TSUKUBA J. MATH.
Vol. 23 No. 1 (1999), 151181

GEODESIC TRANSFORMATIONS IN ALMOST HERMITIAN
GEOMETRY

By

Eduardo Garcia-Rio! and Lieven VANHECKE

Abstract. We treat partially conformal geodesic transformations
with respect to submanifolds in almost Hermitian manifolds. Non-
isometric ones only exist when the submanifold is a real hypersurface
or reduces to a point. In these two cases, we derive necessary and
sufficient conditions for the existence in terms of the Jacobi operator
and show how this existence influences the geometry of the
hypersurface and that of the ambient space. As an application, we
use these transformations to obtain a new characterization of
complex space forms.

1. Introduction

Local reflections with respect to points or submanifolds of a Riemannian
manifold have been studied intensively. The properties of these reflections have
been used to obtain several geometric properties and characterizations of special
classes of Riemannian manifolds and submanifolds. We refer to [4], [22] and
for examples, basic material and further references. Local reflections are maps
which preserve tubular hypersurfaces about the point or submanifold P. This kind
of transformations has been generalized to geodesic transformations with respect
to P. These transformations map a tubular hypersurface about P into another
tubular hypersurface by moving points along normal geodesics of P, but leaving
the points of P invariant. Geodesic transformations were introduced in [I8]
and studied also in [6]. Recently the authors begun a systematic study of
such transformations. (See [10], [11I] and for information about divergence-
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preserving and holomorphic geodesic transformations and [4], [5] for holomorphic
and symplectic geodesic reflections).

Homotheties and inversions with respect to spheres form a class of re-
markable transformations in Euclidean geometry. They are fundamental con-
formal transformations. In [9], we use conformal transformations with respect to
points and geodesic spheres to characterize real space forms, where non-Euclidean
similarities and inversions are introduced. The existence of conformal geodesic
transformations was investigated further in [I3]. These studies show that con-
formality is a strong condition and this fact motivated the study, in [9], of the
closely related notion of a partially conformal geodesic transformation.

In this paper, we focus on partially conformal geodesic transformations with
respect to submanifolds in almost Hermitian manifolds. In Section 2, we consider
the analytic description of these transformations by using Fermi coordinates and
derive the first results. We study the influence of the existence of a partially
conformal transformation with respect to a submanifold on the extrinsic geometry
of the submanifold and show that for codimension greater than one, the local
reflections are the only partially conformal geodesic transformations. This restricts
the study of partially conformal geodesic transformations to the case of points
and real hypersurfaces.

Section 3 is devoted to the study of partially conformal geodesic trans-
formations with respect to points. We derive the necessary and sufficient con-
ditions for the existence of such transformations. It turns out that such conditions
can be expressed in terms of the Jacobi operator and its derivatives. As a
consequence, we obtain a characterization of complex space forms as well as a
description of all the possible partially conformal geodesic transformations. In
Section 4, we make a similar study for partially conformal geodesic trans-
formations with respect to real hypersurfaces.

Manifolds are assumed to be connected and analytic, although C*® is
sometimes sufficient.

2. Partially Conformal Geodesic Transformations. First Results

Let (M,g,J) be an almost Hermitian manifold of real dimension n > 2, V its
Levi Civita connection and R the associated Riemann curvature tensor taken with
the sign convention Ryy = Vx y] — [Vx,Vy] for all smooth vector fields X, Y.
Moreover, put Ryyzw = R(X,Y,Z, W) =g(R(X,Y)Z, W).

Let B be a topologically embedded submanifold with dim B = g and let exp,
denote the exponential map of the normal bundle v of B.
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DEFINITION 2.1. A geodesic transformation ¢g with respect to B is a map
defined by

(2.1) ¢p : p = exp,(ru) — gg(p) = exp,(s(r)u)

which leaves B invariant. Here u is an arbitrary unit normal vector of B and r
and s are supposed to be sufficiently small such that g, is a local diffeomorphism.

In all what follows, the function r— s(r) is supposed to be analytic in a
neighborhood of r = 0.

Conformal geodesic transformations have been investigated by the authors in
[9], [13]. The existence of such transformations is closely related to the constancy
of the sectional curvature. In the present paper, we shall investigate the weaker
notion of partial conformality. The following observation is a key fact motivating
the definition of partially conformal geodesic transformations. Let N denote the
gradient of the normal distance function. The almost complex structure J gives
rise to the locally defined vector field JN. The properties of this distinguished
vector field strongly influence the geometry of the manifold. For example, when
(M,g,J) is a nearly Kéhler manifold (that is, (VyxJ)X = 0 for all vector fields X)
the constancy of the holomorphic sectional curvature of (M,g,J) is equivalent to
the fact that JX defines a distinguished eigenspace of the Jacobi operator Ry, that
is, R(X,JX)X is proportional to JX [21]. When B is a small geodesic sphere, JN
is a vector field tangent to B and it defines a distinguished eigenspace of either the
shape or the Ricci operator for all sufficiently small geodesic spheres if and only
if the holomorphic sectional curvature is constant, provided that (M,g,J) is a
nearly Kédhler manifold [7], [23].

Next, let # be the one-form induced by the metric and the vector field JN and
defined by n(X) = g(X,JN).

DEFINITION 2.2. A geodesic transformation ¢, with respect to a submanifold
B is said to be partially conformal if and only if

(2.2) 039 =e"g+ fn®n)

for some function f depending only on the normal distance function.
The function fin (2.2) is assumed to be analytic although at some places this
condition can be weakened.

REMARK 2.1. A partially conformal transformation is conformal if and only
if the function f vanishes. Note that our notion of partial conformality tallies with
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that of ‘“‘special partial conformality” introduced by Tanno [20]. Such trans-
formations ¢ are defined by

(0*g9)(X,Y) =e¥g(X,Y)

for all vector fields X, Y on M, where at least one of them is tangent to the
distribution D = Kery.

Note that the function f in is defined by (¢*g)(JN,JN)=
(% + f)g(JN,JN).

To describe analytically a partially conformal geodesic transformation, we
introduce a system of Fermi coordinates adapted to the submanifold. See [16],
[22] for more detailed information. Let m € B and let {Ey,...,E,} be a local
orthonormal frame field of (M,g) defined along B in a neighborhood of m.
Furthermore, we specialize this moving frame such that {E),..., E;} are tangent
vector fields and {Eg41,..., E,} are normal vector fields of B. Let ( yi, ..., p9) be
a system of coordinates in a neighborhood of m in B such that

2 o
W(m)-—E,(m), l—l,...,q

and define the Fermi coordinates (x',...,x") with respect to m, (y',...,y?) and

{Eq+],...,En} by
X"(expv(zt“&)) =y, i=1....4
q+1

n
x“(expv(Zt“Ea>) =t a=q+1,...,n
g+1

in a neighborhood of the zero section of B in v, taken sufficiently small such that
exp, is a diffecomorphism.
Next, we derive an expression for the components of the metric tensor g,

I S (2 9 _ (9 9
gij =49 Oxi’ox) y Gia=4d oxi'oxa)’ gab = g 6x“’6xb .

