P(0Q) — C(0Q).

PROPOSITION 2. Let y(x',&) be a smooth function with respect to x' € 0Q
and £€R. Let p>n and ue B,i,;‘/"(ag). Then there exists a constant ¢, >0,
independent of u, such that

(2) y(,w)|B, ' P (0@ < ¢, llulB,, P (0Q)NI(1 + [lul Lo (2Q)]]).

Furthermore, the map u — y(-,u(-)) is continuous from By,'/*(0Q) into By ;""" (6Q).

We emphasize that the above results hold also under weaker smoothness
conditions on the coefficients a; of the differential operator 4 and on the
coefficients a and b of the boundary operator B, respectively. For example,
holds for a; € C'(Q), ae C'**(éQ) and be C**(0Q), « > 0.

Furthermore, for the proof of [Proposition I one uses mapping properties of
pseudo-differential operators which remain true if a and b are sufficiently smooth,
see for example Marschall [9]. Finally, we remark that [Proposition 2 is true if the
function y belongs to the Lipschitz space Lip u, u > 2, see e.g. [13] and [16,
Subsection 5.3.4, [Theorem 2; Subsection 5.5.2, [Theorem 3.
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3. A Priori Estimate

Recall that g(x,¢,#) satisfies the Caratheodory condition, see (H4), and the
growth condition (HS5). Let p > n. Hence the nonlinear Nemytskij operator

Ty(u) : x — g(x,u(x), Du(x))

is defined on W}(Q), p>n, and is a continuous operator from W?2(Q) into
L,(Q), see Krasnoselskij [8]. We start with the a priori estimate for the solutions
of (P). Let b(x,£) have the same meaning as in (H5). Hence b(x,&) > 0 for
almost all (x,&) e R x R".

‘PrROPOSITION. Let (H1)-(HS) be satisfied for some p > n. Let

bm(x) = sup{b(x, &) : || < M}.

Then there exists a function y : [0, o0] x [0, c0] X [0, 0] — [0, 0], bounded on every
compact set, such that for any solution u e sz(Q), p > n, of the problem (P) it
holds that

(1) [l WSl < ¥ (M, |bal Ly, llo| By~ 7)),

provided ||u|L| < M.

PrROOF. Letue sz(Q) be a solution of (P) and 4 =2 — n/p, see (H5). Then
it holds

Au = g(x,u, Du) = %(1 + | Dul*).
Hence the function u satisfies
(2) Au+ bp(x)u = g1(x)|Dul” + go(x) in Q, Bu=¢ on 0Q,
where
g(x,u, Du)

bu(x) >0, gi(x) go(x) = g1(x) + bar(x)u(x).

~ 1+ [Du(x)*
The following method of using a parameter ¢ has been applied by many authors.
We refer to Amann and Crandall and Taira [21]. We use arguments going
back to Pohozaev [11].
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Let t€[0,1]. Then we consider the family of parameterized problems

u

(Pt)  Au+ by (x)u = g1(x)|Du|” + tgo(x) in Q, Bu=a =

+ bu = tp on 02
in the framework of Sobolev spaces WPZ(Q) with p > n.

We shall show that for fixed ¢ € [0, 1] problem (P;) has at most one solution.
This implies that the solution of (P;) with # =1 coincides with the solution of the
original problem (P).

Let 0 <7 <1, <1. We assume that ve W;,z(Q) is a solution of (P;) and
zZ€ WPZ(Q) is a solution of (P,). Hence w =z — v solves

(3) Aw + by (x)w = g1(x) Xn:hi(x) STW
i=1 !

+ (t — t1)go(x) in Q, Bw= (1 —t1)p on Q.

The function h;, i=1,...,n, are given by
1

(4) hi(x) = Jo Hi(x,7)dt
with

i o1 —1+u/2
(5) Hi(x, ) = ,uLZI <r%+;—;) ] (t%—i—%) (x)
if
(6) Xn: (‘r?y— + ﬁ)z(x) # 0,

= Xr  Oxk
and
(7 H;(x,7) =0
otherwise.

Now we set K = (t; — t;)(1 + ||u|L|).