Let u be a normal unit vector, u € T~ B, and y(r) = exp,,(ru) a normal geodesic
with y(0) = m, y’(0) = u. We specialize the frame field {E\,..., E,} in such a way
that

Y'(0) = u=En(m), Jy'(0) = Ju=(—dE, + cEq1)(m),
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for real numbers ¢, d with ¢ + d? = 1. Now consider the frame field {Fj,..., F,}
along y obtained by parallel translating the basis {Ei(m), ..., E,(m)}, and denote
by Y,(r), a=1,...,n—1, the Jacobi fields along y(r) with initial conditions

0
Y:(0) = E(0), Y/(0)=V,—,
. (0) = E0),  ¥/(0) =Vuzesy

Ya(0) =0, Y;(0) = Eqs(m)
where the prime denotes covariant differentiation along y. These fields are related
to the Fermi coordinate vector fields by

0
ox“

2.4 Vi) = s (), Yalr) = rosz (0))

Using the parallel basis {Fj,..., F,}, we identify the tangent spaces {y’ (r)}L
and write Y,(r) = D,(r)F, for « =1,...,n— 1, where D,(r) is an endomorphism-
valued function. Then, the Jacobi equation yields

(2.5) D(r) + (Ro D,)(r) = 0

where R(r)X = R, »xy'(r). To derive the initial values for D,(r), we shall use the
Gauss and Weingarten equations for the submanifold B [2]:

VY =VyY +TxY,
Vxé=T(E)X + V&

where X, Y are tangent to B and ¢ is a unit normal vector to B. V denotes
the induced metric connection on B, TxY is the second fundamental form, 7'(&)
the shape operator with respect to ¢ and V' the normal connection along B.
Furthermore, TxY and T() are related by

9g(T()X,Y)=—-g(TxY,&).

Now, using the initial conditions (2.3) for Y,, we obtain the following initial
values in matrix form with respect to the basis {E)(m),...,E,—1(m)} of ut <

TmM:
no=( o) 2o (LG 1)

T(u)y = g(T(u)EH Ej)(m)’

where

'J'-(u) = g(t-LEiEa? En)(m)’

ia
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1 being an operator defined in [16]. It satisfies Ly &= Vy¢&. Using the gen-
eralized Gauss Lemma [16]

(26) gnn(P)zla gan(P)=0a a=1,...,n—1,

and [2.4), we obtain at the point p = exp,,(ru):

g9i5(p) = (IDuDu)ij(")a

(27) gia(p) = };(tDuDu)ia(r)7
gab(P) = rlz(tDuDu)ab(r)-

In order to describe analytically a geodesic transformation with respect to B,
we consider an adapted system of Fermi coordinates about B as described before,
and put s(r) = p(r)r in [2.1)]. Then one obtains the following analytic description
of the geodesic transformation:

1

®p: Gy x?, xT L x) e (x ,...,x",p(r)qu,...,p(r)x")

where r denotes the normal distance function. Note that r> =" (x%)2.

a=q+1
Hence, we have

LEMMA 2.1. A geodesic transformation @g with respect to a submanifold B is
partially conformal if and only if the following conditions are satisfied.

g5(08(p)) = €%g5(p) + f(N(n @ n);(p),
Pgia(95(p)) = €*°gia(p) + f(r) (1 @ 1),u(P),

P2 9ar(95(P)) = €*gas(P) + f(r)(n @ 1) (P),

2
-
dr
for each point p = exp,,(ru), where i,j=1,...,q and a,b=q+1,...,n—1.

PrOOF. Considering the previous expression of ¢p with respect to an
adapted system of coordinates, we have

0 0 .
((pB)*a_x'f-'a?, l_la"-aq)

(2.8)

0 0 N ,0r , 0
((pB)* x4 paxa + k=q+1p x4 X oxk’ a qg+1, yh
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Hence, along any normal geodesic y(r) = exp,,(ru), we get
(939);(¥(r)) = g5(¥(s)), (939):,(?(r)) = p(r)gia(¥(5)),

(239)a(7(1) = p(1)29a(7(5)),  (939)un (7)) = (P’ () + p(r))*Gun (¥(5)),
and the result follows from and the partial conformality of ¢g. O
Since the submanifold B remains fixed under the geodesic transformation, the

function s(r) in satisfies s(0) = 0 and further, using the derived expressions
for the components of the metric tensor, we get the following

LemMma 2.2.  For any partially conformal transformation gg with respect to a
submanifold B, we have f(0) =0. Moreover, if dimB > 1, then s'(0)% = 1.

PrOOF. Let u e T;:B and consider an adapted system of Fermi coordinates.
From the conditions in we obtain

(2.9) PIag+1(8) = € gaq1 (r) + f (1) (1 @ 1) 41 (1)
and taking limits for r — 0, we get
5'(0)4g+1 = 5'(0)%0gg41 — £(0) de,
which shows that f(0) = 0 unless cd = 0. If d =0, from we get
(2.10) P’ Ggr1g+1(8) = €2 ggr1g1(r) + () @ 1) 441411 (P)

and taking limits for » — 0, we obtain s'(0)*> = 5’(0)> + f(0) which shows that
f(0) =0. (Note that this case shows also that f(0) =0 when B reduces to a
single point.) Next, suppose ¢ = 0, that is, Ju is tangent to B. Then we have

(2.11) gij(s) = € g;(r) + £(r)(n ® n)(7).
Once again, taking limits for »r — 0, one obtains
i = 5'(0)%3; + £(0)d:49;,

and for dim B > 2, we must have s/(0)> =1 and hence, f(0) = 0.

Next, we show that s'(0)> =1 for dimB > 1. First, we obtain f(0) =0
since dimB >2 or dimB =1 and dimM > 2. Then, from this, [2.11) and by
taking limits for r — 0, it follows that dyy = s’ (0)25qq, which shows the desired
result. O
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In what follows, we put
(2.12) gso(exp,,(ru)) = Z o (m,u,d,0)rk
k=0

for the power series expansions of the components gss of the metric tensor g
along the normal geodesic y(r) = exp,,(ru), where 6,0 € {1,2,...,n—1}. Then,
from the Jacobi equation [2.5), the initial conditions (2.3) and the expressions
(2.7), one gets the following explicit description of the first few terms appearing in

(2.12):
95 (€xP(rw)) = g(Ei, Ej)(m) + 2rg(T () E;, E;)(m) + O(r?),
Gia(€Xpy(ru)) = —rg(" L(u) Ei, Eq)(m)

(2.13) B §r2g(R(u)E,~,Ea)(m) + 0(r?),

G (€D (1)) = 9{Eas ) m) — 379 R@)Eg, Ey)(m) + O(r).

Also, for the one-form n we shall write the formal power series expansion

0
2.14 s m = ,u,0)rk.
214 1(5) ex0atri) = S mim oy
Finally, let
215) s =Y B, 1) =3 /o)
k>1 k>1"""

be the power series expansions of the functions s(r) and f(r) along the geodesic y,
where B, = (1/k!)s®(0).