LEMMA 1. Let 0 <t <t <1 be fixed. Then

(8) WL || < (22 = 01)(1 + ||u| Los |]).-
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Proor. Note that w+ K is a solution of
w+K
AW+ K) + by (x)(w+ K) = g1 (x Zh( ow + K)

+ (2 — t1)go(x) + by (x)K + c(x)K in Q,
Bw+K)=(t—t1)p+bK on Q.

Now we apply the arguments of Pohozaev . By our assumptions, we have
c(x) = 0, bM(x) > 0, bM € LP(Q), g1 € an/(p—n)(Q) and h,’ € Lp(Q), i= 1, ..., N,
with p > n. Hence the assumptions of in Section 2 are satisfied.
Furthermore, it holds by the definition of by, go and (HS5) that

([2 — ll)go(X) + bM(X)K + C(X)K >0 in Q.
Hence in Section 2 yields w + K > 0 in Q. Similarly one shows w < K
in Q. The proof of is finished. ]

In order to continue the proof of our proposition we need the uniqueness of
the solution of (Py). This is an easy consequence of Lemma 1, see (8) with ¢, =

LEMMA 2. Let t€|0,1] be fixed, and let p > n. Then (P,) has at most one
solution u e W(Q).

CONTINUATION OF THE PROOF OF PROPOSITION. Let w = z — v be defined as in
[Cemma 1. Hence w is a solution of
9) Aw + by (x)w = g1 (x)(|Dz|* — |Dv|*) + (12 — t1)go(x) in Q,
Bw= (1 —t;)p on 0Q.

Now [Proposition 1 in Section 2 yields

(10) w21 < C(IlAw + bawl Ly || + Il By, ~'71)).

Note that the constant C depends only on 4, Q, n, p and ||by|L,||.
Let 1/2<6=1/u<1. An application of the Gagliardo—Nirenberg in-
equality, see Zeidler [24, Appendix (54b)] and [16, Subsection 5.2.5], yields

(11) IDW|Loo || < Cyllw| W2 °|lw|Loo]| ' ~°

holds for we WPZ(Q) with p > n. Here C; depends only on Q, n and p.
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On the other hand, (9) gives
(12) 14w + bar(x)w|Lpl| < 247 Mg | Lp|l [DW]Leo | + 24N 91| Lp | | Do | Lo [}*
+ (12 = 11)llgol Ly |

and
(13) 1Bw|B;) 7| < (12— 1) |0l By~ Pl
for all 0 <t <, <1. New (8) and [10}-(13) show
(14)  lIwlW2l < 2C(llgol Lyll + llol By, 7711) + 24+ Cligr| Lyl || Dol Lo ||
if
(15) 0<t—t <h,
where

h=h(4,Q,n,p, |bulLyl)) = 2C) ™D (Cllgi | L)/ V(1 + M)~

is independent of #; and #,.

Let k=1,2,..., be fixed, and #; = t*1 and 1, = t*). Now let v = v*~1)
and z = v®) be the solution in W?(Q) of (P,x-n) and (P,w), respectively. Then
we obtain from that

(16) @A < 2ClgolLy | + llol B~ 1)
+ ||v(k—l)|u/1')2“ + 2/4+1C”gl |Lp“ “Dv(k—l)lLOO”p

for all 1®) &+ in [0,1] with 0 < t®) — (*=1) < h Now we put 1 = 0. Then
v@® =0 is the unique solution of (P,n). The continuous embedding
W2(Q) — C'(Q) for p > n yields

|1 DoV Lo || < cllo*= VW2,

Now our proposition follows from by a finite iteration procedure. [

4. Proof of the Main Results

Let (H1)-(H6) be satisfied. We prove the existence of the solution of (P)
under the assumption that there exist a subsolution #_ and a supersolution u, of
(P) in W2(Q), p>n, with u_ <u, in Q. We start with the following lemma
which is important for our further considerations.
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PROPOSITION.  We suppose that the real function Go(x,& n) defined on
Q x R x R" satisfies the Caratheodory condition (H4) and

sup |GO(16377)| ELP(Q)
(¢,n)eRxR"

with p > n. Then the boundary value problem
Au = Go(x,u,Du) in Q, Bu=¢ on 0Q,

where ¢ € By, ~'P(6Q), has a solution u € WiQ).

ProOF. [Proposition 1 in Section 2 shows that for any ve C!(Q) the
semilinear boundary problem

Au = Go(x,v,Dv) in Q, Bu=¢ on 0Q

has a unique solution ue WPZ(Q) with p > n. Therefore, we can introduce a
continuous linear operator S such that for any ve C!(Q) the function
u=_Sve sz (€2) is the unique solution of the above problem. The assumptions on
Go yield the existence of a constant ¢ such that the a priori estimate

lul W Q)] < ¢
holds for all solution u. The operator
S:cl(Q) — cl(Q)

is compact. Now Leray—Schauder degree arguments, see [16, Chapter 6], prove
the existence of a solution of our problem in C!'(Q) which belongs by definition
of S to W2(Q). The proof is finished. |

ProoF OF THEOREM 1. Let T be the truncating operator defined for
ue WXQ), p>n, by

(1) Tu(x) = ¢ u(x) if u_(x) < u(x) < uy(x),

u_(x) if u(x) < u_(x).

{ uy(x) if u(x) > uy(x),

Then we consider the modified boundary value problem
(2) Au=g(x,Tu,Du) in Q, Bu=¢ on 0Q.

The following lemma shows the connection between the solvability of (P) and (2).
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LEMMA 1. Let all assumptions of Theorem 1 be satisfied. If ue WPZ(Q) is a
solution of (2), then we have

(3) u_ <u<u, in Q.

PrOOF OF LEMMA 1. We consider w = u, — u. Then
(4) Aw > g(x,uy,Du,) — g(x, Tu,Du) in Q, Bw =0 on 0Q.
Assume that the contrary to (3) holds. Then there exists a set Q, < Q given by
Q, ={xeQ:w(x) <0}
with nonzero Lebesgue measure, and (1) implies
Aw > g(x,u,,Du;) — g(x,u,,Du) in Q,.
Now assumption (H6) yields
Aw > —bi((x,uy (x), Duy(x), Du(x))|Dw| in Q,,.

Note that by € L,(Q2) with p > n. Therefore the term on the right side is a non-
positive function in L,(Q2). Hence Lemma 1 in Section 2 shows that w attains
a strictly negative minimum on 0, a contradiction to the boundary condition
in (4). This proves that u <u, holds in Q. The other case can be shown
analogously. The proof of Lemma 1 is finished. [

CONTINUATION OF THE PROOF OF THEOREM 1. If

M= max{ma_x U (x), —min u_ (x)}
xeQ xeQ

then [Cemma 1, [Proposition] in Section 3 and the embedding W,2(Q) — C'(Q) for
p > n show

(3) max |Du(x)| < [lulC'|| < cllul W]

xeQ

< (M, |lbu Ly, 0By~ 7)) = My,

where ¢ is independent of u € sz(Q)
Now we put

M; = max{Ml,ma_x | Du, (x)|, max |Du_(x)|,},

xeQ xeQ)
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and

g(x’éa”) if '”l < M2)

g(x, &, le_z—l) if || > M.

Gl(-xaéaﬂ) =

We consider the solvability of the semilinear boundary value problem
(6) Au = Gy(x,Tu,Du) in Q, Bu=¢ in 0Q.

The assumptions (H4)-(H6) show that G;(x,<&,#) satisfies the Caratheodory
condition, (H6), and the following growth condition

b(x,&)(1 + |n|*) if |y < My,
(G1(x, &)l < {b(x,éj)(l + MY if g > M.

Furthermore, the function

Gi(x,us(x),m) if &> uy(x),
G(xvéaﬂ) = { Gl(xaéan) lf u+(x) Sé—<—u+(x);
Gi(x,u_(x),n) if & <u_(x)

satisfies (H4),

(7) sup |G(-, ¢, n)| € Lp(Q)
(¢,n) e RxR"

with p > n, and
G(x,u(x), Du(x)) = Gy(x, Tu(x), Du(x)).

Consequently, we can apply our proposition to the problem (6). Therefore we
obtain that (6) has a solution u e W?(Q), where p > n.
Note that u_ is a subsolution and u, is a supersolution of

(8) Au = G|(x,u,Du) in Q, Bu=g¢ on 0Q.