It is clear that the identity transformation satisfies s'(0) = 1. We shall show
that the identity is the only partially conformal geodesic transformation such that
s'(0) = 1 holds. To prove this, we consider the following two cases: dimB > 1
(see below) or B is a single point (see [Theorem 3.1)).

THEOREM 2.1. Let ¢g be a partially conformal geodesic transformation with
respect to a submanifold B with dim B > 1. Then s'(0) = —1 unless ¢g is the
identity transformation.

ProoF. From the previous lemma we have s’ (0)> = 1. Now we show that
for s'(0) = 1, ¢p is the identity transformation. We proceed by induction. First,
we prove that s”(0) =0, f'(0) =0.
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Since
(2.16) P*gan(s) = € gap(r) + f(r)(n @ 1)y (r)
and aj(m,u,a,b) =0 (see [2.13)), we obtain the expansion
(2.17) dab + 5" (0)0ar + O(r?)
=6 + (25" (0)02 + > f'(0)dag19bg+1)r + O(r?).
Also, from [Lemma 2.1 we have
(2.18) gi(s) = € gy (r) + £ (r)(n ® 1) 4(r)
and hence,
(2.19) 6y + ar(m,u,i, j)r + O(r?)
= 0 + (25"(0)0 + a1 (m, u, i, j) + d*f'(0)0:0)5)7r + O(r?).
Similarly, from
(2.20) P9ia(s) = €% gia(r) + f(r)(1n @ 1), (r)
we get the expansion
(2.21) i (m, u, i,a)r + O(r?) = (a1 (m, u,i,a) — cdf'(0)iy0ug:1)r + O(r?).

Now, if Ju has tangential and normal component, if follows from (2.21) that
f'(0) = 0 and from (2.19) we then get s”(0) = 0. Next, suppose that Ju is normal
to B. Then from (2.19) we obtain s”(0) = 0 and it follows then from that
f'(0) also vanishes. Finally, suppose that Ju is tangent to B. From [2.17) it
follows that s”(0)d, = 25”(0)d and hence, if codimB > 2, s”(0) = 0. In this
case, f'(0) =0 as a consequence of (2.19).

Next, consider the case of a real hypersurface B. From (2.19) we obtain
25"(0)8; = —f'(0)6:454. Since dim B > 3, it follows that s”(0) = 0 and f”'(0) = 0.

Now, we proceed by induction. We suppose that the coefficients in the power
series expansions of the functions s(r) and f(r) satisfy

By="--=Px1=0,
F') = =r20)=0

and prove that 8, = 0 and f*~Y(0) = 0. From [2.16), [2.18) and [2.20}, using the
induction hypothesis, we get the expansions
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k-2
(2.22) 6w > ai(m,u,a,b)r' + (2kBiSap + k1 (m, u, a, b)
=1

+ ¢
(k- 1)!
k-2

=0a + Z or(m,u, a,b)r’ + (2B40ab + -1 (M, u, a,b))r"‘1 + O(rk),
=1

f(k—l)(o)éaqﬂébqﬂ)rk_l + O(rk)

k—2
(223) G+ > oulm,u, i, j)r' + (2kBidy + a1 (m,u, 4, J)
I=1

d2
&% k1) S \.k—1 k
k-2
= 5'] + Z al(m, u, i’j)rl + ak—l(ma u, ivj)rk~l + O(rk)a

I=1

k-2 .

(2.24) Z oy(m,u, i, a)r' + (ox_1(m, u,i,a)
1=1

cd
Ck=1)
-2

= oy (m,u, i, a)r' + og_y(m,u,i,a)r*=! + O(r¥).
1

f(k—l)(o)‘siqaaq+l)"k—] + O(r¥)

x

.‘
il

Considering the terms of degree kK — 1 in the previous expansions, and
proceeding in the same way as before, we obtain that g, =0 and f*~D(0) = 0.
Hence, from the analyticity assumption of s, it follows that s(r) = r and hence ¢g
is the identity. 0

In the rest of this paper, ¢p will always denote a non-trivial geodesic
transformation, that is, ¢ is not the identity map.

In what follows we shall show that the study of partially conformal geodesic
transformations with respect to a submanifold B is reduced to that of isometric
geodesic reflections, provided that 0 < dim B < dim M — 1.

Isometric geodesic reflections with respect to submanifolds are studied in
where it is shown that submanifolds admitting such geodesic transformations are
necessarily totally geodesic. Now we shall determine some necessary conditions
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for the existence of partially conformal geodesic transformations relating to the
extrinsic geometry of the submanifold B in M.

THEOREM 2.2. Let (M,g,J) be an almost Hermitian manifold and B an
arbitrary submanifold with dim B > 1. If there exists a non-trivial partially con-
formal geodesic transformation with respect to B, then

(1) B is a totally geodesic submanifold, or

(ii) B is a totally umbilical real hypersurface, or

(ii1) B is a real hypersurface with two distinct constant principal curvatures,
where that with multiplicity one corresponds to the principal direction JN.

ProoF. Since the geodesic transformation is non-trivial, we have s'(0) = —1.
Also, from the conditions in we have

gi(s) = €% g5(r) + f(r) (1 ® n)(r).
Using the power series expansions of the components of the metric tensor [2.13),
we have
0 — 2rTy(m) + O(r?) = 8 + (2Ty(m) — 25" (0)5; + d°f'(0)8:,0i5)r + O(r?)
and hence, the shape operator satisfies

(2.25) T(u) = % (s”(O)I - % (0d*n® Ju).

If B is a real hypersurface, then d =1 and it is totally umbilical or it has
two distinct constant principal curvatures, namely k; = (1/2)s”(0) and k; =
(1/2)(s”(0) — (1/2)£'(0)), the latter with multiplicity one and corresponding to
the principal direction Ju.

Next, show that B is a totally geodesic submanifold provided that codim B >

1. Using the relation
P*9ab(s) = €¥gap(r) + f(r) (1 ® 1) (7)
of [Lemma 2.1, we obtain
Sab — 8" (0)0a7 + O(r*) = 6ap — (25" (0)0a — €' (0)0ug+10bg+1)r + O(r?),

from which we get |
(2.26) | 5"(0) = £ (0)3ag+1-

First we show that B is totally geodesic if codim B > 2. In this case, it is
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possible to choose E, € T:B such that g(E,,u) =0, g(E,;,Ju) =0 and hence, it
follows from that s”(0) = 0. Also, from and if ¢ # 0, it follows that
f'(0) =0 and hence, shows that B is totally geodesic. Furthermore,
suppose that ¢ =0 for each normal vector u € T, B, that is, for each normal
vector u, Ju is tangent to B. Hence, becomes

(2.27) TwX = —%f’(O)g(X,Ju)Ju

for each vector X e T,,B. Then take orthogonal unit vectors u,v € T B. Since Ju,
Jv are tangent to B, it follows from that

1 1 1,1
T<7§(u + v))J(E(u + v)) = _Zf (0)7§J(u +v).
Expanding the left-hand side of this equation and using again gives

1 1 1
T|—=u+v J(— u+v>=—— "(0)J(u + v).
(S50+0)7(F50+0) =~ ©O+0)
Comparing both expressions above, f'(0) =0 follows at once and hence, B is
totally geodesic.

For the remaining case codim B = 2 we show that B is totally geodesic too.

From [Lemma 2.1, we have

Pgia(s) = €gia(r) + f(r)(n @ 1), ()
and hence, the expansion
—g(' LW)E;, E)r + O(r?) = —(g(' L(w) E;, E,) + dcf'(0)6i40ag+1)r + O(r?).
Considering the terms of degree one, we obtain
(2.28) cdf’(0) = 0.

If B is a holomorphic submanifold, it follows from that B must be totally
umbilical with shape operator T(u) = (1/2)s”(0)Id. Proceeding as in [13, The-
orem 3.1], it follows that B is totally geodesic.

Next, suppose that B is not a holomorphic submanifold and take an
orthonormal basis {u,v} of T.B. Let ¢, (resp. ¢,) and d, (resp. d,) be the norm
of the normal and tangential components of Ju (resp. Jv). Since B is not
holomorphic, d, and d, cannot both be zero. Put d, # 0.

If ¢, =0, it follows from that s”(0) = 0. Now, if ¢, = 0, then both Ju,
Jv are tangent vectors to B and then, in the same way as for the case of
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codim B > 2, we get f'(0) = 0. So, suppose ¢, # 0. If d, # 0, then from it
follows that f/(0) = 0 and B is totally geodesic. If d, = 0, then Jov is normal to B.
Since we are assuming that codim B = 2, Jv must be in the direction of u. This
shows that Ju cannot have a tangential component to B, which contradicts
d, # 0.

Finally, if ¢, # 0, yields f'(0) =0. Then implies that B is
totally umbilical with shape operator T(u) = (1/2)s”(0)Id, and in the same way
as in [13, Theorem 3.1] we get that B is totally geodesic. This finishes the
proof. O

In this context we recall the following definition.

DEeFINITION 2.3. Let B be a real hypersurface in an almost Hermitian
manifold (M,g,J). B is said to be a Hopf hypersurface if JN is a principal
direction of B, N being a unit normal vector.

Hopf hypersurface form a nice class of real hypersurfaces in almost Her-
mitian spaces. Indeed, they are the only real hypersurfaces with two distinct
constant principal curvatures in non-flat complex space forms. We refer to Takagi
[19] for a classification of such hypersurfaces in the complex projective space and
to Montiel [I7] for the hyperbolic case.

Now, we state the main theorem of this section. It shows that only the
partially conformal geodesic transformations with respect to points and real
hypersurfaces are essential.

THEOREM 2.3. Let B be a g-dimensional submanifold in an almost Hermitian
manifold (M",g,J). If g is a partially conformal geodesic transformation with
respect to B, then it must be the identity or the geodesic reflection provided q
satisfies 0 < g <n— 1.

PROOF. Let ¢y be a non-trivial geodesic transformation with respect to B.
Since codim B > 2, it follows from the previous theorem that B must be a totally
geodesic submanifold, and moreover from it follows that s”(0) = 0, f'(0) =
0. Next, we proceed by induction. We suppose that

5"(0) = --- = s&D(0) = 0,

0= =520 =0
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and prove that s®)(0) =0, f*71(0) = 0. Then, from the analyticity conditions,
it will follow that s(r) = —r and hence, ¢z must be the geodesic reflection. Note
also that this condition shows that the function f(r) vanishes identically. Hence,
the geodesic transformation ¢z must be conformal and from [13, Theorem 3.2],
@p is an isometric transformation.

Using the induction hypothesis, from we have the expansion

k-2 '
(2.29) S+ ou(m,u,a,b)r' + (an_1(m,u, a,b) — 2kp das
=1
c? (k—1) k-1 k
+ = 1)'f (0)50q+15bq+1)r + O(r*)
k=2

=O0m + Z ar(m,u,a, b)(—l)lr’
=1

+ (=1 o1 (m, u,a,b) — 2B 8a)r* ™" + O(r¥)
and considering the terms of degree (k — 1), it follows that

(2.30) 2(k — )by = (1 = (=1)* N1 (m, u, a, b)

c2

(k _ 1)!f(k—])(0)5aq+1§bq+l-

+

Also, if ¢p is partially conformal, must hold and hence,

k-2
(231) By + Y nlom i '+ (e-1() = 2By
=1
d? (k=1) k—1 k
+ (k——l—)!f (0)5iq5jq>r + O(r%)
k-2

=0J; + Zoq(m, u,a,b)(—1)"+
I=1

+ (_l)k_lak—l (m, u, i j)rk~1 + O(rk)
and considering the terms of degree (k — 1), it follows that

d2
(k—1)!

(2.32) 2B,y = (1 — (=1)* Vo1 (m, u, i, j) + SED(0)0ig)q-



Geodesic transformations 165

Furthermore, from and using the induction hypothesis, we also have

k-2

(2.33) Zoq(m,u, i,a)r' + (ox_1(m, u,i,a)
I=1

cd _ _
- k — 1)!f(k 1)(0)5iqéaq+l)rk e O(rk)
k-2
=Y oy(mu,i,a)(=D)™ + (=) i (m, u, i, a)r* " + O@F)
I=1
and hence,
@34) (1= (=) )k (m,1,0) = e 6D (0} G

(k= 1)
In order to show that §, =0, we consider the following possibilities:

Case 1. There exists a unit vector u € T,;B such that Jue T B.
Considering an adapted system of Fermi coordinates and since d, = 0, we

obtain from
2k, = (1 — (=) Noy_y(m, u,i,i).

Hence, if k is an odd number, say k = 2/ + 1, we must have f, = 0. Furthermore,
suppose k = 2/. Then one gets

1 ..
(2.35) Bo = 570621—1("?, u,i,i).

Consider the one-parameter family of unit normals w; = ucos A + Jusin A. Since
J(Ju) is normal, dj, = 0 and condition remains valid for any normal unit-
speed geodesic y,(r) = exp,,(rw;). So, By = (1/2D)ay_1(m,w,,i,i). Taking the
limit for A — =n, it follows that

1 .. 1 ..
B = 57001-1(m, u, 1,3) = 11 (m, —u, 4, §).
Since oy_1(m, —u,i,i) = —o—y(m,u,i, i), we get oy_y(m,u,i,i) =0 and hence,

P =0.
Next, we show that f (k‘l)(O) = 0. Since d, = 0, we have ¢, =1 and [2.30)
yields »
1

(2.36) CE

f(_k_l)(O) = ((—l)k_1 — Dog—1(myu,q+ 1,9+ 1).
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Then, it is clear that f*~D(0) =0 for odd k. For even k = 2/, one gets

-1

mf(ﬂ—l)(()) = dz[_l(m,u,q+ 1,q+ 1)

Now, since Ju is also normal to B, for each normal z;, = Au + uJu, it follows that

—1 (V-1

m Zis z,l,,f)( ) = aZI—l(m,Zl;nJZA;uJZAy)-

Both sides are polynomials in A and u. Comparing coefficients yields
otz—1 (m, u, Ju,Ju) = 0 and hence, f*~1(0) vanishes.