Then shows that

u_ <u<u, in Q.

Consequently, we have Tu(x) = u(x). Hence the solution u of (6) is also a
solution of (8). Finally, in Section 3, (5) and the construction of
Gy =g for |p| < M) < M, prove that u is a solution of (P), too. Hence

is shown. |
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Our next step is to prove the uniqueness of the solution of (P) if g is strictly
decreasing.

PROOF OF THEOREM 2. Assume that w,ve W;,Z(Q) are two solutions of
problem (P), i.e., we have

Au = g(x,u,Du) a.e. in Q, Bu=¢ on 0L,
Av = g(x,v,Dv) ae. in Q, Bv=¢ on 0Q.
We put w(x) = u(x) —v(x). Assume to the contrary that

max w(x) =M > 0.
xeQ

If there is a point xo € Q with w(x9) = M, then in Section 2 yields
w(x) =u(x) —v(x) =M in Q.

Hence we have Du= Dv in Q. Now the assumption that g(x,&,n) is strictly
decreasing with respect to £ for almost all x € Q and all # € R", and (H3) imply

0 = Aw — g(x,u, Du) + g(x,v, Dv) = cM — (g(x,u, Du) — g(x,v, Du)) > 0

in Q. We obtain a contradiction.
Now we assume that there is a point xj € 0Q such that

w(xg) = M > 0.

Then an application of in Section 2 gives a contradiction. The other
case can be handled similarly. The proof of is complete. [

We give an easy example for the application of Theorem 1. Let p > n. In the
following corollary we consider functions of the type
u=uy+tp;, teR.
Here uo € W,}(Q) is the unique solution of
Auy =0 in Q, Buy= ¢ on 0Q,

where (oeB;j;_l/” (6Q). Furthermore, ¢, € C*(Q) is the unique eigenfunction
corresponding to the first eigenvalue 4; > 0 of the eigenvalue problem

Au = Au in 0Q, Bu=0 on 0Q

which satisfies ¢, > 0 in Q\X and ||¢,|L|| = 1. For the existence and further
remarks, we refer to Taira and [I5].
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COROLLARY 1. Let all assumptions of Theorem 1 be satisfied for some p > n.
Suppose that there exist real numbers t, and t_, t, > t_, such that

g(x,up + t191, Dug + 1, Dp;) — 11419y <0 in Q
and

g(x,up +t_@;,Dug+t_Do;) —t_lip; =20 in Q.
Then the boundary value problem (P) has a solution u e sz(Q) satisfying
Uy + tw¢1 <u<uy+ t+¢1 in Q.
Proor. We apply with the supersolution u, = uy + ¢, ¢, and the
subsolution u_ =ty + t_gp,. |
REMARK 1. Let us consider the semilinear elliptic boundary value problem
(9) Au=g(x,u,Du) in Q, u=0 on 0Q.

In Amann and Crandall and Kazdan and Kramer [6], it was shown that
in Section 3 holds if (H4) and the Bernstein condition, i.e., (H5) with
u=2 and p = oo, are satisfied. It means that we have

(10) l9(x, & n)] < b(x,E)(1 + |n]?)
and

sup b(-,¢) € L, (Q).

lKl<e

An example of Nagumo shows that the growth condition of g with respect to

n is needed for the solvability of (9).
Let ¢ >0 and 4 > 0. Consider the semilinear boundary value problem

(11) u’ =u(l+ @)™ in (0,1), u(0)=0, u(l)=h.
In Schmitt [17, p. 269], it was shown that has no solution if

. e/(l1+¢)
h > _(_b__c_ll__
y(€)

where y(e) is a constant which depends only on .

REMARK 2. Pohozaev considered the solvability of (9) under the the more
general condition (H4) and (HS5). The following example in shows that the
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index u = 2 — n/p is not improvable in the sense that (H4) and (HS) does not, in

general, imply in Section 3 if 4 >2—n/p. Note that u=2—n/p
coincides with the Bernstein condition in the case p = co.