Case 2. For each normal vector ue T;B, d, #0.

Consider the following possibilities:
(2.a) for each ue T.B, Ju is tangent to B, that is, ¢, = 0.

Since codim B > 2, take orthogonal unit vectors u,ve T-B and denote
E,w) = Ju, Ey, = Jv. Considering an adapted system of Fermi coordinates, it
follows from that

2kﬂk = (1 - (—l)k_l)ock_l(m, u,Eq(U), Eq(v)).

This shows that B, =0 for k=2/+1. Also, if k=2I, one gets By =
(1/20)otz—1 (m, u, Eg), Eqy)). Consider now the one-parameter family of unit
normals

w; =ucosA+vsind, z; = —usind+ vcosA.

For each value of A, w; and z, are orthogonal unit vectors in 7B and for the
normal geodesic y,(r) = exp,,(rw;) we have

,321— 021~ 1(m, w1, Eg(z,), Eq(z,))-

Taking the limit for A — #, we obtain S, = (1/2l)ay_1(m, —u, —Eyy), —E4w),
and this shows that oy_i(m,u, Eyy), Eqw) = o2i-1(m, —u, Ey,), Eq)). Hence,
0(21_1(m, Uu, Eq(v),Eq(v)) =0 and SO, ﬂ21 = 0.

To show that f*~1(0) =0, we use to get

(2.37) f(" D©0) = (=1)*" = Dow—1(m, u, Eguy, Egy),

(k)

and the result follows proceeding as in the previous case.
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(2.b) There exists a unit normal u € 7-B such that d, # 0, ¢, #0.
Considering an adapted system of Fermi coordinates, from we get

c,d, _
(2.38) (k_—_f)—' SEDO) = (1 = (=) )1 (m, 4, Eyuy, Egiru)-
This shows that f*~1(0) vanishes for even k. If k is odd, say k =2/+ 1, we
obtain from (2.30) and [2.32)

2
Cu

20)!

4lﬂ21+154b = f @) (O)éaq+15bq+1

and

2121 + 1)By 4105 =

d; @) (0\5..0

Since codim B > 2 and dim M > 4, it follows that f,,,; = 0 and hence, f @D(0) =
0. This shows that f*~1(0) vanishes. Also, since we have shown that S, +1 =0,
we only have to prove that £, =0 for even k = 2/. From [2.30) and [2.32), we

have
(21 — l)ﬁy = 0621_1(}’)1, v,a, a), 2[,321 = 0/-1 (m, v, i, i)

for all normal v e T.;B and hence, the result follows as in the previous cases.

O

In [13], it is shown that if a geodesic transformation with respect to a
submanifold is an isometry, then it must be the identity or the geodesic reflection.
Moreover, it is shown that the geodesic reflection is conformal if and only if it is
isometric. In what remains in this section, we show a similar result for partially

conformal geodesic reflections.

PROPOSITION 2.1. Let B be a submanifold in an almost Hermitian manifold
(M" g,J) with 0 < q<n-—1. Then the geodesic reflection with respect to B is
partially conformal if and only if it is an isometry.

PrOOF. As a consequence of the induction process in the proof of the
previous theorem, the function f(r) vanishes identically, and this shows that the
geodesic reflection is partially conformal if and only if it is conformal. Hence
the result follows from [13, Theorem 3.2]. n



168 Eduardo Garcia-Rio and Lieven VANHECKE

3. Transformations with Respect to Points

In this section, we shall derive the necessary and sufficient conditions for a
geodesic transformation ¢, with respect to a point me M to be partially
conformal. Note that, if the submanifold B reduces to B = {m}, the system of
Fermi coordinates in Section 2 becomes a system of normal coordinates in a
normal neighborhood of m.

Unlike for the case of higher dimensional submanifolds, for partially con-
formal geodesic transformations with respect to points we do not have a fixed
initial condition s’(0)> =1. In fact, the following theorem shows that such
condition occurs only for isometric transformations.

THEOREM 3.1. Let ¢,, be a partially conformal geodesic transformation with
respect to a point me M. Then g¢,, is an isometry if and only if 5'(0)2 = 1 and this
occurs if ¢, is the identity (s'(0) = 1) or the geodesic reflection (s'(0) = —1).

Proor. If s'(0)> =1, then s’(0)=1 or s'(0) =—1. Clearly, the identity
transformation satisfies s’(0) = 1, and moreover, proceeding as for [Theorem 2.1,
it follows that the identity is the only partially conformal geodesic transformation
satisfying s'(0) = 1.

Next, assume s'(0) = —1. We show that ¢,, is the geodesic reflection. From
the conditions in and using the fact that o (m, u,a,b) = 0 (see [2.13)),
one gets 5”(0)0, = f'(0)0,105 and hence, s”(0) =0, f'(0) = 0.

Now we proceed by induction and assume that

By=- =P =0, f(0)=---=f&D0)=0.

We shall prove that g, =0, f*1(0)=0. Proceeding as in Theorem 2.3, it
follows that (see [2.30))

1
k- 1)

This yields that g, =0, f*~D(0) = 0 for odd k and, if we suppose k to be even,
say k =2/, we get

2(k — 1)Bidap = (1 — (=1)* Vot (m, u,a,b) + SE 80181

221 — 1)B, = 2031-1(m, u,a,a) + (k—{ 1)'f(k—l)(0)5a16bl-
Proceeding further as for Theorem 2.3, it follows that §, = 0 and f%~1(0) =0,
and then we obtain s(r) = —r. So, ¢,, is the geodesic reflection. Also, it fol-

lows that f(r) vanishes, and hence, the geodesic reflection is a conformal trans-
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formation. Thus, it must be an isometry as a consequence of the results in

[13]. | O

The geometrical significance of the existence of a partially conformal geodesic
transformation with respect to a point is expressed by the mutual existing
relations between the coefficients in the power series expansions of the com-
ponents g, of the metric tensor and those of the one-form #, jointly with those of
the functions s(r) and f(r). The next lemma expresses such relation by means of
a recursion formula. Its proof is obtained directly from the conditions in [Lemmal
2.1, using the power series expansions [2.12), [2.14) and [2.15).

LemMA 3.1.  Let ¢,, be a geodesic transformation with respect to a point m €
M. Then ¢, is partially conformal if and only if the coefficients in the power series
expansion of the function s(r) satisfy the following recurrence formula:

ﬁlz(l —ﬁ{c)ak(m7 u,a, b)

k-1
= ab< > (1~pq)ﬁpﬁq) +ﬂ%§:az<m,u,a,b)< > ﬂ,,,---ﬂp,)
=1

p+q=k+2 p1++pi=k

k-1
- Iz_; ka..[(m, u,a, b) ( Z pqﬂpﬁq)

pHq=I+2

+H( > &&)(Z“v('nauaa,b)( > ﬂm"'ﬂpv))

I=1 \ p+g=I+2 vl p1++py=k—I

1
+ (—ﬁf(’) 0)n,(m,u,a)n,(m,u, b))
I+t4v=k \'°

for all a,be{1,2,...,n—1}.