Let 0<v<],0<e<l, u>2-1/p, 1 < p< oo and
b(x) = vI=#(v — 1)(x + &)* >V Consider the boundary problem

(12) u” =b(x)|u'|* in (0,1), u(0)=0, u(l)=(1+¢)" —¢".
For fixed parameters the solution of is given by
u(x) = (x+e)" —¢"

Then for any given 1 < p < o0 and u > 2 — 1/p there exist constants c¢;, ¢; and
c3 such that

(13) Lol <1, NBILII < c2, NllBy, 7|l < e

uniformly with respect to €€ (0, 1).
On the other hand, it was shown that

(14) [#'|Leo|l — 00 if &1 0.
Therefore implies
||u|Wp2|| — oo if ¢]0.

Now we prove [Theorem 3, i.e., we investigate the solvability of the following
semilinear elliptic boundary value problem, where the boundary operator is
nonlinear.

(15) Au = g(x,u,Du) in Q, Byu:%+y(x',u) = ¢ on 0X.

ProOF OF THEOREM 3. We give only an outline of the proof, where we
indicate the differences to the proof of Theorem 1 and [Theorem 2, respectively.
At first we show the corresponding estimate with respect to our boundary

condition B, in [I5), see in Section 3, where we had in (1) of

Section 3
|| Bu|B; )~ P (2Q)|| = llg| By, "7 (0Q)]).

In our case, B, can be written as a nonlinear perturbation of the Neumann
boundary condition. Recall that we have u € C!(Q) with ||u|L,| < M. Then it
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holds

(16] lluiB;,"?(0Q)|

SC’(

< ¢/(IlulB, ' P (2)1) + lIy(-, w)| B, (2Q)| + [l¢| B, ! P (9)11)

/

ou

ov

B;,;‘/P(amH n NulB,i,;‘/P(amn)

< c"(lulB, ' P (0Q)Il + M + |lu|B, (2| + llol B, " (2)I)

< cillglB, /7 (8Q)|| + c2llul BY (2],

where ¢; and ¢, are independent of u and ¢. Here 0 < ¢ < 1/p is small enough
such that 1 —¢> (n—1)/p. We applied the results from Section 2, especially
[Proposition 2| i.e.,

ly(- )|, P(0Q)|| < ¢,(M + ||u|B, *(0Q)I)).

If the dimension » satisfies n > 2, then we have the continuous embedding
L (0Q) — Bg’p(aﬂ). Applying this embedding and the known interpolation

property

o Bgo =01l < Cllol B, [ °ll0lBy1, 1'%, 0 <6 <1,
we obtain
(17) Il B, (2| < (1 + ||ulB; ' 7 (2Q)|%)

forsp=2—-1/p,si=0and 0< 8= (1-¢)/(2—1/p) < 1. Here c is independent
of u. From and it follows

1B, 7 (8| < Ci(llg| B, P (2Q)]) + 1 + 1u| By, (9)%).
Note that 0 < 6 < 1 holds. Hence there exists a positive number K such that
1| B, P (0)|| < K
holds. This and imply the existence of a positive number K; with
HulB;;f((?Q)H < K.

Using the estimates in we get finally
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ou

(18) v

81,700 < cilolBy, P00 + <3l B} 0]

(19) < (1 + |lolB, P (0)1)),

where ¢ = é(n, p,Q) is independent of u. Now we can apply [Proposition 1 in
Section 2. (In the special case n = 1, one uses that L, (0Q) — BI‘,)YOO((?Q) and a
corresponding interpolation property. For details and the definition of the

classical Besov spaces, we refer e.g. to [16, Subsections 6.3.2 and 2.1.2}.)

In our subsequent considerations in the proof of Mheorem 1, we proved
estimates of the difference of two solutions w ==z —v. Here we replace, for
example, the boundary condition Bw = (#; — t1)p on 0Q, see (9) in Section 3, by

ow ,
— +a(x)w = (2 — t1)o,

Bw =22 4yl 2(x) - (o 0(x')) =

ov

where

a(x’)——a—é( ,E(x)) >0 on 0Q,

i.e., we have a Robin boundary condition. Let M have the meaning as before.
Then we define

ay
o

Therefore an application of in Section 2 shows that we can estimate
the family of Robin boundary operators by

()—sup{j, E) + (X f):x'e&Q,KlﬁM}.

(20) C(max{1, l74|C*I})llg|B, ' P oQl,
where C = C(n,Q, p) is independent of ¢. Finally, by our assumptions on g, it

follows that v(® = 0 is the unique solution of (P,). |

We finish our consideration with an application of the a priori estimate in
Section 3.

COROLLARY 2. Let all assumptions of Proposition in Section 3 be satisfied.
Suppose that y(x',&): 0Q x R — R is a smooth function. Let there exist real
numbers o and B, o <0 < B, such

(21) g(x,a,0) >0 > g(x,$,0) for all xeQ,
(22) b(x")a < y(x',a), b(x")B=y(x",B) on 0Q.
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Then
(23) Au = g(x,u,Du) in Q, Bu=y(x',u) on 0Q

has a solution u e I/K,Z(Q) whose range is contained in |a,f).

Proor. [Proposition 1 in Section 2 shows that for ve C!(Q) the boundary
value problem

(24) Au = g(x,v,Dv) in Q, Bu=y(x',v) on 0Q

has a unique solution u € W}*(Q), p > n, denoted by u = Sv. We remark that the
smoothness of g implies that u belongs to C?(Q). The operator

S:cl(Q) — cl@
is completely continuous. Now we apply Leray—Schauder degree arguments. Let
M be given by '

M = max{al, |B]}.
Then M; has the same meaning as in (5). Now we define the set
(25) K={ueC'(Q):a<u<p, |Du < M +1 in Q}.
Let 0 <t <1 such that there exists u e 0K with u = tS(u). Hence u e C(Q)
satisfies

Au = tg(x,u,Du) in Q, Bu=ty(x,u) on Q.

By our a priori estimate we derive |Du| < M. Hence there exists a point xo € Q
such that either u(xp) = o or u(xg) = f holds. Assume the first case, i.e., we have
u(xg) = a. (The other case can be considered similarly.)

If xo €Q, then it holds Du(xy) = 0. Therefore, by the properties of 4 we
obtain in analogy to [16, p. 499] that

Au(xp) = Ao < c(xp)a < 0.

This implies a contradiction to (21).
If xo € 0Q, then the function v(x) = o — u(x) attains its maximum at Xxp.

Therefore,

ou(xo)  Ov(xo)
v - =0
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Assume that a(xp) = 0. This implies that b(x¢) > 0 and b(x¢)a = ty(x9,a). Since
a <0, we get a contradiction to (22). Thus a(xp) > 0 and

a(xo)% (x0) = ty(x0,a) — b(xp)a.

Hence we get b(xg) > ty(xo,a).

Case 1. We assume that b(xp) > 0. Then we deduce that
b(xo)ta > b(xo)a = ty(xo, ),

ie., we get with b(xg)a > y(xo,a) a contradiction to [22). Therefore, we have
shown that for all € (0,1) the equation u = tS(u) has no solution u € 0K. Now
we can apply usual Leray—Schauder degree arguments to prove the existence of a
solution u € K under the assumption that b(xp) # O.

Case 2. Assume that b(xp) =0. Let 0 < ¢ < 1. Now we replace b(x’) by
b(x") + ¢. Because of the fact that b > 0 on dQ we get that the new boundary
operator B satisfies all assumptions of the first case. This implies that we find
solutions u, € K. Now limiting and compactness arguments show that there exists
a subsequence of {u.} € C!(Q) (denoted also by {u}) such that

u,—u fore—20

in C'(Q). Further, u is a solution of the origin problem and satisfies all desired
properties. |

REMARK 3. Our corollary is a generalization of Pohozaev [11, Theorem 5.1|
to nonlinear boundary conditions. Furthermore, we extend the results due to
Schmitt [17, Theorem 6.1, Theorem 6.2], where boundary value problems of the
type

Au = g(x,u) in Q, Bu=y(x',u) on 0Q
and
u" =g(x,u,u’) in (a,b), 7y (u(a),u’(a)) =0=y,(u(b),u'(b)),

respectively, were considered. Hereby the nonlinear function g satisfies the
Nagumo condition [10).
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