As a direct consequence of the previous expression, we have the following
necessary and sufficient conditions for the existence of partially conformal
geodesic transformations, expressed in terms of the Jacobi operators and their
derivatives.

THEOREM 3.2. Let (M,g,J) be an almost Hermitian manifold such that there
exists a non-isometric partially conformal geodesic transformation with respect to a
point me M. Then the derivatives of the Jacobi operator satisfy
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R(2k+l)(m) — 0,

c1(m,k) 0
0 ca(m,k)l,_»

(3.1) R ) — (

for some real numbers c,c, depending only on the base point m € M and the order
k > 0. Moreover, if ¢,, is a conformal transformation, then ci(m,k) = c;(m, k) for
all k > 0. Conversely,

(i) if (3.1) holds with ¢\(m,k) = c2(m,k) and for all k > 0, then there exist
infinitely many geodesic conformal transformations with respect to m;

(i1) if (3.1) holds and cy(m,k) # c2(m, k) for some k, then there exist infinitely
many non-conformal partially conformal geodesic transformations with respect to
m, provided that (M,g,J) is a nearly Kdhler manifold.

PrROOF. First we show that are necessary conditions for the existence of
a non-isometric partially conformal geodesic transformation with respect to m. If
@,, is conformal, the result is shown in [13, Theorem 4.1]. So, we suppose that ¢,,
is a non-conformal partially conformal geodesic transformation with respect to m.
This occurs if and only if the function f in does not vanish identically.
Hence, assume f*9(0) to be the first non-vanishing derivative of f(r) at the
point r = 0.

As a first step, we show that the coefficients in the power series expansion of
the components of the metric tensor are independent of the direction u e T,,M,
and furthermore, that they satisfy

o (m,u,a,b) =0, abe{l,....n—1}, a#b,
(32) { x( ) { }

ax(m,u,a,a) = a(m,u,b,b), a,be{2,...,n—1}

for all Kk > 0. (Note that E} =Ju, E, = u.)
So, let f%(0) be the first non-vanishing derivative of f(r). Then the ex-
pression in yields

ﬁlz(l _ﬂ{()ak(m’%a’b)

= ab( Z (I_Pq)ﬁpﬂq>

p+q=k+2

k-1
Simean( 5 ns)

=1 pr+-tpi=k
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k—1
_;ak,,(m,u,a,b)< Z Pq'gpﬁq>

pHq=I+2
k—1
+ Z( > %) (Z o, (m, u, a, b)( > By /f,,v))
=1 \p+g=I+2 vx1 1+ +pv=k—1
for all k < ky. Hence, in the same way as in the proof of [Theorem 4.1 in [13], we
obtain
(3.3) ax(m,u,a,b) =0, a,be{l,...,n—1}, a#b,
ax(m,u,a,a) = og(m,u,b,b), a,be{2,...,n—1}

for all k£ < kg, and furthermore, such coefficients are independent of the direction
ue T, M.

Also, since #y(m,u,a) = g(Ea,Ju)(m) 0, from the expression in [Lemma 3.1,
it follows that (3.2) also holds for k =ko. Now, we proceed by induction.
Suppose (3.2) holds for k=0,...,t+ ko and also that ny(m,u,a)=---=
n,(m,u,a) =0 for all ae{2,...,n—1}. We prove that

Oprko+1 (M, u,a,b) =0, a,be{l,2,...,n—1},
Upiky+1 (MU, a,a) = Oyigyr1(myu,b,b), a,be{2,...,n—1},
Ne1(myu,a) =0, ae{2,...,n—1}

and that they are independent of the direction u e 7,,M.

From the expression in it follows that (3.2) holds for k = n+
ko+1 and a,be {2,...,n— 1}. Hence, we have to show that #, ,(m,u,a) =0
To do this, we consider the expression in [Lemma 3.1 and, using the induction
hypothesis, it follows that

1
(3.4) BHBITH = Darikgr1(m,u,a,1) = il (01,11 (m, u, a).

Consider the unit vectors z;, = Au+ uJu, A2+ u*=1. Since E, remains
orthogonal to both z;, and Jz;,, it follows that

BLBTT = Dovsror1 (M, 23, @, T23) = (VEO) . ) (O)V11s1 (m, 23y, E).

The usual procedure then yields o y+1(m,u,a,Ju) = 0.
Next, we will use (3.2) to show the necessary conditions [3.1). Since the
components g, of the metric tensor are given by [2.7), it follows that the
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coefficients in the power series expansion of gg(y(r)) satisfy

1 (k+2)

. = D,D, .
(3 5) ak+4(ms u,a, b) (k + 2), ( D )ab (0)
It follows from the power series expansion that (1/3)g(R(u)E,, Ep)(m) =
—ay(m, u,a,b), and using the recursion formula in Lemma 3.1, R(«) is a diagonal
matrix with two constant eigenvalues independent of the direction u e T, M,

ﬂlz(l - ﬁ]z)Ruaub(m) = 2(6ﬁ1ﬂ35ab + %f”(O)éal&,]) .

(Note that 288,60, = —f'(0)051051 and thus B, = f'(0) = 0 provided dim M >
2.) Since the endomorphism-valued function D,(r) is a solution of the Jacobi
equation with initial conditions D,(0) =0, D/(0) = I, it follows that D."(0)
= —R(m), and hence, it is diagonal with at most two distinct eigenvalues, one
with multiplicity one corresponding to the eigenvector Ju. We now use induction.
Suppose that the matrices

DJ(0),...,D¢*D(0), R(m),...,R* ) (m)

are diagonal with at most two distinct eigenvalues, one having Ju as corre-
sponding eigenvector, and show that the same holds for DY (0) and R*=D (m).
Since

k
(3.6) D¢I(0) = =Y CGLR*D(m)D{)(0),
1=0

it follows from the hypothesis of induction that Df,k+2)(0) is a symmetric matrix
and hence, shows that it is diagonal with two eigenvalues, one corresponding
to the distinguished eigenvector Ju. Coming back to [3.6), the corresponding
result holds for R~V (m). Moreover, since those eigenvalues are independent of
the direction, it follows that the odd derivatives of the Jacobi operator vanish
[14], which shows the necessity of [3.1}.

Next we prove the converse. If ci(m, k) = c2(m, k) for all k >0, (3.1) shows
that the Jacobi operator and its higher order derivatives are diagonal with only
one constant eigenvalue. Then the result follows from [13, Theorem 4.1]. Next,
we suppose that c;(m, k) # ca(m, k) for some kK >0 and assume (M,g,J) to be
a nearly Kéhler manifold. Then it follows that Ju is also parallel along the
geodesic y(r) = exp,,(ru). Using [3.6), it follows that the endomorphism-valued
function D,(r) can be diagonalized with respect to an orthonormal parallel basis
{Ju,E,,...,E,_1}. Moreover, from it follows that the eigenvalues are in-
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dependent of the direction u € T,,M, and it also follows that the coefficients in the
power series expansion of the metric tensor satisfy (3.2). This shows that the
recursion formula in [Lemma 3.1 defines a partially conformal geodesic trans-
formation with respect to m for each initial value 8, = s'(0) € R — {0}. O

REMARK 3.1. Note, as follows from (3.1}, that the existence of a non-
isometric partially conformal geodesic transformation with respect to a point is a
more restrictive condition than that of an isometric local reflection. If there exists
a non-isometric partially conformal geodesic transformation with respect to a
single point, then for each value of C € R — {0}, there exists a partially conformal
geodesic transformation with initial condition s'(0) = C (in particular, the local
reflection for C = —1). Moreover, by making use of the curvature conditions in
Theorem 3.2, it follows that if there exists a non-conformal, partially conformal
geodesic transformation with respect to a point m e M, then any conformal
geodesic transformation with respect to m must be isometric. Moreover, if there
exists a non-isometric conformal geodesic transformation with respect to m, then
any partially conformal geodesic transformation with respect to m must be
conformal.

As a consequence of the previous theorem, we can now state the following
characterization of complex space forms. Note that this result generalizes [9,
Theorem 4.5] since we do not assume here that the manifold is Kéhlerian.

THEOREM 3.3. Let (M,g,J) be an almost Hermitian manifold. Then M is
a Kdhler manifold of constant holomorphic sectional curvature ¢ # 0 if and only if
Jor each point me M there exists a non-conformal partially conformal geodesic
transformation.

Proor. If ¢, is a non-conformal partially conformal geodesic transfor-
mation, the function f does not vanish identically. Hence, assume f*9(0) to be
the first non-zero derivative of f, (kg > 1). Considering the recurrence formula in
for k = ko + 1 and using the induction hypothesis considered in the
proof of the previous theorem, it follows that f*)(0)y,(m,u,a) =0 for all a =
2,...,n— 1. Moreover, the first terms in the power series expansion of n(0/0x?)
along the geodesic y(r) are

132 ) (€XPu (1) = g(Euri)m) + rg(J's B )+ O().

This shows that g((V,J)u, E,) = 0 for all E, orthogonal to both u and Ju. Hence,
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(Vu.J)u =0 for each unit u, and this shows that (M,g,J) is a nearly Kihler
manifold. Also, condition [3.1) in [Theorem 3.1 for & =0 yields

R(u,Ju)u ~ Ju

for all unit vectors u € T,,M. Hence the holomorphic sectional curvature of M is
constant at each point me M [21].

In [15], nearly Kihler manifolds of constant holomorphic sectional curvature
are classified, showing that they must be complex space forms or locally isometric
to the six-dimensional sphere with the nearly Kéhler structure induced from the
product of the Cayley numbers. Now, since the geodesic transformation ¢, is not
conformal, it follows from that ¢;(m,0) # c2(m,0) and hence, the Jacobi
operator R(m) has two distinct constant eigenvalues. This shows that M cannot
be a space of constant curvature. Hence, M is a Kdhler manifold of constant
holomorphic sectional curvature ¢; # 0. (Note that ¢;(m,0), c2(m,0) are constant
on each connected component of M.)

The converse is proved in [9, Theorem 4.1] O

The next theorem classifies the partially conformal geodesic transformations
occurring in an almost Hermitian manifold which admits a partially conformal
geodesic transformation with respect to each point. Also, it may be viewed as a
generalization of the results in [9] and [I3].

THEOREM 3.4. Let (M,g,J) be an almost Hermitian manifold such that there
exists a non-trivial partially conformal geodesic transformation with respect to each
point me M. Then M is a locally symmetric space and further we have

(i) the geodesic transformation is the local reflection and hence, an isometry;

(i1) M is locally flat if and only if there exists a non-isometric homothetic
geodesic transformation with respect to some point. Moreover, in this case the
transformation must be the Euclidean similarity s(r) = Cr, C* #0,1;

(ili) M is a space of constant curvature ¢ > 0 if and only if it there exists a
non-homothetic geodesic conformal transformation with respect to some point. In
this case, only non-Euclidean similarities

tans% = Ctanr%, C?#0,1,
occur;

(iv) M is a Kdihler manifold of constant holomorphic sectional curvature ¢ > 0
if and only if there exists a non-conformal partially conformal geodesic trans-
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formation with respect to some point. In this case, the geodesic transformation must
be a non-Euclidean similarity

tansﬁz Ctanriz, C? #0,1.
4 4
Proor. It is clear from [Theorem 3.2 that the existence of a partially

conformal geodesic transformation with respect to each point implies local
symmetry. Furthermore, the existence of a homothetic, conformal or partially
conformal geodesic transformation with respect to a single point is equivalent
to the condition that the Jacobi operator has only zero constant eigenvalues, or
only non-zero equal constant eigenvalues, or two distinct constant eigenvalues
(one with multiplicity one), respectively.

Since (M, g) is locally symmetric, the eigenvalues of the Jacobi operator are
constant on M, and hence, from it follows that there exists a
homothetic, conformal or partially conformal geodesic transformation with re-
spect to each point. Hence, the results follow from previous theorems and
using those in [9]. The existence of non-Euclidean similarities as before is shown

in [9]. O

REMARK 3.2. The corresponding cases to (iii) and (iv) in [Theorem 3.4
for negative curvature ¢ < 0 are obtained by replacing the trigonometric by
hyperbolic functions.

4. Transformations with Respect to Real Hypersurfaces

In this final section we derive the sufficient conditions for the existence of a
partially conformal geodesic transformation with respect to a Hopf hypersurface
in an almost Hermitian manifold. Proceeding in an analogous way as in the
previous section, from the conditions in we obtain the following
recursion formula for the coefficients in the power series expansions of the
functions s(r) and f(r) expressed in terms of the components of the metric tensor
g and the one-form #. Note also that for any partially conformal geodesic
transformation with respect to a hypersurface we have s'(0) = —1.

LEMMA 4.1. Let ¢z be a geodesic transformation with respect to a real
hypersurface B in an almost Hermitian manifold (M,g,J). Then @y is partially
conformal if and only if the coefficients in the power series expansion of the
Sfunction s(r) satisfy the recursion formula
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41) 20k + DBy + (1) = Dow(m,u,i, j) ~ _ ©(0)g(Ei, Ju)g(E), Ju)(m)

k!
1 : :

=& Y paBB+ Y SO Omlmu, iy, (m,u, j)

p+q=k+2 vl+i=k

p.g>1 v<k
k—1
+Zal(m7ua l?])( Z pqﬂpﬂq - Z ﬂpl "'Bp,)
=1 p+q=k—1+2 pr++pi=k

for all i,je{l,2,...,n—1}.

Using this recursion formula, we shall investigate the sufficient conditions for
the existence of a partially conformal geodesic transformation with respect to a
real hypersurface B. We recall (see [Theorem 2.2) that B must be totally umbilical
or a Hopf hypersurface with two distinct constant principal curvatures, one with
multiplicity one corresponding to the principal direction Ju. We derive the
following sufficient conditions:

THEOREM 4.1. Let B be a real hypersurface in an almost Hermitian manifold
(M,g,J). If the normal Jacobi operator satisfies

(4.2) RO (m) = (Cl ('(C), u) Cz(k’(; )IH)

for all k >0, me B, where ci(k,u),cy(k,u) are constant along B, then we have
(1) if ci1(k,u) = ca(k,u) for all k >0, then there exists a geodesic conformal
transformation with respect to B, provided that B is totally umbilical,
(2) if c1(k,u) # ca(k,u) for some k >0 and B is a Hopf hypersurface with two
distinct constant principal curvatures, then there exists a non-conformal, partially

conformal geodesic transformation with respect to B, provided that (M,g,J) is
nearly Kdhlerian.

ProoF. Part (1) has been proved in [13, Theorem 5.1]. In order to show (2),
consider the endomorphism-valued function D,(r) satisfying the Jacobi equation
with initial values D,(0) =1, D,(0) = T(u). It follows that D/(0) is diago-
nalizable with respect to an orthonormal basis {Ei,...,E,_;,Ju} of T,B.
Proceeding by induction and using the conditions for the normal Jacobi operator,
it follows that the higher order derivatives P (0) are diagonal matrices with two
distinct eigenvalues, one with multiplicity one having Ju as corresponding
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eigenvector. Note also, that since the principal curvatures of B are constant and
the functions c¢;(k,u), cy(k,u) are independent of the point me B, those
eigenvalues are also constant along B.

Now, let {F,...,F,,} be the parallel translated basis of {Ej,...,E, 2}
along the normal geodesic y(r) = exp,,(ru). Moreover, since (M,g,J) is a nearly
Kdéhler manifold, Ju is also parallel along the geodesic y. Hence, with respect to
the parallel basis {F1, ..., F,_»,Ju}, the components of the metric tensor are given
by

95(¥(r)) = (‘DyuDy)(r)

and hence, the coefficients in the power series expansion of the components of the
metric tensor are constant along B and moreover, they satisfy

o (myu,i, j) =0, i,jed{l,...,n—1}, i# ],
(4.3) {k( J) { }

ar(myu,i,i) = ap(m,u, j, j), i,je{l,...,n—2}

Also, for the one-form 7(X) = g(X,JN) along the normal geodesic y(r) =
exp,,(ru), it follows that #(d/6x") = 0 for all i € {1,...,n — 2}. This, together with
(4.3), shows that the recursion formula in defines a non-conformal,
partially conformal geodesic transformation with respect to B. O

For nearly Kihler manifolds, the existence of a partially conformal geodesic
transformation with respect to each sufficiently small geodesic sphere charac-
terizes the constancy of the holomorphic sectional curvature, according to the
following

THEOREM 4.2. Let (M,g,J) be a nearly Kdhler manifold. Then it is a space
of constant holomorphic sectional curvature if and only if there exists a non-
isometric partially conformal geodesic transformation with respect to each suffi-
ciently small geodesic sphere, and moreover

(i) M is locally isometric to C" or to the six-dimensional sphere S8 if and only
if for each sufficiently small geodesic sphere there exists a non-isometric geodesic
conformal transformation, '

(i1) M is locally isometric to a non-flat complex space form if and only if there
exists a non-conformal partially conformal geodesic transformation with respect to
each sufficiently small geodesic sphere.

PROOF. If there exists a partially conformal geodesic transformation with
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respect to each sufficiently small geodesic sphere, then Ju is an eigenvector of the
shape operator 7'(x). From the results in [7] it then follows that the holomorphic
sectional curvature is constant. Now, (1) and (ii) follow from the classification of
the nearly Kéhler manifolds of constant holomorphic sectional curvature [15]
together with the results in [13] and Theorems and 4.1. O

Note that the existence of a partially conformal geodesic transformation with
respect to any sufficiently small geodesic sphere implies that the mean curvature
function of the small geodesic spheres is a radial function, and hence, M is a
harmonic space (see, for example, [3]). Using for example and if M is locally
symmetric, we have the following

THEOREM 4.3. Let (M,g,J) be a locally symmetric space. If there exists a
partially conformal geodesic transformation with respect to each sufficiently small
geodesic sphere, then

(1) M is locally isometric to a space of constant curvature if and only if each
geodesic transformation is conformal,

(i1) M is locally isometric to a non-flat complex space form if and only if it
there exists a non-conformal, partially conformal geodesic transformation with
respect to each sufficiently small geodesic sphere.

PROOF. Any locally symmetric harmonic space is locally isometric to a two-
point homogeneous space. Moreover, from it follows that (M,g,J) must be
locally isometric to a complex space form or to a space of constant curvature.
Note that in any of these cases, R(m)Ju is proportional to Ju, and hence, the
result follows from the previous results (Theorem 4.2). n

As already mentioned, the Hopf hypersurfaces with two distinct constant
principal curvatures in a non-flat complex space form of real dimension >4 are
completely classified by Takagi [19] for CP*/? and by Montiel for CH"/?,
n > 6. Actually, these hypersurfaces are characterized by the existence of a
partially conformal geodesic transformation with respect to them. Furthermore,
we have

THEOREM 4.4. Let (M,g,J) be a Kdhler manifold of constant holomorphic
sectional curvature ¢ and let B be a real hypersurface. Then, B is a Hopf
hypersurface with two constant principal curvatures if and only if there exists a
partially conformal geodesic transformation with respect to it. Moreover,
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(1) B is locally isometric to a geodesic sphere of radius o and the geodesic
transformation is the Euclidean inversion (s+ o)(r+a) =o? if ¢ =0;

(i) B is locally isometric to a geodesic sphere of radius o in the complex
projective space of constant holomorphic sectional curvature ¢ = 4 and the geodesic
transformation is the non-Euclidean inversion

s o o
(s+a) tan (r+ ):tan =;

tan 2 > X

(iii) B is locally isometric to a geodesic sphere of radius o in the complex
hyperbolic space of constant holomorphic sectional curvature ¢ = —4, and the
geodesic transformation is the non-Euclidean inversion

tanhw tanh M = tanh?® E;
T 2 2
(iv) B is locally isometric to a tube about CH* in the complex hyperbolic

space CH"(—4) and the geodesic transformation is defined by
arctan sinh(s + a) + arctan sinh(r + «) = 2arctan sinh a;

(v) B is locally isometric to a tube of radius log(2 + /3) about RH"'? in the
complex hyperbolic space CH"(—4) and the geodesic transformation is that of the
case (iv) above for o =log(2 + v/3);

(vi) B is locally isometric to a horosphere in the complex hyperbolic space
CH"(—4) and the geodesic transformation is defined by

et +e =2

PrOOF. According to [Theorem 2.2, B must be a totally umbilical hyper-
surface or a Hopf hypersurface with two distinct constant principal curvatures.
Since there are no totally umbilical hypersurfaces in a non-flat complex space
form, it follows that a geodesic conformal transformation occurs only when M is
flat. Also, it follows directly from the classification of Hopf hypersurfaces with
two distinct constant principal curvatures in the projective and hyperbolic
complex spaces that B must lie in one of the classes above. (See Berndt [1] for a
table of the principal curvatures of the hypersurfaces above.) Finally, the result

follows proceeding as in (see also [13]).
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